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GEMERALIZED GALOIS THEORY FOR RINGS WITH MINIMUM 
CONDITION.* _ Fa | 


ae. By Tapast NAKAYAMA. 


* Ina previous note? the writer established a Galois theory for general 


tings with minimum condition which specializes in the case of division rings 

', to Jacobson’s Galois theory with outer groups of automorphisms.* On the 

other hand, Jacobson and Cartan have, independently, given a generalized 

+ Galois theory for division rings which embraces the theory of that type and 

e thé theory of commuter systems.* The present work is to propose a similar 

generalization for rings with minimum condition, or primary rings, to be 

“exact. This we shall do by combining the results in the above paper with 

those in another note, in which the writer studied commuter systems in 
/ general rings with minimum condition. 


0. Let R be,’ throughout in this note, a ring with unit element 1 and 
satisfying the minimum condition (whence the maximum condition) for ideals. 
Let Y be the (absolute) endomorphism ring of the module À. The left and 
right multiplication rings A+, R, are subrings of A. Let B be a subring of A 
that contains R,; B R,. Its commuter system Vo(B) in Y is a subring 
of Va(#,) = Ri, and has a form Vy (B) = Sz, the ring of left multiplications 

_ on À of 9, with a subring S of R. 
E Suppose that R is (right-) regular with respect to B, in the sense of 
[8] or [91.7 Then R is regular with respect to Sı = Vy(8) too, and 


* Received March 8, 1949; revised June 14, 1950. The writer is very grateful to the ` 
refered, whose kind comments were very useful, as well as valuable, for the revision. 

+18]. 

2 [3]. Cf. also [1], [7]. 

3 [2], [5]. | 

í Theorem 2 in §7 below. 

5 [91]. ; 

° Together with every ring which we shall consider, except perhaps % below. 
Further, we consider only those subrings of R which contain the unit element of R. 

7 [8], $1; or [9], § 0. A right-module m of R is called regular, when a direct sum 
of a certain number, say m, of its copies is isomorphic to the direct sum of a 
certain number, say n (£0), of copies of R itself, that is, m™ ~— R”. The number 
k == n/m, uniquely determined by m, is called its rank. We have: a) a right-regular 
module m of R is also regular with respect to the (R-)endomorphism ring R* with 
rank k; B) the R*-endomorphism ring of m coincides with R; y) if mẹ of rank k, 


1 


a 
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Va(S:) =V. If, conversely, S is a subring of R and R is right-regular 
with respect to 8, (that is, R is left-regular with respect to S),® then 


B — Vu(81) is a subring of À, containing R, with respect to weh È is 
regular. So the 8 and K of these types correspond to each other 1-1 dually. 
The #,-rank of 8 is equal to the S-rank of R. CE 


Another notion which the writer wants to take from his former papers 
is that of a Galois class-group.2 Consider a finite group of automorphism-, 
classes of X, class referring to the inner automorphism group. Let pi, pa, * * *, pg 
be its representative system. To each p= p; we may define an R-double- 
module (p, R) which is R itself as R-right-module and for which the, left- 
operation of an element a in R is explained by the left-multiplication of a’, 
that is, by (a?)1; it is determined uniquely up to isomorphism bf the class” 
of p. We say that our finite group of automorphism-classes, represented by 
PL Pa" * *» pas forms a Galois class-group if no (pp R) and (p; R) with i549 
possess mutually Æ-two-sided isomorphic composition residue-moduli® In 
this case, each submodule of the direct sum (p1, À) + (po, E) +: + + + (pg, B) 
is a direct sum of submoduli of (p, R), 1=1,2,---,9, according to thé 
well known theorem of the decomposition of a group into idealistic 
components.1° 


1. Now let B, be a subring of Y containing R, and satisfying the mini- 
mum condition. Let further G = {1,0,: > : ,r} be a finite group of order g, 
and p(1),p(o),: + >, p(T) automorphisms of R such that p(c)p(r)p(or)* € Bo 
for every pair o,7.71 Each p(r), as well as any automorphism p of À, 
induces an automorphism in % in natural manner: grae = (aa)? (xe B), 


or a = pap. We have (a1)? = (a’)1, (ar)? = (a?), (which depend essen- e 


tially on the ring-automorphism property of p). Assume that in this sense 
p(1), ple), * + +, p(r) induce automorphisms in Go, that is, p(o) *Bop(o) = 
for every oe @, and moreover that{p(1), p(o), - - `, p(r)} forms, again in the 


is also regular and of rank J with respect to a subring 7 of R, then any other regular 
module of R is regular with respect to T too and its T-rank is equal to lk times its 
R-rank, 

° [8], § 3. 

° If R is a division ring, or more generally a simple ring, this condition is implied 
automatically from the fact that we are dealing with a group of automorphism-classes. 

10 A direct decomposition of a group is called idealistic, if no two distinct com- 
ponents have isomorphic composition factor-groups and if the decomposition is the 
finest as such. We propose to use “ idealistic” (rather than “ideal”) not to be mis- 
taken for “ideal ” in a ring. 

11 p(o)p(r)p(or) are regular elements in 5,, since they are non-zero-divisors, and 
8, is a ring with unit element and minimum condition. 
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same sense, à representative system of a Galois class-group of the ring Bo 
(rath@r thgn R). 

Let& be the ring of endomorphisms of R Bel by p(1), po), : * : , p{r) 
and Bo, that is, 


p Te paoe os 


Here p(1) Bo, p(c)Bo,* * +, p(r)B0 are Bo-two-sided isomorphic to the moduli 
(PCL), Bo), (P(o), Bo), * -s (p(7), Bo) in our above notation, p(1), p(o), 
-,p(r) being viewed as automorphisms of Bo. Hence our assumed Galois 
class-group property implies that the sum is direct, and B is a so-called 
crossed product of {p(1), p(o),* * *,p(r)} and Bo. Further, [8], Lemma 5+ 
' tan be applied tp B. N ie if two right-moduli of B are Go-regular and 
e mufyally Bo-isomorphie, then they are B-isomorphic. 
* . Now suppose that R is regular, of rank b= n/m, with respect to Bo. 
Then the B-module R"9 is (Bo-, whence) B-isomorphie to 8”, by virtue of 
our fundamental lemma just cited, and R is S-regular with rank bg. Thus: 
) $ 0 can be applied to B; Va(B) — Sı (SCR), Va(S:) — 8 and R is Sı- 
regular with rank btg. Hence we have 


THEOREM 1. Let Bo be a subring (satisfying minimum condition) of 
the absolute endomorphism ring A of R containing R, such that R is Bo- 
regular of rank b. Let G=={1,0,-+-,7} be a finite group and let a 
system {p(1),p(7),°- +, p(r)} of (ring-)automôrphisms of R be such that 
ple) "Bop (co) == Bo, p(o)p(r)p(or) te Bo for every o, re G and form a repre- 
sentative system of a Galois class-group of Bo. Then R is regular of rank bg 
KA respect to B == Sp(o)B,, and the commuter system Va(B) (ie. the 
B-endomor ‘phism ring of R) ts Sı with a subring S of R such that R is S- as 
regular over S with rank bg, g being the order of G. Further Va(81) = 


2¢ (Our above Galois class-group condition, on the system {p(1), p(c), 
-,p(7v)} refers to Bo rather than to R. Now we want to replace it by 
an assumption which refers to the latter, i.e. to R itself.) Let B, be a 


1? Namely: let X be a ring with unit element and minimum condition and let Y 
be its radical. Let a group © of automorphism-classes of X induce a Galois class-group 
in the residue-ring X/Y (which is weaker that it forms one of X itself). Consider a 
crossed product (S, X) (with factor set) and two (©, X)-right-moduli 3, t, which are 
direct sums of X-submoduli X-isomorphic to directly indecomposable right-ideal com- 
ponents of X. If then 8/8Y and t/tY are X-isomorphic, 8 and t are (©, X)-isomorphic. 
Note that the residue-moduli 8/3Y, t/tY in the assumption are replaced by the moduli 
8, t themselves in the conclusion, and which is more important, the operator domain X 
by (©, X). For a special case cf. [7], Lemma 1. e. 
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subring of Y which contains À, and satisfies the double chain as À,-two-sided 
module. Assume that every composition residue-module of Bo, as /,-two- 
sided module, is isomorphic to one of R, Let a finite system {pWh), p(o), 

-,p(r)} of automorphisms of R, given in connection with a group 
G = {1,0,--+-+,7}, be such that p(o) *Bop(o) = Bo, p(o)p(r)p(o#)* E Bo, 
again, and moreover that the &,-two-sided moduli p(c)F,, p(r) Rr with dise 
tinct o,7 have no isomorphic composition residue-moduli. Then the system 
{p(r)} certainly forms a representative system of a Galois class-group of a 
p(o) being viewed as automorphisms of Bp. 


3. If in particular B, C #,R, and Bp is generated by a finite number 
of elements in R; over R,, then the condition we imposed op. Bo in the pre? 
ceding section is fulfilled. We have B, = R,K, with a subring K of R; 
indeed, with.K, = B, (1 Ry.1® Moreover Kı = (3p(o)@0) N Bi, too,** where 
of course {p(o)} is as in §2. The subring S of R given by Sı == Vy(B) 
= Vy(Sp(o)B) is characterized as the totality of elements of R which are 
invariant under {(p), p(o),: © *,p(r)} and which are commutative with Æ 
elementwise. For, 


Va(B) = Va (R) N Valk) N Valle), ple) * +s p(r)} : 
= Ri) Vu(K1)M Va({e(1), plo) + +> (7) }) 
=, Va (K1) N, Va({p(1), po), f PEINDRE 


If, further R is regular with respect to Bo = R,K1, then (B = Va(S:) and 
so Kı = Bo ) Bi = BM Ri = Vy (S81) N Ri = Vr, (81) whence) K = Vr(S). 
We state these facts as 


Lemma 1. Let a subring Bo of A contain Rr, satisfy the R,-two-sided 
double chain condition, and moreover be such that every composition residue- 
module of Bo, as R,-two-sided module, is isomorphic to one of Re Let a 
system {p(r)} of automorphisms of R, with a finite group G = {o}, be such 
that p(o) B(o) = By, p{o)p(r}p(or) te Bo, for all c, re G, and that 
(p(o),R) and (p(r),R) with distinct c, r, in the notation of $ 0, have no 
isomorphic composition residue-moduli. Assume further that R is B-regular. 
Then Theorem 1 may be applied to B, and {p(o)}. Our assumption on the 
R,-behavior of Bo is satisfied in particular if Bo is contained in R,R, and is 
generated by a finite number of elements in R, over Ry. If here we put 

=B, ) Ri, then 8. = R,Kı, and p(c)*Bop(c) = Bo is equivalent to 


13 K contains the center of R. 
14 Of. again the theorem of idealistic components. 


N ; 
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Keo) — K. „Moreover K = Vr(S), where S is as in Theorem 1 and is in 
fact the totality of element of Vr(K) invariant under p(1), po), * +, p(t). 


If We supposé that a finite set a1, de,- - -, ax of elements of K can be so 
chosen that the left-multiplications az, @,° © `, Gui, on R, form an imde- 
endent basis of Bo = R, Kı over Er, then a, ds,° + +, ax form a basis of K 
over the center Z of R. For, an element irlar + Tarto + + ++ Guam 
%x,eR) belongs to R, if and only if every +; is in Z. The converse is also 
valid as we readily see by a similar argument. And, if such is the case, Bp is 
certainly right- (as well as left-) regular over R,, with rank k. Hence, if R 
is Bo*right-regular, its rank b is k, and R is B-isomorphic to B, provided 
of course that our additional conditions are fulfilled. R possesses an inde- 

. penglent left-basts over S with kg terms. 

e e 
i 4. Let Bo, p(o) be as in § 1, Theorem 1. Consider an endomorphism ¢ 
of R, as module, which commutes elementwise with Sı: ġe Va(S1) — #8 
= Xp(o)Bo. If $Bo = Bod and this Bo-two-sided module is directly indecom- 

) posable, then it is contained in an idealistic component of (the B-two-sided 
module) 8, whence in one of p(o)B. Here the second assumption is satisfied, 
either when ¢ is an automorphism of À as module and B, is (two-sided) 
directly indecomposable, or when %, is primary, provided that the first assump- 
tion B, = Bop is fulfilled. 

Suppose next that B, == R,K, (Kı = 2: ) Bo) as in §8 and that ¢ is 
an automorphism of the ring Æ (as a ring) which commutes with S: 
elementwise, or, which is the same, leaves § elementwise invariant. Then 
K¢ == K, since K = Vr(S), and pK = Ki. Thus $78 = Bo and the 

“former of our conditions, Bo — Bod, is satisfied automatically. Thus 


Lemma 2. Let Bo, p(o), S be as in Theorem 1. Let pe B = Vy(Si). 
If ¢Bo = Bop and Bo is Bo-two-sided directly indecomposable, then is 
contained in one of the p(o)B. Here the second part of the last assumption, 
i.e. the indecomposability of DB, is satisfied either when Bo is two-sided 
directly indecomposable and D is an automorphism of R as module, or when 
B, is primary, provided that the first part is fulfilled. Further, if B, = R,Kı; 
as in the second half of Lemma 1, then automatically $B == Bod for every 
automorphism > of R as ring leaving S elementwise invariant. 


Now, let ‘and &, be the totalities of automorphisms of R (as a ring) 
which are contained in G and Bo, respectively. They are groups, since 8 
and B, are rings with unit element and satisfying minimum condition. If 
Bo == RK, (Kı = Rı NB) then & is invariant in ©, because oi = Kid, 
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$8. = Bod for every peð, as was just observed. If further Bo =R,K;, is 
two-sided directly indecomposable, then every ¢e® is contained in a certain 
p(o) Bo, whence in p(c)®o. So 


Lemma 3. If again Bo = R,Kı (and R is Bo-regular) then $, is an 
invariant subgroup of the group ®. If further Bo —F,K, ts ‘two-sided 
directly indecomposable, {p(o)} forms a representative system of cosets in ® 
with respect to the invariant subgroup Bo, and the factor-group &/®, iS 
isomorphic to G. 


Let it be also observed that if K has the property that every element 
of K may be expressed as a sum of regular elements, then R,K; = R,®,% 


and indeed R,K; = R,®, where ®, is the totality of inner automorphisms * 
aa of R generated by regular elements a in K. This last propertf is, 


enjoyed by a very wide class of rings**; we note here for later use, that 
primary rings certainly have the proposed property. 


5. Now we wish to study a correspondence between certain subrings 
of B and those of R. Let Bo —=F,Ki, {p(o)} and S be as in §2,3. Let 
H = {1,a,-- +, 8} be a subgroup of G, and let there be given for each g e H 
an automorphism pi(%) of R contained in p(«)®, (whence in p(a)®o). Let 
further B, be a subring of B, such that Bı D Rr pi(a%)7Bipi(%) = Bi, 
pi(%)p1(B)pi (a8) £ B, for all a, Be H. Obviously the ring B = 3p(«)B, is 
contained in B = 3p(c)Bo, and we have R D S$ D 8, where (S$); — Va(B), 
If here R is regular with respect to 9,17 then it is regular with respect to 88 
and 8%,, and we have 85 = Vy(S$,;). Now the following lemma may be 
applied to ©, — B, provided its supplementary conditions are fulfilled: ** 


Lad 
lemma 4. Assume that Bo = R,;Kı has an independent basis over Ry 
consisting of elements in Kı. Let ©, be an R,-two-sided submodule of Bo 
such that CoN, — Co N N-Kı, where N denotes the radical of R, and that 
Co/Go N NK, is R,/N,-right-regular.” Then ©, is a direct summand of B 
as R,-two-sided module and has also an independent basis over R, consisting 


16 Ro denotes (not the mere product but) the product-module. 

10 See [10], Hilfssatz 5. The assumption there may be weakened so as to include 
the case of rings which are not algebras. 

+7 This is the case if 8, is right-regular with respect to B,. 

18 We shall indeed apply the lemma to U,, U*, in § 6, 7, which satisfy our addi- 
tional requirements. 

19 Under the first assumption, ©, N,K: = CN, this is of course equivalent to 
the statement that ©,/©,N, is R, /N,-right-regular, and this last is certainly the case 
when ©, is R,-right-regular. 

e 
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of elements of Kı. (If R is primary, the condition CN, = €o {| N,K is 
satisfed by every R,-right-regular ©.) 


This can be seen as in [9], §3. For the sake of completeness we repeat 
the argument briefly. First © mod N,K, (i.e. mod ©, N N,K;) is an R,/N,- 
two-sided’ stbmodule of R,K1/N,K;. This last residue-module possesses an 
independent basis over À,/N, commutative with Æ,/N, elementwise, and so 
ss a direct sum of R,/N,-two-sided moduli isomorphic with simple components 
of R,/N, Hence C/@ N N,Ki ‘possesses a similar structure. But the 
numbers of its components isomorphic with simple components of R,/N, are 
all equal, by virtue of its R,/N,-regularity. Hence @/@ [1 N,K:ı is also 
. decomposed into &,/N,-two-sided submoduli isomorphic to R,/N, and so 
posgesses an independent basis over R,/N, commutative elementwise with 
° &,/N,. Let the basis classes be represented by yu y2° * *,ye (e Go); 
Co = yr + yR-+:-:+y:R-modN,Kr Since, however, © N N;Kı = 
(whence ©) the intersection CoN, of all maximal R,-right-submoduli by 
assumption, we have © = yır +: + ytEr too. (The sum is direct as 
we shall see in a moment. ) Further, there exists a system a, @2,* ` -, a, of 
elements in K such that yı: * -, yz, Gr, `  , as mod N,K, together form an 
independent R,/N;-basis of R,Kı/N,Kı. We see, by an argument similar to 
the above, that 


BK, = yi, + me + y:R, + aif, +: j ++ ash, 
= Go + dir +: : + + aR. 


Here the sums are direct as can be seen by consideration of #,-lengths. 
ev hus G is a direct summand in R.K, as F,-two-sided module, and so is a 
direct sum of submoduli (#,-two-sided) isomorphic to directly indecomposable 
two-sided ideal components of R, On observing that ©,/€,N, is regular, 
we see then that ©, is a direct sum of submoduli R,-two-sided isomorphic to 
R,, witich proves the lemma. 


6. We next start conversely with a ring T between Rand 8; RƏD TDS. — 
We have 
R, = Va(Ri) C Va(Ti) © Va(Sr) = B = Sp (0) Bo. 


Hence Vy(Ti) = Xp(o)Uo for certain &,-two-sided submoduli Us of Bo; 
observe the Galois class-group property of the system {e (o)}. In particular 
um, D D R,. 


20 The same is the case for every R,-two-sided submodule of 8 and in particular for 
every subring of B containing R.. : ° 


8 TADÂSI NAKAYAMA. 


Assume now that R is (Ti-right-, that is) T-left-regular., Then T is 
S-left-regular. Naturally R, is T,-left-regular and Rı is Ti-right-rœæular. 
Further, Vx(T1) is Re (= Var(Ri))-right-regular. “ Hence ON is a 
direct sum of submoduli R,-right-isomorphic to directly indecomposable right- 
ideal direct components of R. Concerning these R;-right-componenés of Ue 
we have . 


Lemma 5. Under our assumption that R is T-left-regular, no direc? 
component of Uc as R,right-module is contained in BON, whence 
Uo 1) BoN, = UoW,, or, which is the same, Uo (1) BN, coincides with the 
intersection of all the maximal R-right-submoduli of Uc, N being the radical 
of R. RC 


To prove this, let ? the B,-right-rank of R be b—n/m, with integral ° 
n, m. The #,-right-rank of 8, is then b = m/n. Denote the T-left-rank 
of R by h= w/v, with.integers w,v. T is S-left-regular with rank 
b’ gh = mgv/nw. Hence Vy(8:) = B = 3p (0) Bo is Vy(Ti)-right-regular 
with rank mgv/nw. We consider the direct sum of nw copies of 5: : \ 


Prw — PAGES} + AERES] + ie + atw)B, 


Let R be a direct sum of r directly indecomposable right-ideals (and left- 
ideals too). Our module 8” is a direct sum of wmgr directly indecom- 
posable R,-right-moduli. We consider the module modulo the submodule 
BN, = (BN,)™. The residue-module is decomposed into wmgr irreducible 
R,-right-moduli. 

On the other hand, our module B*e is (Vy(7:)-, whence) F,-isomorphic 
to Vor(Ti)"2v. So, if Ue is decomposed into # directly indecomposable” 
R,-right-moduli, then we must have mgvXto = wmgr, or, vVŠto = wr. We 
assert that none of these to, for each direct component of Wc, is contained 
in BW, Indeed, if such a component, say tc, were contained intB, N, 
then p(oœ)uo € BN,, and Bre (= Vy(T:)”) mod PrN, would be a direct 
sum of a smaller number of irreducible moduli than mgv3te (= wmgr),” 
which is a contradictiou. Thus no direct (R,-)component of Uc is contained 
in BN,, and the lemma is proved. 

Our lemma holds without the assumption that B, has the form R,Kı. 
If however it is assumed and if indeed B, has an independent #,-basis 


21 Of. [8], § 2. 
22 Observe that each component contributes at most one irreducible component to 
the residue-module. À 
e 
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consisting of elements of K,, then the lemma says that Lemma 4, of the 
preceding section, can be applied to our We in place of C4. 


7. Now let Bo = R,Kı (Ki = Bo [1 B1) be two-sided directly indecom- 
posable. S Let ©, Po be the totalities of (ring-)automorphisms of R contained 
in $, Bo, respectively, as in $4 Consider a ring © between B and R,; 
BDCDR,. C has the form E—Xp(o)lo. Put CN =Y and 
M Po = Fo. These are groups.* Choose a second representative system 
{p*(o)} of # mod &, such that its subsystem, say {p*(1), p*(@),° © *,p*(B)}, 
forms a representative system of Y mod Wy. Clearly, {1,,-+-, 8} is a subgroup 
of G,*which we shall denote by H. Also B = 3p*(o)Bo, and © = Sp*(o)U*o 

. with submpduli U*, of Bo; here 1*, D À, for ae H. 
e if in partichlar © = Vy(T1) with RD T D 8, and R is T-left-regular, 
° ther? each U*o is a direct sum of R,-right-moduli isomorphic with right-ideal 
direct components of R, and moreover U*oN,—= R,KıN, N Uto = NK i NU", 
as was shown in the preceding section. If here R is primary, U*o is P,- 
tight-regular unless it vanishes. If further E,K; has an independent basis 
over R,, consisting of elements of Ki, then, by Lemma 4, each U*o has also 
an independent R,-basis {at (i==1,2,---+,uc)} consisting of elements 


of Ki; Us = $ Ray (a; eK). Supposing moreover that all the a; 
421 


(with varying o,%) are regular elements of K (which is certainly the case 
if K mod K f) N is a division ring),?* we assert 


Lemma 6. Under all these assumptions, © = R,% => p*(a) RA, 
aeH 


and in fact U*o = BW = RL whenever U*o 540, where L is the module 
spanned by aı™, &2™,: - - over the center Z of R and satisfies Li = Rı ) © 
= Ri N We, L= Vr(T). 


For, on taking o with U*o 40, we have US D Ryan” 3 (a4) Fay 
and P (o) (a) rau eC b=. So oeH and 


(uP) aaO = p* (a) p% (0) (m) Aan e Bo N Y= wv. 
Thus Ryan == R, (at), tan CRY, and NC R,%. Therefore 
© = Sp* (o) U*s C X p* (a) BW. 
aeH 
Since the inclusion in the opposite direction is evident, we have 
€ = X p* (a) RW, = RY. 
acH 
°9© satisfies, together with %, R,-(whence ©-) chain condition. 
-*4 Since a(o) are not contained in N anyway; if ae N, then N,fa, — 0 Sith Nt =< 0. 
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So U*> = R,% = U*, whenever H“o 340. Thus U*o— BR, (for such o). 
Further the cited properties of L are also evident. ° 
Now we formulate our N 


THEOREM 2. Let R be a primary ring (with unit element and satisfying 
minimum condition). Let ® be a group automorphism of R whick satisfies 
the following conditions: i) the subring K of R defined by Kı = R,® (1) Ry 
certainly containing the center Z of R, is regular over Z, or, what amounts toe 
the same (since Z is completely primary), K has an independent (finite) busis 
over Z, ii) Kmod K [| N is a division ring, where N denotes the radical 
of R, iii) R is R,Ki-regular, iv) every automorphism of R contained in 
R,K, is contained in ©, v) the (necessarily) invariant subgroup o NRA, 
has a finite index in ©, and vi) there exists a representative. system {pi} 
of mod &, such that pik,, pk, with = j have no R,-two-sided ROBE ® 
composition residue-modult.2” ?5 


Let S be the invariant system of © in R, or, which is the same, the 
totality of elements of R commutative elementwise with K and invarians 
under {pi}. Then © exhausts those automorphisms of R which leave 8 
elementwise invariant. R has an S-left-basis of (@:@o)(K:Z) terms. 


Let T be a ring between R and S: RƏT DS, such that R is T-left- 
regular. Let % be the totality of automorphisms of R leaving T elementwise 
fixed. Then T is the invariant system of ¥ in R. Y possesses a similar 
structure as ® with a subring L of K in place of K, which satisfies the 
properties i)-vi) with K, ©, By replaced by L, ¥, Vo = UU) R,Lı (= & N RR). 
Further, not only is R T-left-regular but R has an independent T-left-basis of 
(Y:%)(L:2) terms, and T has an S-left-basis of (®:&o)(K:Z)/(W: %)(L:Z) © 
terms. 


If conversely Y is a subgroup of ® such that L, defined by Li = R;¥ N Ri, 
has an independent basis over Z, and every automorphism of R contained 


25 See footnote 15. 

2 (K is then completely primary, whence directly indecomposable, and therefore) 
R,K, is (two-sided) directly indecomposable, since every direct summand of R,K, as 
R,-two-sided module possesses an R,-basis consisting of elements of K,; of course i) 
being taken into account. 

2? That is, R-two-sided moduli (p,,R), (p; R) with i= j, in the notation of § 0, 
have no isomorphie composition residue-moduli. 

28 Then 6 = $ () R.R; too. 

2° Then we see that K has a right-, say, basis over L by an argument similar to 
one in our proof of Lemma 4, observing that mod N is a division ring. So (R,Kı 
whence) B is R,L,-regarlar. We may also replace conversely our assumption by the ` 
L-right-, say@ regularity of K. š 


GENERALIZED GALOIS THEORY FOR RINGS. 11 


in R,Ly is in Y (i.e. the properties i), iv) with %, L in place of $, K are 
satisfaed) ,°° then R has an independent left-basis over the invariant system 
T of ¥ Mohence R ts certainly T-left-regular), and % exhausts the auto- 
morphisms of R leaving T elementwise invariant. 


Thes such between-rings T (over which R is left-regular) and such 
subgroups X (having the described structure) are in 1-1 dual correspondence. 


° Proof is immediate by virtue of our preparations. 


8. Our Theorem 2 includes (the main) Theorem 8 of [5] (and the 
corresponding statement in [2]) as a special case where R is a division ring, 
_af the following fact is taken into consideration : 


° LEMMA 7.31 If R is a division ring and K a subring containing the 
confer Z of R, then every automorphism of R, whose inverse is contained in 
ER, is an inner automorphism generated by an element of K. 


To see this, first let an automorphism ¢ of R be contained in &,R1; 
Fb —(trrSi1 + terSor ++ + +) = 0, where ts (£0)eR and try, for, * * + are 


linearly independent over Rı (i.e. ti, tz >> are so over Z). For ve, 
0 = 21d — ti (hirsi + + + +) — G01? + (hirsi fe an = tye (S11? — 21811) 
++++, Hence s118? — #181, = 0, that is, ds, —s,7 = 0, T$ = s&s, t, and 


¢ is the inner automorphism s,,-ts:,, generated by sı1™. Suppose now ¢¢ #,K}. 
Then sue SırRrKı = R,Kı, whence e R,Kı ) Ri = Kı, ie. se K, which 
proves our assertion. 
We note that the somewhat complicated, though not irrational, assump- 
tions in our Theorem, concerning K, become rather natural (and in fact 
some of them are satisfied automatically) also in case À is a simple ring,’? 
and similarly in the case when K, instead of R, is simple.*? 
On the other hand, it is very desirable to replace the assumption of 
primagity % of R by mere direct indecomposability. Indeed we have done 
that in case —1. Namely: Let © be a Galois group ® of a ring R (with 


30 Besides ii), which is trivial, and iii), which was observed in the preceding foot- 
note, properties v), vi) with F, L in place of $, K are satisfied automatically. Cf. 
footnote 28. 

#1 Of. [5], Lemma 2, which in turn is contained in our argument of the Galois 
class-group and idealistic components. 

32 Cf, a remark at the end of [9], § 3. 

88 See [9], § 2, Example. 

34 As a matter of fact, in case of a primary ring R our Lemma 5 was superfluous, 
or evident from the regularity of U, U* ' 

35 That is, a finite group of automorphisms which forms by itself a Tepreséntative 
system of a Galois class-group. See [8]. 
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unit element and satisfying minimum condition), and let § be the invariant 
system of © in R. (Then R is both left- and right-regular with® rank 
g==(G:1) over the invariant system K of ©. If R is two-sid®@ directly 
indecomposable, © exhausts automorphisms of R leaving S elementwise 
invariant.) Under the same assumption of direct indecomposabilisy of R, 
subgroups of © are in 1-1 dual correspondence, in the usual manner of thee 
Galois theory, with subrings of R, containing 8, over which R is right- (or, 
lefi-)regular. The only point which is needed to establish this and which 
is not covered by our argument in the present note is that of showing Uc = À, 
for Uo £0 (when B, —R,) (see § 6 above). We want to refer for it to the 
latter half of the proof given to Theorem 2 in [8]. 

The writer feels that the strict division into commuter and Gulois class-* * 
group parts, so to speak, is not very natural in case 2 is not a division rPhg, e 
or at least a simple ring. In all, he does not assume that the above is thé 
final form of the theory; he hopes to come back to the problem elsewhere. 
A non-normal theory, which generalizes [4], will be given in a subsequent 
paper. + 
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LINEARLY COMPACT SPACES AND DOUBLE VECTOR SPACES 
3 Fa OVER SFIELDS.* 


By J. DIEUDONNÉ. 


Introduction. The notion of linearly compact vector space has recently 

“een introduced by S. Lefschetz, in view of applications to Algebraic Topology 

([7] p. 78). It is closely connected with the general theory of weak duality 

of vector spaces over topological sfields, which I have developed for algebraic 

purpôses [2]; and I shall in fact show in Section.1 how the use of that 

, theory greatly simplifies the proof of Lefschetz’s main structure theorem. In 

the remainder of the paper, I will use linearly compact vector spaces to com- 

° plet# the recent generalization of Jacobson’s theory of “ composites” of self- 

teptesentations of fields [5] developed by G. Hochschild [4]; it turns out 

that they are the proper tool by which Hochschild’s finiteness restrictions 
e pay be entirely dropped. 


1. Linearly compact spaces. Let K be an arbitrary sfield, on which 
the topology will always be the discrete topology. A right topological vector 
space # over K is said to be linearly compact when: 


a) it is a Hausdorff space in which there is a fundamental system of 
neighborhoods of 0 consisting of linear subspaces of F; 

b) any filter base on # consisting of closed linear varieties has a non- 
empty intersection. 


e Spaces satisfying a) are said to be linearly topologized. The following 
are easy consequences of the definition ([7], p. 78): 


c) a product of linearly compact spaces is linearly compact; 

d) if Ẹ is linearly compact, and H is a closed linear subspace of E, 
then H and E/H are linearly compact; 

e) let H be linearly compact, F linearly topologized, and let u be a 
continuous linear mapping of # into F; then u(Æ) is linearly compact, and 
u is a homomorphism‘ of # onto u(Z); | 


f) a discrete linearly compact space is finite dimensional. 


Let # be a linearly compact space, W its dual in the topological sense, 
namely the left vector space (over K) consisting of all continuous linear 


* Received September 6, 1949. 
+ We use the term “homomorphism” in the sense of Bourbaki, meanjug what is 
called “ open homomorphism” by some authors. 
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mappings of # into K (continuous linear forms on Æ). Assumption a) implies 
that for every 54 0 in Æ there exists a closed hyperplane H such that 
zo H; this amounts to saying that there exists a continuous linear form 
x’ eF such that z’(x) 0; E may therefore be considered as a subspace 
of the dual H’* of F in the algebraic sense, that is, the right vestoi” space of 
all linear forms on E’. Now we prove the following properties: i 

g) The topology on E is identical to the weak topology o(H, B’) (topology 
of pointwise convergence in E’). Indeed, let V be an open (and closed) 
linear, subspace of W; E/V is linearly compact by d), and discrete, therefore 
finite dimensional by £); hence V may be defined by a finite numBer of 
equations 2’;(2) = 0, with 2e E’, and is therefore a neighborhood of 0 «for, | 
o(£, E), which proves our contention. ° A 

h) The linearly compact space E is complete. Let F be a Cauchy filter ° 
on E; for every open linear subspace V of Æ and every set AeẸ lef us 
consider the set À + V; it is readily seen that these sets constitute a Cauchy 
filter. In fact, for every such open subspace V, there exists A e F such that $ 
for sve À and ye À, e—yeV, hence A + V =s+4+ V, A+ V is a closed 
linear variety. Clearly the sets À + V which are linear varieties form a 
filter base, hence have by assumption a common point x, which is the limit 
of the filter F. 


The main structure theorem of Lefschetz is now an immediate con- 
sequence of g) and h) and of the well-known fact that Æ, with the topology 
o(#, E’) may only be complete when E = H’* ([2], p. 66); Æ is thus the 
algebraic. dual of a left vector space # over K; if (€,)yex is a basis for £’, 
E is thus algebraically isomorphic to the product vector space KZ and the 
topology o (E, E’) on F is identical to the product topology ; this is Lefschetz’s 
theorem ([7], p. 83, theorem (32.1)). í 

On the dual W’ of E, Lefschetz considers the discrete topology (which 
is also the topology of uniform convergence in F); it will be more ‘useful 
for us to consider the weak topology o(Æ’,E) (topology of pointwise con- 
vergence in F); we stress that for that topology as well as for the discrete 
topology, every linear subspace in F’ is closed. 


2. Cyclic double modules and relations spaces. If A and B are two 
rings with identity elements, we consider (A, B)-modules, that is, sets M having 
simultaneously the structure of a left A-module and of a right B-module, with 
the conditions 1 : z = v: 1 =v and (ax)B —a(xB) for ce M, ae A, BeB; 
such a module M is called cyclic if there exists an element meM such that 
M—A:m:B (set of all linear combinations Y, œmB;) ; m is then called a 
generator of M. i : 


e 
e 
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We shall be concerned with cyclic (K,A)-modules, where K is a sfield 
and A'a ring with identity. Let M be such a module, m, a generator of M; 
M is a deft vector space over K. We consider with Hochschild [4], the 
algebraic dual M’ of that vector space; this is a right, vector space over K, «A 
being thelinear form æ—2(æ)A On the other hand it may be considered 
as a left A-module, the product u-2’ of we A and x'e M’ being the linear 
form æ-—>x{(æ-u). The usual axioms are readily verified, as well as the 
condition u’ (#’A) = (u-a’)A for Xe K and we À, and therefore M’ is an 
(A, K)-module. | 

Néxt we associate to M and m, what Hochschild calls the relations space 
of M (relative to mo). Let € be the additive group of all representations of 

*fhe additivé group A into the additive group K; to every element #’e M’ 
ewe Associate the element é-=¢(2’) of € defined by é(u) =s (m, u) for 
every ue A; owing to the fact that mo is a generator of M, p is a one-one 
mapping of M’ onto a subgroup R(M, mo) of €. Moreover, one may define 
on € a structure of (A, K)-module, by setting £&\ (Ac K) equal to the 
*répresentation w+> é(w)A, and v: é (ve A) to the representation u —> é(wu- v); 
it is then clear that R (M, mo) is an (A, K)-submodule of €, and ¢ an (A, K)- 
isomorphism of the (A, K)-module W onto R(M, mo). 

Now consider on M’ the weak topology o (W, M), and on € the topology 
of pointwise convergence in A; for these topologies, ¢ is a homeomorphism : 
of M’ onto R(M, mo). In fact, every finite subset (4) i<cen of M is contained 
in a subspace (over K) generated by a finite number of elements of the form 
Mou; (1S j S p), and therefore the relations v’ (zi) — 0 (which define a 
neighborhood of 0 in Af’) are implied by a’ (m+ uj) = 0, that is (#(2’)) (us) = 0 A 
this proves that ¢ maps a neighborhood of 0 in W’ onto a neighborhood of 0 
in R(M,mo) ; the same property for ¢7t is obvious. 

The characterization of relations spaces R(W,m,) in €, generalizing 
Hochschild’s Theorem 5.3 (which concerns the finite case) now reads as 
follows: 


THEOREM 1. In order that an (A, K)-submodule T of € be the relations 
space of a cycle (K, A)-module, it is necessary and sufficient that T, with. 
the topology induced by that of €, be a linearly compact right vector space 
over K. 


We observe first that an (4, K)-submodule T of € is always linearly 
topologized by the topology induced by that of €, for a neighborhood V of 0 
consists of all ée T such that (u) = 0 for a finite number of wed , and it 
is clear that the relation ée V implies £\e V for every Xe K, which proves 
that V is a linear subspace of T. | : 
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The necessity of the condition on T is a consequence of, the remarks 
preceding Theorem 1. To prove the sufficiency, we proceed as jn thé proof 
of Hochschild’s Theorem 5.3, and consider the dual M == T’ of ghe right 
vector space T (in the topological sense). M may be made into a (K, A)- 
module by setting Am (Ac K) equal to the mapping £— Am(é), (his is the 
usual structure of left vector space of 7’), and m-u (we À) equal to the 
mapping é—>m(u: é). Let m, be the mapping £— £(1) of T into K 
which is obviously a continuous linear form, and therefore belongs to M; 
we are going to prove that M=-K-m,-A. It is clear that K-m,-A is a 
linear subspace of the vector space T” — M ; as all linear subspaces of T” are - 
closed for the topology «(7”, T), it will be enough to show that K -mọ A 
is dense in T” for that topology. We use the following lemma of Hochschild" 
([4]; Lemma 2.1): 


e e 

Lemma 1. Let S be an arbitrary set, V a linear subspace of finite 
dimension n in the right K-vector space KS of all mappings of S-into the 
sfield K; then there exist n elements 5 (1=i<£n) of S and a basis | 
(&:)isien Of V such that & (sj) = 8? 


Let then & (1 Si & n) be n arbitrary elements of T, and V the linear 
subspace of T they generate; as V CT CKA, there are p elements y (1 Sj S p) 
of À and a basis (mice of V such that m;(ux) — ôr If m is an arbitrary 


element of M, and m = $ m(nj) ` Mo ` uj, We have m’ (qr) = $ mn) Mol; Nr); 
jz j=1 


and Mo(u;: x) = (w° mx) (1) =q (w) = 8x», hence m (yr) = M(m) for 
L& kS p; accordingly m’(&) ==m(&) for 1&1 & n, which proves that 
K- m: A is dense in M, and therefore equal to M. Finally, T is the alge; 
braic dual of M, when one sets £(m) = m(£), and it follows from the 
definition of m that £(ms-u) = (u), hence the mapping ¢ is the identity, 
and we have proved that T == R(M, mo). 

As a corollary to Theorem 1, we may prove Hochschild’s theorems 6. 2 
and 6.3 without any finiteness restriction. We have first to show that, if M 
and N are cyclic (K, A)-modules with generators m, and no, then R(M, mo) 
+ R(N, no) is the relations space of another cyclic (K,A)-module; it is 
enough to show, by Theorem 1, that if T and U are two linearly compact 
(4, K)-submodules of € then T+ U is also linearly compact. Now if we 


* This may easily be deduced from the general theory of duality in vector spaces in 
the following way: for each seS, the mapping > £(s) of V into K is a linear form § 
over V, and therefore s >š is a mapping of 8 into the dual V’ of V; moreover the image 
of S by that mapping generates V’, for the relation (s) — 0 for every se S implies 
£—0ïn V; Therefore, there exist n elements s; (1 SiS) such that the §, constitute 
a basis of Y, the £, are then the elements of the “dual basis” of V (see [1], p. 46). 


LINEARLY COMPACT SPACES. 17 


consider the eartesian product T X U, which is linearly compact by property 
c) of Section 1, the mapping (é4) ~&€+7 of TXU onto the subspace 
T+U ef € is linear and continuous; therefore 7+ U is linearly compact 
by property e) of Section 1. 

Next; when M is decomposed into the direct sum of a finite number of 
éyclic (K,A)-modules M, (1SiSSs), the dual W is a direct topological 
eum of the duals M’, (isomorphic to the cartesian product of the M'i) ; these 
are of course the only kinds of decomposition of the relations space R (M, mo) 
which must be considered. With this condition on the decompositions of 
E(M,mo), Hochschild’s Theorem 6.3 and its proof extend at once to the 

: general case. 


g e3. Tensor products of cyclic double modules. Let H, K be two sfields, 
A a ring with identity element. From a cyclic (H,K)-module M with 
generator Mo, and a cyclic (K, A)-module N with generator no, we construct 
a cyclic (H, A)-module L with generator mo @ no as in Hochschild ([4], § 7). 

» Bheorem 7.1 of Hochschild’s paper may then be generalized as follows: 


THEOREM 2. The product R(M,m)R(N,n) (that is, the (A, H)- 
module generated by the elements éo », where ££ R(M, mo) and ne R(N, no) ) 
is dense in the relations space R(L, my © no). 


We follow again closely Hochschild’s proof. If M” and N’ are the duals 
of M and N, we define for every a” e M’ and y’ eN’, the linear form 2’y’ over 
M QN (hence over L) by the relation x’y’(m Q n) =a’ (m-y’(n)); then 
it is readily seen that $(«’y’) = $(2’) © o(y’), and therefore R(M, mo) R(N, no) 
is contained in R(L, mo @ no). The remainder of Hochschild’s proof may 
%e simplified by the following argument: as L is a linear subspace of the tensor 
product M @ N (considered as a left vector space over H), every linear form 
over L may be extended to a linear form over M & N; our proof will then be 
complete if we show that, given any finite number of elements z, of M ® N, and 
an arbitrary linear form 2’ over M ® N, there is a sum of linear forms of the 
type s’y which takes the same value as 2’ at every 24. We may suppose that 
the 2, are of the form m; @ n; where the m; are linearly independent in M 
(over H) and the n; linearly independent in W (over K); for a finite subset 
of M QN is always contained in the linear subspace spanned by a finite 
number of such elements. Now let 2; be a linear form over M such that 
x'i(mn) = 8, and let y; be a linear form over N such that y;(nx) = êj; 
one has then giy; (mn Q) nr) = Sd, and therefore the linear combination 
È ay’ p Where the Ay are arbitrary in H, takes the value À; at every 


element m; Q n; and may therefore have at those elements the same value 
as an arbitrary linear form over M @ N. 
e 
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Let us now consider only the case when H is a subsfield of Rand A = K; 
we then define as Hochschild ([4], Definition 7.2) the product of a*eyclic 
(H,K)-module M by itself, and say that M is (algebraically) closed if it 
covers its product by itself. Hochschild’s Theorem 7. 2 is then valid without 
any finiteness assumption on M: for if R(M,mo) is a ring, aad therefore 
contains R(M,m,.)R(M,m,), it contains also the closure of that product; 
hence M covers its product by itself; the converse is obvious. ° 

To go further, we shall restrict ourselves to the case in which H = K. 
We need first the generalization of the Jacobson-Bourbaki theorem which was 
conjectured in [8], p. 163. The set € of all representations of the additive 
group K into itself is then a ring and we prove the following: 


THEOREM 3. Let T be a closed subring of €, which at*the same time ts 
a (K,K)-submodule of €. Let L be the subsfield of K consisting of all ° 
elements we K such that é(ux) — ué(x) for every xe K and every éeT. 


Then T coincides with the ring of all L-linear mappings of K into itself. 


As T is closed, all we have to prove is that T is dense in the ring A of e 
all Z-linear mappings of K into itself. This amounts to the following: let , 
bi (1 SiSn) be any finite number of elements of K, linearly independent 
over L; we must show that the n elements £(b;) may assume any system of n 
values in K, for a suitable £e 7; in other words, we must prove that the linear 
mapping £ — (£(bi) )isien of the right vector space T (over K) into the right 
vector space K” is a mapping onto K”. Now this is exactly what Bourbaki’s 
argument (in [1], p. 72) proves: for it shows that in the opposite case there 
would exist a system (Ai)i<icn of n elements of L, not all 0, such that 


Ÿ ae (bs) = 0 for every ée T, that is, é( Š Mbi) = 0 for all ée T; but when” 
4=1 4-1 


&(x) = 0 for every ée T, one has æ = 0, for if s 0 and Æ 0, there exists 
ye K such that é(y) 40, and that relation may be written (+) =£ with 


n= (s*y) -ée T. Therefore one would have $ Mbi = 0 sat the 
hypothesis. Fe 

We recall that conversely, when L is any subsfeld of K, and T is the 
(closed) ring of all L-linear mappings of K into itself then L is the set of 
all we K such that (ux) = ué(x) for se K and ée T ([6], p. 233, Theorem 


8 (Added in the proofs). Professors N. Jacobson and H. Cartan have kindly 
informed me that they have been aware of this result for some time. Cartan’s proof is 
identical with mine. Jacobson’s proof runs as follows: T is a right K-module, hence an 
irreducible ring of endomorphisms of K. It is therefore a dense ring of L-linear 
mappings of K into itself ([6], p. 232, th. 6); as it is closed, it consists of all such 
mappings. 
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7). There exists therefore a 1-1 correspondence between subsfields of K and 
closed’ subriags of € which are at the same time (K, K)-submodules.* 
Wemay now give the characterization of all closed cyclic (K, K)-modules: 


THEOREM 4. If K is any sfield, every closed cyclic (K, K)-module is 
equivalent with a tensor product K Q) 1K of K with itself, with respect to a 
subsfield L of K. Any two such products K Q LK, K Q uk are equivalent 
Yf and only if H =L. 


Let L be any subsfield of K, and (ea) a basis of K, considered as a left 
vector, space over L; then the elements 1@ e constitute a basis of 
M = K Q&Q K as a left vector space over K. For every element é of the 

*telations space RM, 1 @ 1) and every Ac L one has (Au) = 2’(1 & (Av)) 
= # (A(L ® u)) — x (1 Q u) =rAE(u) for every wek; this proves at 
once that R(M,1 @ 1) is identical with the ring of all i linear mappings 
of K into itself. In particular, the ring € is identical with the relations space 
of the (K, K)-module K Q pK, where P is the prime field contained in K; 

e therefore €, considered as a right vector space over K, is linearly compact; 
hence every closed linear subspace of € is also linearly compact (Section 1, 
property d)). Theorem 4 is then an immediate consequence of Theorems 
1 and 3, and of Hochschild’s Theorem 5. 2. 
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4 Instead of that condition, one may only suppose that the closed subrings con- 
sidered are right vector spaces over K, and that for every u 0 in K, there exists eT 
such that E(u) <0; both conditions imply that T contains the subsfield of € consisting 
of all right multiplications æ > aw by elements of K (which may be identifi€d with K), 
and conversely they are implied by that assumption. 


LOCALLY COMPACT RINGS. IL* ` ñ 


By Irvine Karransry. ** 


The purpose of this note is to complete the theory of the radical of æ 
locally compact ring that was initiated in [4],.and to prove two decomposi- 
tion theorems illustrating the role of local direct sums in the theory. 


THEOREM 1. The radical of a locally compact ring is closed; more 
precisely, it is the intersection of the closed regular maximal right (or lefty + 
e 


ideals. Lle 


Proof. Let A be a locally compact ring, R its radical, R’ the closure 
of the latter. Then R’ is again a locally compact ring, and by [4, Lemma 2] 
its radical is R. If RAR’ then [4, Th. 11] R’ contains a closed regular | 
maximal right ideal M. Then EC M, which contradicts the fact that R is? 
dense in KR. 


We turn to the second statement of the theorem. Now that we know 
that the radical is closed, it will evidently suffice to treat the semi-simple 
case. Then by applying [4, Th. 2] we can reduce further to the case where 
A is totally disconnected. Let B be a compact open subring [4, Lemma 4], 
S the radical of B, and e an idempotent in B mapping into the unit element 
of B/S [8, Th. 16 and Lemma 12]. We shall now prove the following 
statement: any regular maximal right ideal M in A containing eA is closed, 
Suppose on the contrary that M is dense in A, and let f be a left unit 
element modulo M. Then M contains elements f+ with ~ arbitrarily 
small, say so small that r == « — ex is in S and is consequently quasi-regular : 
r+s+rs=0. Now exe M and softreM, fstrseM. Sincesf is a 
left unit modulo M, fs—seM. Hence s+ rseM, reM, and feM, a 
contradiction. i 

Let now y be an element lying in every closed regular maximal right 
ideal of A. For every idempotent g of finite rank in B, we have gy — 0 
by [4, Lemma 8]. Since e is a limit of such idempotents, ey = 0. Consider 
the ideal Z = eA + (1+y—ye)A (this is well-defined even if there is no 


* Received May 21, 1949. 
** This paper was written while the author was a fellow of the John Simon Guggen- 


heim Memorial Foundation, on leave from the University of Chicago. 
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unit element). If IA, it can be expanded to a right ideal M maximal 
with *respeg to exclusion of y—ye. Then M will be actually maximal, 
regular since ye —y is a left unit, and closed by the preceding paragraph. 
This means that y is in M, a contradiction. It must therefore be the case 
that J ig all of A. Write 


eb + (1+ y—ye)e=ye—e—y. 


i 

After left-multiplication by 1 — e this becomes (y — ye)o (c — ec) —0. Thus 

y — ye = y(1—e) is right quasi-regular and so is (1—e)y = y, as follows 

from’ the last identity on p. 154 of [3]—the lack of a unit element does not 
„e matter. Hence the intersection of the closed regular maximal right ideals 

consists entirely of tight quasi-regular elements, and is therefore 0. Of ` 
* goutse, by symmetry the same is true for left ideals. 

* An immediate corollary of Theorem 1 is the fact that a locally compact 
semi-simple ring is a subdirect sum of locally compact primitive rings. In 
the study of the kind of subdirect sum that may arise, it seems certain 
that a leading role will be played by the local direct sum introduced by 
Braconnier [2]. 


Definition. Let A; be topological rings with open subrings B;. The 
local direct sum A of A; relative to B; is the set of {a;}, where ae À; and 
all but a finite number are in B;; the subring where all coordinates are in 
B, is given the Cartesian product topology and its neighborhoods of 0 are 
declared to be neighborhoods of 0 in A. 


It is readily verified that this definition makes A a topological ring; 
moreover A is locally compact if and only if each A; is locally compact and 
all but a finite number of B’s are compact. 

The next theorem shows that in a slight generalization of the commu- 
tative case a complete reduction to Q-rings is possible. | 


THÉOREM 2. À locally compact ring whose idempotents are in the 
center 1s a local direct sum of Q-rings. 


Proof. We begin by reducing the problem to the totally disconnected 
‘case. Let A be the given ring, C its component of 0. In C we know 
[4, p. 448] that there is an ideal P such that P? = 0 and C/P is an algebra 
of finite order over the real numbers. The latter is the direct sum of an 
algebra with unit element f and a nilpotent algebra. Let geC be an 
idempotent mapping on f modulo P. We take the Peirce decomposition 
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of A relative to g, and we may confine further study to the component 
B-=,A(i—g). In B the component D of 0 is nilpotent. ‘Let Hebe a 
compact open subring of the totally disconnected ring B/D, ant choose an 
idempotent 4 mapping on the unit element of Æ modulo its radical. We 
further pick an idempotent e in B mapping on h modulo D. In the Peirce 
decomposition of B relative to e, the component B(1—e) is a°Q-ring. It 


remains to study the totally disconnected ring Be. 
A e 


Let us start with A totally disconnected, F a compact open subring, 
and e, e; idempotents mapping respectively on the unit element and the 
primitive idempotents of F modulo its radical. After a Peirce decomposition 
we may assume that e is the unit element of A. We consider the mapping 
a—> {ae;}, which is at least an algebraic isomorphism. "The compäct ring F°’ 
is the full Cartesian direct sum of {Fe}, as follows from [3, Th. $7]. e- 
Moreover a sequence with all but a finite number of its coordinates in d'er 
will arise from a suitable element of A. Thus at least the local direct sum 
oceurs (in its correct topology). Our theorem will be proved as soon as 
we verify that for each ae A, all but a finite number of ae; are in Fer 
There is a neighborhood U of 0 such that aUC F. We may suppose that 
UC F, and such a neighborhood of F consists of elements restricted at only 
a finite number of coordinates. At all the remaining coordinates ae; must 
be in Fe; This completes the proof of Theorem 2. 

Let us now consider a locally compact totally disconnected Q-ring A. 
Then any compact open subring of A has an open radical. In a context 
where all subrings of A are semi-simple we can conclude that A is discrete. 
All subrings of A are semi-simple for example if A is a Boolean ring, or 
more generally if every element satisfies a" —a,n(a) > 1. Combining è 
this remark with Theorem 2, we see that a locally compact ring satisfying 
an(®) = q is a local direct sum of discrete rings. We shall now prove a more 
general result by classifying all strongly regular locally compact rings, As 
defined in [1], a ring is strongly regular if for every a there exists an a 
with ax — a; we shall make free use of the results in [1]. 


THEOREM 8. A strongly regular locally compact ring A is of the form 
X QY OZ where X is discrete, Y is the direct sum of a finite number of 
non-discrete division rings, and Z is a local direct sum of discrete strongly 
regular rings relative to finite subfields. 


Proof. By [4, Th. %] we can confine ourselves to the totally dis- 
connected case, and we first treat the case where A is a Q-ring. Then A 
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contains a compact open radical subring B. Let M be an open maximal 
idealein 4,4s0 that A/M is a discrete division ring. Then B maps into a 
finite radical subring of A/M; such'a subring is a nilring and hence 0. 
“Thus B is contained in M. If we denote by I the intersection of all open 
maxima] ideals, then J is open since it contains B. We proceed to examine 
I, which, a$ a ring on its own merits is again strongly regular. Its maximal 
ideals are in one-to-one correspondence with the non-open maximal ideals 
“of A. Thus for every maximal ideal N in J, I/N is a non-discrete locally 
compact division ring. We shall now prove that there are only a finite 
number of Ms: If we suppose the contrary, then J has an infinite set of 
orthogonal idempotents e; (this follows from the results in [1], or it can be 
. e proved by.a simple direct argument). For each 4 we can find an element b; 
. in & such that éb; is a non-zero element of B. Write Cn == ¢,b, +: - +--+ ends, 
Gy = ed; + ezb? +: e enba” and let caeB be limit points of the 
sequences Cn, G, respectively. Find the element œ with az—4a Now 
cœ —>0 since B is topologically nilpotent; hence æe—0, ze B for a 
ə suitably large r. Take any s>7, and examine the situation modulo a 
maximal ideal N in I not containing e,b4. The division ring I/N has a 
unique valuation associated with it which we shall denote by V, and we may 
apply V in a natural way to all elements of I. Since e,b, is topologically 
nilpotent, V (bs) >0. Next we note és¢,—esbs for all n= s and hence 
esC == lsbs; Similarly ea = esb. From a°x = a we reduce V (s) = — sY (bs). 
On the other hand, from the fact that ve” is in B we deduce V(x) -rV (bs) > 0, 

a contradiction. 


At this point we have proved that J is the direct sum of a finite number 

eof non-discrete division rings. Thus it has a unit element and is a direct 

summand of A; moreover. À is the direct sum of I and the discrete ring A/I. 
This concludes the discussion of the case where A is a Q-ring. 

In the general case we apply Theorem 2 (applicable since the idem- 
potents are in the center) to learn that A is a local direct sum of Q-rings. 
Each summand is strongly regular and its structure is known from the 
preceding discussion. From this we can see that all but a finite number of 
summands must be discrete—otherwise the local sum would not be strongly 
regular. In the local sum over the discrete summands,‘ all but a finite 
number of the subrings (relative to which the local sum is taken) must 
be finite. Those summands for which the subring in question is 0 may be 
lumped together with the finite number of exceptions already encountered 
to form a discrete summand. The remaining local sum is taken relative to 


finite non-zero subrings all but a finite number of which must be strongly 
e 
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regular. Since a finite strongly regular ring is a direct sum of finite fields, 
the sum may be further decomposed so as to be taken to ome fieldg (the 
finite number of exceptions are again moved over to the diseret summand). 


L 1 
INSTITUTE FOR ADVANCED STUDY. 
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PRIME IDEALS AND THE LOWER RADICAL.* 


ie By JAKOB LEVITZKI. 


The lower radical L of a ring # has been defined by Baer [1]* as the 
intersection of all the radical ideals? of the ring. Baer has shown that L 
itself”is a radical ideal. The lower radical of an ideal? A’ may be defined 

.as*the ideal L(A) which is uniquely determined by the following two 
properties: 1) 4'C L(A). 2) D(A)/A is the lower radical of B/A. Denote 
° hy M(A) the radical of A in the sense of McCoy [4], i.e. the set of all 
elements r with the property that every m-system‘* which contains r contains 
an element of A. McCoy has shown that M(A) is an ideal, M(A) is the 
intersection of all the prime ideals which contain A and finally that M(A)/A 
is a radical ideal in R/A. The radical M of the ring is defined as the radical 
of the zero ideal. McCoy remarks that his radical W(A) “is contained in 
Fitting’s radical, but the exact relation between these concepts is an unsolved 
problem.” He also says that “the relation of M to the radicals of Koethe 
and Levitzki is an unsolved problem.” In the present note we solve these 
problems by showing that the radical ideal M(A)/A of R/A is actually the 
lower radical of B/A, i.e. M(A)—ZL(A). In particular M = ZL. This 
implies that M is semi-nilpotent and that M is distinct from the maximal 
_cemi-nilpotent ideal of the ring, and hence also from the radical in the sense 
of Koethe (see [1], [2], and [31).5 The same applies to the radical of an 
ideal. On the other hand McOoy’s results combined with our theorem yield 
the following characterization of the lower radical: The lower radical of a 
ring æ the intersection of all the prime ideals of the ring. In the following 
we use the concept of an m-sequence, which is actually a special case of an m- 


* Received January 11, 1950. 
+ Numbers in brackets [ ] refer to the bibliography at the end of the paper. 


? An ideal A is a radical ideal if A is a nil-ideal and R/A has no nil-potent ideals 
other than zero. 


3 Ideal = two sided ideal. ` 


4 À set S is an m-system if ae 8, be 8 implies the existence of ce E such that 
acb e 8. 


5 In an example given by Baer ([1], §2) we have R x0, L= 0 while the radical 
in the sense of Koethe etc. is = R. 
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system as defined by McCoy. Incidentally this concept yields yet another 
characterization of the lower radical.’ ° 
We begin with the following definitions: 


Definition 1. An infinite sequence of elements in a ring R 


(1) Go, Gy, Ge, * 
is an m-sequence if for each non-negative integer n there exists an element b 
in R so that ana = dyDatn. 


Definition 2. An m-sequence is a vanishing m-sequence if some term of 


the sequence is = 0. 


Remark. If some term of an m-sequence is = 0, then evidently also all ° 
subsequent terms are 0. Hence a vanishing m-sequence contains at most * 
a finite number of nonzero terms. Moreover, since each term of an m-sequénce 
is a left factor as well as a right factor of all subsequent terms, we have the 


following soe 


Lemma 1. If some term of an m-sequence is contained in a right (left) 
ideal A, then also all subsequent terms are contained in A. 


We need also the following 
Lemma 2. The elements of an m-sequence form an m-system. 


Proof. Consider an m-sequence (1). We have to show that for any 
pair of terms a, ax of (1) there exists a term a; and an element bi of R 
such that a; = ajbiza,. Now it is an easy consequence of the defining relation 


Qnst = GnDnd that this holds for any a; with 7 >i, j >k. e 
Definition 3. An element a of a ring E and an infinite sequence 

bo, 01, * are associated with each other if be =a and for some infinite 

sequence Co, Cr,” © > We have Oni = bnCnbn, i= 0, 1,2, : -. . 


As an immediate consequence of definitions 1 and 3 we obtain 


Lemma 8. Each infinite sequence which is associated with some element 
of a ring R is an m-sequence. 


Remark. Conversely, each m-sequence (1) is evidently associated with ap. 
Hence Lema 3 gives a method for constructing all possible m-sequences. 


* As will be shown elsewhere a certain generalization of this concept may be used 
with advantage also in other problems concerning nil-rings. 
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THEorEM 1. An element a of a ring R belongs to the lower radical L 
of Rg and nly if each sequence which is associated with a is a vanishing 
m-sequence. 

kd 


Proof. For the proof of the “only if” part of the theorem we need the 
following? characterization of the lower radical: Denote by W, the ordinary 
radical of R, i.e. the sum of all nilpotent ideals of R. If a > 1 is an 
erdinal such that a — 8 + 1, then the ideal Na is defined by the relation 
Ng C Na and the requirement that Na/Ng should be the ordinary radical 
of B/Ns. If « is a limit ordinal, then Na is defined as the join of all Ny 
with 9 < «. For some ordinal r of minimal value we have then Nru =N; 
and, it follows that L = N, (see [1], page 539). Suppose now that ae L 

*and consider a sequence (1) which is associated with a, so that we have a) = a. 
By femma 1 it follows that all terms of (1) are elements of L. Hence éach 
efement of (1) is contained in some Ny. Thus for each non-negative integer À 
there exists a smallest ordinal «; so that a;e Na; If for some t the ordinal x; 
were a limit ordinal, it would follow from the definition of Na; as the join 
of all Ny with y < aj, that ae Ny for some y < a, which is a contradiction 
to the minimum property of @. Hence none of the ordinals & is a limit 
ordinal. Denote by k a non-negative integer so that ay == minimum «, 
t==0,1,2,---. Since a; is not a limit ordinal we have either a — 1 or 
ay = B +1 with B= 1. Suppose first that we are confronted by the second 
possibility, then by the definition of Ng. it follows that for some positive 
integer m the right ideal (az, axR) generated by az satisfies the relation: 


(2) (ax, GR)" C Ng. 


Now we have du == AnD nly € (ar, &R)?, and for an arbitrary positive integer 

ary P 8 
p it follows easily that arip © (ax, axR)”. Hence by choosing p so that 
2? = m we obtain 


(3) d drain € (Gx, GR)? C (ar, rB)” C Ng. 


Relation (3) shows that app = B < o, which is a contradiction to the 
minimum property of ax. This contradiction implies that we must have. 
oy, = 1 and thus relations (2) and (3) may be replaced by (ar, aR)" = 0 
and arp = 0 respectively, which shows that each sequence which is associated 
with a is a vanishing m-sequence. This concludes the proof of the “ only if” 
part of the theorem. The “if” part will be settled if we can show that 
any element a such that a# L is associated with a non-vanishing m-sequence. 
We begin the construction of such a sequence by setting a, =a. Since Lisa 
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radical ideal, i. e., R/L has no nilpotent ideals, it follows by ang L that also 
GR'&R£ÉL. Hence for some boe R we have abot £ L. e defise the 
second term of the required sequence by putting a, == abot. Since a, é L 
we may repeat the above procedure with a, and thus obtain the third term 
a = bit É L. By continuing this process we obtain (by inductiog } a non- 
vanishing m-sequence which is associated with a. This completes the proof 
of the theorem. 


e 
THEOREM 2. The radical of a ring R in the sense of McCoy coincides 
with the lower radical L. 


Proof. Denote by M the radical in the sense of McCoy and suppose first 
that for some element a we have as M, ag L. By the “if” part of Theorem +. 
it follows that there exists a non-vanishing m-sequence which is assootated, 
with a. By Lemmas 2 and 3 we known that the elements of such a sequenee 
form an m-system. Since this system contains a and does not contain 0 we 
have a contradiction to ae M. This shows that if ae M then also ae L, i.e. 
MCL. Suppose now? that there exists an element a such that ae L, af Me 
By the definition of M it follows that there exists an m-system S which 
contains a and does not contain 0. Hence for some b, £ R we have 0 = aboa £ S. 
Put ao = & and a, = doboto. Since a,€ S we may repeat the above procedure 
with a,, and thus by continuing the process obtain (by induction) a non- 
vanishing m-sequence which is associated with a. Since by Theorem 1 the 
existence of such a sequence is incompatible with ae L it follows that we 
must have ae M, or LC M which in conjunction with M G L yields the 
required result. 


e 
CoroLLARY 1. For an ideal À: of a ring R we have M(A) — L(A). 


By combining Theorem 2 with McCoy’s results [4] we obtain 


COROLLARY 2. The lower radical of a ring is the intersection ofeall the 
prime ideals of the ring. 


Since the lower radical of a ring is — 0 if and only if the zero ideal is the 
‘only nilpotent ideal of the ring we have by [4], Theorem 6: 


COROLLARY 3. A necessary and sufficient condition that a ring be iso- 


"The proof may be completed as follows: Since M is a radical ideal (see [41) 
we have MDL, which in conjunction with LM yields M =L. Now the relation 
‘MDL has been proved by McCoy by using the concept and the properties of a prime 
ideal. The proof of M DL in the text does not involve prime ideals and uses the “ only 
if” part qf Theorem 1 instead. 
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morphic to a subdirect sum of prime rings is that the given ring does not 
contain mee ideals other than zero. - 
Finally we have 


COROLLARY 4. The intersection of all the prime ideals of a ring is — 0 
if and only if the zero ideal is the only nilpotent ideal of the ring. 
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BANACH ALGEBRAS OF CONTINUOUS runcribns.¢ 


By Berrram Yoon. ; 


1. Introduction. For the Banach algebra C(X) of all bounded, con- 
tinuous and complex-valued functions defined on a completely regular space 
with the usual definition of the norm, the space of maximal ideals is homeo- 
morphic to the Čech B-compactification of X [6]. In this paper we investi- 
gate the structure of the space of maximal ideals of the more general Banach 
algebras C (X, A) of all bounded continuous functions defined on,a spac? Xe, 
as above with values in a commutative complex Banach algebfa A with a unit. 

In §3 it is shown that if A is also a B*-algebra (in the sense of [11]} 
then the space of maximal ideals of C(X, A) is homeomorphic to the B-com- 
pactification of the Cartesian product space X X Mt, where Mt is the space 
of maximal ideals of A. This situation is further investigated in $ 4 under, 
the additional assumptions that X and X X Mt are normal. This yields other 
descriptions of the space of maximal ideals of C(X,A) and hence alternative 
descriptions of the B-compactification of XY X M. This is given in terms of 
the B-compactification of X, the Cartesian product space Pix®t and con- 
tinuous functions on X X Mt and closure in X X M. 

In § 5 it is assumed that X is compact (— bicompact) but the require- 
ment that A be a B*-algebra is dropped. Here it is shown that C(X, A) 
may have X as its space of maximal ideals without A being the algebra of 
scalars, specifically for À a primary ring (i.e., a ring with one maximal, 
ideal). 

An investigation of rings C(X,A) of all continuous functions on a 
topological space X to a topological ring A was made by Kaplansky [10]. 
Where the hypotheses are comparable, the results of Kaplansky hokd for 
much more general rings A but much greater demands are made on the 
spaces X than in this paper. Kaplansky also considers rings of all continuous 
functions (unbounded as well as bounded). Here we use only bounded func- 
tions and endeavor to exploit as fully as possible the techniques of commu- 
tative Banach algebra theory as developed by Gelfand and others. 

A thorough exposition of the theory of the algebra C(X) (for the real 
case where the theory is quite the same) can be found in a paper of Hewitt 


* Received March 3, 1950; presented to the American Mathematical Society, April 
1, 1949. 
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[7]. Hewittgalso investigates the algebra of all (bounded and unbounded) 
continflous rgal-valued functions defined on the completely regular space X. 


2. Definitions and preliminaries. We use the letter A to represent a 
complex Banach algebra (normed ring) which is commutative and posseses 
a unit e of norm one. For the fundamental properties of A see [3] or [9]. 
Associated with A is its space Mt of maximal ideals topologized as in [3] 
to become a compact Hausdorff sapce. Hach Me Mt determines a homomor- 
phism ¥ (M) of A onto the complex numbers K. M consists of all ee A 
for which &(M) — 0 and for each x, z(M) is a continuous function of M. 
As a function of x for a fixed M, x(M) is a multiplicative linear functional 
«defined on 4 and all such functionals are of this form. 

à For a topological space X, let C(X, A) be the collection of all bounded 
centinuous functions defined on X with values in A. With the norm 
IFC) = sup | fF), ¢eX, C(X, A) is a commutative Banach algebra 
with a unit. aE 


ee 


2.1. Lemma. Let t be a point of X and M a maximal ideal of A. 
Then the set N of all f(-) eC(X, A) for which f(t.) € M forms a maximal 
ideal of C(X, A). 

Suppose that g(-) eC(X, A) and g(t.) #M. Then there exist elements 
veA, weM such that vg(t) +w—e. We let h(-)eC(X,A) be the 
function with the constant value v and e(-) the function with the constant 
value e. Then 


eC) =h(-)9(-) + eC) — AIC) 


Where e(+) —h(-)g(-)eN since e— vg(to) =w. This shows that g(-) 
and N generate the ideal C(X, A) and therefore that N is maximal. 

On the basis of this result we divide the ideals into two classes which 
are the analogues of those used by Hewitt [7]. An ideal Z in C(X, A) 
is called fixed if there exist to £ X and Me Mt such that 


IC{f(-)eC(X, A)| f(to) € M}. 
Otherwise the ideal J is called free. 
For f(-) © C(X, 4), te X, Me, we write f(t) (M) as f(t, M). 


2.2. Lemma. For each f(-) e C(X, A), f(t, M) is a continuous func- 
tion on the Cartesian product space X X M. 


Let (to, Mo) be a point of X X WM ande> 0. Now 
| F(t, M) —f(to, Mo)| S| f(t, M) —-F (to, M)| + (to, M) —f (do, Mo)! 
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and | f(t, M) —f (to, M)| S || f(t) —f(to)||. We choose a meighborhood 
U (to) of to in X for which || f(t) —f(to)|| < «/2, and à \istchbbchiood 
V(Mo) of M, in M for which | f(t, M) —f(to, Mo)| <e/2. For (t, M) 
in U(t) X V(Mo) we have | f(t, M) —f(to, Mo)| < € 

Following Rickart [11] we call a Banach algebra a “ B*-algehra ” if to 
each element x there corresponds a unique element +’, called the adjoint of x 
where (i) (Y =x, (ii) (zy) = ys’, (iii) for « and 8 complex numbers ` 
and & and B their complex conjugates, (ax By)’ = aa’ + By’, (iv) 
| a’ || = | æ I’. 

The B*-algebras considered in this paper are commutative and possess . ‘ 
a unit of norm one. It is known that | 2’ | = | æ | and that such a B 
algebra A is equivalent to the algebra of all complex-valuede continuous * 
functions defined on its space of maximal ideals Mt ([5, Lemma 1]). ‘Also, 
|z| =sup|2(M)|, MEM, à (M) =2(M) for each MeM, and A îs 
without radical. As the topology for M, we use that of [3] in which the 
neighborhoods of M, e W are all sets of the form 


{Me M | | 2i(M) — (M| Ke i= 1, +, n} 


where 2,::-,2æ, are elements of A and e>0. This yields a compact 
Hausdorff topology for M. Two other topologies are investigated by Gelfand 
and Silov in [6]. The first one, introduced by Stone [15], may be described 
as follows. For each set ACM, M,eW if and only if M, DN M, Me. 
The other topology can be employed in any commutative Banach algebra A 
with a unit for which given se A there is ye A with s(M) —y(M), for 
every Me Mt. Here M,e À if and only if MCU M, the union taken over 
Me. Equivalently M,e. if and only if for every z e Mo, inf | s (M) | = € 
Me. This topology can be employed for our B*-algebras. In view of 
results in [6], the theorem of Gelfand [3] which states that any compact 
Hausdorff topology for W in which all the functions (M) are continuous 
is homeomorphic to WM in the first topology above and the fact that a B*- 
algebra is equivalent to C(Mt) (Mt with the first topology), all three topologies 
for M yield homeomorphic spaces. 

` For such a B*-algebra A, O (X, A) is also a B*-algebra to which the 
above remarks about its maximal ideals apply. 


3. X completely regular, A a B*-algebra. We obtain the structure of 
the space of maximal ideals of O (X, A) in this case as the B-compactification 
in the sense of Cech [2] of the completely regular space X X M. The com- 
pactification procedure of Gech is equivalent to the compactification procedure 
of Gelfaifd and Silov [6]. é 
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8.1. Tgreormm. Let X be a completely regular space, A a commutative 
B*-algebra ith a unit. Then the space of maximal ideals of C(X, A) is 
homeomerphic to the B-compactification of X X M. 


In, emma 2.2 it was shown that for any f(:)e C(X, À), f(t, M) is 
continuous on X X M. Conversely we show that if f(t, M) is continuous 
on X X Mt, there exists g(-) eC(X,A) such that f(t, M) — g(t, M) for 
each te X,MeM. LetteX. For each We M, there exists a neighborhood 
V(at’) of M’ and a neighborhood U (M', to). of to in X such that for all 
te U(M’, to), Me V(M’) we have | f(t, M)—f(to, M’)| <e A finite number 
V (M), ++, V (Mn) of the sets V (W) cover M. Let U(t) = N U (M, to). 

-Thtn for each M eM, | f(t, M) —f(to, M)| < for teU (to). 
eNext the fuħction g(-) is defined for t = to. g(t) is taken to be that 
” element in A such that for each M € Mt, g (to) (AL) = f (to, M). Since f(t, M) 
is continuous in M and A is a B*-algebra, this is possible. This procedure 
is followed for each element in X. Also g(+)eC(X,A). For given « > 0 
ethere is a neighborhood U (to) such that for te U (to), 


lg) — 9 (to) | = sup | g() (BL) — g (to) (AL) | 
= sup | f(t, M) — f (to M)| Se 
by the above analysis. (f(t, M) is assumed bounded.) 

The correspondence f(-) > f(t, M) between C(X,A) and mee xX M), 
the Banach algebra of all complex-valued, bounded, continuous functions 
defined on X X Mt, is next considered. It is easy to verify that this is a 
1-1 correspondence of C(X,A) onto C(X XM) which preserves all the 
elgebraic operations. Furthermore since 


IFC) = sup HOL = sup sup | f(t, M)| 


and since 
° sup | f(t, M)| = | f(t, W) | 
Met 
for a suitably chosen M; e M, 
| f(-) |] = sup | f(t, M)! = on |F, M), 
teX M) eXXM 


the correspondence is an equivalence. Now X X Mt is completely regular 
and hence the space of maximal ideals of C(X X M) is homeomorphie to — 
the B-compactification of X X Mt (see [61). This is then the case for the 
space of maximal ideals of C(X, A). 


.4 X and X X WM normal, A a B*-algebra. Under these conditions we 
give other descriptions of the space of maximal ideals of ((X,A). By 


8 e 
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Theorem 3.1, this then gives us descriptions of the B-compaptification of 
X X M. In this we use the points of the Wallman cane of X 
(which is equivalent to the B-compactification since X is normal), he Car- - 
tesian product space Pex and the continuous functions on X X M. The 
points of the compactification are pairs of elements of the compaétification 
of X and equivalence in the Cartesian product space. 

We wish to emphasize the fact that the more complicated description ofe 
the space of maximal ideals of C(X,A) which is given in this section has 
the virtue (not possessed by the analysis of $ 3) that it yields the general 
form of a multiplicative linear functional defined on C(X, 4). . 

For f(:)eC(X, A) we define the set 


(41) X(f,«) = {teX| | f(t, M)| Se for at least one M e M). 


= e 
Let I be a non-trivial ideal of C (X, A). We denote by A(T) the collection 


of all sets of the form X(f, e), fel, for a fixed e > 0. Inasmuch as I is a ° 
linear manifold, X(7) is independent of the choice of e > 0 in its definition. 


e : 
. 


4.1. Lexma. The family of sets N(T) has the finite intersection 
property. | 

Let B(X, A) be the B*-algebra of all bounded functions defined on XY 
with range in A where || f(:)| = sup |f(¢)||, éeX. Then C(X,A) is a 
B*-subalgebra of B(X, A). I is contained in a maximal ideal N of C(X, A). 
By a theorem of Silov [12, p. 84], N is contained in a maximal ideal N, 
of B(X, A). If we define the sets X(f,e) for each f e N, then the collection 
so obtained has the finite intersection property [18, Lemma 2.2]. Since 
%(I) is a subcollection, it shares this property. š 

4.2. LEMMA. (I) is contained in a maximal additive ideal in the 
distributive lattice of all closed subsets of X. 


We show first that the sets X (f, e) are closed. Let tọ be in the glosure 
of X(f,e). Suppose that inf | f(t, M)| =q >e Me. Then there is a 
neighborhood U (to) of to such that for each te U(to), || FŒ — f(t) || < (n — €). 
For each such ¢ and each M e Mt we have 


[f(t M)| = | f(t, M)| — | f(t, M) — F(t, M)| > 


inasmuch as | f(t, M) —f(t, M)| S | f(é)--f(t)||. This is a contra- 
diction. Since f(t, M) is a continuous function on the compact set M, 
there is an Me Mt for which | f(t, M)| Se and X(f, e) is closed. 

Thus A(Z) having the finite intersection property is contained in a 
maximal additive ideal in the distributive lattice of closed subsets of X; 
see [17, D. 114]. We use the letter Q to designate this lattice. By an 
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additive idea J B in 2 is meant a collection which has the properties that if 
FeB, Ge then F U GeBandif Fe B, Ge B then FN GeB. A maximal 
additivesideal (m.a. ideal) is one which is contained in no proper additive 
ideal of ©. 

We Gesignate by ©, the Boolean algebra of subsets of X which is generated 
by the open sets and the closed set of XY. See [1] for the lattice-theoretic 
¢erminology employed. The following lemma on distributive lattices is needed. 


4.3. Lemma. Let À be a lattice with a zero element A. Let 8 be a 
maximal additive ideal in A. A real valued function p defined on A for 
which u(E) =1, Be, p(#) —0, FE £B is additive in the sense that if 

ET Be =4, then (E, U Be) = p(s) + p(B). 


e “It is to be ad that Y is not the trivial lattice consisting of just its 
zero element. Wallman [7] has shown that for 8 to be a m.a. ideal it is 
necessary and sufficient that B be a maximal collection of elements with the 
finite intersection property, and that this is equivalent to the possession by 8 

* of the properties (1) if F, @eB then FN Ge B and (2) Fe if and only 

“if FN GA for every Ge. From this it follows readily if F, e% 
and E, N E, =A then E,2%, p(B, U Eo) = p(B) +n(Æ2). Also if 
p(E:) = (E) = 0 where F, [) Fs = A, there exist elements F;e8 such 
‘that E; N Fi = A, i= 1,2. But then (F, N Fa) N (E U Fe) =A. How- 
ever I’, Fae B so that LZ, U #.¢ 8. 

The converse is true if the lattice is a Boolean algebra. 


4.4. LEMMA. Let X be a Boolean algebra on which there is defined 
æ non-trivial real-valued additive function u taking on the values zero and 
one only. Then the set B of elements of Y for which p(H) — 1 forms a 
maximal additive ideal in A. ‘ 


Let #,,E,eS. Using the prime to denote complementation we have 
= (F, N E) U (2.1 #2) and p(E:) = p(E, Q Be) + (AM Fo). 
Thus one and only one of the sets #,{] E, and #,[) F’, are in B. Clearly 
p(B’) = 0 so that since W's = (Hi N He) U (Ei N E’2) each of the latter 
sets has u-measure zero. Hence Mı NN F,eB. Clearly Af. If Fe BS, Ge 
then it is easy to see that F |J Ge B. Hence % is an additive ideal in N, hence, 
by Zorn’s maximum principle, contained in an m.a. ideal B, of W. Let 
pı be defined on % to be 1 for elements on B, and zero otherwise. By 
Lemma 4.3, pı is additive. Also y, agrees with » on elements in $ and 
thus on the complements of such elements. Since any element is either in 
8 or is a complement of such an element, pı == p and $= %,. , 
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4.5. Lemma. Hach maximal additive ideal B of R is onnea in ong 
and only one maximal addtive ideal B, of ©. 


' B is a maximal family of closed subsets of X having the finite inter- 
section property, as mentioned above. By Zorms maximum principle B is 
contained in some maximal collection 8, of sets in © with the ‘finite inter- 
section property. By Wallman [17], B, is a m.a. ideal of ©. Suppose Və 
is another m. a. ideal of © containing B. By Lemma 4.3, the set functions” 
vi defined on ©, one for sets in Y, zero otherwise are additive, i—1, 2. 
Moreover for each i, with #,,F, e ©, if m(E:) =v (H#.) = 1, then 

vi(E U E) = ni (E, N E) — 1 since $; is an additive ideal in ©. 

For any F, (7) =1—»v(L£). If n(E) = 1, vi( #2) = 0, then v,(#, |) E) =| 1.0. 
Also since 1 = (£1) = (81 N Eo) + (EN F’) and ME: N Fe) = 1 
by the preceding, we have n(E, N Ea) =0. If (#1) —v(B2) —0, thes * 
(En: N Bo = 1 — n (BE U Wa) =0, (Fy U Er) =1— vi (Bs N E’) =0. 
Also for Fe, m(F) —1. For any closed set G¢%, if »(G) —1, then 
G N FAA for every Fe B and thus the family B may be augmented by G, 
preserving the finite intersection property, which is impossible. Since for 
any open set, O, (0) = 1—v;(0’), vı = v: for any open or closed set in X. 
Since © is the Boolean algebra of subsets of X generated by these sets, the 
above rules for n show that vı =v. for any set in ©. Thus 8, = Bs. 


4.6. LEMMA. Let N be a maximal ideal of C(X,A) and fie N, 
i= 1,2. Then there exists a function he N with the property that for 
each te X, Me M, 

h(t, M) — sup | fe(t, M)]. 
e 

To prove this one may proceed as in Lemma 2.4 of [18]. With the 
notation used there, it is only necessary to note the function (+) appearing 
there is continuous. This follows since 


| (ts) — (ts) = sup | | F(t M)| = | f(t DIE AFC) PC) 


Clearly this result holds for any finite number. of functions in N. 


In the following lemma and its proof, the following notation is employed. 
N is a maximal ideal of C(X,A) and A(N) is the corresponding family of 
closed sets in XY previously defined. T is the collection of all single-valued 
functions defined on XY where for each te X, the image of ¢ is in M. For 
yeT, f(-) eC(X,A), A(f, y) is the set {te X || f(t, y(é))| Se}. For 
F(C) eN, T(f,e) = {yer | NA(f, y,e) contains a set in W(N)}. A is the 
collection of all sets T'(f,e) as f(-) ranges over N. Bis a m.a. ideal in © 
containing A(N), B, is the (unique) m. a. ideal of © containing B. pis a 
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function defined on © to be one for elements in %,, zero otherwise. By 

Lemas 4. J and 4. 4, » is additive and there is the sole additive set function 

which is one for sets in B® and zero for all other set in & We say that u 

is the C—1 measure function associated with the m.a. ideal B of &. 
The integral < 


(4.2) Jf. fy) 
Š . 
taken in the sense of Hildebrandt [8] using the field of sets © exists and 
is a linear functional on C(X,A) (see also Smulian [14]). . 
4.7. Lemma. There exists a function yeT such that N is the set 
*of “zeros of f f(t, yo(t)) dp for fe C(X, A). 
e xo | 


e ‘We argue as in [18, p. 154]. First we show that the sets in A have 
the finite intersection property. Let I, =T (f, €), i—1,2 be in A. Let 
h(-) be the function related to the f:(:) by Lemma 4.6. It is easy to see 


e that, for each yeT, A(h, y, e) = M A (fu y€). Since he N, there is a yeT 


such that 2(h, y,«) contains a set in MN) (see Lemma 4.1). This set is 
contained in W(fi,y,«) for i== 1,2. Thus yer, [fT Hence A is con- 
tained in a maximal family A’ of subsets of T with the finite intersection 
property. Letting v be a set function defined for all subsets of T to be one 
for sets in A’ and zero otherwise, v is additive. The arguments of [18, p. 155] 
may then be applied to give the desired results. 


4.8. Lemma. For each maximal ideal N of C(X,A), A(N) is con- 
tained in one and only one maximal additive ideal of &. 


z Let B be such a m.a. ideal and p» be the associated 0-—1 measure 


function. If %, is another such m. a. ideal and p, is its associated 0 — i 
measure function then by Lemma 4.7 and the fact that two linear func- 
tionals with the same set of zeros are identical we have 


(4.3) IRON ES RICO) 


for appropriate y and y, in T. Now since B 4%, by Wallman’s criterion 
for a m. a. ideal there exists a set E e B which is disjoint with a set F, e B. 
Since # and F, are closed and XY is normal there is a bounded continuous 
real-valued function f defined on X which has the value one for ¢e Ẹ, zero 
forte H,. Defining g(-) eC(X, A) by g(t) = f(t}e (e being the unit of A) 
we have from (4.3) ‘using g(-) that 1—0 which is impossible. Hence 
B = By. 


a 
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On the basis of the argument of Lemma 4.8 we may say there is just 
one 0 — 1 measure function u associated with the maximal ideal À of O (eX, A) 
such that N is the set of zeros of a multiplicative linear functional of the 
form (4:2). g 

4.9. LEMMA. Let N be a maximal ideal of O (X, A) and Jetew be the 
associated 0—1 measure function. Then the collection S(N) of all yer 


for which N is the set of zeros of f f(t, y(t) )du in C(X, A) is non-empty? 
x 
and is (7 (fe), fen. 


That the set S(N) in question is non-empty follows from Lemme 4. 7. 
Suppose ye ) T(f,e), fe N, which'we note is independent of the choice, of 
e>0. Then we have oe = 

Fi e 


Lf iGO el sf [fGrO)| dase 


for each e > 0, fe N, and hence ye S(N). Conversely if ye S(N), then for 
each f(*)eN there is by the arguments used for Lemma 4.6 (see [18,. 
Lemma 2.41) a function g(-) eN such that g(t, M) = | f(t, M)| for each 
teX, MeM. Since 


Sf 9by1®)de= Loir) duo 


it follows that for each e > 0, yeT(f,e). Since f(-) is arbitrary in N, 
ye MN Tf e). 

4.10. THEOREM. To each maximal additive ideal B in Q there corre- 
sponds a decomposition of T into disjoint sets T(B) such that the maximal 
ideals of C(X, A) are in a 1-1 correspondence with the pairs (B,8), 8 being 
in T(B). This correspondence has the property that if & is any element of 
8 and if m is the 0-1 measure function associated with B, then the maximal 
ideal which corresponds to (%,8) is the set of f(-) for which . 


(4.4) J IGEA. 


Let B be a m. a. ideal of Q and p be its associated 0-1 measure function 
and let y and y, be in I. We say that y~ y, (with respect to B) if the 
relation (4.3) holds (with p, =p). Clearly ~ is an equivalence relation 
defined on T and provides a decomposition T(8) of I. If à is such an 
- equivalence class and y and y, are in 6, then the zeros of the integrals of 
(4.8) constitute the same maximal ideal N. That a maximal ideal is so 
obtained follows from the fact that the integral is a multiplicative linear 
functionaleon C(X,A). Then by Lemma 4.9, 8—= N T(f, e), feN. 


=» 
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Given the maximal ideal N of C(X,A) we correspond to it the pair 
(B, à) wheye % is the sole m. a. ideal of & which contains X(N) by Lemma 
4.3 and 8 = ()T(f,«), fe N. N is the set of zeros of (4. 4) by Lemma 4. 9. 
No twô distinct maximal ideals can correspond to the same pair (%, 8). 
Also if (8, 8) is given it is clear from the above that there is precisely one 
maximal ideal N of C(X, A) which maps into (B, 8) under the correspondence. 

We seek a criterion not involving a knowledge of the maximal ideals 


* of C(X, A) to determine whether or not y ~y, (with respect to 8). This 


we are able to do under the additional assumption that X X M is normal. 


4.11. Lemma. Let X XW be normal (as well as X). Then yı ~ y: 
„ (with respect to B) if and only if the closures of the sets {(t, yi(t))| te P}, 
"i= 12M X X M are not disjoint for each Fe. 


7 ` Suppose that yı y2. Then there exists f(:) e C(X, A) for which 
0, i= 1 
(4.5) Sorena [oi 


ee A rs 
Let f’(-+) be the adjoint of f(-), F(t, M) =f(t, M). Then by the facts 


that the integral is a multiplicative linear functional and that the integrals 
for f’(-) have values conjugate to those for f(-), it follows that the relations 


(4.5) hold for g(-) =f(-)f’(-) im place of f(-). Note that for each 
(t, M), g(t, M) 20. Then by the continuity of the integrand as a function 


of ¢, its positivity and the fact that the integral is zero we see that 
F, = {teX||g9(ty:(t))| S 1/4} is a closed set and »(F,) = 1. 
By the same reasoning, the set F, — {te X | | g(t, y2(t))| Z= 1/2} is a closed 


“set, w(F2) = 1. 


Let F = F, (| F.. Since each »(;) — 1 and y is a 0-1 measure func- 
tion on ©, by Lemma 4. 4, »(#’) — 1 and F intersects every set in B. Thus 
Fe% and is non-empty. 

Consider the sets S; == { (t, y(t) )| te Fa N Fo}, i= 1,2. If (to, Mo) 
is in the intersection of their closures in X X Ÿ it is readily verified 
by Lemma 2.2 that |g(to Mo)| S 1/4, | 9(to, Mo)| 21/2 which is a 
contradiction. | : 

For the converse we suppose that there exists a set Fe B, such that the 
closures in X X W of the sets S: == { (t, y:(t))| te F}, i—1,2 are disjoint. 
Since X X M is normal, there is a bounded positive continuous function on 
X X Mt which has the value zero for S,, one for Sz. Let f(-) be the corre- : 
sponding member of C (X, A) by Theorem 3.1. Then the relations (4. 5) 
hold since p(F) —=1. This shows that y: yz 
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Thus we have liberated the equivalence relation ~ (with respect to B) 
from the maximal ideals of C(X, A) and have it described entiigly in erms 
of X and Mt. Next we start with the normal space X, and the compact space 
M where X X Mt is normal and consider the B*-algebra C(X X W) ‘of com- 
plex bounded continuous functions on XY X Mt. By Theorem 3.4 this is 
equivalent to C(X,C(Mt)). The equivalence classes of ~ are families of 
functions defined on Y with values in Mt. To obtain the B-compactification 
of X X Mt we describe the topology of the space of maximal ideals of the” 
latter algebra. 

But first we note that if (8,5) is a pair in Theorem 4.10 with the 
associated set function y, then if f(-) satisfies (4.4) so does its adjoint f (+). 
Since the integral is a multiplicative functional and preserves complex cOn-«. 


jugation, (4.4) holds for f(-) if and only if it holds for f(-)/’(-). Thus 
e 


X(f, ye) e B for each e > 0, ye 8 is equivalent to (4.4) (see the discussion 
preceding Lemma 4, 7 for the definition of X(f, y,e)). 


4.12. THEOREM. Let X and X XM be normal where M is compact. 
The points of the B-compactification of X X W are in a 1-1 correspondence ° 
with the pairs (8,8) where B is a m.a. ideal of Q and 8 is an equivalence 
class of ~ with respect to B. Let E be any set in the B-compactification. 
Then its closure Ë there is the set of all (81,81) for which U(f, y, €) e Bı 
for each e > 0, yı € 8, whenever U(f, y, e) © B for each e > 0, (B, 8) e F, yes. 


Since the maximal ideals are given as the zeros of corresponding Hilde- 
-brandt integrals (Theorem 4.10), by the previous discussion this is a 
description of closure in the space of maximal ideals of C(X,C(Mt)) using 
the Stone topology (see §2). Thus we have succeeded in describing the 
B-compactification in terms of the B-compactification of X, PexŸt, continuous 
functions X X W and closure in X X Mt. That the m.a. ideals of @ con-. 
stitute the B-compactification of X is assured since X is normal. 

Concerning the relation of (%:,8,)e Ë to E we can say a bit «more. 
Let € be the additive ideal of the lattice & which consists of all closed subsets 
of 2 common to all the 8 of (8,8) in E. € is non-empty as it contains 
at least the set X. | 


4.14. THEOREM. In the notation of Theorem 4.13, if (®1,8:) e E, 
then € is contained in B. 


Suppose that there exists a set F in € which is not in %,. Since B, 
is a m.a. ideal, there is a set /,e¢%, which is disjoint with F. By the 
normality of X, there is a continuous bounded real-valued function f(t) 
which is one on F, and zero on F. Then let g(t) —f(t)e. We have | 


«4 
. 


BANACH ALGEBRAS OF CONTINUOUS FUNCTIONS. Al 


A CO f, als y(t))dn—0 


for each u associated with B of (B,8) eH, yes. Also the integral for py 
associated with B, and y1€8 bas the value 1. This is impossible as” 
. (By, à) È E. 


5. X compact, A a Banach algebra. In this section we are concerned 

e with the space of maximal ideals of O (X, À) when X is a compact Hausdorff 
space and À is a Banach algebra but not a B*-algebra. In particular it is 
shown that the space of maximal ideals is homeomorphic to X if A is a 
primary ring in the sense of Silov [13], that is, possesses one maximal ideal. 


» ° 5.1. „Lemma. Let X be a compact Hausdorff space and every maximal 
idegl in O(X, A) be fixed. Then the space of maximal ideals St of C(X, A) 
* js Komeomorphic to X X Me. 


It is easy to verify that if tie X, Mie Mt, i= 1,2, then the maximal 
ideals {f(-)| f(t) e Mi}, i= 1,2 are the same if and only if t,t, and 
* M, =M. Thus Yt may be considered as the set of all pairs (4 M), te X, 
M eW supplied with an appropriate topology. But by Lemma 2. 2, for each 
f(-).¢ G(X, À), f(t, M) is continuous on X X W which is a compact Haus- 
dorff space. By a theorem of Gelfand [3], % is homeomorphic to X X W. 


5.2. THEOREM. Let X be a compact Hausdorf space and A be a 
primary ring. Then the space N of maximal ideals of C(X,A) is homeo- 
morphic to X. 


By Lemma 5.1 this result holds if every maximal ideal N e~ is fixed. 
eSuppose that N is not fixed. Let M be the maximal ideal of A. Then for 
each toe X there exists f(-) e N such that f(t, M) 0. Since f(t, M) is 
continuous in ¢ by Lemma 2. 2, there exists a neighborhood U (t) of tọ in X 
where f(t, M) +40. A finite number of these neighborhoods suffice to cover 
X. Let f:(-),- : -,fa(*) be the corresponding elements of N. We define 
gil) by gift) = filt, M}e for each te X, i =1,:--,n. Then g(-)e C(X, A), 
i=l, ->m Set h(-) =ÈACAC). It is easy to see that for each 
= . 

te X, h(t, M) 540 and that A(-)eN. For each te X, [h(t) |! exists in 
A ([3]). But [a(t] as a function of ¢ is a continuous function of a 
continuous function defined on X ([9, Theorem 5.2.3]) and moreover is 


bounded since X is compact. Thus A(-) has an inverse in C(X, A) which 
contradicts the fact that h(-) is in the maximal ideal N. 
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À ‘A FORM OF GREEN’S TRANSFORMATION.* 


By C. TRUESDELL. 
"@ 6 


The transformation of a volume integral into a surface integral familiar 
‘in the equivalent forms 


(1) $ dSb — $ grad bdB, $ dS-b = $ div bdB, 
e 8 v & v 


e e $ dS x b = $ curl bdB, 
e "JS v 


e 
"which is known generally as “ Gauss’s theorem,” “ Ostrogradski’s theorem,” 
“Gyreen’s theorem,” or the “divergence theorem,” was first employed in a 
special case by Lagrange, and its systematic use in mathematical physics was 
e initiated by Green,? who discovered the equivalent forms 


$ ER E pad = $ ($V y —yV°$) a, 
v 


(2) 
§ dS-pendy—— f (bV°y + grad ġ' grad y) dB. 
8 v 


There are many other forms of this transformation. Any form containing 
at least as many arbitrary functions of position as the order of the highest 
derivative occurring in it is equivalent to all the others, and no new results 
can be obtained by building up apparently more complicated combinations. 
Some of these, however, are useful in mechanics and physics, so that various 
books and papers pursue the manipulations necessary to obtain them. The 
purpose of the present note is to give an economical derivation of a new form 
sufficiently elaborate to include and relate a number of known examples. 

For the polyadic n-th power ê of a vector b let us introduce the notation 
b: ; 


* Received October 12, 1949. : 

1J. L. Lagrange, Œuvres, vol. 1, pp. 151-316; see $ 45. In the work of Gauss also 
only special cases appear: Gesammelte Werke, vol. 5, pp. 3-22, see§§ 3-5, and pp. 195- 
242, see § 22. 

2G. Green, Mathematical Papers, pp. 23-26. 

3 Our polyadic notation is essentially that of Gibbs and Wilson, Vector Analysis, 
New Haven (1902). In indicial notation 6% is bbt. . . btn. 
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(3) b=, b=, bY =b, DO =b, bl) == bbb, >. 


Let 3s be any polyadic (i.e, tensor), and let the notation {Sb } stand 
for the polyadic * 


(4) {2b} = oe > + bu Sb + bu) Ep) + ve + Bb”, 
which is completely symmetrical with respect to b. 


Let b and c be arbitrary vector fields, and let r be the radius vector.” 
First, since grad r = I, we have 


(5) div(ber™) = c{br)} + (b'grad c)r™ + (cdivb)r™, a 
Similarly 
(6) grad (b-cr™) — b-e{r YT} + (grad c-b + grad b*c)r™, 


Since e 
(7) b- grad c — grad c-b = curl c X b, 


from (5) and (6) we obtain 


div[ (be + cb)r™ ] — grad (b-cr™) 
(8) = c{br))} + bfer@Y} — b-e{r@ OT 
+ (curl c X b + curl b X c + b div c + c div b}rtn), 


Now the familiar forms (1) remain valid wheu b is replaced by a polyadic 
(tensor) X of any rank. Hence integrating (8) over a volume yields 


$ [dS (be + cb) r™ — dSb-er™ ] 

8 

(9) = f [bf{er™)} 4 ef bre} — b-c{r0I} ° 
U 


+ (curl c X b + curl b X c -+ b diy c + c div b)r™]d¥, 


which is the desired result. z 
By putting n = 0 we obtain the transformation 
[dS (be + ch) — dS b'c] . 
(10) 
= f [curl c X b + curl b X c + b div c + c div b]d®, 
v 


g : 
4In indicial notation {3 6} is SI Ty Bf) Sim? ( tt bts) 1. 
ko jat in 
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discovered b} Burgatti, who showed it to contain as special cases a formula 
of Levi-Civita in the theory of liquid jets, a formula of Teofilato in aero- 
dynamies and a formula of Vaschy in electromagnetic theory, as well as 
various classical formulae of potential theory. Earlier, however, Lamb ° and 
J. J. Tħontpson” in their studies of the rotational motions of fluids had 
derived the special case when c == b = the velocity of a motion of an incom- 
epressible substance (div b—0); Lamb’s result is that if lim7*b—0 as 


r—>oo then the integral f curl 6 X bd taken over the whole of a con- 
v 


tinuotis motion filling all space must vanish. 


+ ° By putting n = 1 in our general identity (9) we obtain 


s 
G SR $ [dS (be + cb)r — dSb-cr] 
S 
(11) i 
5 [be + cb — b-cI + (curlcXb + curl bXe + b dive + ¢divb)rd&. 


Taking the scalar of this dyadic equation $ yields 


[dS- (be + cb) -r—dS-rb-c] 
(12) 
je etr (curl c X b + curl b X e + b div c + c div b) dB. 


Put c— 6 and suppose div b = 0; then 


(13) if ra= à dS- (4 —bb) r+ È r-curtb x b a8. 
v s v 


When b is the velocity vector of a motion, curl b is the vorticity; for an 
inconepressible substance, since div b = 0 we may apply (18), and if further 
the susbtance be of uniform density, the left side is proportional to the total 
kinetic energy, and we obtain another result of Lamb ° and J. J. Thompson.*° 


5P. Burgatti, “Intorno a una formula generale di trasformazione di un integrale 
di spazio in uno di superficie e alle sue varie sedan Bolletino della Unione Mate- 
matica Italiana, vol. 10 (1931), pp. 1-5. 

SH. Lamb, A Treatise on the Mathematical Theory of the Motion of Fluids, Cam- 
bridge (1879), see § 136. Also Hydrodynamics, 6th ed., Cambridge (1932), $ 153. 

TJ. J. Thomson, A Treatise on the Motion of Vortex Rings, London (1883). See § 4. 


®In tensorial language, contracting the equation ®t; =.. .; operationally, 
inserting a dot into each dyad of the dyadic. - 
+? Loc. cit. e 


10 Op. cit., § 6. 
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From this identity we notice also that if curl b X b = 0 everywhere and if 
b—0 upon the boundary surface 3, then both integrals on the right side 
vanish and hence b—0. Thus we have an important theorem stated in 
principle but not adequately proved by Duhem:# There can exist no con- 
tinuously differentiable motion of an incompressible substance® sûch that 
(i) the vorticity is everywhere zero or parallel to the velocity, (ii) the material 
adheres to all finite boundaries without slipping, and in infinite regions e 
lim 73b? == 0 as rc. For a second application, put b = curl v, where v is 
the velocity vector of a motion of any substance, so that div b = 0 again. 
From (13) we deduce the following result: In any motion such that the 


vorticity is everywhere parallel to its own curl, if the vorticity b vanish | 


upon all finite boundaries and lim 73b? = 0 as roo in all infinite regions, 


the vorticity itself must vanish everywhere. This theorem is interesing © 


because the viscous forces in a liquid of uniform viscosity depend upon 
curl b only, sò that when curl b = 0 even if b 340, the equations of motion 
reduce to. those of perfect fluids; our result shows that such simple motions 


: : : ; _ . 0o 
cannot be imbedded continuously in a region whose boundaries are in irro- 


tational motion. Returning to the dyadic identity (11), we may obtain 
another form by taking its vector or cross 3”, viz., 


[dS (bc + cb) X r—dS x rb-b] 
Ss 


(14) 
-=Í (curl c X b + curl b X c + b div c + c div b) X rdB. 
v 
Again put c = b and suppose div b = 0; the resulting special case is e 
(15) G [dS -br x b + 414 x r] — frx x b) dB, 
s 


an identity used by Poincaré '# in his analysis of the vorticity of° fluid 
motions. 


11 P, Duhem, “ Recherches sur l’hydrodynamique, 5¢ partie, Le théorème de Lagrange 
et les conditions aux limites,” Annales de la Faculté des Sciences de Toulouse, ser. 2, 
vol. 5 (1903), pp. 353-376; see Chapter II, $ 1. Duhem considered only the case 
curlb=—0. The more general result for “ Beltrami motions” (curl b X b = 0) is here 
stated and proved for the first time. Duhem’s theorem is not to be confused with a 
somewhat similar result in potential theory, where the condition b = 0 upon § is not 
required, but the domain must be simply connected. 


12 Taking the cross” of t; =. . . means forming e,,8/* =. . . ; operationally, 
inserting a cross into each dyad of the dyadic. | 
13 H., Peincaré, Théorie des tourbillons, Paris (1893), $ 115. š 
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The ocetrrence of r‘) in-the general transformation (9) suggests that 
the vectorial moments of a vector field, particularly of a solenoidal vector 
field, have simple and useful properties. Particular cases, such as polyadic 
cross moments r X (r X (r X> -- (rX 2%): - -)) and special types of scalar 
moments®lile r-(r X(r:(r X 3a))) for a dyadic Œ, suggest themselves at 
once. In a later paper ** I shall show that the study of vectorial moments 
enables the method introduced by Poincaré in the theory of vortices to be 
generalized so as to apply to any deformable continuum in motion. 


APPLIED MATHEMATICS BRANCH, MECHANICS DIVISION, 
NAVAL RESEARCH LABORATORY 
° AND 


ef e 
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MARYLAND. 
A a 


1 C, Truesdell, “ Vorticity averages,” Canadian Journal of Mathematics (in press). 


e 
DIFFERENTIAL EQUATIONS REFERRED TO A VARIABLE 
METRIC.* . 


By D. C. Lewis. e. +: 


1. Introduction. In a previous paper,! hereafter denoted by MP, the 
author studied the dependence of solutions of systems of differential equations 
on the initial conditions with the help of a general Finsler metric, which, of 
course, includes as a special case a Riemann metric. In applications to extewior, - 
ballistics and other problems, the success of this method is naturally seen to 
depend on the choice of the metric, but it was disappointing that for ng ® 
choice of the metric was it possible to deduce from this theory certain well 
known results about even linear differential equations. For example, it 
appeared to be impossible to deduce by this method that any solution of, 
the Bessel differential equation is O (t3), where ¢ is the independent variable. 
It thus was felt that the method as so far developed was intrinsically too 
crude to yield the desired results in applications. 

The present paper makes at least a first step in remedying this situation. 
This is done by introducing a metric which varies not only from point to 
point of the space, but also varies with the independent variable # of the 
differential system. The resulting theorems seem to be but trivial modifica- 
tions of those in MP, and yet the power of the method when applied to linear 
differential equations is greatly increased, as is shown in Section 3, where 
some results of Wintner ? and Leighton * are obtained by this method together ` 
with the well known result on Bessel functions previously alluded to. 

The success of the method still depends on the choice of the metric, and 
a general theory of such a choice is still unavailable. Neverthelegs, the 
possibility of approximate linearization in many notable cases indicates the 
essential importance of the fairly complete analysis of this question in the 
linear case, appearing in Section 5. 


* Received June 1, 1950. 

1D. C. Lewis, “ Metric properties of differential equations,” American Journal of 
Mathematics, vol. 71 (1949), pp. 294-312. 

2 A. Wintner, “Stability and high frequency,” Journal of Applied Physics, vol. 18 
(1947), pp. 941-942. 

3W. Leighton, “Bound for the solutions of a second-order linear differential 
equation,” Proceedings of the National Academy of Sciences, vol. 35 (1949), pp. 190- 
191. « ` . 
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2. The fundamental theorems referred to a Finsler variable metric. 
The idea of a variable metric is simply that the distance between two points 
is to be specified only when a variable t, which we may think of as repre- 
senting time, takes on a definite value. If we are thinking of a Riemann 
metric à gidaidæs, this means that the g’s are not only functions of æ4,: © -,@n 


but also are functions of ¢. It means that the “ distance ” between two points 
changes in general with ż, even if the points themselves are fixed. In the 
immediate sequel we consider the somewhat more general case of a Tinsler 
metric. | 
Let fla, à, t] = f (2u: + +, En Ëu’ *, Ent) be of class C’ in all of its 
2n + 1 arguments and suppose that, for each fixed value of #, it is of class 
“Oo” in the’ a’s and &s. Furthermore we assume f[a,4,¢] to be positively 
e honfpgeneous of degree +1 in &,: : -,4,, and that it is positive unless all 
fhe #’s are zero. Finally, in order to insure the “regularity ” of the varia- 


tional problem è f fiz, à, t]dr = 0, we assume that fes [x à, EJAN > 0 for 


+ all sets At,- > +, A” not proportional to 4,: - :,4,. Here, as in the sequel, 
the summation convention of tensor analysis is used, with all repeated indices 
summed from 1 to n. 

The length of an arc, mr), i=1,---,n, OS7 S1, is defined 
relative to each fixed value of t as the value of the integral, ` 


Í ERORIA 


which exists if the arc is sufficiently regular and is, moreover, independent 
of the parametrization on account of the assumed homogeneity of f[x, &, t]. 
The distance between two points is the length of the shortest arc connecting 
the two points, and this also naturally will in general depend upon ¢ even 
-though the two points are fixed when 7 changes. The parametric equations 
of suah a geodesical arc are well known to satisfy Euler’s equations, 


(2.1) falala (r), t] — (d/dr)fale(r),& (1), t] =0 i=l, m 
Concerning the system of differential equations, 
(2.2) da/dt = X+ (T: ` +, Wn, t) = X*[a, t], i=1,"":,n, 


we assume that the Y are of class C’. Our two fundamental theorems may 
be stated as follows: 


THEOREM 1. Let us consider two integral arcs of the system (2.2). 
Co: t; = 2; (t,0) and Ci: mi = r(t, 1), i=l, en, hStSt+h. 
. e 
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We let D(t) denote the distance relative to t between c(t, 0} and x(t,1) 
measured along the geodesical are gi We furthermore assume that alè these 
ge are included within an open region R, and that no complete geodesic 
obtained by extending a g; contains entirely within R an arc whose end points 
are conjugate to each other (in the sense of the calculus of variatigns). 


If 


(2.3) a(t) S {fa [e à, t]X' [e t] + fale, À EX, [e N + file, À tl)? 
= B(t) 

for every set 4,- =, A® (=A (t), - -,a"(4)) such that fa, À, t] =^ and 

at every point [x] on ga then N e. 


bStS+h. 


(2.4) D(te)exp SJ, «(udu s D(t) S Diep O . o 


THEOREM 2. Let Co and O, be defined as in the preceding theorem. 
Let Te be an arbitrary sufficiently regular curve, with parametric equations, 
ti =ġ (r), i= 1, :,n 0S r Sl, whose end points are at [x(to,0)] and 
[e (to 1)] respectively. Let C, be the curve whose parametric equations, 
tı = Tilt, T), satisfy the system (2.2) for each fixed value of r on the unit 
interval and take on the initial values ti(to T) = é (7). Let T, be the are 
whose parametric equations, for each fixed t, (to S t 5E to +h), are likewise 
zi = t(t,7), OS7rS1. Let L(t) denote the length of T, relative to t. 


If 
(2.3*) a*(t) S (alt, À ÉTAT, t] + fa le, À ET, [e t] + file, À OP 
= p* (t), ; 
for every set of Ns such that fla, À, t] = 1 and at every point [x] of Te, then 


(2.4%) L(t) exp feu S(t) S L(t) exp NOLS 


_ The proofs of these two theorems are obvious modifications of the proofs 
of the corresponding theorems in MP. Moreover Theorem 1 may be obtained 
as an easy consequence of Theorem 2 in the manner indicated on p. 299 of 
MP. For the sake of brevity we shall therefore prove here only Theorem 2. 
For this purpose, we observe that, by our definition of length relative to t, 


(2.5) L(t) = J “Flatt, 1), 2C 7), td. 
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Differentiating under the integral sign, we have (after making use of (2.2)) 
e 
1 
(2. 6) L(t) = f {ft [x(t, T), z(t, 1), t] + fo (x(t, T), z(t, 7), 114? Er, T), t] 


| + fo, [x(t, 7), Trt, 7), t] Xis [x(t, T), t10x;/0r} dr. 


We introduce the arc length s as a new parameter defined by 


2.7) soir) = f FEG) elt) fae, 
0 
which has the obvious properties 
(2.8) 0s/dr = f[r(t, 7), £-(t, r), t] > 0, s(t,1) = L(t). 


“Morgover, on acceunt of the assumed homogeneity of f[a, &, t], the parameter 
‘in (8.7) can be changed from 7’ to s’, where s’ —s(t,r’), with the result, 
deduced from (2.7), that 


s= [tete sh at, 8}, tae, 
where æ{t, s(t,7)} = z(t, t), so that 
(2.9) | flat, s}, at, s}, t] = ds/ds = 1. 


The integrand in (2. 6) is positively homogeneous of degree + 1 in 4: + +, Ga, 
because f[x, 4, t] is. Hence (2.6) may be written in the form 


LQ) — S Gile to t] + foil, 2o tX [e t 
; j + fail, to t] X'e [e t] (02/05) }ds. 
It now follows at once from (2. 8*), by taking A+ — gts in virtue of (2. 9), that 
a*(t) L(t) SL (t) S B*(t)L (4), 
from whieh the proof of Theorem 2 is completed by a simple integration. 


3. Special case of a Riemann metric. Second order linear equations. 
Of particular importance is the case when ` 


(3.1) fla, t, t] = (gule, tJi:ż;)?. 


The middle member of (2.3), or (2.3*), we now verify can be written as 
follows: | 


(3.2) Q* [A] = (EXO gis/ dr + 399i;/0t + Jr XE) MA. 
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In obtaining this result, we of course make use of the fact that At,- + -, An 
is a unit vector, i. e. gai — 1. The a(t) and B(#) of the previous Section 
are therefore lower and opper bounds respectively of the quadratic form 
Q* [A] for values of the \’s which are components of unit vectors. 

The power of our fundamental theorems of the previous sectiog,. whén a 
Riemann metric is employed, can be illustrated in the case of second order 


linear systems as follows: ” 


Consider the second order linear differential equation 


(3.3) (p2’)’ + gpa’ + re = 0 


in which the primes denote differentiation with respect to the independent, 
variable t, and in which p,g,r, (pr)’, (pq)’ are continuofs functions eof t 
for toS t< T. By setting v, = v and x, = pr’, we may write the equivalent 7 
system in the form, 


(3.4) da:/dt = prix = X}, dat, /dt = — 72, — (t = X?, 


e + 
which can evidently be considered as a special case of (2.2) with n=2. 
With this system, assuming pr— (1/4) (pq)? > 0, we consider the Riemann 
metric 


(8. 5) | Qu = pr, 912 = Jor = EPG, 922 = 1, 


which, after a simple’‘calculation and upon setting At = À, X? = p, allows us 
to specialize (3.2) in the form, 


Q*[A] = d9{prr? + ppu +} + H (pr + (pq)/Ap} 


Since (A, x), as a unit vector, must satisfy the relation ae + pqhu + p = i 
it is clear that 


(3. 6) Q*[A] =— 39 + 2 (pry + 4 (pay An 
Moreover, from the identities, 
prr? + plu + p= (pr — 4p°g) A + (BPA + p)? 
= ([pr] = p)? + (pg + rP) 


it is readily deduced that our unit vector components must satisfy the 
inequalities, 


(3.7) > XS (pr—4p 9)", 
(3. 8) — (pri — pq)* Se S (fpr + pq) +. 


4 
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Thus from (8.6), (3.7), and (3.8), it is very easy to obtain explicit lower 
and upper bounds for Q[A]. Let us consider somewhat further two special 
cases : 


Case 1. g==0, p>0, r>0, and (pr) 20. This is the self-adjoint 
case consideted for instance by Wintner? and Leighton.® 
Here we clearly have a(t) =0 Q*[A] S4(pr)’/(pr) = B(t). Hence 
“from Theorem 1, we find that D(t.) S D(t) & D (to) (pr/poro)3, where py 
and go are the values of p and r respectively when t==¢,. Here, of course, 
D(t) represents the distance between two arbitrary solutions with respect to 
the metric appropriate to the value ¢ of the independent variable. The 
„geodesics are straight lines, since the Riemann metric, though dependent upon 
t, is independents of x, and g, Thus, if we compare the distance between an 
* arbitrary solution (#,(t),@2(¢)) of (3.4) and the trivial solution (0,0), 
we see that (3.7) yields upper and lower bounds for the quantity 
D(t) = (pr(a.(t))? + (a2(¢))*)% This shows a fortiori that 


oe (pr)? | #1 (¢) | SS D (to) (pr/poro)à. 
Hence, dividing by (pr)#, we come out with the result of Wintner and 
Leighton, previously referred to, which states that every solution of (3.3) 
is bounded, if q = 0, p > 0, r > 0, and (pr)’= 0. 
Case 2. p==i, limg(t) —0, limr(t) =R, where R is a positive 
tooa tao 


constant. We also assume that 


Sf Trea ana MEOE 
fo to 


both converge for a suitably chosen value of tọ. From these special conditions, 
we easily see that the general condition, pr — (1/4) (pq)? > 0, is satisfied 
for t = to, if to is large enough; and, from (3.7) and (3.8), we see that 
both À? and | Au | are bounded, say, A? S A, | Au | SA. Hence, from (3.6), 
we are justified in writing 

a(t) =— H (i) —44(| 91 + | 77(4)]) | 

=P] S— 39) +241 9) + T7 CE) = 8). 

Thus, from Theorem 1, we find that 


DE exp(—4 f ‘a(u)du) S Dt) S DH) exp(—4 S auam, 


where K—exp(+ 34 f (O1 +1 ¢ (Da. 
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Here D(t), as in Case 1, may be taken to represent the distance between 
an arbitrary solution (z(t), %2(4)) of (3.4) and the trivial solution €0, 0), 
‘so that 


D(t) = (ray? + quite + v)? = [(r— gq?) a? + (3 bes + 22) T 
It thus follows, for example, that 


t 
LACS (r— 499) ED (to)exp(— 4 f aludu) . 


t 
S K*D(to)exp(—2 f a(n) du), 


where K* is a new constant determined in an obvious enough way. 

Notice, for example, that the Bessel differential equation dan be con’? 
sidered under both Case 1 and Case 2. Under Case 1, we write it in®the e 
form (tey + ({—n*t+)c = 0, taking p = t, g=0, r= t— n?/t, and we 
conclude that every solution is bounded for t > to > 0. But, if we consider 
it under Case 2, by writing it in the form g” + tw + (1—1*t*)x= 0, 
taking p==1, q = t>, and r= (1— nt), we obtain the familiar sharpêr ° 
result that a(t) = O (t>). 


4. Approximation and linearization in connection with the present 
metric theory. The effectiveness of any application of our theory depends 
upon the choice of the metric, that is of the functions g;;[x, t]. Very little 
can be said in a completely general way as to the most efficient way of 
choosing this metric. In some important cases, however, the key to the 
situation can be found by a study of the linear case, as we explain more 
fully later on. ° 

Suppose now that upon making certain approximations a system (2.2) 
reduces to a simpler system, 


(4. 1) da:/dt = Li[z, t], i=l, yn. 


Then, if the approximations are justified, it is clear that a metric suited for 
the study of (4.1) will also be suited for the study of (2.2). Moreover 
the validity of our approximations can be appraised with the help of this 
same metric, gydæt;dr; Namely we can introduce an extra variable £n, and 


consider the (n + 1)-th order system 
drift = tnn LT, t] + (1 — ton) Xi, t], i=], n; 
4,2 
( ) Ania / dt — 0 


in ns with the (n +1) dimensional metric, > gydada; + dans. 


4,3=1 . 
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Any solution*of (4.2) for which £n = 1 yields a solution of (4.1) and any 
soluti8n of (4.2) for which €u = 0 yields a solution of (2.2). Hence 
our Thegrem 1 may be applied to compare those solutions of (2.2) and (4.1) 
which have the same initial values. These may be thought of as two solutions 
of the (~.+»1)-th order system (4.2) which initially are at a unit’s distance 
apart in the (n + 1) dimensional space. One solution lies on the integral 
emanifold Ta = 0, the other on Sna ==1. The length of any arc joining a 
point on one of these manifolds to a point on the other manifold must be 
= 1 and can be equal to 1 only if the 2,- - -,2, coordinates of both points 


are the same. This follows from the fact that Š get; is positive definite. 
4, j=1 


“Hence a rigorous measure of an upper bound for the deviation of the solution 
, of the “approximate” equations (4.1) from the solution of the “exact” 
équations (2.2) could be taken to be D(¢)—1 or (D(¢)?—1)4, where 


t 
D(H = ep f B(w)du. Here, of course, D(t) and 8 are all formed with 
to 


ereference to the (n + 1) dimensional problem, and 8(t) is an upper bound 
of a certain quadratic form in the components of an (n-++1) dimensional 
unit vector (cf. (3.2)). 

Let us now consider equations (2.2) together with approximations 
leading to equations (4.1) which are supposed to split naturally into three 
groups. First, we have a set of u equations involving only the unknowns, 
Tis” ‘> Spe | 
(4. 8) dr:/dt = Li(ay,+ + +, 2u t); i= 1,2, yp. 
Şecondly we have a set of v equations which are linear in the v unknowns 
u’ * ‘> Zp, With coefficients which are functions of %,,' : :,æu, and t: 
(4.4) da;/dt = Li (t1, + +, Surv, t) 

HAP | 

Hi $ 2 y Tm t)a; + b(t ` y Uu t) 
grat A 
| imp+l pt. 

Thirdly we have the remaining p=n— (u +v) equations of completely 
general type: i ' 
(4. 5) dæ:/dt = Li [x,t], i=p Hr +l, pH pm. 
Here, we asume that p = 0, and we need not exclude the vacuous case p = 0. 


Such a situation arises in exterior ballistics, when for example we make 
a linearizing approximation by assuming known functions of time for the 
axial velocity, axial spin, and direction parameters for the shell axis. | Denoting 


` 
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these quantities by zı, 2, ts, Va, we can formulate these assunfptions in the 
form of p= 4 differential equations of the form (4.3) in which thé right 
hand members depend simply on ¢. In such cases, of course, the infegration 
of (4.3) is immediately effected by quadratures. Upon substituting the 
resulting values of @,: + -',2, in (4.4), we obtain a linear. system for 
Tps, © *> Cp and it is here that the most interesting problems of stability 
arise in connection with the approximate ballistic equations, in which v = 4, 
and in which Zs, £e, Tr, ts denote the cross components of velocity and spin. 
If first (4.8) and then (4.4) can be solved, the approximate solution is . 
completed by solving (4.5), an independent system of order p. In the 
ballistic case this can be done by quadratures. On account of the central 
importance of the linear system (4.4) we shall therefore devote the following’ 


section to a discussion of a favorable metric for its study. s s 


The metric so obtained will depend upon the coefficients of the ee 
system which in turn depend upon the particular solution of (4.2), which 
has been inserted into these coefficients. In other words the metric of the 
linear system will be of the form, cs 


ety 


È Julin’ ` `, Up, t) dada; 
i japri 
and then it is natural to set up the metric for the entire system (4.1), and 
thus also for (2.2) in the form, 


H uty n 

> Axdtr? + by Ji (Tr 7 t) dada; + > Brdar’, 

k=1 i j=y+l R=u+v+i 
where the A’s and B’s are merely positive constants chosen for convenience 
in weighting the importance of the different dependent variables. We cannot 
discuss here the choice of these constants. 

5. The metric for general linear systems. In discussing the metric for 

the linear system (4.4) we change our notation writing it in the form 


Ax/dt = Š ai (t)z;+ b(t). In applications, of course, all derivatives of 
4,J=1 
the a’s with respect to ¢ must be taken in the sense Š (0a/0x,)L*[ax, t] + 0a/8t, 
i k=l 
if, as in (4.4), the -a’s depend on ¿ not only explicitly but through the 


mediation of 2,: © +, Eu 


THEOREM 3. Given any non-singular real matrix À with simple elemen- 
e g . 
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tary divisors {it is always possible to find a positive defimte symmetric matrix 
G (of the same order as A) such that the roots `` > * ,À, of the equation, 


: det ((B— 2AG) = 0, where B = GA + A’G, 


are preewely the real parts of the characteristic roots of A. If the elements 
of A are functions of a variable #, it is of course necessary to assume that A 
ehas simple elementary divisors for all values of ¢ for which G = @(t) is 
required. | 


The following proof gives a construction of G: 


Proof. If the complex characteristic roots of A be denoted by ap + irs 


wt = 1,2," : +, 8, the transformation y — 4x (where g and y represent vectors 
Lisp’ “ons and? ¥1,° * *, Yn, respectively) can be written in the canonical 
' fornt 
Nek- = AkÉ2k-1 — Buber j Nok == Br&an-2 + Onto k = Tss 285 
ste Th = ynEh; h—2s+1,:::,n, 


when £ and n are real vectors related to « and y by means of equations of 
the form, é = Cz, n = Cy, det C £0. 
Let 


n no n ` n 
Q= DEF =X DX cata)? = D, gutis where gy = Dd CniCrj = Jj 
Jat j=l i=1 ij h=1 


We regard Q as an invariant with respect to transformations of coordinates. 
Hence the vector 90/6x:, - - -,0Q/0x, is covariant, while the vector Y1, ° °°, Yn 
can be regarded as contravariant (in spite of the employment of subscripts 
sinstead of the more usual superscripts for contravariant vectors). - It follows 


from tensor analysis that © = S Y:0Q/0x; is also an invariant and hence that 
q=1 


. j= = m 00/06 = 2 Rar (Ena + En) E > ayes 


We see immediately, from this representation of the quadratic form ©, that 
the stationary values of Q under the condition Q = 1 are precisely the real 
numbers Zar, 2yr. But these stationary values are also known to be the roots 
o1,' ` +, on of the equation det (B —oG) == 0 where G = (gy). The theorem 
follows at once when we replace o by 2a. 

The significance of Theorem 3 becomes obvious when we consider a 
system of linear differential equations of the form, dx:/dt = = mj (t)z; If 


Q= SE gyra; and Q =F fyz; (y — dgi/dt), we estimate the rate of 
growth of Q as follows: : 
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dQ/dt = 2X gytide/ di + D fur =? D Juan + D fines = G+, 
LD D] ry 


where Q, as above, is the quadratic form whose coefficients form the matrix 


GA + A’G. Hence y 
(5.1) (dQ/dt)/Q = (3 + ¢)/Q . 


is less than or equal to the maximum value of Q + Ô under the condition, 
Q=1. This follows from the fact that the right member of (5.1) is homo- 
geneous of degree 0 in %1,:-:-,%,. This is true no matter how G is chosen, 
so long as it is positive definite. If, however, it is. chosen in accordance 
with Theorem 3 and if the derivatives a; and hence gi; are small (as in the 
ballistic case), we can say that the maximum value of dlog Q/dt is not*e 
greater than twice the algebraically greatest real part of the characterastic 
roots of A increased by a small quantity, namely the maximum of the fornt 
Q under the condition Q —1. A similar statement may be made regarding 
the minimum value of d log Q/dt. 

It is easily verified, as one would expect, that, with our present gy (tò 
taken as the coefficients of a Riemann metric depending on ¢ but independent 
of £u’ © +, En, and with X*[a, t] = È ay (t) 4 + b(t), the Q*[A] of Section 


8 is here the same as one half the quadratic form @ +0 with the vs 
replaced by Vs. 

In the examples of Section 8, the matrix G, that is, the metric gijdada;, 
was indeed chosen in accordance with Theorem 3. The two characteristic 
roots in each example were complex with real parts 0, in the first example 
(Case 1) and 4q in the second example (Case 2). Thus, it is seen in more 
detail that our fundamental Theorem 1 is capable of generalizing the rather 
refined results regarding these two examples to general linear systems in 
which the coefficient matrix has simple elementary divisors. 
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* THE m-th POWER RESIDUE SYMBOL.* 
By W. H. Mitts. 


1. “Yntfoduction. Let & be an algebraic number, field containing the 
primitive m-th roots of unity. The m-th power residue symbol has been 
‘widely studied and many of its properties are known. ‘The quotient 


wh . T 
(5) (2) has received much attention and has been evaluated in a number 


of special cases. In all these investigations the field k has been held fixed. 
The object of this paper is to investigate the behavior of the power residue 
“symbols when the field % and the exponent m are varied. 

2. Definitions. Let m be a positive integer and k an algebraic number 
field containing a primitive m-th root of unity £ Let p be a prime ideal 
.of & not dividing m. 


Lemma 1. £= 2) (modp) if and only if œ = f°. 


Proof. 
TI (2 — 47) grit gmt. .-t1. If ¢—1 then Ta —&) =m. 
vel pol 


Suppose ¿= ¿(mod p). Then p|1— gé. It follows that ¿m — 1, and 
therefore £¢== ¢. The converse is immediate. 

Let « be an element of k relatively prime to p. Then oN?-t==1 (mod p). 
In particular EM 1 (mod p), and so by Lemma 1, ¢NP-1 == 1, Therefore 
m | Np—1. Now (a(¥b-)/m)m == 1 (mod p). The equation s” = 1 (mod p) 
has exactly m solutions, namely 1,6, ¢?,---,¢"-7. Therefore o(NP-)/m == gr 
(mod p) for some r. 


Definition 1. (4) is the unique m-th root of unity satisfying 
km . 


(2) = g(Nb-1)/m (mod p). 


Definition 2. Let A be a non-zero field element or ideal of k, relatively 


prime to « and m. Then 
a g \ordpA 
Gr 
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where the product is taken over all prime ideals of k that àre relatively 
prime to a and m. - ’ 

The subscripts k and m will be ii when it can be done, without 
danger of ambiguity. 


It is easily shown that (2) — 1 if and only if « is congruent #0 an m-th 
power modulo p. For this reason the symbol (2) is called an m-th power, 


residue symbol. It is to be noted that it is defined if and only if k is an 
algebraic number field containing the primitive m-th roots of unity, and A 
is a non-zero element or ideal of & relatively prime to m and a. It will be 
assumed in the following discussion that all residue symbols occurring, in 


the statements of lemmas and theorems are defined. è 
(d 


3. Properties of the power residue symbol. From Definitions 1° and 


2 it follows immediately that (2 ) is multiplicative in both « and A. Thus 


we have: 
s. o 


Lemma 2. The m-th power residue symbol is doubly multiplicative, à. e. 


G)-()- 0 » (i) @)~ Ga). 


We will now investigate how the value of the power residue symbol 
varies when the field & and the power m are varied with a and A held fixed. 
Because of the multiplicative properties of the residue symbol it will be 
sufficient to prove the following lemmas only for the case A == p, a prime 
ideal of k. It follows from Lemma 1 that to prove two residue symbols 
equal, say an m-th power and an n-th power residue symbol, it is sufficient? 
to prove them congruent modulo a prime ideal not dividing mn. 


Lemma 3. Let K be a finite extension of k with degree n. Then 


eG). 
A Kn A Jim i 
Proof. Without loss of generality let A — p, a prime ideal of k. Then 


in | Np— 1, so we may put Np = 1 + bm, b a rational integer. Let $ be 
a prime ideal of K such that $ | p with residue class field degree f. 


(NB — 1) /m = (Np! — 1)/m = ((1 + bm) —1)/m = bf = f(Np—1)/m 
(mod bm). 





Since ab = qNP-t==1 (mod p), it follows that 


: f G 
ae E A (&) See P): 
a m 


| 
, 
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i f 

Now BT m. ° Therefore (=) = (&) . Let p= [I H” be the factori- 
Km km 

~ of p in K. Then 


i a \ ety a \ Zevty (£ y 
| (ec ) ni (Se) Km =m(2)" —(2)" us p km 
| Lemma 4. Let o be an automorphism of k. Then o (=) = (=) . 
e ë 
| Proof. Without loss of generality let A = p. BY definition 
| a Nyom = (5 (mod p), hence (oa) (NP-1)/m == (= z) (mod op), 


wand since N (cp) = Np we have 


4 e 


oe (=) = (oa) (Nov-1)/m = o (5) (mod op). 


Lemma 4 follows immediately. 


e lemma 5. Let ack, A be a non-zero element or ideal of k, and let K 
be a finite extension of k containing primitive n-th roots of unity. Then 


| 
CE ek. 


Proof. Put L= k(e), where e is a primitive n-th root of unity. Then 
K D L, and L is a normal extension of k. Let o be any automorphism of L/k. 
| Using Lemma 4 we obtain 


| _ RG 


(K:L) 


a a a 
Wherefore (2). ek. By Lemma 3 we have (<) = (2) ek. 


Ln 
a\™ œ . 
Lemma 6. (2). = (2). i 
Proof. Without loss of generality let A = p. Then 


NA «see mae (2) dp). 
(S 7 D /#n i p) 


Let m = TI 1, be the factorization of m into powers of distinct rational 
primes. Let ay be rational integers satisfying $, aymly”"” = 1. Then by 


Lemma 6 
(5) (eo n(+)” . + 
À } rm |A km En A tin 


Thus the study of the m-th power residue symbol can be reduced to the 
study of prime power residue symbols. Furthermore if r < n then by Lemma 


° 
{ 
| 


maw 
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6 we can express the /’-th power residue symbol in terms of the /”-th power 
symbol. Therefore it is sufficient to consider the 7-th power residue symbol, 
where J is a prime and k does not contain primitive [*-st roots of unity. 
When k contains the primitive /*-th roots of unity but not the primitive prit 
roots of unity we will say that k contains the J"-th roots of upity. exactly. 

Let k contain the /"-th roots of unity exactly, and let K be a finite 
extension of k containing £, a primitive 1"** root of unity, s=1. We wish, 


to express (5) in terms of (=) . By Lemma 8 it is sufficient to 
A Kp A ky 
consider the case K = k(£). 


THEOREM 1. Let l be a prime and n a non-negative integer. Let k 
contain the l-th roots of unity exactly, and put K = k(#), where ¢ is d” 
primitive Is root of unity, s= 1i. Let R be the field of rational nunnorna; é 


Then 
(4) 9y 
À Kin+s A Kin 2 


1 if L> 2, es 
a Jip fl=2n>1 
PIRE 2 if l= 2, n = 1, and k [) R(£) is a real field, 
1 if T= 2, n = 1, and k () R(¢) is a complex field. 


Proof. Case I. (K:k)=l. Let @ be the Galois group of K/k. 


Ngat = Iot = Ngon eoé will be evaluated. 
ge 


(1) #@>2. Here s—1 and 


1-1 > 
Mint = I] ot = [I G7 = He QUE, 
y=0 


ceG e 


(2) P ==1. Nf is an l! root of unity contained in k, but k does not 
contain primitive /-th roots of unity. Therefore Ng/ré = 1 == TE. We note 
that the case 7 = 2, n = 0 is excluded by hypothesis. . 


(3) P ==2, k(R(E) is real. Nrt is a positive real number and a root 
of unity. Therefore Ngai = 1 = C20 == Que, 


(4) I =2, k R(£) is complex. The field R(£) has three subfields of 
degree 2, the field of the 2"**+-st roots of unity which is fixed under the 
automorphism £ — — ¢, a real field fixed under £ — 1/4, and a complex field 
not containing i, namely k f) R(£), which is fixed under the automorphism 
fC>—1/f. Thus Ngt =—1=—L"", Therefore Nxyr£ = CF in all cases. 
It follows immediately that if «e is any J"** root of unity then Ngre = l'E, 
Without loss of generality let A = p, a prime ideal of k. Let $ be a prime 
ideal of Æ dividing p with residue class field degree f. Then f= 1 or f— 1, 


e 


æ 
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(A) Suppose f == 1. Then p= IL o®, and 


e 
PE 
R Ee =g ce =g; One (5) Kins 
ee = q NPD IE L g Np- IE = (5) 2 (mod $). 
(B) Suppose f=}. Then 
*(WB—1)/(Wp—1) = (Np —1)/(Np—1) = 14 Np + à Wp. 
Therefore by the theory of finite fields 


CONB-1/(VP-2) == TP of = ¿EE (modp). 
oeG 


k 


Tt follows that (NB —1)/(Np—1) =E (mod Im) or 
is (NB—1)#/(Np—1)=EÆ (modi). 
Therefore - ` 


ait (=) = (5) = gi NB-1) I-78 
p / ru P/ grms 


a \ (NB-4) 1-4/ (N21) a \E 
=| — = z) (mod $). 
D Jur p / rr 


This completes the proof of Theorem 1 for the case (K:k) —1. Now 
(K:k) is a positive power of 1. There remains: 


Case IT. (K:k) =l, r= 2. We suppose that the theorem holds for 
(K:k) =l and for (K:k)=1. Now (k(t) :k) =F and k(¢) con- 
tains the 7”*s-1_st roots of unity exactly. Thus we have. 


° | ax a\E i a\PE 
CPS 0 

where K == 1 (mod #52), Since s = r = 2 it follows that FF = F (mod 1"). 

This completes the proof. ` 


The result of Theorem 1 can be easily extended to arbitrary power 
residue symbols. 


THEOREM 2. Let K be a finite extension of the algebraic number. 
field k. Let K contain the primitive r-th roots of unity. Let r == J] 1,5) be 
the factorization of r into powers of distinct rational primes, and let k 
contain the 1;"4 roots of unity exactly. Put m = [J] j". Let 6; be a primitive 
[j-th root of unity. If 15%, or if s;Snj, put Aj=0; f l=, 
s > n=l, and Gek(t), put A;j—s;— 2; and if G=, n= 1, and 
tÉ k(i), let k(i) contain the 2*41-th roots of unity exactly. Put kj; = K(£;) 
and . . . 
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1 if En . 
1 if 8 > nj, ly > 2, ° 
E; — 1 + 274 af L = 2, $s > ny >I, 
2 if y= 2, s; > n= 1, and k (| R(t) is a real field, 
1 if l =2, s; > n= 1, and kM R(t) is a complex field. 
Choose an integer Q satisfing | 
(1) Qriys = Hy (K : kk) mi,Ar-ss (mod 1/4) , 


for all j for which n; > 0. Then 


a a\2 
o (amh 
for all « and A for which both sides are defined. Te 


We note that the right side of the congruence (1) is integral if ty > pe 
Thus the integer Q is determined modulo m. | 


Proof. (I) Suppose s; >; > 0. Then (kj: k) = 1504; By Lemmas 
3 and 6 and Theorem 1 we have f 


ee 
: P (<) Gy aye 
A] Kr A K1383 A kjl3#s À kiss 


Ç (K 3k) ty MtAI—33 ( a ) Qr1s7s3 
= neeaae TE Lx . 
À J rim Afim 


(II) Suppose s; nj; Then A; = 0 and Z;—1. By Lemmas 3 and 6 


ri > (Kk) Ey(K sk) my 43-85 Qriy-vs 
m O G -G) = 
A Kr A k1,°3 A km A km 


. e 
(III) Suppose n;—0. Then lf m and k does not contain primitive 
l;-th roots of unity. Whence 


mrlje m Qmr 1j-*3 
© Gs “Gita + * 
A] kr AJK A/km 


The exponents appearing on the left side of (3), (4), and (5) are relatively 
‘prime. (2) follows easily. 


(3) 


COROLLARY. Under the hypothesis of Theorem 2, if r|(K:%)m then 


a a CK:k)m/r l 3 
(a. = G): _ ifr is odd, and 


a a N (K:k) m (14am) /r if 4 
— = | — 1 m. 
(<) Oo | 
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RECIPROCITY IN ALGEBRAIC NUMBER FIELDS 


à By W. H. Mitts. 


P 


R 1. Introduction. Let m be a positive rational integer and & be an 
algebraic number field containing primitive m-th roots of unity. Let « and 
8 be elements of & that are relatively prime to each other and to m. The 


1 r 
quotient of m-th power residue symbols, (4) . (£) , bas been extensively ‘ 


ystitdied? and many important properties of it are known. It is closely 
conected with the Hilbert norm residue symbol. Formulas for this quotient 
* dre known in many special cases, in particular for all cyclotomic fields and 
for certain extensions of cyclotomic fields.? The purpose of this paper is to 
obtain a general formula for this expression, valid for all algebraic number 
efigids for which it is defined.? 


2. The norm residue symbol. Let R be the field of rational numbers, 
and À be the completion of R at a prime p, not necessarily finite. Let & be 
a finite extension of À containing primitive m-th roots of unity. Let a and 
B be non-zero elements of &, and p be the prime of &. 

Definition. The Hilbert norm residue symbol (a, 8, k, m) is that m-th 
root of unity satisfying * 


(a, B, k, m) Bm — (a, k(B¥™)/k | p) pv 


The norm residue symbol will be written (a, 8) when it can be done 





without danger of ambiguity. It has been frequently written (e£ ) 


The following properties of the norm residue symbol are well known.’ 
L (ag, y) = (a, y) (8; y)- 


* Received January 25, 1950. 

1 See, for example, [4], part IT. 

2 Rothgiesser [6] has obtained formulas that are applicable in any finite extension 
of the field of the m-th roots of unity that is unramified at all primes dividing m. 

2 In some recent papers, [7] and [8], Safarevit has approached this problem using 
the p"-th primary numbers introduced by Hasse [5]. His results are of a different 
nature from those of this paper. : 

4 For details see [4], part II, p. 53. 

5 See [4], part II, pp. 54-59 and p. 75. 
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IT. (a, By) = (a, 8) (a, y). g 


IL sea) et: : 
IV. (Ba) = (a, 8). E 
V. (a, B, E, mn)™ (a, B, k, n). NSS 


VI. Let a and 8 be non-zero elements of an algebraic number field & 
such that, if ordg #540 and ord, 8340; then q|m. Let Po be the infinite 
prime of the rational field. Put a= J{[ poas and b— [[ pops, Then 


Pimp pimpa 
de 
sa Se = 9 D> k 7 ? 
(£ rm \D tem EC Be 
where ky is the p-adic completion of k. ` 
VIL If m> 1 then "ue 


H (a, B, kb, m) = (— 1) N (krab), 
Pi? 


where N (k, a, 8) is the number of isomorphisms o of k into the field of real, 

numbers such that oa < 0, og <0. If m>2 then N(k,«, 8) —0 since 

k contains primitive m-th roots of unity and must therefore be a complex field. 
An immediate consequence of VI and VII is: 


VIII. If «, B, and m are relatively prime in pairs and if m > 1, then 
ee 
E M = (— 1N ap) ,k X 
(E), GG) = ee T (%8, tm) 
IX. If Æ is a finite extension of k, Be k, then 
(a, B; È, m) Eu (Nine, B; k, m). : 


IX follows from the known result (= z) ( ae 
a N E/T 


of IX is: . 


X. If & does not contain i, K = #(i), and if a, 8, and y are non-zero 
elements of $, then (a? + f?, y, k, 2) = (a — fi, y, K, 2). 








). A special case 


The problem of evaluating the reciprocity quotient is reduced by VIII 
to the problem of evaluating the norm residue symbol (a, B, kp, m), where 
p|m. It is sufficient to consider the case m — l”, 1 prime, n 21. For this 
case we need the following theorem: 


THEOREM 1. Let À be the completion of the rational field R at a finite 
prime l. Let k be a finite extension of R containing the -th roots of unity 
e . 


Cf 
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exactly wher@l" > 2 Put K = k(£), £ a primitive ls root of unity, s = 1. 
Then * 

< (a, B; k, In) = (a, B: K, qms) Z, 
where E=1 if l >R, and E = 1 -+ 27 if l= 2. 

Proof. Let p and $ be the prime ideals of & and À respectively. Let K’ 
be an algebraic number field with a prime $’ such that K is the $'-adic 
completion of K’. Put K= K'(¿). Then K has a prime $ such that K 
is the -adic completion of K. Put k= K f] k. Then k contains the 1”-th 
roots of unity exactly. Furthermore & contains a prime ideal p such that & 
is the p-adic completion of k, K/k is isomorphic to K/h, and K = k(¢). 
ay the approximation theorem @’ and 8’ can be chosen in k such that: 


°} (à) a/a ind B’/B are I"** powers in & and therefore in É, 

(2) if qp, then orda a =£ 0 or orda 8’ =Æ 0, and 

(8) «is an le power in ką for all primes q s£ p, q | Ip. 
frém (1) it follows that (a, 8, k, 1") = (a’, B’, k, I") = (a’, B’, kp, 1”). From 
(8) it follows that (a”, 8”, ka, i") = 1 if q£ p, q | Po. Put a= [I gorda’ 
and b= [I qe4a°’, Then by VI we have ii 


atipo 


GB) = H (ra) (©) 


RES) omeen £ + ($ x 
(a, B, at ) (£ Kinss b Kme i 


Ig the preceding paper it was proved that if k is an algebraic number 
field containing the /”-th roots of unity exactly and K = k(¢), then 


A E 
(2) (+) , Where E—1ifl> 2, and #142" if]—2,n>1. 
Kms h 


Similarly 


A À Jr 
Applyifg this result we obtain (a, 8, Æ, ts) = (a, B, k, In). Now #?=1 
(modi). Therefore (a, 8, k, 1") = (a, B, k, I)E = (a, B, K, ls)¥, 
Simple expressions for («, 8) are known in a number of special cases.’ 
In particular if œ is a root of unity of order prime to m then clearly 
(4) (a, w, b, m) = 1. 


If e is a root of unity whose order is a power of the prime /, p the prime of f; 
p|} 7 > 2, and if a=1 (mod p) is an element of &, then 


$ When a field k contains primitive {"-th roots of unity but not primitive l"#-st roots 
of unity, k is said to contain the -th roots of unity exactly. Cf. the preceding paper. 
7 See [4], part II, pp. 74-113, and [1]. 
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(5) (a, 6 k, I”) Le eE "Si Rioga, 0 


e 
where À is the J-adic completion of the rational field, E =1 if 1 > 2, 
H=1-+ 2" if l = 2, and log @ is the p-adic logarithm defined By 


log a—— 3 (1—a)*/v, + 
pal 


If L—R(£), ¢ a primitive Ph root of unity, © = 1/(£— 1), and 1a 
belongs to the prime ideal of Z, then 


(6) (a, 1 —Ł Ï st] = EISER (50 loga), 
A weak consequence of (5) and (6) is: 


Lemma 1. Let L— È(¢), where ¢ is a primitive In-th root of unity. 
Let k be a finite extension of È with the prime ideal p. Then if ye p i m 


P | Sil X P/E —1)). 
p= 
Proof. Using well known properties of the p-adic logarithm ® we obtain 


Spat By") (E—1)} = STAS Ly") 


= — Szjx(@Sizz log B) = Sir a — @)log TER) 
== Sr log à — Sr (© log 8), 


for suitable Bek, 8e L. The terms of this last expression are divisible by 7” 
by (5) and (6) respectively. 


8. Computation of (1— œn", s). Let i" be any prime power greater 
than 2, À the completion of the rational field at the. prime J, and & any finête 
extension of À containing the {"-th roots of unity exactly. Let + be any 
local uniformizing parameter of k, and w any root of unity contained in k, 
whose order m is relatively prime to 1. Let a be a positive integer not 
divisible by 1. The expression (1— wx”, x, k, 1") will be computed. 

Let w be. the m-th root of unity satisfying w” ==. We write wo == &!”. 
Let ¢ be a primitive 1"-th root of unity. If n&r put e= 67", and if 
n <r let € be a primitive F-th root of unity satisfying £—e!"", In either 
case éV” shall mean £5, for integral é Put K = f(e) and w = Max(n, r). 
Then we have (K:k) =I", We will write S and S’ for Spa and Siz 
‘respectively. 

Put B= 1 + 2" if l=2,r > n, 

1 otherwise, 


14282 if [=m 2, 


“que 
and = | | if 1 > 2. 


8 See®[5]. 





or” 
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Then by Œheorem 1, properties I, II, and III of the norm residue 
symbol,eand (4) and (5) we have 


17-1 
(1 — ort 7, f, I") 4 = (1 — on, m, RW) = TT (1 — Poort, nt, R, W)? 


v=0 
1r-1 # o I-11 
das = 5 262 5 IN wy RY? 
= (1 — Poort, wrt, À, I") = TT (1 — Pot, e K, 1) vE 
v=0 0 
© 1-1 
= Tf PE" TS tog (3-e% wort) 
y=0 


Now if 1 > 2 then WE” = 1 = F, and if 1 = 2 then WE” =1+4+2"'=H 
(mod 7"). Thus in either case H’2” == # (mod I"). Now (1—o7’, x, k, 1”) 


if an integral power of ¢, say £4. Then modulo i” we have 
` o 


s . 17-1 
! aA == — Ht’ S vs log (1 — Port) 
v=0 
l-1 0 w% 
= DS CSS veroa /p} = BS{ X oor, (n) /n} 
y=0 pal HFL 


17-1 
where F(p) = -SRi Sve}. If erek then Sga? (K:k)er 
p=0 


= pro, and if ergk then Sae” =—0. Therefore F(p) — 17 > ver, 
where the summation is over those y for which e# ek, OSv <I. 


1-1 
Now = gë = (e*—1)/(@—1). Differentiating and multiplying by 
. =0 


x we obtain 
° Set lea" / (a —1) —a(a” —1)/(@—1)?. 
=0 


Therefore if A“ = 1, A541, then 
251 
a) * ZE = B/(A—1). 
i) Suppose l” |p. Then e#—1e% for all v, and 
Urea 
P(x) = Zr = 4—1). 
p= 
ii) Suppose } f p, W= | p. Then tef for all v, and by (7) 


pra 
Fy(p) =" Zve* == 1/(#—1). 
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iii) Suppose p == I” -"duo, b >O, If po Then eek sf and only if 
|v. Making the substitution v = Ié, and using (7) $ 


ar-b1 A 
Fu) = Sve ae Fr E PiP — 1/ (P —1). 
; far 


4 —1) rl, 
Summarizing, Fi(u) = <1/4—1) if {e 1] p 
Le —1) if -a | a, b > 0. ° 
Define F(p) =— $ if I’ | a, and F,(u) = Fi (p) if fu Then 


È ooa Fi (u) — Pa (u) J/n = D hooatl /u — — 3 log (1 — oont"), 
u= rje 


= — À log (1— ortt). ° e , 
È » 


Therefore A = ES{ Š weal (u)/(ap)} — #(B/a) 8 log(1 — wa") (mod 1). 
yet 
Now by (5), if a==1 (modx), then I” | ES loge. ` Since IFE, Ifa, it 
follows that —4(E/a)S log œ = 48 log a (modi) for all «= 1 (mod r). 
Therefore A= BS { X wtr, (u) (ap)} + $8 log (1— we") (mod i"). 
par 


Furthermore if 1>2 the second term can be dropped. Now we put 
A(u) = 1/ (¿° — 1), where p = le, 1Ÿc. Then by Lemma 1 


S{ Š outa (#)/ (ap) } = Z (ac) Sf Er) PI (te —1)}=0 (mod fr). 


We note that if 1”-* f y then F(u) =A(u). We now adopt the convention 
that S(yr*) — 0 if y is a non-zero element of % and ¢ is not an integer. 
Then making the substitution » = £"" we obtain, modulo 7, 


ESCÈ oot" (x) / (au) } = E8{ Š votata [P (u) — A (u) ]/ (an) } 
= FACE eE a Aa) 


= HS{ Bootle" (Er) — A (glr) ]/ (a€lr-*) } 
— BS{ È ott" (€)/ (agi) }, 


where Fe(£) = Fa (ér) — A (ér). If é— ol, 1+ o, then 


1/(@—1) —1/(fe—1) if PT é 
HAR) = ee aay if Ir | & 
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Combining results we have 


e s 
(1 — ortl", T, kh, i”) = ti, 
B) o AV 
A — BEC È ofna (6) / (a1) + 48 og(1—er)} 
4 e =l 


In deriving (8) the assumption was made that * > 2. A similar result 
“will now be derived for the case 1” = 2. 

Let À be the completion of the rational field at the prime 2. Let Æ be a 
finite extension of À not containing i. Let x be a local uniformizing para- 
meter of #, and w be a root of unity of odd order. We shall begin by 
computing (1+ ox’, m, k, 2), where a is odd and r= 1. Put £ —Æ(i). 

teL contain the 22 roots of unity exactly, and p be a primitive 2% root 

° Æ uhity satisfying =i If r<S+1 put e= pr, and if r > 841 
let e be a primitive 27*t-st root of unity satisfying e+ =p. In either case 
7-18 shall mean på, for integral é Put K = L(e). We will write S, 8’, and 
Se for. Siz, Sea and Six respectively. Put w= or", that is w, is the 
root of unity of odd order satisfying oo” == w. Put w = Max(r + 1,2 + ê). 
Then by properties V and X the norm residue symbol and Theorem 1 we have 


(1 + arr, T, k, 2) FAR (1 Ls dog? tert, T; L, 2) 


= (1 = Beng? brel, T, L, 20) 21+8 + (1— Yong? brett, T, È, Qm”) ETS ; 


where W == 1 (mod 2). Since (1 -+ or", m, %,2) is a square root of unity 
E’ may be replaced by 1. Proceeding as in the case 1” > 2, 


e (1 + or”, x, k, 2) = (1 — two, Tr, K, Br’) ard 


27-14 


ae IT (1 = “lon, Ty Š, ae yt 

po 
- arched m 

= JI (1— uo, e À, 2”) (4v + 1)/a = (— 1)4, 

y=0 
27-11 
ad == — (1 + 2-1) grms 2 (4v + 1)8 log(1 — Atot ) 
y= 


2r-L4 EC] 
m= Qo S (dy + 1) 8€ E ete una /u} 
y=0 HFL 


= (Eur (x)/}  (moë?), 


Tela 


2 1 
where Py (u) = 27H08 D (4v + 1) Sz retr0e). 
p=0 
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i) Suppose 27 |m- Then eL and t= for all » Therefore 
Sep" = (R: I) — 244, Thus in this case ° 


gr e 


Pau) =0 E (4+ 1) Set = 427 — 1) Set 


O j 4(— 1) (2—1) if or] 
10 if 21 fp. 


e 
ii) Suppose 277 p, B | u. Then eee, @#41, Using (7) 
we have 
27-34 
Pin) = 2778 (et E (4v + 1)e#2) 
p=0 
27r-1. 


ee D dreti) = S(e#/(#—1)). $ s (- ; 


iii) Suppose 27 u. Then g and so ev)#¢ TZ which implies 
that Seru — 0, Therefore F,(u) = 0. Summarizing De 


(RDA it 27 | x, 
(9) F (p) =< S(¢/(#—1)) if 28 Tp area, 
0 otherwise. 


We now make the assertion that for 2 fa, r= 0, 


(10) (1 + w(— r)”, a, &, 2) = (—1)4, 


where A == S{ 5 wor; (u)/(au)} (mod 2), Fı (a) defined by (9). I£ r = 1, 
BEL y 
then (— r)? = 7% and (10) follows immediately. If r= 0, then 
(1 + o(— r), a, k, 2) = (1 — on", m, k, 2) = (1 — or’, o, k, 2) = 1, 
In this case 2" — 1, and hence F(p) — 0 for all a. Thus A is even and 
the proof of (10) is complete. Put F,(#) ——4(—1)#*" if 2 |u, and 
F(u) = Fi (u) if fp». Then 
S Bote*LP.(u) —Fa(u)1/ (0u) } — SE ootan (— 1) (an) } 
a rja 
= S{ BF (— 1) wot nat E} —— 48 log (1 + wone?) 
&1 
== — $ log Niyz(1 + oat) =0 = (mod 2), 


since 4 divides the 2-adic logarithm of any odd integer in Ž. As before we 
e 


=e 
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adopt the convention that S(yrt) — 0 if y is a non-zero element of k and t 
is not®n integer. Then we have, modulo 2, 


4 = Sf Soot" Fa) /(an)} 


— SC Fog th, (2) / (ar) 


° 
= 8( X oi at, (€) / (a8), 
where 
—4(— 1) if 20 | é, 
ee Fal) = 4 0 if 29 | é 
e : I(E E a) if PTE 


The results of this section will now be combined into one theorem. 


THEOREM 2. Let l be a rational prime and n a positive integer. Let 
eR. be the completion of the rational field at l, and let k be a finite extension 
of À containing the l"-th roots of wnity exactly. Let m be any local uni- 
formizing parameter of k, and w any root of unity of k, whose order m is 
relatively prime to l. Let ¢ be a primitive I-th root of unity. Let the field 
obtained from k by adjoining the primitive I-st roots of unity contain the 
Pr roots of unity exactly: If 1" = 2 let p be a primitive 2" root of unity. 
If e > 2, then 8—0. Put 


14901 ifl—2,n>1, 


o j —1 if P= 2, 
I 1 otherwise. 


+1 ifr>?, 
e 

Let 8 stand for Sir, with the convention noted above, and let w*'* be defined 
as the m-th root of unity o satisfying d} =a? Put 


and E= | 


— 4 —1/(£ — 1) if @ > 2, é= cP, lf eov En, 
. i/(@—1) —1/(te—1) if P > 2, cl, It ou <n, 
Fe) =4—4(— 1)" if P= 2, 240 | £, 

0 if Im = 2, 29 | é, 

Siw fe (p®/ (ë — 1)) if In == 2, RTE. 


Then, if If a, 
GE RYN (pr), Ty k, I”) = eA, 
where 


Am BSCS otr net (€)/ (96-4) + Hq + 1)8 log (1 — 0x) *"). 


4 A formula for («,). We will now use Theorem 2 to derive a 
e 
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formula for (a,m, k, 1"), valid when «= 1 (mod). We need*the following 
lemma: À 


Lemma 2. Let (N) be the Moebius p function, and 


(M) if >g, 
pt (M) = < —p(M) if 7” = 2, M odd, 
— 3 a(N) if M—2,M—2N,Noddr=1 ° 
Then | 
1if M=1 
MX (d) = ? 
ZT te (@) {o#MsL 


where n is as defined in Theorem 2. 
e 


; É : 
Proof. Case I. "5%. In this case y—1, u*(d) —p(d) ant 


therefore 
1ifM—i1 . 
M/ay* (d) = ent , 
Zot (a) = End) ee ae Le 


Case II. #=2. In this case Jai, Put M =2"N, N odd. 
Making the substitution d = YD, D odd, we obtain : 


Eee (d) = EB (1 (LD) 


—— (Hy +E (1972) E (D). 


Now e 
r — Í if r=0 
La r Keis 27-Vo p= e 2 
E nee TT ETES 
and , 
1ifN—1, . 
SMO ET T 


Lemma 2 follows immediately. 


n 
A necesary and sufficient condition for the series Ya, to converge in k 


vol 
is that ordy a —>co as v—>œ, where p is the prime of k. Furthermore any 
convergent series in & is absolutely convergent. It follows that we can 
manipulate with much greater freedom than in ordinary analysis. In 


particular 
e 
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oi > gets abies Fe (£)/ (agi) 
° =E > Fe(é) $ (atten tyaseerns /(¢°aélt-"-) E p” (v) 
(11) = E SF (é) 2 (u*(v)/v) $ poter gamere / (@vaglr-10) 
—£ > 2 (Fe(r/v)u*(v)/v) > por qabrire-® Jaberir-n-5) 
= Stes) Š parat (apr), 


ve Je(r) =F > Te (r/v) p* (v) /». 


e e 
* Let f be the residue class field degree of the extension &/R. Let w be 
a primitive 7f — 1 root of unity. Let «==1 (mod) be an element of F. 


o l-2 
Let G(x, y) =1+ 2 Zawuvy", where the ay are rational integers such 
Li . p=l pz 
that G(w,yr) —a. Then log G(x, y) =— > [1 — G (x, y) ]”/v is a power 
v1 j 


series in æ and y with rational coefficients, say 


œ% y(1f-2) 


log G(x,y)—=Y DY brut. 
v=1 y=0 


o v(i- 


Definition. [a,rlt| G, r] =—> = Bayon ‘pT / (vrl). 
v=1 =0 


It is easily seen that the series for [a, rlt | G, 7] converges and that 
Ta, Ti mt | Gh, m] + [as rl t l Ga, «| = Corte, rt t | GG, T]. 


THEOREM 3. Let G(s, y) =1 + > Sant , Gvu rational integers 
such that G(w,yr) =a. Then 


(12) (4, Ty k, In) = €, 
where | 


B—8{ È Je(r) Le rt | G,r]} + (a + 1)8 log a. 
T=1 
Proof. G(x,y) can be written as an infinite product 


co v(tf-2) 
G (z, y) Fr IT IT {Gou (2, y), 
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where Gou(x, y) = 1— ety’, and the cy, are rational integers.* Since both 
sides of (12) are multiplicative in a, it is sufficient to prove (12) fof the 
case G(s, y) —1—m2"y. In this case the desired result follows imme- 
diately from (11) and Theorem 2. 

+. @ 

5. The reciprocity quotient. Let m be a rational integer greater 
than 1, and let k be an algebraic number field containing primitive m-th roots e 
of unity. Let m == [[ l”. be the factorization of m into rational primes. 
Let ay be rational integers such that Siavmly=1. Let N(k,«, 8) be 
the number of isomorphisms o of k into the field of real numbers such that 
oa <0, op <0. For each prime ideal p dividing m let ky be the p-adic 
completion of Æ. If p divides the rational prime J, let ky contain the p-th j 
roots of unity exactly, and let ¢, be a primitive /*b-th root of nity. If a an 
B are elements of & that are relatively prime to each other and to m,* 


we have 
(3 ae (E) nf hu ©) = a ee 


= (— 1)N G0,8) Il IT (a, B: kp, lyr) -w, 
v piir 


Let m be, an element of k such that rep, mgp? for all prime ideals p 


dividing m. Then for all such p, r and Br are local uniformizing para- 
meters for kp, and 


a, B, ky, lv) = (a, Br, ley, lyp) PDT - (a, m, lep, bytb) Dr, 
awp. p. p 


Now ab =] (mod p), and if power series Gp(z,y) and Hy(a, y) are 
suitably chosen we can apply Theorem 3 and obtain: 


THEOREM 4. 


(5) 7 (£) K = (— 1) N uA) II II EpC Pov tonp=y/ (NPA), 
B km km » ble 


œ 
where 


Cy = Bryst $ Jep (r) ([aN?-4, 7,8 | Gp, 7] — [aX? 4, chm? | Hy, Br]}. 
qzi 


YALE UNIVERSITY. 


RECIPROCITY IN ALGEBRAIC NUMBER FIELDS. 7y 


REFERENCES. 


0 





[1] E. Ærtif and H. Hasse, “Die beiden Ergänzungssätze zum Reziprozitätsgesetz der 
l-ten Potenzreste im Körper der -ten Einheitswurzeln,” Abhandlungen 
aus dem Mathematischen Seminar der Hamburgischen Universität, vol. 6 
(1928), pp. 146-162. 

[2].E. Artin and G. Whaples, “ Axiomatic characterization of fields by the product 
formula for valuations,” Bulletin of the American Mathematical Society, 
vol. 51 (1945), pp. 469-492. 

[3] C. Chevalley, “La théorie du corps de classes,” Annals of Mathematics, vol, 41 

° (1940), pp. 394-418. 


Var Hasse, “ Bericht über neuere Untersuchungen und Probleme aus der Theorie der 
e . algebraischen Zahlkérper,” parts I, Ia, and II, Jahresbericht der Deutschen 
Mathematiker-Vereinigung, vol. 35 (1926), pp. 1-55, vol. 36 (1927), pp. 
233-311, and Ergdnzungsband VI (1930) respectively. 
[5] , “ Die Gruppe der p"-Primären Zahlen für einen Primteiler p von p,” Journal 
ee fiir die reine und angewandte Mathematik, vol. 176 (1937), pp. 174-183. 
[6] H. Rothgiesser, “ Zum Reziprozititsgesetz für I",” Abhandlungen aus dem M athe- 
matischen Seminar der Hamburgischen Universität, vol. 11 (1935-36), 
pp. 1-16. 
[7] I. R. Safarevié, “ A general reciprocity law,” Doklady Akademii Nauk SSSR, vol. 64 
(1949), pp. 25-28 (Russian). 
, “A general reciprocity law,” Matematiceskij Sbornik, vol. 26(68) (1950), 
pp. 113-146 (Russian). 








[8] 


EXTREMAL PROBLEMS IN THE THEORY OF BOUNDED 
ANALYTIC FUNCTIONS.* — e 


| By Zzev NEHARI. a é 


9 
1. Introduction and notations. Let B be the family of analytic func- 


tions f(z) which are regular and single-valued and satisfy | f(2)| S1 in a 
multiply-connected domain D. Generalizing the classical case in which D 
is the unit sircle, it is possible to pose a large number of extremal problems 
for continuous functionals defined on B. Some problems of this kind were, 
solved by H. Grunsky [5,6], L. V. Ahlfors [1], P. R. Garabedian [4] taf ė 
the author [8]. In the present paper, a method is developed which makes i? 
possible to solve a large variety of such problems; the method works equally 
well when the class B is restricted by various additional conditions. In all 
cases, the extremal functions yield (1, m) conformal maps of D onto tle ° 
unit circle, where m dépends on the particular extremal problem and can be 
explicitly stated in each case. The method consists in associating with each 
given problem an allied extremal problem within a family of specified 
functions involving a finite number of parameters. The boundary values of 
the solution of the associated problem are used to set up a Dirichlet problem, 
which is then shown to yield the solution of the original problem. 
We shall use the following notations: 


D denotes a finite domain in the complex z-plane bounded by n closed 
analytic curves I, T'a: +, 1,3; the boundary of D will be denoted by T, 
that is, r = T + re +: +r}. The assumption that the boundary com- 
ponents are analytic curves is only made for the convenience of the proofs; 
by standard arguments, all results can be readily extended to the case of 
general boundary components. 

B denotes the family of analytic functions f(z) which are regular, single- 
valued, and bounded, say | f(z)| <1, in D. 
` Br denotes the family of analytic functions f(z) which are regular and 
single-valued and have a bounded real part, say | Re{f(z)}| = 1, in D. The 
classes B and Br can be transformed into each other by an elementary con- 
formal mapping, and extremal problems in one class are equivalent to 
corresponding extremal problems in the other. Since, from the point of view 


* Received March 13, 1950; presented to the Society, December 27, 1949. 
78 


BOUNDED ANALYTIC FUNCTIONS. 79 


of the method of this paper, the class Bg is much easier to handle than the 
class B, most proofs will be carried out for functions of Br. 


9(%£) denotes the Green’s function of D with respect to the point 
feD, i.e. g(z,£) +log|z—€| is harmonic in D and g(z, €) vanishes 
for zeT.e o 

N (z, ¿) denotes the Neumann function of D with respect to the point 
ge D, i.e. N(2,£) + log | z— é | is harmonic in D and the normal derivative 
of N (z, ¢)} is constant on T. 

wv(z) denotes the harmonie measure of Ty with respect to D, i.e. wv(2) 
is harmonic in D, and it has the boundary values 1 and 0 on Ty and T — I, 
respectively. | 


%. The Schwarz lemma. In order to illustrate the method of proof in 
a comparatively simple case, we first consider the generalization of the classical 
Schwarz lemma, that is, the problem: f(z) eB, | f’(£)|=-max. (£eD) 
which Was treated—by different methods—in [1,4,8]. We note that the 
tndximizing function F(z) must vanish at z= {, since otherwise the function * 


20) — F(t) F’(é) 
F(z) = — SS EE O(l~g—el? 
OF ORG) Comore hoe 
would satisfy | F’s(¢)| > | F (£) |. We may also assume that F’(£) > 0 since, 
for | y | = 1, yF(z) is also in B. 

The transformation w, = (4/r)tan* w maps the circle | w| <1 con- 
formally onto the infinite strip — 1 < Re{wi} < 1. Hence, the function 


E) © b(2) = (4/x)tant f (2) 


is in Br. Since F(£) —0 and F’(£) > 0, we may confine ourselves to 
functions f(z) which likewise satisfy these conditions. We then have 


(2) 6 $(f)=0, P(E) = (4/7) f'(E) > 0. 


If €=-&-+ im, the above problem is therefore equivalent to the following 
problem concerning the class Br: $(2) © Br, $(£) —0, Re{¢’(£)} = max. 
We note that in carrying through the proof we may confine ourselves to’ 
functions (z) which are continuous in D+T. Once the result is obtained 
for this restricted class, the general case then follows by a standard argu- 
ment involving the approximation of D by a sequence of domains interior 
to it. 


1 Complex conjugates are denoted by asterisks. 
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By Green’s formula, we have ‘ 
e 


(8) Re{$(£)}=u(¢) =—ż p” © g (2 £) /0n) ds, ds = | dz |, 


where $(z) = u(z) + iv(z), and @/én denotes differentiation ewigh respect 
to the outwards pointing normal. Differentiating (3) with respect to &, 
we obtain 


CE) (L) = Rel (0/08) = M/E fu (a) (ga ©) finde). 
We also have 7 
(5) pi u(z) (dor (2) /ðn) ds = 0, væl, 


Indeed by Green’s formula, the Cauchy-Riemann E ‘and the boufid fye 
properties of wy(z), 


(5’) Í, U(0wv/On) ds = J. wy(0u/0n) ds = Í. “(ĉu/ðn)ds 


-Í (@/iis= f dv, 


and this vanishes, since the function $(z) —u(z) + iv(z) is single-valued 
in D. We further note that 


(6) Ju (09(e,0)/0n) ds = 0, 
since u(£) = 0. It follows from (4), (5), and (6) that 
(7) wet) =g (£) z 


=i fp LPI 0) /onte + a(0g (e, t) /0n) + Srv Bor(2)/Om) Jas, o 


L 1 
where æ, A1, © *, Ay are arbitrary real constants. 


Since | u(z)| <1 in D, we have 
"(8) [uC] 
<i f (| 9 (e £)/ond6 + (89 (2, £)/O) +E dv Gonz) /dn)| ds. 


For any choice of the arbitrary parameters a, dv, (8) yields an upper bound 
for | we(£)|. In order to obtain the best possible upper bound of this type, 


we minimize the right-hand side of (8) with respect to the parameters 
e 
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% Ar," ©‘; Ant This is a problem in ordinary calculus, which certainly has 
at leas? one solution. Indeed, as shown by (8), the right-hand side of (8) 
is bounded from below; moreover, any converging subsequence of a minimizing 
sequence ‘(in the variables a, Av) must converge to a finite limit. If this were 
not the cgse,and one or more of the variables tended to œ or —oo, there 
would exist one variable, say Ap, such that lim sup |Av/Ay|S1 (vÆ p), 
lim sup | a/p | S 1. Since we are dealing with a minimizing sequence, the 
right-hand side of (8) will be bounded; if we divide the integrand by | Au |, 
the value of the integral will tend to zero. This, however, involves a con- 
tradiction, since we may choose a subsequence for which the integrand tends 
to a well-defined positive function; it cannot vanish identically, since the 
coefficient of Bwp/On is 1. s 
Z Get now o,%1,:°°,An-1 denote the particular values of these para- 
meters which minimize the right-hand side of (8). With the abbreviation 


P = #9 (z, €) /dndé +a (09 (2, £)/On) + Ex (dw (2) /On), 


it follows from the minimum property that 


(9) S 1P + (don/on)| as = J lela, 


where e is a small real parameter. Similarly, 
(10) Sf LP + (o9(% £)/0n)| ds = f | P | ds. 
T 


69) is equivalent to f | P |/P (@ov/dn) ds + o(e) = 0, whence, in view 
T 


of the arbitrariness of the sign of «, 


hs Í, | P |/P (dov/an) ds = 0. 


In the same way, (10) leads to 


(12) Í 1P I/P 0920) /on)äs —0. 


The function | P |/P is not defined at points at which P ==0. This, how- 
eyer, does not affect the integrals (11) and (12) since these points are finite 
in number (it is easy to show that the number of zeros of P on T cannot 
exceed fn) and we may there assign to P arbitrary values and understand 
the integrals in the Lebesgue sense. Another possibility is that of breaking 


6 - 
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T up into ares connecting two adjacent zeros of P and extending the definition 
of | P |/P to the ends of these arcs by continuity. Evidently, both provedures 
give identical results. Whenever integrals of the type (11) and (12) will 
appear in‘the sequel, it will always be assumed, without being expressly stated 
each time, that the definition of the integrand has been completed by one or 
the other of these procedures. 

We now introduce the bounded function U(z) which is harmonic in D 
and takes the boundary values —- 1 or +1 at points at which P is positive 
or negative, respectively. We have U(:)——|P|/P, zer, P0. 
Although the boundary values at the finite number of points at which P — 0 
are not specified, U (z) is uniquely determined by this Dirichlet problem in 
view of the additional assumption that U(z) be bounded. U(z) is edsil 
seen to be of the form : ° j : 


T(z) =} Í, | P |/P (dg (2, t) /ðni) dst. 


In terms of this function U (z), conditions (11) and (12) can be rewritten 
in the form di 


(11) Í, U (2) (ĉo (2)/ðn}ds = 0, ve=l,---,2—l, 
(12) J, 7) (92,8) /anàs — 0. 


(127) expresses the fact that U(£) —0. If V(z) denotes the harmonic 
conjugate of U(z), it follows from (11’) and a manipulation similar to (s | 
that V(z) is free of periods about the boundary components Ty, y == 1, 
n— 1 (and therefore also about Ta). V(z) is only determined up to 
arbitrary constant, which will be so chosen that V(£) = 0. 

The analytic function ® (z) = U (z) + iV (z) is thus found to have the 
following properties: &(z) is regular and single-valued in D; on T, we have, 
except at a finite number of points, | Re{@(z)}| —1. Since | Re{@(z)}|S1 
in D, w=&(z) maps D conformally onto the multiply-covered strip 
— 1 < Re{w} <1. We further have 6(f) — 0. It is easy to see that the 
function (z) solves our extremal problem. Since the boundary values of 

-U(z) are — 1 or +1, according as the expression within the absolute value 
signs on the right-hand side of (8) is positive or negative, (8) may also be 
written 


w(t) SE S UO [09 (et) onde + (0g (e t/n) 
HE dv (dor(2) ðh) ]ds 
whence, by (7), u(t) < Ug(¢), which proves our assertion. 


`e 
- 
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We note that 
(18) UPU) 
=U (2) [629 (z, £) /andé + a(g(z, £)/én) HS dov (2)/ðn] <0, zer. 


(13) shows that w= (z) yields a (1,n) conformal map of D onto the 
strip —1< Re{w} <1. It is well known, and easily proved, that a func- 
tion of the type of P(z) cannot have more than 2n changes of sign on I. 
(13) shows that the same is true of U (z). Since each sheet of the conformal 
map of D given by w—%(z) corresponds to two changes of sign of U (z) 
on T, it follows that this map cannot have more than n sheets. On the 
other hand, elementary topological considerations show that the number of 
these sheets cannot be smaller than n. It thus follows that w = (z) yields 
‘a (1, %) mapping of D onto the strip — 1 < Re{w} <1. 

The inequality (13) can be brought into a different form in which its 
connection with the functions of class B is more obvious. In view of (1), the 
unction F(z) of B which corresponds to the function &(z) = U (z) + iV (2) 
of Br is given by 
(14) F(z) = tan (1/4) 6(z). 


On T, the value of U(z) is either 1 or — 1, that is, (2) is of the form 
(z) = + 1 -+ it, where ¢ is a real parameter. It therefore follows from 
(14) by an elementary computation that F(z)/{1 + F?(z)} = + 4 cosh ż, 
whence 7 

(15) P(a)/{U(a){1+F(2)]}=0, ser. 


Ió p(z, €) denotes the analytic function whose real part is g(z, £), and wy(z) 
denotes the analytic function whose real part is w,(z), it follows from the 
Cauchy-Riemann equations and the fact that the real parts of both p(z, 2) 
and w,(2) are constant on the boundary components Tv, that 


(16) Vagle, £)/dn)ds = — ip'(z, £)dz, (dw,(z)/dn)ds = — iw'r(z)dz, zer. 
T£ P(z) is the function defined in (13), we have therefore 


: n-i 
(17) P(z)ds = — i[ð°p (z, €) /020& + ap’ (z, 8) + X Avw'y(2) ]dz 
—=R(a)de, zer. g 
F(z) is a single-valued analytic function which is regular in D + T, except at 
£, where it is of the form F(z) 1/(2— £)? — a/(2 — £) + regular terms. 
Combining (13), (15), and (17), we obtain iF (z)R(z)/{1 + F(z) }dz = 0, 
with the notation 








À 
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(8) g(#) = —R(z)/{1 +7 (2)} =1/(2— £) + a/(2*- 6) 
-+ regular terms, 

this can be written 
(19) — iF (z)q(z)dz = 0, zer. 

> @ 
The function g(z) is, except for its double pole at z=, regular in D +T, 
since the zeros-of 1 -+ F?(z) obviously coincide with the points at whigh 
U(z) changes its sign; these points, in turn, coincide with the zeros of the 
function P(z) of (13), and therefore also with those of the function H(z). 


Summing up, we have the following result [4]: 


If f(z) © B and Le D, then | P(O | = F(E), where F(z) yields a (1,4, 
conformal map of D onto the wnit circle; there exists a function q(z) F 
is regular in D 4T, apart from a double pole at z == ¿, such that F (2) and 
q(z) are connected by the inequality (19). 


It is worth pointing out that once the existence of two functions F(z) 
and g(z) which have the required properties and are connected by (19), 
is shown, the extremal property of F(z) and a number of related results follow 
easily by a proper application of the residue theorem [4]. We also note 
that the constant œ in (18) is zero; indeed, from (18), (19), the residue 
theorem, and the fact that | F(:)| =1 (zeT), it follows that 


a= h fie f FT PO 
=i f FOI, ; 
2TÀ r p 
and this vanishes by Cauchy’s theorem, since F(£) = 0. 


3. Bounds for higher derivatives. In view of the relation (4), the 
problem of maximizing | f’(£)|. (f(z) eB) and that of maximizing | 4’(£)| 
(¢(z) © Br) are one and the same thing. However, this is clearly not the 

_case if we consider the corresponding extremal problem for higher derivatives 

of f(z) or ¢(z), and we are thus faced with two different types of problems. 
We shall here confine ourselves to the class Br; the class B presents some 
additional difficulties which seem beyond the reach of the method of this 
paper. 

The domain of variablility of ¢’(£) (¢(2) e Br, feD) is a circle. This, 
however, is not true any more in the case of higher derivatives. In order to 


BOUNDED ANALYTIC FUNOTIONS. 85 


find a charactetization of all points on the boundary of the domain of varia- 
bility of 6 (£), we therefore have to replace the problem | 6 (£)| — max. 
by the more general problem 


(20) se Re{e#g (£)} = max., $(2) © Br, fe D, 


where 6 is an arbitrary fixed angle. 
e 


Let (2, E) = N(z,£) + iM (z,¢) denote the analytic function whose 
real part is the Neumann’s function N(z,f) of D. On T, we have 
ON /ðn = — 2x/l, where l is the length of T. If v(z) is harmonic in D, an 
application of Green’s formula to the domain obtained from D by deleting 
ae it a small circle with the center £ yields 


. OE f N (2, €) (ðv (2) /ðn) ds — 1 Í. v(z)ds. 


If v(z) is the imaginary part of the analytic function ¢(z) = u(z) + iw (z), 
this formula can be cast into a different form. Using the Cauchy-Riemann 
equations and integration by parts, we obtain 


fre £) (0v/ên) ds = — is N (z, £) (u/s) ds = — f Me Ode 


ss Í, udN (2, £) = f u(@N (2, &)/ðs)ds = — f „(OM (2, 8) on) ds. 


Hence, 


(21) DCE) =i J ule) (OM (2, 0) /on)ds — 1 Í. v(z)ds. 


Combining (3) and (21) we obtain 
Re{etle (4) } = cos Ou(£) — sin 6v(L£) =—>ż Jo 


[cos 0 (ôg (2, €) /ôn — sin 0 (3M (2, £) /ðn) Jds + 1 sin 9 Í. v(2)ds. 


Differentiating k times with respect to E(E = é+ im) and observing (5),, 
we arrive at the identity 


(22) Refotg® (0) = — 2 f(z) Coos O(g (z, £) /0€*0n) 


— sin 0(0 (z, £) /0Eôn) + S rv(Bov/An) ds, 


where the Av are arbitrary real parameters. 
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The ensuing manipulation is identical with that applied *to (7). Since 
p(z) is in Br, we have | u(z)| <1, whence 


(23) Refet (Q)}< 2 S. | cos 0 (01g (z, £) /@£ôn) 
— sin 0 (01M (z, £)/0Ëtôn) Sh (dwv/ôn) | ds = 1 f P | ds. 


f | P | ds is minimized with respect to the parameters Ay. As shown before, 
T 


this leads to the conditions (11). We again define the bounded harmonic , 
function U (z) which takes the boundary values 1 at points of T at which P 
is negative, and the- boundary values — 1 at points at which P is positive. 
It follows, as before, that U(z) satisfies the conditions {(11’) which, wefe 
shown to be equivalent to the fact that the harmonic conjugate V(z) of U (z) 
is single-valued in D. If the single-valued and regular analytic function æ(z) 
is defined by ®(z) — U (z) + iV (z), we thus have, in view of (22), (23), 
and the fact that | P | —— PU, 


Re{e™g™ (£)} SZ f | P | ds = —ż f UPds = Refett@® (£)}, 
"gr r 


that is, 
(24) Ro RGE S Re{em™ (£)}. 


Since the function (2) is in Br, (23) shows that (z) indeed solves our 
extremal problem. 

Except for a finite number of points, the real part of ®(z) is equal 
either to 1 or to —1 at all points of T, and it is bounded in D; it folloys 
that w==®(z) maps D conformally onto the multiply-covered strip 
—1< Re{w} <1. In order to determine the number of coverings, we 
observe that | P | = — PU, whence 


(22 UPds = U (z) [cos 8(0%1g(z, €) /0&*0n) 
— sin 6 (FM (2, t) IEn) + 5 dv (ĝov/ðn) ]ds S 0, 


zer. In view of g(z, €) = N(z, © + iM(z, ©, ON (e, €) /0n = — al (2e 1); 
and the Cauchy-Riemann equations, we have, along the boundary, 


g (z, £)dz = dq (z, €) = dN (z, £) + idM (z, 8) 
= (ON (z, £)/ds)ds + i(3M (z, €) /ds) ds 
== — (0M (z, £)/0n) ds + i(0N (z, E) /on) ds 
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=— (0M (z, 2) /ôn) ds — (2mi/l) ds, that is, 
(26) (aM (2, £)/én)ds = — q' (2, £)dz—(2mi/l)ds, zer. 


With the help of the identities (26) and (16), (25) can be PENES into 
the form® ° 

(27) —IU(:)R(z)dZ0, zert, 

where 


R(z) — 08/08[cos Op’ (2, €) + isin 69 (2, €)] + E ww’, (2). 


The analytic function R(z) is clearly single-valued in D and its only singu- 
larity in D +T is a pole at z = ¢, in the neighborhood of which it has the 
€ paysion ° 

*(28)° R(2) = — k !et8/ (z — £)** + regular terms. 


(27) shows that the differential iR (z)dz is real on T. The total variation 
gf arg{dz} on T is — 2m (n — 2). If p, denotes the number of zeros of R(z) 
in D and x the number of its zeros on T, it follows therefore from (28) and 
the argument principle that 2u, + po = 2 (n — 2 + k + 1) =2(n + k —1). 
Hence, m < 2(n + k—1). On the other hand, (27) shows that each change 
of sign of U (z) on T necessarily coincides with a zero of R(z). Since two 
such changes of sign correspond to one sheet of the multiply-covered strip, 
it follows that the maximum number of sheets is n + k—1. 


We have thus proved 


THEOREM I. The extremal problem (20) is solved by a function w == &(2) 
which yields a (1, m) conformal map of D onto the strip — 1 < Re{w} < 1, 
where m SE n + k— 1. 


Since the domain of variability of ¢%™® (¢) (p(z) © Br) is necessarily 
simply-tonnected—if #,(z) and ¢2(z) are in Br, so is Ab1(2) + (1 — àA)¢:(2), 
OSAS 1 (which shows that the domain in question is even convex)—this 
result may also be stated in the following form: 


If $(2) is in Br and £e D, then all boundary points of the domain of 
variability of 6 (£) are occupied by functions which yield a (1,m) mapping 
of D onto the strip —1< Re{w} <1, where mSn+k—1. 


It is clear from the proof of Theorem I that any function solving the 
extremal problem (20) has necessarily the mapping properties mentioned 
in the statement of the theorem. This, however, does not imply that the 

e 
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extremal function is in all cases unique. If there are two or ‘more different, 
sets {Av} which minimize the right-hand side of (23), this will result*in two 
or more different extremal functions. : 

It is worth pointing out that the problem treated in this section also 
leads to a positive differential of the type (19). If F(z) denotesthe function 
of B which is connected with (z) by the relation (1), then F(z){1 + F?(2)]* 
is real on T and—as shown above—its sign coincides with that of U(z). If 
we set R(z)/{1 + F°(z)} =— Q(z), (27) yields therefore — iF(z)Q(z)dz = 0, ` 
zeT; since the zeros of 1 + F?(z) on T coincide with part of the zeros or R(z), 
Q(z) is regular in D + T, with the exception of a pole of order k + 1 at z = ¿. 


4, Interpolation problems. The problem to be treated in this seko) 


is the following: Let &,::-,a, be points of D and let a, "+, Ap be®com-, 
plex numbers such that there exists a function ¢o(z) of Br for whieh 
$o(%) =a, i= 1,: : -, p; let Be denote the sub-class of Br which con- 


sists of all functions (z) that satisfy the same interpolation conditions as 
$o(z) at the points a, and let Sy denote the domain of variability of 4 (cy 
(£eD,p(z) e Br(®). What can be said about the functions ¢(z) which 
occupy the boundary points of S;,? The problem thus consists in characterizing 
the functions which solve the extremal problem : 


(29) Refep™(4)} = max, (a) =u (1: ++, p),6(2) © Br 


_ If &=1, it follows from (1) that this problem is identical with the 
corresponding interpolation problem for the class B—a generalization to 
multiply-connected domains of the classical Pick-Nevanlinna interpolation 
problem [9, 10]—which was treated, by different methods, in [4]. ° 

We write a; = b; + ic; (bi ci real) and normalize the functions ¢(z) 
by the requirement 
(30) S GG = 0. ° 


4=1 


This is possiblé since the addition of an imaginary constant to (z) does 
not alter the fact that ¢(z) is in Br. Utilizing (21), (22), and the fact 
that (a) =u(a) + iv(%) = bi + ic, we obtain the representation 


(31) Refep® (¢)} = —ż $ u(z) [cos 9 (01g (z, £) /0&n) 


— sin 0 (FM (2, 0) 00n) + S dv (Buv/dm) + S (o; (8g (z, a) /ðn) 


+ 7: (0M (2, a1) an) ) Jds— È (oib; + rts), 
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where the Av,*o; are arbitrary real constants, and the otherwise arbitrary real 
constahts r; satisfy the condition 


. P? 
(30) Dri—0 
ia 
ee 


(30’) has the effect of cancelling the contributions due to the second term 


en the right-hand side of (21). 


Since | u(z)| S 1, it follows from (31) that 


(82) Re{e#o™ (2)} 
Se IN cos 0 (dg (2, £) /0&0n) — sin 0 (0M (2, £) /0E'ôn) 


+ E x (0ov/0n) + = (o:(ôg (2, a%)/On) + (M (2, w) /8n))| ds 


ee Soden) =i f IP |d $ (oii + ne). 


q=1 


As in the previous sections, we now proceed to minimize the right-hand side 
of (32) by a suitable choice of the constants Av, oj, ri The existence of 
the minimum is assured; as shown by (31) and (32), the value of 
Ref{eïfp,( (£) }—where ¢o(z) is any function of Br(%-— furnishes a lower 
bound for the quantity in question, and the existence of a minimizing set 
Àv, oi, ti follows in the same way as in a similar case in Section 2. Suppose 
now that the values Av, oi, tọ have been so chosen as to yield the minimum 
Sf the right-hand side of (32) under the condition (30’). As in Section 2, : 
a small variation of the À, yields the conditions 


(33) 0 Í, | P|/P(ôwy/ôn) ds = 0, rien 


Next, we vary the o; Replacing o; by oj + e we obtain 


= f P|ds+e/ mS | P |/P(dg(2, «;)/On)ds + o(e) — À (oid F riti)— eby 


p 
=o f | P | ds — $ (obi + mci), 
ir T ¿zi 


whence, in view of the arbitrariness of the sign of «e ` 


(34) 2 J 1P PGI a1) /in) ds — by 
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In varying the 7, we have to take into account the condition (30). 
Replacing, accordingly, r; by r; + e and re (q >£ j) by tg—e, and observing 
the arbitrariness of the sign of e we obtain in the same manner gs before 


(35) 2 S| PVP te a3) /on) as non 
a | P L/P (GI (z, 22) /0n) ds — c; — ce 


We now introduce the bounded harmonic function U (z) whose boundary 
values on T are —1 or + 1, according as P is positive or negative, respec- 


tively, that is, 
(36) U(z) =—|P|/P, zer(P 40). 


e 
* 
. 7 


e 
In terms of this function, the relations (33), (34), (35) take the fornf , ° 
(33) f AOAO ds = 0 
T 


(34) ae f U2) (Ag 95) /0n)ds — 
(85) —ż Í. U (2) (0M (z, «;)/8n) ds 


++ f U (2) (0M (2, aq) /dn) ds = cj — cg. 
id r 

As shown by (8°), it follows from (33) that the harmonic conjugate V (z) 
of U (z) is single-valued in D. The same is therefore true of the analytic 
function ¢(z) = U (z) + iV (z), which thus belongs to Br. (84) and (85°) 
are—in view of (3) and (21)—equivalent to 
(37) U (a) =b; 
and V(a;) — V(ag) = €; —cy In view of (30), it follows from the last 
formula that 


(38) pV (a) = = Y (aq) = poy - 


The harmonic conjugate V (z) of U (z) is only determined up to an arbitrary 

constant. If this constant is so chosen that ÿ F (aq) = 0, (88) becomes 
q=i 

V(a;) = c; Combining this with (87), we finally obtain 


Pa) = U (aj) HV (aj) = bj + ic; = ay, 
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which shows*that the function &(z) satisfies the interpolation conditions of 
our pfoblem; in view of its other properties found further above, it is there- 
fore in B RO, 

The function a(z) solves our extremal problem; indeed, as shown by 
(31), (32)p and (36), we have | 


o Refep (g)} <4 Í. |P | ds — S(oibi + Tit) 


-i [Pas Said. na) = Refera (0). 
r t1 


Before we state our results in the form of a theorem, we show that our 
problem is again closely connected with a certain positive differential. By 
e (16%, (26), (32), and (30°), 


(39) Pds = — i{9*/0E*[cos 6p’ (a, €) + isin 6g/(a, £)] + S'xw/, (2) 


a co 3 Loup (2, 0%) — ing (2, 4) ]}de = iR (2)dz, 2er, 

where the single-valued function R(z) is regular in D +T, with the exception 
of the point z == £ where it has a pole of order k -+ 1, and of the points z = a, 
i= 1,- ++, p, where it has single poles. Comparison of (39) and (36) shows 
that we have — iU (z)R(z)dz = 0, ze. If we introduce the bounded 
function F(z) which is associated with ¢(z) by means of (1), it follows from 
the relation (15), which obviously also holds for the functions U(z) and 
F(z) of this section, that 


. —\ÿF(2)R()/(A+F(2)}& 0, zer, 
or, with the notation Q(z) = R(2)/{1 + F?(z)}, 
(40) . | —iP(z)Q(z)dz=0, zer, 


The function Q(z) has the same types of singularities as R(z); the zeros 
of 1 + F?(z) on T do not give rise to poles of Q(z), since—by virtue of (1), 
(36) and (39)—they clearly coincide with part of the zeros of R(z). (40) 
permits an easy counting of the number of sheets of the conformal image of D 
by means of F(z)—or, what amounts to the same thing, by means of &(z). 
The total number of poles of Q(z) is k+ p + 1, where p is the number of 
interpolation points; the total variation of arg{dz} along T is — 2r(n— 2). 
Since the argument of the left-hand side of (40) is constant on T, it there- 


fore follows from the argument principle that the total number of zeros of 
. 
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F(2)Q(z) in D+T (zeros on T to be counted with half their multiplicity) 
isk—+p+n—1. Hence, the total number of zeros of F(z) in D is sMaller 
than or equal to k+p+n—1. Since | F(z)|==1 on T, this number is 
identical with the number of times the unit circle is covered by the values 
of F(z) for ze D. 

We have thus proved the following theorem: 


THEOREM II. Let @,::-,a, be points of D and let @,,'' `, ap be.’ 
complex numbers—which, for convenience, are normalized by the requirement 
Im{a, +; + ap} = 0—such that there exists a function $o(2) of Br for 
which bot) =, 1=1,: ` -, p; if Br™ denotes the sub-class of Br which 
consists of all functions (2) which satisfy the same interpolation conditions 


as bo(z) at the points aj, then x à 


Re{e#p™ (£)} S Re{e#SM (£)}, eD, 0OSO <2, D(2)C Brio), ° 
where w = (2) yields a (1,m) conformal mapping of D onto the strip 
—1< Re{w} <1, and mS=k+p+n—1. The bounded function F(z, 
which is associated with (z) by means of (1), satisfies the relation (40), 
where the function Q(z) is single-valued and regular in D, with the exception 
of a pole of order k +1 at z= and i p simple poles at the points a 
(Gi=1,:::,p). 


We remark that by exactly the same method of proof we may treat the 
more general problem 


Re{ À psp (G)} == max., p(zjeBr™, &eD, j—=1;: Ts e 
fel 


where the p; are given complex numbers. The function solving this problem 
will again have the same general characteristics as ® (z); the only difference 
being that the number of sheets of the extremal mapping may now increase 
toptathkh+:-:-:+h,—t1. 

It has already been pointed out above that, in the case &==1, the 
interpolation problems for the classes B and Br, respectively, are identical. 
In this connection it is worth noting that the extremal property of the 
function F(z) is an immediate consequence of the inequality (40). We 
recall that the function Q(z) in (40) has simple poles—with the residues n; 
say—at the points «, and a double pole at z = ¢; if for the sake of simplicity, 
we add the interpolation condition ¢(£) = 0—or, what amounts to the same 
thing, f(£) = 0—the principal part of Q(z) at z = € is easily found to be 
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of the form e#(z—£)*. Let now f(z) be in B and let f(a) — Ai, 
i=1$---,p, f(£) —0. The function F(z) in (40) satisfies the same 
interpolation conditions, and we have | F(2)| =1, zer. Using this fact, 
the residue theorem, and (40), we obtain 


Re{et#’(£) +3 Ai} = Ref -4 Í. Q (2)f (2) dz} 
<i f ewr] =i f POOR 2 f PO 


= Ref sh J POQ) = ReRe) + Bnd}, 


e whehice Re{e4’ (¢)} = Refet F (4) }. 


5. The radius of univalence. It was shown by Landau [7] that a 
function f(z) which is regular and bounded in the unit circle and satisfies 
*F(0)|— a, 0 <a<1, yields a schlicht mapping of the circle |z| <p 
= [1 + (1—a*)*]". The function f(z) with the smallest radius of uni- 
valence—for which this estimate is sharp—yields a (1,2) mapping of the unit 
circle upon itself. The objective of this section is to generalize this result to 
functions of class B which are defined in an arbitrary multiply-connected 
domain. Again, we shall carry through the proofs for functions of the class 
Br; obviously, the problems for the classes B and Bp, respectively, are 
identical. 


e A further remark is appropriate. In the case in which D reduces to 
the unit circle and the normalization condition refers to its center, it is 
natural to consider regions of univalence which are concentric circles. In 
the case of a general multiply-connected domain, however, it might be 
desirable to consider regions of univalence of a different type. For example, 
the concentric circles of the unit circle problem may be generalized in a 
natural way to regions bounded by level curves of the Green’s function of 
D with its singularity at the point of normalization. The results of this 
section will include these more general cases. 

Let now (2) be a function of Br, and let ¢’(f) = A =a + ib (¢e D) 
be given; A, of course, has to be an admissible value for ¢’(£) in accordance 
with the result proved in Section 2. If 2, and z are two different points 
in D and 0 = 89 < 2m, we have, by (3), (5), and (21), 


94 ay NEHARI. 
(41) Re{e[$(z1) — p (22)]} | LL 
=— +} f u(z) {cos 0[0g(z, 21) /n — ôg (2, z2) /On] 
"UT 
— sin 0[0M (z, zı) /ðn — OM (z, 22) /On] +S xy (B0v/8n) yds? 


where (2) = u(z) + iv(z), and the ày are arbitrary real parameters. Ine 
order to carry the condition that ¢’(£) — À, we observe that, in view of (3), 


A = a + ib = (€) — bu (€) /06 — ibu (£) /ôn 


2r 


=—i u(z) [629 (2, €) /0€0n — i (87g (2, £) /dndn) ds. 
T ° 
(41) can therefore be replaced by 


(42) Re{e“[o(a) — (2) ]} =— 5} xg UAH) Lope (UE 27/00) 


— sin 0 (3M (25 zı, 22) /On) +S dwy/On) + «(02g (2, £) /aé0n) 
v=1 
+ (8g (z, £) /3éðn) ds] — aa + Bb, 
where æ and 8 are arbitrary real parameters, and the meaning of the abbre- 
viations g(2;2,2:) and M(z2;2,2) is obvious. Since | u(z)|<1, it 
follows from (42) that 
(43) — | (a) —¢(z2)| < Re{et[¢ (21) — ¢ (22) ]} | . 


si f | cos 0 (8g (2; zı, z2) /On) — sin 6 (3M (2; zı, 22)/ðn) 
ii T 


+E (Gun /ên) + a (9 (2, £)/AkIn) + B (g (2, €) bôn) |ds 
— aa + Bb 
Ge with an obvious abbreviation, 


(43) — | pa) —¢(%)| SŻ JP 1 ds — aa + Bb. 


As in similar cases further above, we now minimize the right-hand side 
of (43) by a suitable choice of the arbitrary parameters À, - `, Àn- & B, 6; 
e 
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the existence ef the minimum follows in the same elementary way as before. 
We assume that in (43)—or (43/)—the parameters have already been so 
chosen that they yield the minimum of the expression concerned, and we 
define thé bounded harmonic function U(z) by the boundary values 


(44) | U(2)——|P|/P, «eT, P#0, | 


fhat is, U(z) takes the boundary values — 1 or +1, according as P is 
positive or negative, respectively. By an elementary computation, which is 
identical with those carried out in earlier similar cases and which we there- 
fore omit, the necessary conditions for the existence of the minimum are 
fouñd to be 

e 


(45)% S U (2) (vv (2)/ðn) ds = 0, 


(46) —2 Í, U (2) (89 (2, £) ðéðn) ds =a, 


= S, U (2) (82g (2, t) nôn) ds = — b, 


Gi 


(47) —ż J. U (2) [sin 8 (3g (z; 21, 22)/ðn) + cos 8 (3M (2; zı, 22)/3N) ]ds 


= (. 


As shown in Section 2, (45) is equivalent to the. fact that the har- 
monic conjugate F(z) of U(z)—-and therefore also the analytic function 
a(z) = U (z) + iY (z)—is single-valued in D. (46) shows, in view of (3), 
that dU /éx and ðU /ðy have the values a and — b, respectively, at the point 
z == ¢. By the Cauchy-Riemann equations, it follows that 6’(£) — a + bi = A. 
The condition (47) is found to be equivalent to 


(48) - Im{e[®(2) — (22) ]} = 0, 


if we recall the definitions of g(2; Z, 22) and M (Zz; Z, 22), and use (3) and 

(21). We have thus shown that for the “extremal angle” 4, the expression ` 
e[(z:) —¢(z2)] is real. For our purposes, however, it is essential to 

show that this expression is moreover non-positive. This is.done by con- 

sidering the second variation of the right-hand side of (43) if 6 is replaced 

by 6-+-« If the varied value of P is denoted by P*, an elementary com- 

putation shows that 
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J. | P* | ds = Í. | P | ds—e Í. | P |/P[sin 0 (3g (23 2, %)/0n) 
+ cos 6(0M (2; 21, 22)/ðn) ]ds _ 


— te Í, | P |/P[cos 0 (8g (2; zı, z2)/ðn) oe 


— sin 8 (IM (2; 21, 22) /@n) |ds + o(e?). 


e 

The first variation vanishes by (47). Since f | P* | ds > f | P | ds, 
r T 

the second variation is non-negative. In view of (44), this is equivalent to 


f U (z) [cos 0 (3g (2; 21, 22) /On) — sin 0 (3M (2; 21, 22) /dn) ds = 0, 
T . 


whence, by (3) and (21), Refe” [a (2) —@(2)]} <0. Combining this 
with (48), we obtain 
(49) eE (21) — 8 (22) ] = — | 8 (21) — 2 (22)| . 


On the other hand, it follows from (43°), (44) and (41) that 
— | (4) — ¢ (22) | S Re{e” [8 (21) — & (z2) ]}. 
Combining this with (49), we finally obtain | 
=] (a) — $(42)| S — | (24) — 8 (z2) | - 


We thus have the following result: 


Tarorem III. Let ġ(z)e Br, ¢ (6) = À, Ce D, ze D, ze D; then® 
(50) |b (1) — (20) = | 8 (2) — (2), 


where ®(z) is likewise in Br and ®’(£) =A; w=—@(z) yields a (1,m) 
conformal map of D onto the strip — 1 < Re{w} < 1, wherenSmSn-+ 2. 


The limitations for m follow, in the same manner as on previous occa- 
' sions, from (44) and the easily demonstrable fact that the function P cannot 
have more than 2(n + 2) changes of sign on T. 


An immediate application of Theorem TII is 


Turorem IV. Let f(z) e Band F (£) = A(ëe D); let p be the largest 
number such that all functions ¢(z) with these properties are univalent in 
|2—£| <p. Then there exists a function F(z) e B, with F (£) =A which 
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yields a (1,m) map (n=m=<n+R£) of D onto the unit circle, such that 
a(z) %s not univalent in any circle |z—£| <p’ with p > p- 


Remark. I£ D is the unit circle and ‘6 its center, the function F (2) 
of Theorgm IV yields a (1,m) mapping of the unit circle onto itself, where 
mv = 3. According to the theorem of Landau quoted above, m == 2. Whether 
it is always true that m = n + 1, or whether this is a special property of the 
Circle, is an open question. 


Proof. In view of the schlicht transformation (1), Theorem IV is 
equivalent to the corresponding result for functions (2) of Br with a given 
derivative A at z=. It follows from Landau’s theorem, or else by a 
standard argument using the fact that this sub-class By’ of Br is compact, 

othat There exist values p > 0 such that all such functions $(z) are univalent 

for |z—{|<p. Let now p be the largest value with this property, i.e. 
let p be the radius of univalence of Br’. A compactness argument shows 
that there exists a function of Br’, say ¢o(2), which is univalent in 
cee | < p but in no larger circle about £ Clearly, there are two possi- 
bilities: either there are two different points zı and z: on the circumference 
|z—{|==p for which po(z) = $o(22), or else there exists a point z, on 
this circumference at which ¢’o(z) ='0. In the first case, Theorem III 
shows that there exists a function ®(z) in Br4 of the type described in the 
statement of Theorem IV, such that -also ®(2,) = @ (z2). It follows that 
(z) cannot be univalent in a circle about £ of radius larger than p. In the 
second case, we replace (50) by 


° | (21) — e (22)|/| a — 22 | = | æ (21) — ® (22) |/| 2 — 22 | 
and let both zı and z, tend to 23 This leads to 
(51) | ¢’(#s)| = | Poz), 


where (2) is the limit of a sequence of functions, all of which map D 
onto strips whose maximum number of sheets is n + 2. Since the class of 
these mappings is compact, @,(z) yields a mapping of the same type. (51). 
shows that if there is a function (+) of Br4 for which ¢’o(z3) 0 ,the 
same is true of a function @,(z) with the properties described in the state- 
ment of Theorem IV. This completes the proof. 

The fact that the regions of univalence are circles was hardly used in the 
proof of Theorem IV. All we used was the fact that these circles form a 
continuous family of domains Dp depending on a positive parameter p, 

s 


7 
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which grows monotonically with p and, for p = 0, shrinks to the point z = £. 
Theorem IV is therefore also true for other regions of univalence which 
form such a family. For example, we might choose the domains D, to be 
the regions in which g(z,£) > p*, that is, regions which are bounded by 
the level curves of the Green’s function. As already said, this would be the 
natural generalization of the circle of univalence defined in the case of 
bounded functions in the unit circle. . 

We finally remark that, in addition to the requirement ¢’(£) — 4, the 
class Br may be restricted by further conditions of an interpolatory character, 
and we may then ask for the exact radius of univalence of this restricted 
class. Combining the procedure leading to Theorem IV with some of .the 
special features of the proof of Theorem ITI, one can derive the corresponding 
result without difficulty. If the number of interpolation conditions ip boos 
a given value of the first derivative counts as two conditions, etc.—then the 
function w—®(z) which, within this restricted class, has the smallest 
radius of univalence will yield a (1,m) mapping of D onto the strip 
—1< Re{w} <1, where m= n+ +2. 


6. The radius of starlikeness and the radius of convexity. The radius 
of starlikeness ps(¢) of an analytic function f(z) with respect to the point 
£&, at which f(£) — 0, is defined as the radius of the largest circle about ¢ 
which is mapped by f(z) onto a schlicht domain that is starlike with respect 
to the origin. Similarly, the radius of convexity pe(¢) is defined as the 
radius of the largest circle about £ which is mapped by f(z) onto a convex 
schlicht domain. In the case of the family of bounded functions in the unit 
circle with a given derivative at the origin, both the function with tfe 
smallest p,(0) and that with the smallest p,(0) are identical with the 
function with the smallest radius of univalence, mentioned at the beginning «a 
of the preceding section. The result for p,(0) is due to Dieudonné [3] 
and that for p.(0) to Cacridis-Theodorakopulos [2]. 

The method of the preceding section requires but little modification ta 
yield the corresponding results regarding the radius of starlikeness and the 
radius of convexity for functions of Br. In the case of ps(Z), we set up an 
expression for Re{eï#[ (21) — a@(z2) ]}—-where a > 0 is an arbitrary para- 
meter—corresponding to (42). The ensuing procedure is then the same.as 
that applied to (42) ; it finally leads to the inequality 


(52) | (21) —ap(z)| = | &(z1)— a (22) | 
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—correspondifig to (50)—where w= (z) again maps D onto the m times 
covere® strip —1< Re{w} <1, and m<n+2 Let now Br‘ denote 
the class of functions $(z) of Br for which $(£) —0 and g’ (b) =A. If 
ps(£) denotes the radius of starlikeness of this class with respect to z = 64, 
then there exist a function ©)(z) of Br4, and two points z, and z on the 
circumference | z — Z| = ps(£) + e(e > 0), such that $9(z1) — a o(%) = 0 
for some positive a By (52), there also exists a function (z) with the 
above mentioned properties for which @(z,) — a@(z2.) — 0 and which, there- 
fore, likewise maps | z— {| < pe(£) + onto a non-starlike domain. Letting 
e—> 0 and observing that the class of these functions ®(z) is compact, we 
obtain 


THEOREM Ve Let Bré be the class of functions $(z) of Br for which 
“od£) 0 and (E) =A, and let p,(£) be the radius of starlikeness of Brå 
with respect to ¢ Then ps(¢) is the exact radius of starlikeness of a function 
w=(z) of Bri which yields a (1,m) mapping (mSn-+ 2) of D onto 
ta strip — 1 < Re{w} < 1. | 


The result concerning the radius of convexity follows in exactly the 
same way, the only difference being that the expression ¢ (21) — a (22) 
is now replaced by . 


Ap(%) + (1—A)b(%2) — (z) OKAL 


The vanishing of this expression for a triple of distinct points z,, Z», Zs on a 
circle about z == ¢, and for a certain A, is identical with the failure of the 
c@nvexity property. As a result of the fact that we have to carry the 
additional point z in (41) and the ensuing manipulation, the maximum 
number of sheets of the extremal map is raised to n + 3. Since the proof 
presents no new features, we confine ourselves to the statement of the result. 


Tuxorem VI. Let Br4 be the class of functions defined in the state- 
ment of Theorem V, and let po(f) be the radius of convexity of Br’ with 
respect to z==£. Then pe(¢) is the exact radius of convexity of a function. 
w= (2) of BrA which yields a (1,m) mapping (m Sn -+ 3) of D onto 
the strip — 1 < Re{w} < 1. 


It hardly needs to be pointed out that Theorems V and VI do not solve 
the corresponding problems for the class B; obviously, the transformation 
(1) does not preserve the properties of starlikeness and convexity. 
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7. Other problems. By suitable modifications of the main method of 
proof of the preceding sections, a great variety of related problems®can be 
solved. In this section, we shall treat two of these problems by way of 
illustration of the general principles involved. 

The first of these problems concerns functions ¢(z) which are regular 
and single-valued in D and for which 


— by < lim oe Re{p(2)} — au = by, e 


where @1,° ` :,@, are real constants, and be > +,6, are positive constants. 
This class is a generaliaztion of the class Br discussed before, and all results 
concerning functions of Br which were obtained in the foregoing- can be 


extended to this wider class. As an example, we prove 
e 


Tueorem VII. Let $(z) be regular and single-valued in D, and lete ` 
(53) — bu = ina coe Re{(z) } — GS bp bp > 0, 


where Tı, `>, In are the boundary components of D and, apart from the 
conditions by > 0, the ay and by are arbitrary real constants. Then 


(54) ` Re{$"(¢)} S Re(#’(£)}, Se D, 
where ®(z) is regular and single-valued in D and satisfies 
(55) | Re{8(2)} —ap|=bu zerp 


with the possible exception of not more than 2n points at which the boundary 
values of Re{®(z)} may not be defined. No value is taken by (z2) ineD 
more than n times. 


Proof. By Fatows theorem, the limits of u(z) = Re{®(z)} exist almost 
everywhere on T. Green’s formula is valid with these boundary values of 
u(z), since we may approximate T by a sequence of level curves of the 
Green’s function and apply the Lebesgue theorem to the resulting sequence 
of integrals. If u(z) (z€T) denotes these boundary values, it follows—as 

‘shown before—from Green’s formula and the fact that ¢(z) is ‘single-valued 
in D that 


Rep (£) =—2 Í. u (2) [0g (2, €) /060n + S dv (buv/ôn) ds, 


where the À, are arbitrary real parameters. This formula can also be written : 


in the form 
e 
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sé ~e n ° n-i 
(56) RelO) =— Ñ 1 J. Lufa) — ay] Loge, €)/080n +S (00/0) 1ds 
= & y=: 
n-i n-i 
. —S(ay/2n) f _ aes 8)/88ôn -+ E (Bon/n) a. 
= a v= 
It follows from (53) that 
n n-i 
ON RAPO) EÈ (0/2) f | Fale, 0)/06m -+E a (Gur/on)| ds 
= u y= 
n n- 
— Š (a/a) f [0g (e, &)/060n -+ do (@on/On) ds. 
u~ B y=1 
Wemow minimize the right-hand side of (57) with respect to the parameters 
M. Differentiating the right-hand side of (57) with respect to Av, the 


‘necessary conditions to be satisfied in the case of the minimum are found 
to be 


(58) È 0/2) Ss |P I/P (dor/on) as — Ÿ i (0/2) Í. Curie 0, 


v= 1,: °, n— l], 

where 

" -i1 
(59) P = 0g(z, 0 /06ôm + E rv(or(2)/On), zen, 

y=1 

and A,: + *,An:1, is the minimizing set. We define the harmonic function 
U (z) by the boundary values 
(60) U(z)—an—bu(|P|/P), zer, P30, 


afd the requirement that | U(z)| < Max | ap | + bu (m—1,::-,n) in D 
(This requirement is necessary since the definition (60) of the boundary 
values of U(z) breaks down at the 2n possible zeros of P). Rewriting (58) 
in terms of this function U(z), we obtain 


pre f ltt — U (0) 1] (0uv/0n) ds — à (au/2r) f 1, (ou/ôn) ds = 0, 


a 


whence Í. U (2) (wv/ðn)ds = 0, v= 1,- - -,n—1, which shows that the 


harmonic conjugate V(z) of U(z) is single-valued in D. The analytic 
function (2) == U(z) -+ iV (z) is thus single-valued in D; as shown by 
(60), it has furthermore the property (55), except at the points at which 
P—0. The extremal property (54) follows by oe in this order, 
formulas (57), (59), (60), (56). 
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It remains to be shown that no value is taken by ®(z)» more than n 
times in D. To this end, we observe from (60) that . 


(61) P[U(z) — al =0, 2e T», i 


where P is defined in (59). As already pointed out on a previoug occasion, 
a function of the type (59) cannot have more than 27 changes of sign on T. 
(61) and (55) show that each change of sign of P corresponds to a change 
of the value of U (z) — ap from by to — by, or vice versa. Since two such 
changes correspond to one sheet of the conformal map of D given by ®(z), 
it follows that the maximum number of sheets cannot exceed n, whence the 
assertion. 

Incidentally, it is not without interest to point out that our procedure 
furnishes an existence proof for conformal mappings with the property (55). 

The next problem concerns functions ¢(z) which have a simple pole at 
a specified point of D and satisfy boundedness conditions of the type (53) 
on the boundary of D. For brevity, we take au = 0, ba = 1. In order to 
obtain the corresponding result for more general values of these parameters, 
some features of the proof of Theorem VIT have to be added. 


THEOREM VIII. Let 


(62) p(z)=a/(2— 0) + O(|z—£]) (eD) 

be single-valued and, except for the simple pole at z = ¢, regular in D, and let 
(63) lim sup | Re{¢(z)}| 1. 

Then | dé 

(64) Re{a} = Re{4A}, ° 


where À is the residue, at z = €, of a function 

(65) D(2) —4/(2—0) + O(|z—E |) 

which is single-valued and, except at z = €, regular in D, and satisfies 
(66) | Re(®(2)}[=1, zer, 


‘with the possible exception of not more than 2n points at which R{®(z)} 
may not be defined. The conformal map yielded by w = (z)covers each of 
the half-planes Re{w} >1 and Re{w} <1 once, and it covers the strip 
— 1 < Re{w} <1 not more than n times. 


Proof. The remark made at the beginning of the proof of Theorem VIT 


applies also in this case, and we may apply Green’s formula to the boundary 
s 
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values of u(#) = Re{$(z)}. Using (16) and the residue theorem in order 
to shorten the computations, we obtain 


—£ f laagte 0/0) — S r(Gor(2)/in) as 
i z u(z) [ap (z, £) — 5 paw’ o(2) de 


ee ae fso lap (z, €) — Fws (2)d) 


== Re{a[ac +3 dvw’y (€) ] b 


where a, Àn’ * 'aÀa-y are arbitrary real parameters and 
6T c=— lim p' (3 $) —1/ (2—8). 
‘If the arbitrary parameters are made subject to the condition 
@e 
nal 
(68) ‘ ac ote Z Avo’v ($) = 1, 
p= 


the above identity takes the form 
| a ni 
(69)  Re{a} ——À Í. u(2) [a (0g (2, €)/0n) — X w (3ov/ôn) ]ds. 
d p=1 
In view of (63), it follows that 
a 
gro) Refa} <2 f | «(ag (z, £) /ôn) — E à, (Guv/ôn) | ds. 
TJT pl 
Our next step is to minimize the right-hand side of (70) under the con- 
ditions (68). A formal computation shows that the necessary conditions for 
a minimum are 


(11) g f 1PI/PCor/in) ds + Re{Aw'e(E)}=0, bn —1 


02) £ f 1P I/P t)/n)ds + Re(Ac} — 0, 
where 


(22) ` P = a (8g (z, £)/dn) S dv (ĝo (2)/ðn), zeT, 


and A is a complex Lagrange multiplier 
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We now define the bounded harmonic function U,(z) by he boundary 
values : 
(73) U:(z)=—|P}/P, zer, PÆ0. 
If V,(z) denotes the harmone conjugate of U,(2), (73) and (5’) show that 
(71) and (72) can be rewritten in the forms 


(74) Ok f dV, = Re{Aw’,(£)} ° 
gå Ty 
and 
(78) — $ f WG) 09 0 /on)as = Ref Ac}, 
respectively. | . 
Consider now the harmonic functions e ° 


(76) Yalz) —0g(28)/06 ya =— ôg (2, ¢)/ð E= É+ in. 


Both yı(z) and y(2) -are harmonic in D, except at z= ¢ where 
yı (2) — Re{ (z — é)™} and y(2) —Im{(z— £)-*} are harmonic. Sinee 
g(z,¢) vanishes for zeT and any £e D, both y,(z) and ya(z) have the 
boundary values 0 at all points of T. The harmonic conjugates #*,(2) and. 
w*.(z) of ÿ:(2) and y2(z), respectively, are generally not single-valued. By 
the Cauchy-Riemann equations and the boundary properties of wy(z), we have 


f = f ' (04/05) ds — f (Badin) ds = f (2) (@4:/n) ds. 
Similarly, f. dy", = f „ (2) (O)/@m)ds. Hence, by (16), 
S = O/08L [us (2) (09 (2, 9) /on)ast, 
Ty r 


S 8 =l f O Oe £)/m) as}, 


whence, by Green’s formula, 
i J A= — bon (0/08 Rew), 


= J. dy” = dov(E)/07 = — Im{w’,(8)}. 


If A = A, + id, it follows from these formulas and from (74) that 


(17) E d(V, -+ Aydy*, — Au) = 0, EER eke 
e “ Iv | 
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We now sintroduce the harmonic function U(z) = Ui(z) + A1ÿ:(2) 
— Asp&z), its harmonic conjugate V (z) = Vi(z) + Ai*i(z) — Aop*e(2), 
and the corresponding analytic function @(z) == U (z) + iV (z). Since 


Asa (2) — Aapa (2) = A1 Re{1/ (z — £) } — Aa Im{1/(2z—£)} +: 
Beta T +¢,+0(|2—£|), the function &(z) is of the form 
(8) a(z) =4/(2—t) + a+ O(12—6 |). 

Since both ¢,(z) and y2(z) vanish on T, U(z) has the same boundary values 
as U,(2); hence, by (73), 
(79) U(z) =—|P|/P, ze, P £0. 


(77) $ equivalent*to f dV = 0, v= 1,: - +, n— 1, which shows that V(z), 
a Ty 


and therefore also the analytic function ®(z), is single-valued in D. The 
condition (75) takes the form 
ais —4 f T) (092 8) /on)às = Re Ac}, 
FT 


whicli, in view of | 
+ J. Ù (2) (Ag (2, €) /ôn) ds = — Ref z Í, D(z) p' (2, £) dz} 


== Re{Ac + cı}, shows that the real part of the constant c, in (78) vanishes. 
Since, so far, the function @(z) was only determined up to an arbitrary 
constant, we may choose this constant so as to make the imaginary part of c 
likewise vanish. We have thus c, — 0, which shows that &(z) is indeed of 
the form (65). 


(79) shows that @(z) has the property (66). The extremal property 
(64) follows by considering, in that order, formulas (70), (72’), (79), (78), 
(68), (69), and observing that, in (78), c,—=0. As regards the number of 
coverings by the conformal map of D as yielded by w—(z), it is clear 
from (66) and the fact that (z) has exactly one simple pole in D, that all 
points outside the strip — 1 < Re{w} = 1 are covered exactly once. We : 
further have, by (73) and (72°), 


(80) U (2) [a(Ag(2, £)/Om) — E rv (dor (2) /On)] 5 0, zer. 


It is well-known, and easily proved, that the expression in the square bracket 
cannot change its sign on T more than 2(n — 1) times. It follows from (80) 
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that this is also the maximum number of changes of sign ef U(z) on T. 
Each two of such changes correspond to one sheet of the conformal enap of 
(z) which covers the strip — 1 < Re{w} < 1. The simple pole of &(z) 
contributes one extra covering of the strip by one sheet of the map which 
contains the point at infinity. It follows that the total number of coverings 
of the strip cannot exceed n. This completes the proof of Theorem VIII. 
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ASYMPTOTIC IDENTITIES AMONG PERIODS OF INTEGRALS 
OF THE FIRST KIND.* 


et . By P. R. GARABEDIAN. 


1. Introduction. With each closed Riemann surface S of genus g there 
are associated g normal integrals of the first kind, w,(2),w:(2),- © +, Wg(2). 
The integrals wy(z) have the periods Suvri along one set of g canonical cuts 
@% en S, while along the remaining g canonical cuts Bp, which intersect the 
du, these integrals have the periods au. It is well known that dy» = avy 
and that the real quadratic form 


> Tuty Re{auv} 


MyV=L 
ispositive definite. 

For g > 1, the closed Riemann surfacé S depends in its conformal type 
upon 3g — 3 complex parameters, while there are altogether g(g + 1)/2 
different quantities auv. Thus it is a classical problem to determine the 
49(9 +1) — (89 —3) =$(g—2)(g—38) identities which must hold 
among the periods dy». Only in one case is this problem solved, namely, in 
the case g = 4 of surfaces of lowest genus for which an identity can be 
expected. Here Schottky [6] has found the one necessary identity in terms 
of the Riemann theta-functions associated with 8S. 

e Aside from the complete treatment by Schottky of the case g = 4, there 
is a paper [5] of Poincaré in which an identity among the ay is found for 
the asymptotic situation where the diagonal terms ay remain finite (different 
from zero), while the ayy with u=£ v tend towards zero. Poincaré’s identity 
involves six of the au with a Æ v and has the form 


(1) (G1 201 3024lg)* + (@13014lo4(le3)* = (4201 4Aoglg4)4, 
where we neglect terms of higher order. 


With each plane domain D of finite connectivity n bounded by proper 
continua C,,:--,C, we can associate in a unique manner a symmetric 
closed Riemann surface S of genus g == n— 1. The surface S can be 
obtained, for example, as follows. We map D conformally and (n,1) upon 


* Received March 25, 1950. 
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the interior of the unit circle so that each continuum ©, corresponds to the 
unit circle traversed once. We then invert the image of D in the uni? circle, 
and.we identify corresponding pairs of boundary points of the two domains 
so obtained. We thus construct a model with n = g +1 sheets of -the 
required closed Riemann surface S. . o | 

If g=n—1 of the curves C, on § are chosen to be the canonical cuts 
Bu on S, then the harmonie functions 


wp(2) = Re{— Swa(2)i/r} 


are characterized (modulo 2) by the property that they have boundary values 
du on the Cy and are single-valued in D. Hence the periods 


Pur = (1/2r) D (Bwp/dn) ds ° . 
Cy 


of the harmonic conjugates of the functions w,(z) are related to the quantities 
Quv according to the rule Pur = auv/r°. Thus a special case of the identities 
among the au will be a set of identities among the real quantities pur. °% 

In the present paper we shall develop asymptotic identities among the 
ppv for various situations in which the plane domain D degenerates. As a 
special case, we shall arrive at Poincaré’s identity among the Pyy when suit- 
able assumptions are made upon the limiting position of the domain D. Our 
aim throughout will be to obtain an insight into the nature of the identities 
among the au in general, and we shall be able to avoid all restriction upon 
the connectivity of the domains we consider. 

Our analysis will be, on the whole, altogether elementary. We shall 
emphasize the simple geometric interpretation of our asymptotic relations 
and their connections with conformal mapping. We remark that an important 
aspect of our problem, independent of the above discussion of closed Riemann 
surfaces, arises from the attempt at interpretation of the invariants pyy as 
moduli for the conformal type of D [1, 2, 3]. 


2. Domains with infinitesimal boundaries. We suppose that a domain 
-D is given which is bounded by the n proper continua C,,---,C,. There 
will be no loss of generality if we assume that the Cy are circles with, say, 
centers ay, and that a, =œ, for any domain bounded by n proper continua 
can be mapped conformally upon such a domain. We denote the radii of the 
circles Cy, v < n, by tev, while we take the radius of C, to be R—=1/(ten), 
and we attempt to express the invariants pu, asymptotically in terms of ¢ 


as t — 0. 
L 2 
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For each ¥ < n, the harmonic measures œ(z) in D have the form 
Š . 


oy(2) = F dw (log | R? — Ge | —log | B(2—ay) |) + 0C), 


for suitale constants Ap. Since R = 1/ (ten), we have therefore 
n-i 

(2) wr(2) = — J Aw log | z — au | + Any log ten + O(t), 
HL 


-1 A 
where Sie 0. The Ap are determined by the conditions that (2) 


u=1 k 
vanishes for z € Cp, p54 v, and has the value 1 on Cy. These conditions yield 
the system of linear equations 


e n-1 e 
(3) . > Aw log | au — ax | + Any log tex — Any log ten = Sx, 
° BK, UAL . ; 
Re E 


since we neglect terms O(t). 
œe From (2) we obtain for the periods pav the asymptotic formulas 


Puv = àw + 0 (t), 
while from (3) the A must have the form 
Any = op/| log ¢ | + puv/| log t |? + 0(1/| log ¢ 5). 


Considering the terms in (3) of the lowest order, namely, of the order 0 in 


1/| log |, we have où» — on = dx» k—1,: : :,n—1, while at the same 
A | 

time we require Dour =0. Hence ony = uy — N, pv—1,:::,n. Thus 
yal 


the first order terms for the ppv throw no light upon the identities among 
these periods, and we must investigate the terms of second order. 

From the terms of order 1 in 1/| log t | in (3) we find for the asymptotic 
terms 


(4) pay = lim (Pav — (Bu — #7) (1/| log ¢ |) }| log ¢ |? 


the linear equations 


n-1 


> Tuv log | Qu — lk l + Oky log Ek — Ony log En — Pkr + Pnr = 0, 
BAK, pal 
n 
k, v =1,: - -,n— 1, and we require further, of course, X, pur = 0. We sum 
pel 


the first equations on k and combine with the second equation to find 
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n-L i n-i © 
Pov =— 0 E op log | au — ay | — n! X on log  —0(n — leg en 
ky p=1, Ak X=1 
n-1 n-1 
=n 5 log | au — ar | — n> > log | ay —ay | + n? Slog er 
k,u=1, pA k=1,k£v 


— n log ey — n?(n—1)log en. . 0 


jik=1, Jk 


n-i 
pr =r? > log | ay — ar | + n? Slog es — n = log | ax— a | 


—n SI log | ar — ap | —(8pv — 1)10g | au — ay| — n log ev 
k=1,k4 


—nt log Eu + Suv log Eu, 


or, setting 0 o é 

Guy =— n log | au— a|, pv;  %p—=—mtlge; * 

n-1 
Amn > Jog | ap — av | + m? È log a, 

. Bs V=1, UE ee 
we obtain 
5) ` n-1 
(5) pur = À HT aux +S au — na. 


In particular, ppv = pvp, as was to be expected. 

Our object now will be to solve the equations (5) for the uy with p £v, 
to obtain identities among these purely geometrical quantities, and to express 
the identities, Fr in terms of the asymptotic invariants ppv. 


We set au = s au». From (5) we have, summing on » from 1 to n— 1, 
e 


n-i 
— pan = (n—1)A + (1—1) ap + È our — nay 
BP= 


n-1 
= (n—1)A + È au — au Substituting the value of a so obtained back 
H= 


into (5), we find 
n-i 
Nauv = À + Qu + Gy — puy = À + R(n —1)A4 F2 Pun F Pon — Pur. 


Noting that S auv = — NÅ — an and introducing the Dotaton B = À + Lan, 
dv=l 
we obtain 


n-1 n-1 
(6) log | au — ay | = ppv + pr + Z pw + B, 


n-i n-i 
whence duv = | ap — av |? = exp[2 (puw +2 Pru + 2 pw + B)]. 
Ld =1 =! 
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Now it is*not difficult to derive polynomial identities among the squares 
dpy of “the distances between the points @,':‘,ü»:1 Indeed, since the 
volume of the degenerate tetrahedron whose vertices are any four of the 
points ay, for example, whose vertices are a, dz, @s and a4, is zero, we have 
the five-by*five determinant relation 

— À Re (and 1 

. — D eo gow ey 

Here the term in the upper left-hand corner of the determinant represents 
the four-by-four matrix of quantities — 2 Re (apãv), and the fifth row and 
fifthe column are formed of units, except for the vanishing diagonal term. 
Multiplying the fifth row of this determinant by | ay |* and adding to the 
pth Tow, and multiplying the fifth column by | dy |? and adding to the v-th 
column, we obtain 


|a@,—a,|? 1 
1 0 


duv 1 


= 0, ie, 1 0 


= 0, 











gan 


mr = ],: ryg 


where dyu == 0. Thus there is a polynomial (7) in six variables and of degree 
three which vanishes upon substitution of values of the six distances amongst 
any four of the n— 1 points &,: : *, Qa- Alternately, we can express this 
fact by saying that the n-by-n matrix 


uv 1 | 


1 oll? pveml,---,n—I1, 











ha$ rank 4 

Altogether, we obtain in this way 4(n — 4) (n — 3) = 4(g — 3) (g — 2) 
independent polynomial identities among the quantities dw. Using (6), we 
can now obtain from (7) a like number of identities among the limiting 
invariants pu. Dividing (7) by e°? we find 








ver exp[2 (per + S (prn + pe))1 1 


(8) ia = 0, 
1 0 
EN AEE E e 
ue HIL por 


where y, v can run over any four distinct integers from 1 to n—1. These 


identities can also be expressed in the form 
s - 
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(9y = exp[2 (py + pus — (ou + pps))] e 
HE expl (py + pu + pu — 2 Z pm)] ° 


= = exp[2(piz + pi + pri -f (pm + pm)) Js 


where the subscripts under the summation signs indicate how many ternes 
occur, and where the indices i, j, k, J are always distinct and range over any 
one set of four integers between 1 and n—1. Finally, we can use the 

equivalent expressions | 


(10) Z'exp[2 (Bpi + pt + pim + pmx) ] ° 
= 2 exp[2 (py + px + pri + pim + pmi) |, i; 


where i, j, k,l and m are distinct and range over any one set of five integers 
between 1 and n. Formulas (10) and (9) are the same when m = n, and 
(10) follows from (9) when wè remark ‘that the choice of C, as the ciggle 
centered at infinity is arbitrary. These identities can be summarized in the 
statement that the n-by-n matrix | yav exp(2ppv) | has rank 4. 

` Any of the equivalent sets of identities (8), (9) or (10) represent 
asymptotic relations into which the identities mentioned in Section 1 must 
degenerate as ¢—> 0. From another point of view, one can interpret the 
linear equations (8) as a parametric form of these identities which would 
include all the terms in 1/|log#| in the asymptotic expansions of the Pur 
in terms of ¢ However, the identities (10) would appear to yield more 
insight into the nature of the finite identities among the pur, especially so, in 
view of the occurrence of exponentials of the ppv and the consequent closeness 
to the known result obtained by Schottky in terms of Riemann theta-functions. 


3. Domains in the unit circle. We proceed to discuss a new case in 
which the n-th boundary curve C, of D is the unit circle | z | = 1, while the 
remaining Cy are circles of radius tev about points a, in |z|<1,v—1,---, 

n— 1. In such domains we have for the harmonic measures w,(2) with y < n 


n-1 
(2) = E (og | 1 — ta | —log | z—ax |) + O(8), 
where 
n-i 2 
(11) E Aw (log | 1 — axau | — log | au — ar |) 
k=1,kp 


et Au (log (1 a | Oy |?) — log ten) = du, n=l, e nl. 
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Again Dur =X + O(t), mv—1,: ::,n—1, and we have the asymptotic 
developments 


© wdw/l log t | + Pw/| log t |? + O (1/1 log t |°). 
Fron» the terms in 1/| logé | in (11) we obtain the linear equations 
. n-1 
o È dw (log | 1 — rau | —log | au — ax |) + 8p» (log (1 — | au |?) — log ex) 
kel key 
+ Puy = 0, 
fyv==1,--+,n-—-1. Hence for p =v we get 


Pane= — log (1 — | ap |?) + log en; 





Puy = log | ay — au |—log|1—Gap|, pv. 


e : ° 
Thus, in particular, Pp = Pyv/(PuuPw) + O(1/|logt|), mov, and 
Puy = Pru 


Note that the Pyu are independent of the Ppy (us&v), since eu can be 
clffsen arbitrarily. Hence identities in this case will involve only the non- 
diagonal terms Py». We shall therefore assume from this point on in writing 
Pw that usé v. i 

We set Cuv = | (ay — dv) /(1— Guay) |? = exp(2Pp»), and we note that 
Cuv is closely connected with the non-Euclidean metric in the unit circle. 
Indeed, cuv is invariant when a, and ay are subjected to a conformal trans- 
formation of the interior of the unit circle upon itself. The negative of the 
invariant Puy is nothing more than the Green’s function G (ap, av) in the unit 
circle. 

e We determine now identities amongst the squared conformal distances cpr. 
There is no loss of generality if we assume that one point ay —0, k < n, 
in view of the above remarks. We thus obtain, in the notation du» = | au — ay |? 
of Section 2, the relations - | 


(L/cpv) — 1 
= (1—2 Re (apis) + | au |? | av |*)/(| au [2 —2 Re(aud) + | œ |) —1 
= (1— daa) (1 — dun/ durs OF dav = Cu (1 — dra) (1 — dan) / (1 — Gun) ` 
We substitute this expression in’ the five-by-five determinant of the identity 


duv 1 
1 0 


= 0 








of Section 2, we divide each of the first four rows by a suitable factor 
: s 


8 
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(1— dru) and each of the first four columns by a suitable factor (1 — = din)» 
and we obtain 
Cuv/ (1 — cw)  1/(1— dig) 
1/ (1 — drv) 0 


+. @ 
But div = Chv, Ara = Crv, Since ay — 0. If the fourth row and fourth column 
of the last determinant correspond to the index k, we have 


Cpv/ (1 — Cuv) Cpr / (1 — Cur) 1/ (1 — cpr) 
Cvx/ (1 — Cyr) 0 1 = 0, 
1/(1 — Cvx) i 1 0 


where now the upper left-hand term stands for a three-by-three matrix, while 
the remaining terms in Cvrk, Cux correspond to row- and column-vectéts in 
3-space. Substracting the fourth row from the fifth row and the fourth 
column from the fifth column, we obtain, finally, 


Gu/(1— ew) 1 nt 
(12) 1 —2 = 0, 

where, once more, the upper left-hand term represents a four-by-four matrix. 
Since ķ is arbitrary, there is no restriction whatever on this identity. 

If we write cpy/(1— cw) = 1/(cuy -— 1), and note that cu, < 1, we 
see that (12) is actually a polynomial identity of degree nine in six variables 
1/cuv. We now substitute the values of the cay in terms of the Puy into the 
purely geometrical identities (12) and obtain the relations 


yuv/ (oer 1) 1 ° 
1 _—9 0, y 1 — dp, 


(13) 
which are, then, polynomial identities of degree nine, each involving six 
exponentials eur with ps4», There are precisely $(m— 3) (n—4) 
= 4(g—2)(g—8) independent identities (13), as is evident from our 
geometrical derivation. 

Thus for the present limiting case, the identities among the pav reduce 
to the relations (13). Indeed, we have 


yuv/(exp[— 2pur/(puupy)] — 1) 


(14) i + O(1/| logt |) = 0. 


Of course, terms of higher order can be discussed starting from the parametric 
form (11) of the identities. 
d 
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We note if passing that many further asymptotic situations of the domain 
D can Be considered, and corresponding identities will result. For example, 
if one allows & of the continua Cy bounding D to shrink to points, while 
n—k remain fixed, one obtains parametric identities involving the Green’s 
function af the domain bounded by the fixed continua. However, having 
outlined our method, we shall restrict ourselves here to but one more case, 
which is ‘of particular interest becduse it leads to the identities of Poincaré [5]. 


4. Poincaré’s identity. We consider a situation which is analogous to 
the requirement that the ay of Section 3 tend to |z | = 1 at the same rate at 
which the radii of the circles Cy tend to 0. However, it is no longer con- 
venient to use canonical domains bounded by circles in our analysis. 

Iet D lie in the upper half-planes Im(z) > 0, let C, be the real axis, 
and le? the Cy with v < n be horizontal line segments in Im(z) > 0. Every 
domain of connectivity bounded by proper continua can be mapped con- 
formally upon such a canonical region. We suppose that the segment Cy 
hagelength lyt and is at a height hyt above the real axis. We shall study the 
periods ppv as t->0 and as the Cy with v Æ n— 1 shrink towards points by 
on the real axis. 

If C denotes a horizonal segment of length 1 at height one unit above 
the real axis, we denote by w(z,/) that function which is harmonic in the 
half-plane Im(z) > 0, except on C, and which assumes on C the value 1, 
while on the real axis it vanishes. We then find for the harmonic measures 
wy(z) in the domain D the asymptotic formulas 


(15) wy (2) = w((4— by) /(hvt), ly/hy) 


— D o((z— bp)/ ut), ly/ħy)o (bu + hpti — bv)/ (hv), lv/ħv) + O(E). 


BEL pV 


Thus, if we take J = lv/hv, 
lim pw = (1/27) $ [do (2, lv/hy) /On|ds = avy 
t—0 c 


is different from zero and depends only upon the ratio lv/hv. On the other - 
hand, the pa» with u 5 v are infinitesimal and we have 
Pay = — run © ( (bp — by) /hvt) + (hp/hv)t, b/hv) + O(#). 
Let us denote by W(z,1) the analytic function with 


Re{W(z,l)}==o(2,1), lim W(z, 1) —0. 
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We find, applying Schwarz’s principle of reflection, that the function 


F(z) = W(2,1) —plog(z +i) + plog(z—i) 


is analytic and single-valued in the entré z-plane slit along the segment C 
` and its reflection @ in the real axis. Here 


= (1/27) $ [iw (2, 1)/ênds, | ° 


where integration is to be carried out along both edges of the slit C. Clearly 
F(œ) = 0, and we shall proceed to show that 


m = lim zF (z) = 0, no = lim zF (z) = 0. 


Since W(z,1) is pure imaginary for z real, we see that ņı and y ære 
pure imaginary. Hence from the residue theorem we obtain 


m = 1/(2rt) $ ; {IV (z, 1) — plog(z + i) + plog(z—1) }dz ré 


= 1/(?ri) $ _{o(z,1) — plog |z + i| + plog |2 — i |}dz, 
C+C 


since dy = 0 along C + Č. But since we integrate in both directions along 
C and G, and since w(z, 1) is 1 on C and — 1 on Ü, we find that the integral 
vanishes. Thus, indeed, n, —0. Furthermore, by symmetry F (iy) is real, 
and hence, since 7, is imaginary, it must vanish, 


We now obtain, then, e 


o( (bu — bv) / (ht) + (hp/hv)4, lv/hv) 

= rvs (log | (bu — bv) / (nt) + (ha/ho)i +i | 

© Tog | (bp — bv) / (lent) + (hy/hv)i—i |) + O(#) 

= (mvv/2)log | 1 + (24)/( (bu — bv) / (ht) + (Ity/hv)i — 4) |2 + 0 (29) 
= (2avwhphyt?) / (Du — by)? + O (€). Thus 
(16) Duv = —(2avvmpultoliyt®) / (bu — by)? + OCH). 
We set 
(17) yy = lim ppt — — (2eysrvteulr) / (by — by). 
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-> . Now if be< b; < br < bi, then clearly 


(bi — bi) (bx — Bj) + (bj; — bi) (bi — br) = (br — bi) (bi — b;), 


and thus, jntroducing the reciprocal squared distances ey = 1/ (b: — b;)? and 
dividing by 


° (b; — bi) (br — Dj) (bı — br) (br — bi) (bı — Di) (b: —b;), 
we obtain the geometrical relation 
(18) (éijeinenem)? + (eirenenen)? = (eytnrejrer)?. 


Since each index in (18) occurs twice in each term, when we substitute 
= 7y/ (Rmuryhih;), from (17), the factors muu and hy divide out. Thus 
we obtain the $(n— 3) (n— 4) = (g — 2) (g — 3) identities 


(#8) (migrant) * + (rime) = (mipri )?, 
found originally by Poincaré [5]. These can also be wirtten 


(20) (PupiaPpnpe)? + (Papuprpn)? = (puPupiePer)? + O0). ` 


Thus we obtain in quite elementary fashion the result which Poincaré 
developed from the translational character of the manifold of zeros of the 
theta-functions. Of course, we are restricted in (20) to the case of our 
spécial symmetric Riemann surface §. Our derivation of (20) indicates, 
however, that our method is not limited to cases where all the elements of 
the matrix of the py» tend to zero. Finally, note that using the approach 
of Section 2 we can show that the identities (19) are equivalent to the state- 
ment that the (n—1)-by-(n—1) matrix | yuvruv | has rank 3. This 
deduction is based on the fact that the n-by-n matrix 








bb, 1 
1, 0 


“has rank 3 and the fact that the quantities h; are arbitrary. 
5. An alternate set of normal integrals. Let us return for a moment 


to the discussion of Section 1 and make a few remarks which have some bearing 
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on the question of conformal type and the interpretation of the ppy as con- 
formal moduli. S 

Let ww(z) be such a conformal mapping of the multiply-connected 
region D upon the interior of a circular ring, cut along concentric circular 
slits, that Cy and Cy are carried into the inner and outer circles oš the ring, 
respectively, while the remaining O, correspond to the slits. Then one sees 
that, for example, the functions é 


Walz) = $ log om (2), =l, > o n— l, 


yield a set of g = n— 1 independent normal integrals of the first kind on 
the symmetric closed Riemann surface § generated by D. This set of integrals 
results when we choose the curves Ci, : +, Cn- to be the canqnical cuts con 8, 
rather than to be the cuts By as in Section 1. The integrals Wy(z) have a 
g-by-g period matrix || Tav || about the cuts By, now taken to intersect the Cy, 
and this set of quantities is given, evidently, in terms of the pu by the 
relations à 


ru = (— 1)" | py |/| per |, 
k,t=1,- “"39 i j= l, PE e tE m jEr, 


where the numerator is a (g — 1)-by-(g —1) determinant, the denominator 
a g-by-g determinant. Clearly Tuv = rvp, and the ryy are, again, a special case 
of the invariants auv. : 

By the procedure outlined in this paper one can derive asymptotic iden- 
tities among the periods uv which are analogous to (10), (13) and (19). 
Indeed, the calculations for the rx, are even easier than those we have carrgd 
out for the pur. ‘For example, in the case treated in Section 8, we have 
immediately 


Re{Wu(z)} = 4 (log | 2 — ay | — log | 1 — Guz |) + const. + O (t), 
so that 
ruw — log | 1— Gus | — log | au — av | + O(t), re 
Tup = log (1 — | au |?) — log deu + O (+). | 
Thus our identities are in certain ways even more interesting when developed 
in terms of the matrix | ru,’ || rather than the matrix | Puy ||. It is for this 
reason that we call attention to these simple relationships here. 


Note, then, that our asymptotic identities among the fuv in the case of 
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Section 3 are valid to within terms O(é), and that the lowest order terms in 
the r% (pv) do not tend to zero with ¢, so that the identities hold among 
the rv themselves, except for the term O(t). Thus, for example, the matrix 


Yuv/ (e?ru = 1), 1 
1 RE 











fis of rank 4 for the domain of Section 3, if we neglect terms of order of 
magnitude O(t). Hence we obtain to some extent further information about 
the identities among the ax when we make the elementary change from the 
Pev to the Tuv. ' 

* For the limiting domain of Section 2, we have almost without calculation 
the formulas 


* > Walz) = f log(z— a) + const. + O(t), a=b g, 

whence | 

pen Tuv = — log ten — log | au — dv | + O (t), Boivin, 
Typ = — log teneu + O (t), pon 


Setting quv = lim {ru + log t}, we find that our identities state that the 
matrix pen 











ype’, 1 
1 , 0 


has rank 4. This form is preferable to (8), (9) or (10) because it involves 
all asymptotic terms in 1/| logt |. 

For the case developed in Section 4, the ruy and Pav behave alike, and 
nothing new is discovered. 

So far we have made assumptions on the asymptotic behavior of D and 
have deduced asymptotic identities. Let us now reverse our procedure and 
demonstrate that our identities hold when we merely suppose that the quan- 
tities ruv have a prescribed limiting behavior. This will give our identities 
a more complete significance. We shall restrict ourselves to the situation’ 
described in Section 8, noting that the ideas apply in general. 

Let us suppose, then, that we are given a domain D of connectivity n 
about which we know only that the invariants.ruy have the form 


(21) Thy = — Spy log t + Ru + O(t), By CM | 
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with ¢->0. We shall deduce that the matrix s 
vw/eBur—1), 1 ° 
1 9 , 














has rank 4, thus showing that our identities (13) of Section 3 hol as soon 
as it is known that the pav tend to zero according to the rule 


Pur = 8yv/| log t | + Puv/| log t |? + O(1/| log t |°), t+ 0, ° 


which is equivalent to (21). We shall take the Ryy to be distinct, except for 
the symmetry relation Ryv = Rvp. 

We first notice that for a suitable constant y, the function e 

MW in lz) = exp (2 W:(2) + y1) g e 
maps D upon the interior of the unit circle slit along circular ares about the 
origin of radius e-™, which correspond to the boundary components C!, of D, 
1 < u <n, and with the circle of radius ex, which corresponds to C,, deletegl. 
We can assume, therefore, that D is, in fact, this image domain. We define s 
to be the maximum diameter of the components Cp, p < n, of the boundary 
of our new model of the domain D. 

It is easily seen that s tends to zero with ¢, since if this were not the 
case, (21) could not hold. Indeed, the annular region bounded by Cy and 
On can be mapped conformally upon a circular ring with outer radius 1 and 
inner radius Ry < esu [3]. Hence Ru = O(t), and therefore s= O(t). 
It follows now readily from an application of Green’s theorem to the functions 

Re{Wu(z)},  log|z—£|—log |1—% | ý 
that 

Re(Wa(z)} + yn/2 = 4 (log | z— Au | — log | 1 — Ape |) + 0 (¢) 


for z bounded away from Cy, where Ap is any point of Cy. Thus if Ay is any l 
point of Cv, we have 


Tuv = log | 1— ApAv | — log | An — Ay | + O(t). 


As t —> 0, the points Ay on the Cy, p < n, tend to limiting positions ap, 
and we have 


Ry = log | 1 — Gray | — log | av — ay | , boven. 


Thus, indeed, our identities hold among the Ry», as stated, and the matrix 
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yuv/(e2Rur = 1), 1 
1 > —R 














has rank 4. Similar procedures apply to our other cases, and we see that the 
identities of this paper do not depend upon assumptions as to the specific 
` nature ofthe multiply-connected domain D. 
It is also clear that the fuv determine the limit position of D uniquely 
fp to reflection and linear fractional transformation. 
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ON THE POINT SPECTRA OF y’ + (A—q(x))y = 0.% 


By Géran Bore. 


+. e 
1. In several papers Wintner, Hartman and Wallach have studied the 
location of the continuous and discrete spectrum of ° 


(L) y” + (à—g(2))y = 0, 
q(x) being continuous for 0S <œ, and? 
(Ra) y(0) cosa y’(0) sina = 0, y(æ) C L?(0, œ) for Ima > œ 


The following is a result in the same direction. id Q 


Tf? a 
(1) fi q(t) | dt < ke log z, pase. 


then every point À, in the point spectrum of (L, Ra). satisfies An < ko. 


There are equations (L), satisfying (1), such that at least one eigen- 
value À = k? of (L, Ra) satisfies k > ko —e (e arbitrarily small). 


2. Proof of the first statement. Put k? — AÀ (> 0). Then every solu- 
tion y(x, k) of (L) satisfies the standard inequality * 


(2) ky? (x, k) + y”? (x, k) & const. exp(— mf q(t)| dt) 


e 
for some const. > 0. According to (1), the exponential multiplying the const. 
is minorized by æ#/#, Hence, if £n denotes a point at which y (s, k) = 0, 
then, according to (2), 


Y? (En, k) Z const. 2, hé, 


* Received May 29, 1950. 

+If (Ra) does. not alone define an eigenvalue problem, one more condition at æ—0 
must be given, This is not the case here, for condition (1) implies limit-point behavior 
(no L?-solution for k > ko) ; ef. also the general results in this direction of Hartman and 
Wintner, American Journal of Mathematics, vol. 71 (1949), p. 206. 

2 There are also connections with the paper of Hartman and Wintner in American 
Journal of Mathematics, vol. 70 (1948), pp. 295-308 concerning the non-degeneracy of | 
‘the wave equation. 

? Actually, (2) is a particular case of an inequality used by Liapounoff in case of 
systems; for references, cf. Picard’s Traité d’Analyse, 3rd ed. (1928), vol. 3, p. 385. 
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Suppose now that 


(3) lim inf na, =r > 0 (n=) 
and . ; 
Bnt8 
(4) cee [PG kde > Cy", k) 
Sn 


«(ò fixed, O fixed for any n). Then if k Z ko 
(5) f (x, hk) daz =o. 
0 


` Frem this the statement would follow. 


du fact, (83> holds true and (4) is satisfied for a subset of indices 
n= Mp (p =1,2,3,: > +), dense enough to imply (5). We begin with the 
proof of (3), and show that the relation holds if æ, represents the n-th zero 
of y(x, k). In proving r > 0, we can suppose g(x) = 0; for, replacing q(x) 
ite (L) by | q(x)|, we get à set of zeros 2’, and a lim inf —7” satisfying 
L'n = Um that is, Sr. In order to avoid confusion, let & denote the p-th 
zero of y(x, k) fors > 0. Since now g(x) = 0, we have ép — ép- = lp = ak. 
Then we can apply the Hilfssatz 2 in an earlier paper of the author which 
here takes the following form: + | 


If lp = p — Épa 2 wk, then 
ëp 
f | yt LR] de = kly (1 — rlik). 
Spa 
fp > 
Ftom this we get f | q(t) | dt È k? (£p — é — (p—1)rk 1). Hence from 
ë 


(1), pêr” = kr + o(1), that is; lim inf pép = kr. Hence the same 
inequality will hold for any function g(x) satisfying (1). But v,< &, 
Ta <'És, °° +, Up < p' * +, hence pap? > p (after suitable numbering), 
which implies (3). 


The proof of (5) is now simple. In fact, (3) and (1) imply that 
@nt8 
TOLET 
Trò 
(8 fixed) will hold only for certain indices n = my (q = 1,2, 3, - -) such 


t G. Borg, Arkiv för Mat. “Astr. och Fys., vol. 31, no. 1 (1944), p. 10. 
* e 
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that my < n implies q = O(log n). Let the indices which corsespond to the 
reversed inequality be denoted mp (p = 1, 2, 3,: - -). Since, for m =* Mp, 


y (2b) — Y (2m b)cosk (t — sn) + f “sinke(x—#)q(t)y (4, b) Bat, 
we obtain | om . o. 
y(t, k) = y (Em, k) cosk (z — €m) (1 + €(2)), |e(2)| <4 
in a -neighborhood of zm (m = m,, à independent of v, x large). Thus (4) 


follows for n = mp (p =1, 2,3,- + +) and hence, if k = ko, 


f retrazo X mht =O $ pE 00, no. 
0 mpn O(log 2) 
; . L 
8. In order to prove the second part of the theorem, we have te cop- 
struct a function y(x, k) satisfying 


(6) fre b)de < 00 2 


and an equation (L) with à = I? > (ko —«)? and with (1). This will be 
done with the aid of sine functions with corners, as follows. Define 
y(x, k) = An sin (ke — m) for tra Set, and so on, so that 


Y (in — 0, k) = y (tn + 0, k) = y (tn k), 

Y (tn + 0, &) — y (tn — 0, l) = y (tn E) èn. 

Then y(x, k) will satisfy the generalized equation (L) : 

2) dy + k'y — ydQ (2) = 0, a 


where Q(z) is a step-function, constant except for s — tn, where f dQ (E) = õn. 
: a 


(7) 


Let there be only one corner between two successive zeros of y(x, k), denote 
the zeros, as above, with é and let én < tn < fn. If an = k (ta — Én), the 
relations (7) give 


(8) Ann? = An? (1 + 8,47 sin 2a, + 8,7 sin? an) 
cot (tn — qn) = cot (ktn — na) + Srk. 


4. It is now a simple matter to construct an equation (L’) satisfying 
the relation 


J" | 40 @)| S ho log 2 
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(corresponding to (1)), which for a à? > k, — e has a solution satisfying (6). 
It onl? remains to round off the corners of the solution y(x, k) in! order 
to get an equation (L) with properties required in the theorem. Put 
(ko—eYloge—g(e) (die) and 3,—g(ts), b= g(t) — 9h), °° 
dn = g (te) ~ g (tn-1), the t, being the corners of y(x, k) which we determine 
in the following way: 

e Choose y= A, sin (ke —m) such that (Ra) is satisfied for «—0. 
If é is the first zero of y(x,k) which is >0, choose a # such that 
a, = k (tı — é) = 3/4. Now let y(x,.k) be defined by the expression above 
up to s = f, Then apply relations (8) with the numbers ê, and a, defined 
above, which will give us À, and y» determining the function y(x,k) for 
St If y(x, k) is defined up to the n-th zero én, choose t, such that 
Gy =k (tp — Én) = 3/4r and put y(x,k) =A, sin (ke — m) for iny ST 
Æ &.° Let the same definition hold for #41 S£ S tn Apply (8) with the 
8, and a, defined above. This determines y (æ, k) == Ann sin (bt — yn) for 
Tin Let nn be the first zero of this function which is > ¢, and repeat 
the preceding procedure. , 

This construction implies that 4,41 —- tn = O (1) (n—>), hence 


f “y? (a,b) de SOS An? (tn — tu) S const. S AZ. 
0 , 


But according to (8) and the choice of 8 and &n we have, since 
8p = (ko — €) log (tp/tp-1) —> 0 when pc, 


Agar? = Ê (1 8 + 82(28*)*) S const, exp (—I*(9(ts) —9(4)) 


2 const. bp Woe)/k Since tn — tn = O (1), we have 4, = O(n), which 
‘implies (6) for any k < ko— €. Furthermore 





(9) fi dQ(t)| = I 3n = (ko — e')log ty S ko log T. 
a tase 


Since e < e this is the proposition, with an equation (L’) instead of an 
equation (L). | 

It remains to replace the y(x, k), defined above, by a twice continuously 
differentiable function in such a way that (6) still holds (for a k — à? > ko — 6) 
and the inequality of (9) turns into (1). This can be done as, for instance, 
in the paper of the author in vol. 71 (1949), p. 69 of this JOURNAL. The 
substitution 


u = y (£) (sin (kz — q) )™, v= — cot (ke — a) 
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transforms the corner between the two sine functions at v=- f, into one 
between straight lines, the case in the paper just quoted. Only simplè com- 
putations are necessary to establish that the “rounding-off,” made there at 
one corner, say fn, can be made uniformly for all n (this being the only new 
point) and in such a way that the above requirements become satisfied. 


5. This theorem, giving a certain “best possible” result of the pene, 
trating of the point spectrum into the continuous spectrum of (L, Ra), has 
also another aspect. It is a theorem on the growth of the solutions of (L) 
under condition (1), and it is interesting to notice that equations of the 
kind (Z’) have a certain “extremal” property in this connection; cf. also 
the papers by the author cited above. 

The same remark applies to the theorem of Levinson 5 œn the growéh of 
the solutions. He obtains a constant 1/7, characteristic of the growth, which 
in fact can be replaced by the precise constant $ by means of a construction 
similar to the one used above in Sections 3-4. 
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s 
ON COMMUTATORS OF BOUNDED MATRICES.* 


` By C. R. PUTNAM. 


e 1. It was shown by Wintner [5] that if A and B are bounded Hermitian 
matrices then the commutator C of A and B, that is 


(1) C= AB — BA, 


cannot be a constant multiple, other than zero, of the unit matrix; cf. also 
Rellich [2]. It is clear, however, from the argument given in [5], that 
this ænclusion rémains valid, provided only that A and B are bounded, 
whether or not A and B are Hermitian; see Appendix (i) below. This 
extension of the theorem was formulated and proved by Wielandt [3], using 
a method independent of that in [5], for the case that A and B are bounded 
operators in a linear space (hot necessarily a Hilbert space) with a linear 
metric. 

The question was raised by Professor Wintner (oral communication) 
whether the mere assumptions that A and B are bounded might imply the 
stronger result that the greatest lower bound of the collection of numbers 
| «* Ce |, where the vector œ ranges over the Hilbert unit sphere, is zero; 
that is, (1) satisfies 
(2) g. l. b. | o* Cz | == 0. 

lelj=1 

(Bhe norm (x* x)4 of x will be denoted by || æ ||; for terminology, cf. [1].) 
That (2) does hold in case A and B are finite matrices is easily verified by 
the following argument. Let A be a finite matrix and denote its trace by 
tr(A). Since, for any two finite matrices, A and B, of the same order, 
tr(A + B) =tr(4) +tr(B) and tr(AB) = tr(BA), it follows from (1) 
that tr(C) = 0. According to Hausdorff (cf. [4], p. 84) the collection of 
numbers W:2* Gz, where || æ||—1, is a convex set. Since each of the 
diagonal elements of © is in the set W (the n-th diagonal element of C being 
equal to «* Cz if x is the vector whose n-th component is 1 and whose 
remaining components are 0), it follows that tr(C)/n is in W and conse- 
quently (2) holds. 

Whether or not (2) is true for arbitrary bounded A and B will remain 
an open question. The following theorem will, however, be proved: 


* Received June 14, 1950. e 
127 
e 


128 C. R. PUTNAM. 


(*) Let À and B denote bounded matrices of the Hilbert space con- 
sisting of vectors x For every real number 1540, let M(A) denote the ` 
greatest point of the spectrum of the Hermitian matrix 


~ (3) D(A) =d(AA* — A* A) — X> (BB* — B* B). 
If n 20 and 
(4) 158. Lb. M(A), | ; 
A0 
then (1) satisfies 
(5) 8: L b. | e* Os | S 4». 
I=L . 


The following definitions will be used in what follows. A bounded 

- matrix B will be called non-singular if B possesses a unique bounded right 

inverse B; in which case, B~ is also the unique bounded* left inverse*of A. 

A bounded Hermitian matrix H will be called definite [semi-definite] ‘if 

either 1. u. b. 2* He < 0 [S 0] or g.1.b.æ* Hz > 0 [2 0], where | || —1. 
As a consequence of (*) it is possible to derive the following 


> 
COROLLARY. If either of the matrices AA* — A* A or BB* — B* B is 
semi-definite, then (1) satisfies (2). 


It is clear from (3) and from the fact that à can be any non-zero value 
that is is sufficient to prove the Corollary in the case that 4A* — A* A is 
negative ‘semi-definite. Let the norm |A] of a bounded matrix A be 
defined by | 
|4|=Lu.b.]y* As], Uel=lyl=1 


Then (3) shows that, for À > 0 and | x | — 1, 
a* D(A)e S — Xi (BB* — B* B)x, 
and therefore, since | BB* —B* B [S21 Bl, 
2% D(a)e £ 2 | Br. 
The matrix D(A) is Hermitian; hence M(A) =l. u. b.s D(A)a, where 


| «1, so that M(A) S2|B a+. Since À is an arbitrary positive 
number, (4) holds for y == 0 and (2) follows from (*). 


Remark. Clearly, if A is normal, then AA*—A* A (the zero matrix) 
is semi-definite. It is noteworthy that the converse of this statement is not 
true in general, but does hold if A is a finite matrix. That is, there do not 
exist finite, but there do exist bounded, matrices for which AA* — A* A is. 


semi-definite and A is not normal; cf. Appendix (ii). 
e 
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2. Proofsof (*). For any pair of real numbers à 4 0 and 6 define the 
boundefl matrix F by 
F s | à [eA + | A [2B*, so that F* = | À [ett A* + | A IAB. 
It is easily werified that 
(6) FF* —F* F= |A |(44*— A* A) — |à |7 (BB* — B* B) + H, 


where H = eC + eO*, If D(a) is defined by (3), relation (6) can be 
expressed as 


(7) (sgn À) (FFE — F* F) = D(A) + (sgn a), 
and consequently, | 
(8) © (sgn A) (PPS F* Pye — a D (A)a + 2(sgn A)R (ea Cx). 


Suppose (*) is false; that is, suppose that there exists a real number 
n = 0 such that (4) holds and (5) fails to hold. Thus + > $y, where 


(97 r= g. l. b. | e* Oz |. 

elles | 
It is known (cf. [4], p. 34) that the closure W of the collection of numbers’ 
x* Cx, where | & | = Í; is a convex set. (If W, denotes the set of numbers 
x* Ong, where | x || — 1-and Onis the finite n-th section matrix of C, then 


Wa is contained in Wan and W is the closure of the set SW.) Since r > 0, 
it is possible to choose real values 6 so that either R(e#e* Cx) Zr or 
R (elst Cr) S—r for all vectors z satisfying || s || —1. (The set We 
is merely the set W rotated through an angle 6.) In virtue of (4), it is 
possible to find a real number A540 such that M(A) < 2r; for this value A, 
choose a real 6 so that (sgn A)%#(e%x* Cz) S— r. For the above pair À 
and @ it is seen that, since D(A) is Hermitian, the right side of (8) is not 
greater than — 2r + M(A) for all vectors x satisfying | & | ==1. That is, 
the operator D(A) + (sgn A)H is negative definite. It will now be shown 
that if F is bounded, then FF* — F* F cannot be definite. 

It can be supposed that F is non-singular (otherwise, replace F by G, 
where G differs from F by an appropriate constant multiple of the unit matrix, 
and note that GG*—G* G == PF* — F* F). Since FF* = F(F* F)F4, 
the matrices FF* and F* F have the same spectrum; cf. [5]. 

It is seen that 2* (FF* — F* Pr = c* FF* œ — g* F* Fe. Let e denote 
an arbitrary positive number, and À, the least point of the spectrum of FF” 
and F*F. Clearly, both FF* and F* F are- Hermitian. Thus there exists a 
vector y, | y | == 1, such that y* FF* y < às He; moreover, 2* F* Fr Z ào 
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for all æ with |æ|—1, and consequently y*(FF*— F* P)y <«. Since 
the positive number € is arbitrary, FF* — P* F cannot be positive Uefinite. 
Similar reasoning when À, is the greatest point of the spectrum of FF* and 
F* P shows that FF* — F* F cannot be negative definite. These tesults are 
in contradiction with (7) and the previous result that D(A) + (ggnA)H is 
negative definite for some real A340. Accordingly, a contradiction to the 
assumption that (*) is false is obtained and the proof of (*) is complete. 


Appendix. 


(i) Since (1) remains unchanged if A is replaced by a matrix differing | 
from À by a constant multiple of the unit matrix, it can be supposed that À 
is non-singular. Since AB = A(BA)A-, it follows that AB and BA have 
identical spectra. Suppose, if possible, that (1) is a constant multiple’ s0 
of the unit matrix; then the spectrum of AB is the set obtained by translating 
the spectrum of BA by o. Hence the spectrum of AB (or BA) is unbounded ; 
since, however, AB and BA are bounded, their spectra are bounded. This 
contradiction shows that C cannot be a non-zero constant multiple of the Gnit 
matrix; cf. [5], where the above argument is used. 


(ii) Let A denote a finite matrix for which the Hermitian matrix 
A*— A* À is semi-definite. Without loss of generality it can be supposed 
that the latter matrix is non-negative definite and that consequently -its 
eigenvalues are non-negative. Since tr(AA*— A* A) —0, it follows that 
all these eigenvalues are zero. Hence AA*-— A* A is equivalent (in fact, 
unitarily equivalent) to the zero matrix and consequently is itself the zero 
matrix; that is, A is normal. On the other hand, there exist bounged 
matrices A such that 4A4*—A* A is semi-definite and A is not normal. 
Such a matrix A = (aj) is given by aun —1, ay—=0, ji It is 
easily verified that the elements of AA* — A* A = (aj) are all zero except 
Gi (= 1). Actually the matrix A is singular (since A* is a right but not 
a left hand reciprocal) but a non-singular matrix B for which BB* — B* B 
== AA* — A* À, is easily constructed; cf. (i) above. 


(iii) It follows from (*) that if r > 0, where r is defined by (9), 
then r Æ 4 Lu. b.x* D(A)x, for every fixed real A540. Define a and b by 


Iall=2 
a=]. u. b. | z* (4A* — 4* A)x| and b =1. u. b. | s*(BB* — B* B)a|. 
llælj=1 


æl=2 
Clearly, it r = 0, then rS3(da-+ bA*) holds for all À > 0. Suppose that 
a > 0 and b>0. Then 4(Aa-+ bA) has for O0<A<o the minimum 
value (ab)4 so that 
(10) » +S (ab). 
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If a = 0, it follows from the definition of a that A is normal; if b = 0, then 
B is normal. Thus, if either a —0 or b—0, the Corollary of (*) shows 
that r — 0 so that (10) is still valid. These results may be summarized in 
the inequality 
(11) Cas b. | 2*(AB— BA)x |)? 
< (Lu. b. |æ*(44*— A* A)e |) a a b. | c*(BB* — B* B) |), 
æl=1 


Le Hæll=1 
which is valid for any pair of bounded matrices À and B. 


It remains undecided whether (11) is trivial in the sense that the left 
side is zero for every such pair of matrices. 


THE JOHNS HOPRINS UNIVERSITY. 
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ON THE PROBLEMS OF GEODESICS IN THE SMALÉ.* 
By PHILIP HARTMAN and AUREL WINTNER. ° 
. o 
1. In the positive definite line element 
(1) ds? = guide, (us %) EA 0), 


let the coefficient functions gix = g(u, v) be defined and of class C? in a , 
vicinity of a point, say (u,v) = (0,0). Then the Christoffel symbols l'y 
exist and are continuous functions of (u,v). Hence the differential equations 


(2) wi + TY taj un = 0 . e 


are meaningful and define the geodesics belonging to (1). The térm 
“ geodesic ” below will always refer to a solution of (2) (rather than to an 
arc minimizing the arc-length integral belonging to (1)). 

The question of whether or not an initial point and direction deterfnine 
a unique geodesic (locally) has been answered in the negative. ([5], § 2). 
Despite this fact, the following positive assertion will turn out to be true: 


(I) Let (1) be positive definite, with coefficients gix(u,v) of class C1, 
in a vicinity of (u,v) = (0,0). Then, to every sufficiently small e > 0, 
there belongs a 8 > 0 having the property that every point (u,v) =Æ (0, 0) 
of the circle Os: u?-+ v? S 8 can be joined with (0,0) by a geodesic con- 
tained in the circle Ce. 


2. The following questions immediately arise: 


(i) Under the assumptions of (I), is the geodesic supplied by (I) 
unique? 
(ii) If (u,v) ~ (0,0) is a point of Ce then, according to Hilbert 
([61, p. 186; cf. [3], pp. 422-427), there exists in Ce a rectifiable are joining 
,(u, 0) with (0,0), for which the arc-length (in the metric (1)) is the least 
among all such arcs. Is a minimizing are unique if (u,v) is sufficiently 
near to (0,0)? 
(iii) Corresponding to a given direction through (0, 0), are there points 
(u, v), arbitrarily near to (0,0), such that a minimizing are, contained in C, 
and joining (0,0) with (u,v), has the assigned initial direction ? 


* Received January 5, 1950. 
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(iv) Are the answers to (i), (ji) and/or (iii) affirmative when every 
direction at (0,0) determines a unique geodesic (locally) through (0,0)? 


(Y) „Conversely, if the answers to (i), (ii) and/or (iii) are affirmative, 
does the point (0,0) and a direction through (0,0) determine a unique 
geodesic ($ocally) ? 


(vi) Must a geodesic furnish the minimal distance (in the sense of 
Hilbert, cf. (ii)) between some pair of points on it? 


(II) Under the assumptions of (I), the answer to each of the questions 
(i)-(vi) is in the negative. 


.Remark. It will be seen that the answers to (i)-(vi) remain negative 
even if the Christoffel symbols P’, instead of being just continuous as in 
(I), *II), are required to satisfy a uniform Hélder condition of any given 
order & < 1. But if a1, the situation changes entirely: 


(II bis) Zf, in addition to the assumptions of (I), the partial deriva- 
tives Ogi,/0u; are assumed to satisfy a uniform Lipschitz condition, then the 
answer to-each of the questions (i)-(vi) is in the affirmative. 


8. More than (II bis) is contained in the following theorem: 


(IIL) Under the assumptions of (II bis), there exists, on a sufficiently 
small circle 6: (0 SrSa, 0S ¢ < 2x), a pair of functions 


(3) u—u(r, $), v= v(t, $) 


haying the following properties: Both functions (8) are of class C' on 6, 
vanish at the center of 6, and (3) is, for every fixed p, a geodesic, on which 
r is the arc-length. Furthermore, (3) represents a topological mapping of 
& on a neighborhood of (u,v) = (0,0) and the Jacobian O(u, v) /0(r, $) 
vanishes only at the center of @. Finally, (3) transforms (1) into the 
geodesic normal form 

(4) ds? = dr? + gdg?, 


where g = g(r, 6) is continuous on 6 and is positive except at the conter 
of 6. 

The classical methods prove (III) under the assumption that the func- 
tions gi, are of class (?, or even of class C%, instead of being, as in (IIT), 
only of class C* with partial derivatives 0g:4/0u; satisfying a uniform Lipschitz 
condition. Correspondingly, the first point in (III) is that the fundamental 


134 PHILIP HARTMAN AND AUREL WINTNER. 


field construction, classically based on the class O? (cf. [4], ppe 408-409), can 
be carried out under the less severe assumptions of (IT bis). 3 

The situation goes even further in the existence proof for the Gauss 
normal form (4). In fact, the usual proof has to assume, to thig end, that 
the functions gi, are of class C? (cf., for instance, [2], p. 1Q1, where the 
deduction of (4) is based on the calculation of the Christoffel symbols in 
terms of the new coordinates r, pb; a calculation involving a differentiation, 
the legitimacy of which is anything but obvious under the C?-assumption). 

Clearly, the deduction of (4) under the relaxed assumptions of (IIT) 
is equivalent to the deduction, under such assumptions, of Gauss’s theorem 
on the transversals of geodesics. Correspondingly, the point will be that 
Gauss’s theorem can be deduced under assumptions which are less severe fhan 
in the usual proofs. . e 


4. Proof of (1). Let e > 0 be so small that the gx are of class C+ 
in the closed circle Ce: Hy Se Let M, m be a pair of constants 
satisfying ° 
(5) MZ gi (u, v)Éêr/ (Ex? + é) =m > 0 


for every (u,v) in Ce Choose 8 so small that me > M. If (u,v) is a 
point of Cs, let T==-T(u,v) be a rectifiable arc in Cs joining (0,0) with 
(u,v) and minimizing the arc-length, in the metric (1), among all such arcs. 
Then no point of T is on the boundary of Ce For the length of the arc 
joining (0,0) with a point of the boundary of Ce is at least me, while the 
length of the line segment joining (0,0) with (u,v) is at most M3 < me. 

In order to prove (I), it will be shown that T is a geodesic (whigh, 
in view of (2), implies that T is an arc of class C°). Let Z be the length 
of T and let u—u(s), v == v (s), where 0 = s L, be the parametric repre- 
sentation of T with s as the arc-length (in the metric (1)). Then w(s), v(s) 
are absolutely continuous-and 


(6) gar (w(s), o(s) )ui’(s)ux’(s) = 1, (ts; U2) = (u, 0), 


for all s on OSs S L, with the possible exception of an s-set of measure 0. 
Du Bois-Reymond’s derivation of the Euler-Lagrange equations shows that, 
in virtue of (6), there exist constants cı, Cə for which 


8 ; 
gute’ — 3 | (ogw/ouuruät — os G=1,2) 
o 
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holds almost everywhere. Hence, if (g**) denotes the matrix inverse to (gu), 
then ° 


8 


tn! = gi" (8 È (Bgjue/Ou)uen! dt + 0) (m—1,2) 
e œ 0 


holds almost everywhere. If u, (s), uz (s) are defined for all s on 0 Ss S&L 
by the last formula line, then u,’ (s), uz (s) are continuous, while the func- 


. 8 8 
tions u: (s) = f uy’ (t)dt, Ue(s) = f Us’ (t)dt coincide with the functions 
0 


0 
u(s), v(s) occurring in the above parametric representation of T. 
Hence T is of class C1. Standard theorems in the calculus of variations 
imple that T is of class C? and, therefore, a geodesic (in the sense of (2)). 
This éompletes the proof of (I). 


5. The first counter-example. In the strip | u | < 1 of the (u, v)-plane, 
put . 


(7) = 1, gu =0, gz =1— |u |^, where 1 <A < 2. 

These functions gx are of class C*. The corresponding equations (2) become 
(8) u” + $r(sgn u)| u [tv = 0 and ((1— |u Pwy = 0. 

The last equation gives 

(9) (1— | u |») 0” = c = const. 


Ifec = 0, then v= Const., while u is a linear function of t; hence the 
parameter curves v = Const. are geodesics. If c40, then v ~0 along the 
geodesic, so that v is strictly monotone along all geodesics except when 
v = Const. 

If the independent variable is chosen to be the arc-length, then (6) 
is applicable. In view of (7), this means that w? -+ c?(1—|w|)7=—1, 
that is, É 


(10) uf = +(1—0(1—|u R), 
The case c? = 1 leads to the geodesic w= 0. 


Since every choice of + or — and every choice of ¢ on the interval 
—13¢S1 in (10) lead to a (locally) unique solution of (10), it now 
follows from (10) and (9) that every direction du (u, v) = (0,0) 
determines a unique geodesic. 
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6. It will now be shown that the example (7) proves alt but the fifth 
of the six negations in (II). , 

Ad (i). Consider a geodesie with an initial direction near (w’, v’) 
= (0,1); this corresponds to a value of ¢ in (10) which is less thañ 1 but is 
close to 1. For convenience, it will be assumed that the + signeis chosen 
in (10) for u—0. Let c= (1—«)!> 0, where e > 0, and let the corre- 
sponding geodesic be called FT Then w > 0 at w==0, and w’ decreaseg 
until it becomes 0 at u = ^. Subsequently, u decreases, since otherwise 
the right-hand side of (10) would become imaginary (so that the — sign 
must then be chosen in (10)). If v= v(e) denotes the value of v at the 
point u = ^ of Ty. then it is clear from the fact that v does not oceur 
explicitly in (7), that Le is symmetric with respect to the line v = vo. Hence 
the geodesic T,e joins the point (0,0) with (0,2v,). Clearly, these two points 
are joined by the geodesic u == 0 also. . 

It will now be shown that w(e) —0 as e—0. This will imply that, 
in any neighborhood Ce of (u,v) == (0,0), there are points (0,2%) which 
can be joined with (0,0) by more than one geodesic contained in Ce Hee, 
(7) shows that the answer to (i) is in the negative. 

Let s denote the arc-length (in the metric (7)) on Ty. measured from 
(u,v) = (0,0). If «<4, it follows from (9), with c== (1—e)§, that 
0< v' S2; so that v(s) S28 if s>0. In particular, if s = s, > 0 is the 
(first) value of s satisfying u(s) = et/À, then vo S 2s. Hence, in order to 
prove that v(e) —> 0, as e— 0, it is sufficient to show that so = so (e) > 0. 

Clearly, (10) implies that 


a 
So = f {1— (1 — e) (1 — uè) > yždu, where a = è^. ™ 
0 


a 
A simplification of the integrand shows that sọ == f (1 — w) (e — wr) du, 
0 


hence, if t = (e— w)4e4 is introduced as a new integration variable, 
3 


(11) $280 == EMA f (1 ees e(1 = t) a1 be pond. 


0 


In view of À < 2, this implies that so — 0 as e — 0. 
Ad (ii) Tt is clear that the are T-e obtained by reflecting Te across 
the line u= 0, is also a geodesie (corresponding to the — sign in (10) at 
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s= 0); Hente, ‘if Vo is positive and sufficiently small, there exist at least 
three geodesics joining (0,0) with (0,2v)); namely, u==0 and both Ty, 
and T. for suitable e > 0. Actually, there is an infinity of geodesics joining 
(0,0) with (0, 2v); for example, the “extension” of a geodesic joining 
(0,0) with T0, 2v./n), where n == 2, 3,- - +, also joins (0,0) with (0,2). 
Let v, > 0, and let T be an are joining (0,0) with (0, 2v») and mini- 
mizing the arc-length in the sense of (ii). Then, if vo is sufficiently small, 
T is a geodesic; cf. the proof of (I). It will be shown that T is not a 
` segment of w==0. Consequently, the arc obtained by a reflection’ of T across 
the line u== 0 is also a minimizing arc. Hence, the minimizing are is not 
unique; so that (7) shows that the answer to (ii) is in the negative. 
(Actually, a refinement of the considerations to follow shows that the arcs 
Te. afd Te occutring above, are the only minimizing ares joining (0, 0) 
with (0, 2v), when vo is sufficiently small.) 
The length (in the metric (7)) of the line-segment joining (0,0) with 
(0, Ru) is 200. It follows from (10) that the length of the corresponding 
sulf-arc of Te is 2s). Thus it is sufficient to verify that so < Vo for small e. 
But (9), for c = (1—e)4, and (10) imply that 
a 
Vo = (1 — e)? f (1— u) (e— u) 4du, where a = t^, 


(i 


If ¢ = (e — uv) 2c is introduced as a new integration variable, it follows that 
$ 
FAs = BA — f (1—1 —#))4(1—#) 4048, 
o 


This relation and (11), respectively, imply that if dre v, and hé sy 
are defined to be their common limiting value when e— 0, then both of the 
resulting functions are differentiable at «= 0, having there the derivatives 


1 1 
—af (1 — #2) “dt and —4 f (1— B) dt, 
0 o 


- respectively. Since — 4A > — +, it follows that the desired Bee 
Vo > So, is satisfied for sufficiently small e > 0. 

Ad (iii). These considerations show that no minimizing arc (in the 
sense of (ii) ) which joins (0,0) with a nearby point, (% v), has the direction 
of the v-axis at (0,0). 
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Ad (iv). Of. the italicized statement at the end of § 5. 
(v) will be settled in § 7. 


Ad (vi). As found at the end of the treatment of (ii), thereare three 
geodesics joining (u,v) — (0,0) with a nearby point (0,v);,namely, Tye, 
Te and w= 0. But the geodesic w==0 did not furnish the minimal arc- 
length. Hence, in order to conclude that the answer to (vi) is in the negative, 
it is sufficient to ascertain that the initial point (0,0) can be replaced by 
any point of the geodesic u= 0, But this is obvious, since, the functions 
(7) being independent of v, nothing is altered if the (u, v)-plane is arbitrarily 


translated in the direction of the v-axis. 


Remark. In view of the .(local) behavior of geodesics on a surface of - 
class O? (cf. [5]), it is interesting to note that there exists a surfaé&e (of 
revolution, and admitting of a parametric representation of class 0+) for which 
(7) is the metric tensor. In fact, if f(u) = (1 — | u |»)4, and if g(u) is defined, 
for small |u|, by the quadrature assigned by (df/du)° + (dg/du)° —1, 
then a surface of the type just mentioned results by revolving the ‘arc 
(y=f(u), z= g(u)) about the z-axis (cf., e g, [2], p. 67). 


7. The second counter-example. In the (u,v)-plane, put 
(12) gau=1 |v] ga =0, g =1 + |v |ð, where 1 <A1<2. 
These functions are of class C!. The corresponding equations (2) are 
(13) ((1-+ [0 Pw) —=0 and 
DL Lo (A) —$a(sgn o) | o P2(u’? 4+ 02) 0. 8 


Only the geodesics issuing from (u,v) — (0,0) will be considered. 
It is sufficient to deal with the half-plane v = 0 (so that the sign of 
absolute value can be omitted in (13)). The first equation of (13) gives 


(14) (1 + v*)w’ = c = const. 


The choice c = 0 in (14) shows that w= 0 is a geodesic. If ¢0, then 
uw’ 0 along the geodesic, so that w can be introduced as a parameter on all 
geodesics, except u== 0, issuing from (0,0). 

Since (12) reduces (6) to (1 + vd) (v? + ¢?(1 + v\)-*) ==1, it follows 
from (14) that either c = 0 or 


(15) dv/du = {(1 + vs) -—1}4, where k = 1/0. 
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If k == 1, then a solution of (15) satisfying v(0) == 0 is not unique. In fact, 
if uo Æ 0 is arbitrary, then 


v(u) == 0 if OS uS w and v(u) = {} (2 — Aà) (u — Up) } CN if u > Up 


representęa solution of (15) when k= 1. 


Ad (v). In order to show that the answer to (v) is in the negative in 
¿he present case, it remains to show that every point (u,v) can be joined with 
(0,0) by at most one geodesic arc. It will be sufficient to consider points 
(u, v) in the quadrant u=0,v=0.., 

All geodesics, except u = 0, are obtained from (15) by choosing k = 1. 
Geadesics belonging to different values of & (21) in (15) have no point 
(u,v) 2 (0,0) in common. In order to prove this, suppose the contrary. 
Then?’ there exist two values of k, say kı and ka (< kı), such that the 
corresponding geodesics, say v= v,(u) and v= v2(u), intersect at some 
(u°, v°) s (0,0). Since v (0) > v/(0) by (15), it can be supposed that 
. Wu) >v(u) if 0 Lu <u. But then (15) also implies that v, (u°) 
>W (u°), since v;(u°) == v2(u°) =v. This is a contradiction. 

If k > 1, then (15) has a (locally) unique solution v = v(u) satisfying 
v(0) == 0. If k— 1, it is seen from the last formula line that the set of 
points common to two solution curves v=v(u) of (15) which satisfy 
v(0) == 0 is either the single point (u, v) = (0,0) or a segment of the form 
(0 SuSu,v-=0). Furthermore, any geodesic resulting from k > 1 has 
no point (u,v) (0,0) on the geodesic u==0. Hence, any point (u,v) 
can be joined with (0,0) by at most one geodesic. 


° 8. Proof of (III). The assumptions of (III) imply that the Chris- 
toffel symbols Ty — Tu, v) satisfy a uniform Lipschitz condition in‘a 
neighborhood of (0,0). Hence, any solution of (2) is uniquely determined 
by its initial conditions. For convenience, it can be supposed that the func- 
tions giz, are normalized as follows: 911(0,0 ) = ga2(0, 0) == 1 and g12(0, 0) = 0. 
Let (3) denote the geodesic Tọ determined by the initial conditions u(0, $) 
== 0(0, p) == 0; ur(0, $) = cos p, v:(0, p) —sinp. Then r is the arc-length 
(in the mertic (1)) on le. The functions (3) are defined and continuous 
on some circle 8: (0 Sr<a,0S¢ <r). 

The assumption that the function gx(u,v) possess partial derivatives 
satisfying a uniform Lipschitz condition in a (simply connected) neighborhood 
of (u,v) = (0,0) has the following consequence: There exists a bounded 
measurable function K = K (u,v), the “curvature” of (1), for which K 
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the formula of Gauss-Bonnet is valid. By this is meant that if S is a simple 
closed curve which is piecewise of class C?, and T is the interior of 8, then 


(17) Qa = ` a; = f kds = ff (911922 —- 912") Kdu dv, * 
j=1 
8 T . o 


where &,: - -,, are the exterior angles (in the metric (1)) at the vertices 
of g, and « denotes the geodesic curvature along S. The idea of using (17) 
as a definition of the Gaussian curvature of (1) is due to Weyl [8], pp. 42-44. 

The relation (17) can be verified as follows: Let gi”(u,v), where 
m==1,2,::-+, denote three sequences of smooth functions which, on some 
neighborhood of (u,v) = (0,0), tend uniformly to the given gix(u,v) in 
such a way that, as n —>c, the sequences of the partial derivatives égu."/du; 
and 89i,"/du,du; are uniformly convergent and uniformly’ bounded, rtspec- 
tively. For fixed S (and T), let (17,) denote the identity which results if 
the gx are replaced by gi,” in (17). Since the left-hand side of (17,) depends 
only on S, dgix"/Ou;, ga” (and a;== aj"), the left-hand side of (17,) 
tends to that of (17), as n—>c. Hence the right-hand side of (17a), Say 
&,(T), tends to a limit, say (T), as n—>c. Since each set-function 
a (T) is a Lebesgue integral over T, and since the integrands are uniformly 
bounded (with respect to u, v and n), it follows that the limit set-function 
(T) is a Lebesgue integral, over T, of a bounded function. This proves (17). 


9. The proof that u(7,¢), v-(7,¢) are of class Ot on a sufficiently 
small circle, can be obtained as a modification of the method used in [5]. 
If | | is sufficiently small, u can be used as parameter on the are T4, for 
sufficiently small u. Let v—v(u;p), where 0 = u S uo denote this paya- 
meterization Tg; so that v(0;¢) =0 and v,(0;¢) tang. As in [5], 
beginning of § 4, it is sufficient to show that the partial derivative v,(u; D) 
is of class CT in a wedge (0S uS um, | p | < ho). 

For given #, n > 0 and A¢ 0, let 8 denote the closed curve consisting 
of the portion 0 = uz of Tọ; of the segment on the line u — y which joins 
(u,v) = (m 0(w5$)) with (u,v) = (m v(m; $ + Ag)); finally, the portion 
OS uS p of Tomo. Then § is piecewise of class O°, with possible corners 
only at the points (0,0), (x, v(u,0)) and (m, v(m, p +A¢)). At this stage 
of the proof, it is not evident that the closed curve S is a Jordan curve. 
Nevertheless, it is clear that the interior T can be defined and (17) can be 
applied. The result is 

volu) B vl) 
(18) Ab + r — 8 — a — f kds = f f: (911922 — 92”) *#K dv du, 
e 


vla) 9 mla) 
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where x — A#, a, B are the suitably oriented angles (in the metric (1)) at 
the c8rners of 9, and v,(u), v2(uv) are abbreviations for v(u;$) and 
v(u; p + Ag), respectively, finally x denotes geodesic curvature along the 
line u — y. 

Along the line u — y, consider a field of parallel vectors (parallel with 
reference to the metric (1)). If 4— #(v) is a continuous determination of 
he angle from a vector in this field to the line u = y, then the integral on 
the left of (18) is A8 = 6(v2) — 8 (vı). Also, if w = w(v) = (w,(v), wa(v)) 
Æ (0,0) denotes, on the line u = y, any continuous field of vectors for which 
w(vi), w(v2) are directed along the vectors tangent to Te, Teao, respectively, 
and if w—w(v) is a continuous determination of the angle from w to the 
line u = p, then (r — B) — & = Aw = (v2) —w(v,). Hence, the left-hand 
sideeof (18) is Ad + Ay, where y = w — 6. is the angle from the vector w 
to the corresponding vector in the given field of parallels. 

If w(v) is of class C*, it is easily seen that y = y (v) is of class C'. Let 





w,(v) = 1 and w,(v) = ((%—v) iw + (U—— 1) Von} / (V2 — 01), 


where V, = V: (u), Vo = Vofu), Vin = Vin(m) and Vou == Vou(p) (the subscript 
u denotes differentiation with respect to u). Then dy/dv is 


(Jur G22 m 912) 3922 à (gawiws) “1 times Way + Pee + Loto? — Ts — T*22Wo, 


where the argument of gi, Tj, is (u,v), and that of we, Wey is v (cf, e. g., 
[7], pp. 181-182, where a similar formula is deduced under the assumption 
that gi, is the metric tensor of a surface.) Since Was == (Vou — Vin) / (Ve — 11) 
== Avy /Av, and we(v) = W2(v,) + 0(1) as Af — 0, it follows that there exists 
a*pair of continuous functions p(p,v) > 0, q(u, v) satisfying 


(19) Ap = (p(u, 1) + 0(1)) Adu + (q(u 1) + 0(1)) Av, 


where o(1) refers to Ag —> 0 and is uniform in p for OS pu. This 
derivation of (19) is valid under the tacit assumption that v,(u) s£ V(x). 
It is easily verified that (19) holds also if v, (x) = v(x). 

For the sake of brevity, let (911922 — 92”)? be denoted by M = M (u, v). 
Then the boundedness of K implies that : 


Ve à 
f M (u, v) dv = {M (u, vı (u) ) + 8yAv (u), 
v 
where 8 == (u, Ap)— 0, as Ad — 0, holds almost everywhere on 0 S u = tto 
and 8(u, Ad) is bounded. Hence, (18) can be written as 
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(20) 14 (p+ o(1))Avs/ag + (q+ 0(1))Av/Ap— f (A + 8)(Av/&p)du. 


` It follows from (20) that the functions Av(u;)/A¢ of u ‘are equi- 
continuous in ¢ and Ag, for | Ad | 0 sufficiently small. Hénc®, by the 
usual arguments occurring in the theory of differential equations, Av(u; ¢)/A¢d 
has a uniform limit, say ve(u;¢), as Ab — 0, and this limit is the unique 
function y==y(u) satisfying y(0) —0 and the linear integro-differential 
equation 


1+ plus olu; $y + au, vlu; 6))y— S MG va; Ide 


= e 
This completes the proof that ur (r, $), vr(r, $) are of class Ct on a sufficiently 
small circle 6. 


10. That (3) represents a topological mapping of the sufficiently small 
circle @ onto a neighborhood of (u,v) = (0,0) and that the Jacobian 
(u, v)/ð (r, p) £0 for r 540 can be proved, exactly as in [5], end of § 4, 
by standard arguments involving Lipschitz’s normal coordinates. 

It only remains to verify that the element ds? of arc-length in the 
(r, p)-coordinates has the form (4). In what follows, the subscripts r and #, 
and only these, will denote partial differentiations. Substitution of (3) into 
(1) shows that the coefficient of dr? in ds? is 


(21) galu (T, p), VÒT, p) )Uirtrr, (U1, Uz) = (u, v). 


3 e 
But (21) must be- identically 1, since r is arc-length along each of the 
parameter curves Tọ, where œ == const. The coefficient of 2drdp in ds? is 


(22) Gin (U(T, p), VÒT, b)uirure. 


Since up = vg = 0 holds identically in ¢ at r = 0, the function (22) vanishes 
identically if it possesses a partial derivative with respect to r and if this 
derivative is identically 0. 

That (22) has a partial derivative with respect to r follows from the 
fact that ur and v, are of class C+. This partial derivative is the sum of 


(23) (dgix/Ou;) (tjrtbirtteg) + Yintbirr ré 
and 
(24) , JirWirUrpr 
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Since (21) is*identically 1, it follows, by differentiating (21) with respect 
to #, tRat the expression (24) reduces to 


(25) x — À (0gix/0u;) Wir UjrUrg. 


Hence thé partial derivative of (22) with respect to r is the sum of (23) and 
(25). After the addition of (23) and (25), the coefficient of uz» is seen 
to become 


(26) guts” + (ga/s — Zg Ouse), (k= 1,2), 
where ’=0/dr. It is easily verified that (26) can be written in the form 
(21 gins” + (ij, kuru, . (k= 1,2) 


where, [ij, k] is a Christoffel symbol of the first kind. But the expressions 
(27) vanish by virtue of (2), since (3) represents a geodesic when ¢ = const, 
Consequently, the partial derivative of (22) with respect to r is 0, and so 
(22) vanishes identically. This completes the proof of (TII). 


11. Remark on a non-analytic torse of class C®. In the Appendix 
below, there will be proved a theorem dealing with the situation in which 
the gi, in (1) are just continuous. The assertion of the theorem will never- 
theless be to the effect that, in a certain respect, the behavior of a minimizing 
are is locally the same as in the Euclidean case. It is therefore somewhat 
unexpected that, even if the functions gi, are of class O”, a minimizing arc 
T can have the following property: If the Hilbert arc T is thought of as an 
are in the (uw, v)-plane, then the line tangent to F at a point P of T can 
inférsect T at an infinity of points which cluster at P. 


In order to see this, let (1) be of the form 
ds? = (1 + f?) du? — 2f'du dv + dv, 


where f denotes the derivative of a smooth function f—f(u) of a single 
variable. Clearly, this ds? can be contracted into ds? = du? + (dv — fdu)’. 
Accordingly, ds? — dU? + dV®, if the parameters U, V are defined by the 
transformation U = u, V = v — f(u), the Jacobian of which is the constant 
140. Hence, the given ds? is isometric with the Euclidean ds*. In par- 
ticular, the line V =0 in the (U,V)-plane is a geodesic, as well as a 
minimizing arc, T. But this T is the curve v = f(u) in the (u, v)-plane. 
Hence, in order to obtain a I of the desired type, it is sufficient to choose 
f(u) =exp(—u)sin(u*) (if wA0, and f(0) — 0). 
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Appendix. ° 


12. It was assumed in all of the above considerations that thescoefficient 
function gx(w, v) of the positive definite form (1) are of clasg (, at least. 
On the other hand, it was pointed out by Hilbert himself ([6], p. 186) 
that his method leading to the extremal of the arc-length 


Q 
(28) | f a] 
P 


applies also to (sufficiently small pieces of) surfaces z = f (x,y) for which 
nothing but the existence of a continuous normal is assumed. Then, the 
function f(x, y) being of class O’, the functions gx occurring in (1) ‘ill be 
just continuous (perhaps nowhere differentiable), and therefore not in general 
of class ©”. Actually, Hilbert’s method supplies for (28) a minimizing arc 
also when all that is given (on a “ geodesically convex” (u,v)-domain) is a 
set of three continuous functions gis (u,v) for which the quadratic form %1) 
becomes positive definite, without being necessarily such as to be embeddable 
into an (2, y, z)-space.* In what follows, a smoothness property of the Hilbert 
minimizing curves will be proved which holds under this general assumption. 

Let T be a rectifiable Jordan arc in the given (w,v)-domain of the 
Gaussian parameters, and let P, Q,- - - be points on T. Consider the integral 


* It would be desirable to construct a binary symmetric matrix of the three con- 
tinuous functions, Gin (U, O), corresponding to which the form (1) is positive definite 
but such as to fail to become realizable on any surface X = X (u,v) of class ©” ingthe 
Euclidean space X = (x,y,2). If the orders of continuous differentiability are raised 
by unity, that is, if the given functions gi,(u,v) are assumed to be of class CO’ and the 
non-existence of a surface X(w,v) of class C’’ having the line element (1) has to be 
proved, then an example can be obtained as follows (cf. p. 554 of vol. 72 (1950) of this 
JOURNAL).: f 

The functions gix in (7) are of class O’ for — I < u < 1, — œ <v < © (and, as a 
matter of fact, their partial derivatives of first order satisfy a Hölder condition of index 
A— 1), and have, except on the line u = 0, derivatives of arbitrarily high order. An 
application of the Theorema Egregium to the corresponding line-element (1) shows 
that, at every point (u,v) at which 0 < |u | < 1, the Gaussian curvature, K, is 


K = — (2—2 | u [A) -22 | w [24-2 + (2—2 | wlA)-AA(A—1) | u A2, 


where 1<A< 2. Hence, K = K (u,v) does not remain bounded as (u,v) > (0,0). 
In particular, K (u,v) cannot be defined at (0,0) so as to become continuous. Conse- 
quently, (1) cannot possess an embedding of class O” into the (#,y,z2)-space. For, if it 
did, the representation of K as the quotient of the determinants of the second and first 
fundamental forms would supply the existence of a continuous K(u,v) at (u,v) 
= (0,0), also. 
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(28) along the arc of r which is contained between P and Q, with the 
understanding that the ds in (28) is defined by (1), and let this integral 
(28) be divided by the integral (28) taken along the chord (that is to say, 
the rectilinear segment in the Euclidean (u, v)-plane) which joins P with Q. 
Suppose thaf this ratio tends to 1 when Q tends to P on T (while P is fixed), 
Then T will be said to possess the Archimedean property at P. Corre- 
spondingly, T will be said to have the uniform Archimedean property if, as 
Q — P, the ratio just mentioned tends to 1 uniformly in P, where P is an 
arbitrary point of T. 

In this terminology (cf. [1], Propositions 3-6, pp. 6-10), the result to 
be proved can be formulated as follows: | 


GE) In a sufficiently small (u,v)-domain, let the three functions 
galup) be continuous and such as to make the form (1) positive definite, 
and let T be any, sufficiently small, minimizing arc (Hilbert) of (28) con- 
tained within the given (u,v)-domain. Then T has the uniform Archimedean 
property. 


We were unable to decide whether or not, under the assumptions of (*) 
alone, the arc F, which always is a rectifiable Jordan arc, must have a tangent 
at each of its points (or, for that matter, whether or not T must be an arc 
of class C’). Needless to say, the differential equations (2) cannot be written 
down under the present assumptions, since the Christoffel symbols Ti; are 
not defined when the functions gi, are not differentiable. 

The content of (*) can. be illustrated by the following 


š COROLLARY 1. Under the assumptions of (*), there cannot exist on T 
a point which is a corner in the following sense: T has right- and left-hand 
tangents without having a tangent. 


What is more, this property of lacking corners holds uniformly on F. 
In order to formulate this uniformity, consider the set-3 = $y of line-segments 
which join a point of the are PQ with a point of the straight line determined 
by P and Q, and which form with that line an angle exceeding 7 > 0 and 
not exceeding m — 7 > 0. Then Corollary 1 of (*) can be refined as follows: 


COROLLARY 2. If the assumptions of (*) are satisfied and if h == hn 
denotes the least upper bound of the lengths of line-segments occurring in $n, 
then there exists, for every «> 0, a 8 — 8. having the property that 


(29)  hy<e|PQ | whenever | PQ | <8 
holds for any pair of points P, Q on T. 


10 . 
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In (29), the sign of absolute value denotes distance* (for instance, 
Enclidean distance in the (u, v)-plane). bi 

In the proof of the above statements, the following notation will be used: 
e(PQ), (PQ), dp(PQ) will denote the lengths of the arc PQ 6f T in the 
respective metrics . œ 


dudui, Gin (Ur, Ue)dudur, Gar (U12, Ua?) duidur, : 


the first being the Euclidean metric in the (u, v)-plane, the second the metric 
(1), and the third, in which P = (w,°, u°) is fixed, a metrice which is affine- . 
equivalent to the first. With references to these three metrics, e[ PQ], d[ PQ], 
dp[PQ] will respectively denote the lengths of the chord PQ of T. s 


13. Proof of (*). Let C: u? + v? S a? be circle on which the functions 
gix(u, v) are given as continuous and which contains I. Then, on the one 
hand, there exist positive constants m, M satisfying (5) on C and, on the 
other hand, there belongs to every e > 0 a 8 & having the property that 
if Pı, P, is any pair of points on O, then | gu(P:) — gm(P2)| < € whenever 
e[P.P;] < 8. In view of Pythagorean inequality (|a| + |b DES |a |è + | b |è, 
this implies that, if é, é are arbitrary as in (5), then 


(30) | (gie(P1) x)? — (gin (Pa) kiér)? | S e(&? + &*)%, where e[P,P.] < 8. 


Let P, Q be two distinct point of T. Then it is clear from the definitions 
of the arc-lengths introduced at the end of Section 12, that 
(31) | d(PQ) — de(PQ)| S (PQ), s 


provided that the arc PQ of T is within the circle (u—u°)? + (v—v°)? < 8, 
where P = (u°, v°). ‘This proviso is satisfied if d(PQ) < M8, where M is the 
constant occurring in (5). Thus it follows from (31) that 


(32) d(PQ) = de (PQ) —ee(PQ) if d(PQ) < MB. 


On the other hand, 
(33) | de (PQ) = dr PQ]. 


In fact, the distance dp refers to the metric which is affine-equivalent to the 
Euclidean metric. Hence (33) follows from the fact that the geodesics of 


such a metric are straight lines. 
e 
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Finally, (80) implies that, corresponding to (82), 
(34) | de [PQ] = d[PQ] — e[ PQ] if d(PQ) < Ma. 
It foNows from (32), (33) and (34) that 
(35)  *A(PQ) = d[P] —e{e (PQ) + e[PQ]} if A(PQ) < M. 


On the other hand, d[PQ] = d(PQ), since P, Q are on a Hilbert minimizing 
arc T. Hence, from (35), 


12 d(PQ)/A[ PQ] 2 1—e{e(PQ) + e[PQ]}/d[PQ] if d(PQ) < MB. 
Consequently, from (5), 


12 d(PQ)/d[PQ] = 1—%2e/m if d(PQ) < M8. 


Since m, M are independent of e and §—&,, the last formula line implies 
that d(PQ)/d[PQ] — 1, as Q — P, holds uniformly in P. This proves (*). 


e14. Proof of Corollary 1. Suppose, if possible, that the assertion of 
Corollary 1 is false. Then T has some point P at which there exist a right- 
and a left-hand tangent, say 1, and lz, but no tangent. 

After an affine transformation of the (u,v)-plane, it can be assumed 
that the metric defining dp is Euclidean. Let y, where 0 < y < r, be the 
(Euclidean) angle between l, and l. With reference to the given P and a 
sufficiently small s > 0, consider that are QR of T which is bisected by P, 
in the following sense: dp(QP) = dp(PR) =s. If y—w#(s) denotes the 
(Euclidean) angle between the chords QP and PR, then y(s) >y as s—0. . 
The perpendicular from P to the chord QR divides the angle y into two 
angles æ = a(s), 8 = B(s), having the sum y. Clearly, 


(36) dp[QR] = dp[QP] sin a + dP[PR] sin £. 
On the other hand, it is clear from the proof of (*) that 
(87) dp[QP] ~ der [ PR] ~s as s—0, 


and similarly that 
(38) dp[QR] ~ d[QR] as s— 0. 


Tt is seen from (36) and (37) that dp[QR] ~s(sin « -+ sin 8). On 
the other hand, (38) and (*) imply that dPp[QRT—2s. Consequently, 
sina + sin 8 — 2 as s—> 0. But this is impossible, since & + 8 — y as s—> 0, 
where 0 <y<7. This contradiction proves Corollary 1. | 
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Proof of Corollary 2. In the proof of Corollary 1, only the Archimedean 
property of T at a fixed point P was used. If the full force of (*), claiming 
the uniform Archimedean property of T, is applied, the Corollary 2 follows 


in about the same way as Corollary 1 did. 


oe 
Tum JOHNS HOPKINS UNLVERSITY. 
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“ON THE ASYMPTOTIC CURVES OF A SURFACE.* 


. By PHILIP HARTMAN and AUREL WINTNER. 


The classical theory of asymptotic curves on surfaces of non-positive 
Geussian curvature is based on assumptions of smoothness which are usually 
left unspecified. On the other hand, if the necessary assumptions are specified 
ad hoc, that is to say, so as to make directly applicable the standard existence 
and uniqueness theorems needed from the theory of differential equations, 
then,there become involved hypotheses which not only appear to be too severe 
but at the same time such as to have nothing to do with the geometrical 
problefhs at hand. ° 

.THe purpose of this paper is to dispose of this anomaly. On the one 
hand, conditions sufficient for the truth of the classical statements will be 
developed in terms which take into account the specifically geometrical origin 
of the various differential equations defining the respective problems. On 
the other hand, examples will show that the conditions to be imposed cannot 
be omitted. 

Both an attraction and a difficulty of the theory is the circumstance 
that, even if the surface has a parametrization in terms of asymptotic curves, 
examples show that this parametrization of the surface can be less differ- 
entiable than some other parametrization of the surface (or, equivalently, 
less smooth than the parametrization z = 2(x, y), where x, y,2 are Cartesian 
coordinates). 

*Surfaces of negative Gaussian curvature are dealt with in Parts I, II, 
IIT. Part IV deals with lines of curvature and applies therefore to surfaces 
of positive curvature also. Finally, Part V develops the corresponding theory 
for torses. 


PART I. Problems of Uniqueness. 


1. Statement of the theorems. Let O be a small piece of a surface of 
class O” in the (a, y,z)-space. Thus, if the Gaussian parameters (ut, u?) on 
S are suitably chosen, there exists on § a first fundamental form, gi,du‘du*, 
which is positive definite, with coefficient functions gis = g(u*',u?) which 
are of class C’, and there exists a second fundamental form, hizdutdu®, in 
which the coefficient functions hi, — ha(ut, u?) are continuous. The signa- 
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ture of the second fundamental form depends on the Gaussian curvature 
K = K (w, u’), since K = det(hix)/det(gix), where det(gix) > 0. 

Suppose that K <0 on 8. This means that the second fundamental 
form is indefinite throughout. Hence every point (ut, u°) detfrmines a 
distinct pair of directions, dut: du?, characterized by the vanishiag of the 
second fundamental form. This pair of directions is called the pair of 
asymptotic directions (at a given point of S). By an asymptotic curve on $ . 
is meant a curve, of class O’, along which the direction of the tangent is 
always an asymptotic direction. 

The papers and books known to us either do not specify a precise degree 
of smoothness required of the surface S, or else they imply that all asymptotic 
curves together must consist of two locally schlicht families of curves, which 
can therefore be introduced as parameter curves (if S is small enough). A 
closer inspection of the questions shows, however, that the situation isemuch 
more involved. 

The differential equation of the asymptotic curves is 


(1) hidutdu' = 0, (t= 1,2;4 = 1, 2Y, 


where, by assumption, the functions hy, = hip (u*, u?) have a negative deter- 
minant. Hence, (1) can be split into two real differential equations of the 
form , 
(2) dv/du = f (u, v), 


where u,v denote u*, u? or w, u', respectively (the respective functions f are 
not identical). But if § is just of class O” (and, correspondingly, the para- 
meters, u and v, on § are so chosen that they supply a C”’-parametrizatiÿpn 
of 8), then the functions hix (u, v) are just continuous, and so nothing like a 
Lipschitz condition is assured for the continuous function f(u, v) occurring 
in (2). Hence, it cannot be concluded that (2) has only one solution 
= v(u) satisfying an initial condition, say (V)u<o = 0. | 

There arises, however, the question whether the resulting possibility of 
non-uniqueness can actually occur. It will be proved below that the answer 
to this question is affirmative: 


(i) If a surface, S, is of class O” and if the Gaussian curvature is 
negative at a point, P, of S, then P can issue a continuum of asymptotic 
curves (each of which is tangent to one of the two distinct asymptotic 
directions at P). 


This is the more interesting as, under the standard assumptions of 
differentiability, the asymptotic curves are known to be identical with the 
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characteristics*of the partial differential equations defining the problem of 
deformation (cf., e.g., [2], p. 279), as well as with the characteristics of 
the partial differential equations on which the classical problem of embedding 
depends (Sbid., p. 252). 

The assertion of (i) is anything but obvious. In fact, if f(u,v) is 
given as an arbitrary continuous function corresponding to which the initial 
condition (v)u-o== 0 determines more than one solution v==v(u) of (2), 
then (2) cannot be “embedded” so as to become the differential equation 
of a family of asymptotic lines (on some 8). Correspondingly, the proof of 
(i) will depend on a delicate construction, leading to an f(u,v) for which 
that “embedding ” is possible, 


Remark. The claim of (i) becomes false if O” is replaced by C” in (i). 
In faét, the functions hy, then become of class C’; hence, the f in (2) is of 
class C’, and so Lipschitz’s uniqueness condition is satisfied. 


The negative statement of (i) makes clear the content of the following 
thegrem : 

(ii) If a surface, S, of class O” is of constant negative curvature, then 
either of the asymptotic directions at a point, P, of S determines a unique 
asymptotic curve through P. 


The assertion of (ii) is not made illusory by the Remark preceding (ii). 
In fact, if S is of class C” and is given in the form z = z(z, y), where z is a 
function of class C”, then K = det (hiz) /det(gix) reduces to 


(3) Kx (rt—)/A+ e+e) 


where, as usual, p = 2» ` +, t= Zy Since the assumption of (ii) means 
that K = K (a, y) is a negative constant, say — 1, it follows that the surfaces 
dealt with in (ii) can be thought of represented by those functions z = 2(z, y) 
of class O” which satisfy the partial differential equation 


(4) ri— s + (P +g? +1)? =0. 


But the Monge-Ampére equation (4) (with constant, hence analytic, coeffi- 
cients) is of hyperbolic type and will therefore undoubtedly have solutions 
z = z(x,y) which are of class O” but not smoother. | 

The proof of (ii) will be such as to allow a generalization to certain 
surfaces, to be called of class C**, which are not of constant curvature. Let 
8 be called of class C** if it is of class O” and if it has a C”-parametrization 


in which the Gaussian curvature satisfies a Lipschitz condition (as a function 
| e 
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of the parameters in question). It is clear that, if S is of class C**, the 
Gaussian curvature satisfies a Lipschitz condition in every C’-parametrization. 
Clearly, a surface of class O” which is of constant curvature must be 


of class C**. Hence, (ii) is contained in the following theorem: , 


(iii) If a surface, S, is of class C** and if the Gaussian cugvature is 
negative at a point, P, of S, then either of the asymptotic directions at P 


determines a unique asymptotic curve through P. 
e 


Inasmuch as the proof of (i) is somewhat length, (iii) will be proved 
first. 


2. Proof of (iii). There is no loss of generality in assuming that 8 is 
given in the form z == z(x,y), where z(x,y) is a function of class ©” on 
the circle z? + y? < 1, and that the point P in (ili) is (x, y) = @, 0). 
Then, since K = K (x,y) is supposed to be negative at (0,0), it is seen 
from (3) that, after a suitable rotation of the (x, y)-plane, it can be assumed 
that 
(5) £(0,0) 40 : 


(t = žy). On the other hand, since (ut, u?) — (x, y), the definition of the 
second fundamental form shows that (1) reduces to 


(6) r da? + Rs dx dy + t dy = 0. 
It follows from (3) that (6) can be written in the form 
CP): 03 s dz + t dy = +(—K)3(1+ pP + q*)dz. 


It is understood that s, t, p, q, K in (7) are given functions of (s, y). + 
In a sufficiently small neighborhood of (x, y) = (0,0), replace the 
independent variables æ, y by 


(8) Da, g—%(2,y) 
(Legendre). Since z(x,y) is of class ©”, the (local) binary mapping 
(a, y) — (x, q) is of class C’ and (locally) schlicht. In fact, the Jacobian, 
O(æ, g)/0(x, y) of (8) is Zy, which, in view of (5), is distinct from 0 at the 
origin and therefore, by continuity, near the origin. 

Accordingly, (7) can be written in the form 


(9) dg = + (— K)3(1 + p + 9°) de, 


where K and p are considered as functions of the independent variables 2, g. 
Hence, if it is ascertained that both of these functions, K (s; q) and p(z; q), 
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satisfy a Lipschitz condition with respect to q, then the proof of (iii) will be 
complete. In fact, either of the differential equations (9) will then be of 
the form (2), with u = z, v = q and with an f satisfying Lipschitz’s condition. 

Since the: surface 8 is supposed to be of class C**, both K = K (x, y) 
and p = ta (2, y) satisfy a Lipschitz condition in s and y together. On the 
other hand, the transformation (8) and its inverse are of class O” and preserve, 
therefore, the existence of a Lipschitz constant (near the origin). Hence, 
the proof of (iii) is complete. 


3. Proof of (i). Let g(x), h(y) denote continuous functions, each a 
function of a single variable, which satisfy 


(10) g(0)=0,  R(0) —0, 

and fet G(x), H(y) then be defined by the quadratures assigned by 
@G/de? == g(a), @?H/dy? =h(y) and by arbitrary initial conditions. Then 
(11) 2=2(x, y) = G(x) + H (y) +2 


repfesents a surface of class ©”. On this surface, the differential equation, 
(6), of the asymptotic curves reduces to 


(12) g(x) dau? + 2dady + h(y) dy? =0. 


Hence, it is seen from (10) that the surface (11) has a negative curvature 
at the point (z, y) = (0,0), and that the asymptotic directions at this point 
are those of the coordinate axes. But on an asymptotic curve issuing from 
(0,0) in the direction of the x-axis, the variable x can be used as a parameter 
(for small |s|). Then (12) becomes 


+ 
(13) g(x) + 2y’ + k(y)y? =0, 


where the prime denotes differentiation with respect to x. Hence, (i) is a 
consequence of the following assertion: | 


(t) On x- and y-intervals about x = 0 and y = 0, respectively, it is 
possible to define continuous functions, g(x) and h(y), satisfying (10) and 
having the following property: The differential equation (13) has more than 
one solution path y —y(x) passing through the point (x, y) = (0,0). 


Needless to say, the h(y) in (+) cannot satisfy a Lipschitz condition. 


Remark. The quadratic equation (13) for y’ splits into two differential 
equations, linear in y”, one of which is y = f(x, y), where 


f = {—1 + (1 — gh)?}/h if k40, and f=—dg if h = 0. 
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This f(z,y) is continuous (for small s? + 4°), and it is chear from the 
connection between (iii) and (+) that it is the above f(x, y) corresponding 
to which the point (a, y) == (0,0) fails to be a point of uniqueness of the 
differential equation y == f(x,y). But the latter clearly is the @#fferential 
equation of the characteristics of a linear partial differential «equation of - 
second order, 


(14) tas + 3f (2, Y) ay + F? (2, Y) ëm = 0. © 


Since 1-f?—f-f vanishes identically, (14) is of parabolic type. If 
z= z(x,y) denotes the surface § supplied by (iii), it is seen that (14) 
has a solution z = z(x,y) of class O” on an (x,y)-domain containing the 
point (0,0). But the latter issues a continuum of characteristics (in the 
same direction), namely, those solutions of y == f(z, 9) which setisfy 
y(0) —0. Hence, the classical methods, based on fields of characteristics, 
cannot lead to any solution z == z(x,y) of (14). 


4, Proof of (t). Let w—w(x) be defined by . 
(15) w(x) =— Të + a sin (xë) if 40, and w(0) — 0. 
Then w(x) is of class C’; in fact, the derivative of (15) is given by 
(16) w’ (x) = — 62° — 5x cos(x 5) + Va sin(x*) if x s40, and w’(0) — 0. 
The function y = w(x) satisfies y(0) = 0, and is a solution of (13) if 
(17) g(x) =— Bw! (z) —h(w (a) jw? (2). 


Let the continuous function g(s) be.defined by (17) in terms of w(x) and 
of the continuous function (y) (the latter is unspecified as yet). The first 
of the conditions (10) is satisfied by virtue of (16) and (17). 

It remains to show that the continuous function h(y) can be so chosen 
that k(0) —0 and that (13) possesses a solution y—#y(x) satisfying 
y(0) =0 and y(t) w(x), for small |x|. But such an h results by 
placing 
(18) h(y) — | 2y |" if y SO, and h(y) =0 if y>0. 


In order to see this, define y(x) by the quadratures assigned by 
(19) y (z) =— }4g (2) if s Z0 and y (z) =w (£) ife <0 


and by the initial condition y(0) —0. According to (17), this means that 
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RO) yle) —w(e) + f WOLWE, 


À and y(x) = w(x) if s < 0, 


where h is defined by (18). It will be shown that y(x) is a solution of (13) 
for small |x|, and that y(x) = w(x) for small z > 0. 

e The function (15) satisfies w(x) <0 for small |x|540. Hence, it 
will follow that y(x) w(x) if it is shown that 


(21) y(x) > 0 for small positive x. 


On the other hand, since h(y) — 0 for y > 0, it follows from (13) and the 
first part of (19), that (20) is a solution of (13) for small x > 0 if (21) 
holds Thus, ineorder to complete the proof of (+), it is sufficient to 
verifye(21). 


5. Proof of (21). The definition (14) of w(x) shows that w(x) < — 42° 
for small |«'s&0. Thus the monotony of the function A(y) implies that 
h(w(z)) > h(— 40°) =a. Hence, y(x) = w(x) + v(x) for small & > 0, 
if v(x) is defined by 


(22) o(2) = f éu2(t)dt. 


It will be shown that, for some constant C > 0, 

(23) v(x) > Orë for small positive +. 

The existence of such a C leads, for small positive v, to the inequalities 
y(x) = w(x) + v(x) > w(x) + Cae? > 0. 


The last inequality follows from C > 0 and from (15). Thus, if the existence 
of a C satisfying (23) is proved, the proof of (21) is complete. 

In order to assure the existence of a C, note that (15) shows that, for 
some constant c > 0, 


(24) sw (x) = cx, 


provided that cos?(a*) 2 4 and that | x | is sufficiently small. These provisos 
are satisfied if 


(25) a E TS by, where ax = (k + })r and by = (k — ł})r, 


when & is a large positive integer. If x > 0 is sufficiently small and the 
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integer k = k(x) is so chosen that by Sa < dy, then k* ~ ref as t — + 0. 
Furthermore, (22) implies that 


bj 
v(z) >$e>d f ttdt = c X (bë — af) /10. 
14 jk 
a} a d 
But the definitions of a; and b; show that 


S, (bf — af) > const. $ j > Const. #1, 
j=k jak 


where const. > 0 and Const. > 0. Since k ~~ rg? as æ —> + 0, the last two 
formula lines prove the existence of a constant C > 0 satisfying (23). + 


PART II. Asymptotic Parametrizations. e 


6. The theorems. According to (iii), every point P of a surface 8 of 
class C** of negative Gaussian negative curvature issues exactly two asymptotic 
curves. Consequently, there exist (locally schlicht) parametrizations of 8 
of the form X = X (u, v), where X = (x, y, z) is a continuous vector function 
of (u,v), and u = const. and v = Const. are asymptotic curves. With a 
slight modification of the conditions of (iii), this assertion can be improved: 


(iv) Let 8 be a surface of negative curvature, K, possessing a C”- : 
parametrization in which K is a function of class C’ (so that, in particular 
(iii) is applicable). Then, near any point of S, there exist parametrizations 
X = X (u,v), where X == (x,y,z) is a vector function of class C’ in (u,v), 


and u = const. and v = Const. are asymptotic curves. = 


In particular, if S is a surface of class C” and of constant negative 
curvature, then it possesses asymptotic parametrizations of class C’. This 
assertion seems to be curious, since, starting with a pseudo-sphere of class C”, 
it supplies a parametrization which is of class C” only. Actually, it turns 
out that (iv) cannot be improved in this respect: 


(v) Under the assumptions of (iv), let S: X = (a, y,2) be (locally) 
parametrized in the form X == X (u,v), where u = const. and v = Const. are 
asymptotic curves. Then no such parametrization of S need be of class C”. 

The assertion (v) remains true even if 9 is of constant negative curvature. 
In fact, it will be shown (cf. (viii) below) that if 9 is of constant negative 
curvature and if its (Cartesian) parametrization, say z = 2(2,y), is not of 
class C’” near a point, then it cannot possess an asymptotic parametrization 
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of class C” near that point. Thus, (v) is contained in (viii), and so a direct 
proof of (v) will not be given. 


7. Proof of (iv). It can be assumed that S is given in the form 
z = z(x,y s Then it is clear from the assumptions of (iv) that the function 
a(s, y) is of class C” and that K (x,y) is of class O’. Consequently, if (5), 
(8), (9) are used in the same way as in the proof of (iii), it is seen that 
‘the differential equations defining the asymptotic curves reduce to two 
equations of the form (2), with functions f(u,v) of class C’. Since this 
implies that the (local) general solution, v == v(w3 Uo, vo), of (2) is a function 
of class C” in u, Uo and vo == V (Uo; Uo, Yo) together, the assertion of (iv) is 
no% clear from the end of the proof of (iii). 


, PART III. Asymptotic Tchebychef Nets. 


8. The existence theorem. A parametrization X = X (u,v) of a sur- 
face § of class C” will be called a Tchebychef parametrization (cf., e. g., [1], 
§ 60- $ 63) if it is of class C’ and such as to lead to the following form of the 
squared line-element on 8: 


(26) | dX (u, v) |? = du? + 2 cos du dv + dv*, where ¢ = $(u, v). 

If the subscripts of X refer to partial differentiations, (26) is equivalent to 
(27) | Xu(u,v)| =1 and | You, v)| ==1, (Zu X, = cos D). 
Clearly, p(u, v) is a continuous function. 


e it is a central fact in the differential geometry of pseudo-spheres that 
the latter possess asymptotic parametrizations satisfying (26) (for instance, 
Hilbert’s theorem on the existence of singularities on pseudo-spheres depends 
on this fact). A careful perusal of the classical proof reveals however, that 
the surface is tacitly assumed to be of class C””. On the other hand, it will 
turn out that, starting with (iv) alone, it is possible to effect a substantial 
reduction, C”” > O”, of the assumption of “smoothness : 


(vì) Let a surface K be of constant negative curvature (K =— 1) and 
of class O”. Then there exists, near every point of S, a C’-parametrization, 
X= X (u,v), which is an asymptotic parametrization satisfying (27), i. e, 
(26). 


9. Proof of (vi). By the remarks following (1v), the assumptions of 
(iv) imply, for a vicinity of every point of S, the existence of an asymptotic 
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C’-parametrization. Let X= X (u,v) be such a parametrization. Then 
u == const. and v == Const. are asymptotic curves, and the first partial deriva- 
tives, X, and X,, of the vector function X exist and are continuous. It will 
be shown that this is possible only if the second mixed partial dæivative 


‘ 
(28) ` Xuv = Xon exists and is continuous : 

and represents a vector parallel to the vector product [Xu Xe]: ° 
(29) Xuv' Zu = 0, Xuv° Xy = 0. 


If (28) and (29) are granted at every point (u,v) of S, the proof of 
(vi) is straightforward. In fact, (28) and (29) imply that (| Xa |?)o=0 
and (|X,{*)« —0 hold identically. This means that | X, |? is a function 
of u alone, and | X, |? a function of v alone, say | Xu(u, v)| = f(u) and 
|Xo(u,v)| = g(v). Finally, the transition from the latter relations ‘to the 
assertion, (27), of (vi) requires only a C’-transformation, (u, v) — (u*, v*), 
of the trivial form u* = u* (u), v* = v*(v), that is, a re-parametrization 
along the asymptotic curves. j 

Accordingly, only (28) and (29) remain to be proved. Actually, (28) 
holds if the assumptions of (vi) are generalized to those of (iv): 


(vibis) Jf 8 satisfies the assumptions of (iv), then (28) holds for every 
asymptotic C’-parametrization supplied by (iv). 


If (vibis) is proved, (vi) will follow if (29) is verified under the 


additional assumption, K ==—1, of (vi). 
10. Proof of (vibis). If = 
(30) l= (—K)4(1 + pt +9)", 
then, by (9), 
(31) Ty = lgu, y= llo 


where X = X (u,v) is the asymptotic C’-parametrization supplied by (iv) 
and X = (%,y,2). The choice, +, made in (30) and (31) for the alternative 
sign, +, in (9) is admissible, since w and v can be interchanged. 

Clearly, z, q in (9) can be replaced by y, p, respectively. Then what 
corresponds to (31) is 


(32) Yu = — T Yo = lpr, 


the choice of the alternative sign, +, being committed by (31). In fact, in 
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order to see the effect of the commitment in (31), it is sufficient to write (6) 
in the form 


(33) dp dx + dq dy =0, 
and to supshitute (32) into (33). 


In the (euclidean) plane of the parameters u, v, let R be the positively 
eriented boundary of a small rectangle, having the vertices (t, 01), (Us, 1), 
(Us, Va), (Ui, V2), Where Ur < Ue, V < Va, and put 


(34) [a] == 2 (U, 01) — T (Uo, V1) + T (Ue, Ve) — (Uy, Ve). 


Then it is seen from (31) that 


(5) | [z] =—4 f (lqu dw + Iqv dv). 
R 


Consider the point transformation (u, v) —> (p,q) defined by the inverse 
ofe 


(86) p= 20(%,y), Y= %(#,y), where v—=e(u, v), y= y(u v). 


Since z is a function of class C” in z, y, and since the components of X (u, v) 
are of class C’ in u, v, it is clear that the transformation (u,v) — (p, qù) is 
of class 0’. It has a local inverse of class (”, since its Jacobian, 


(37) J —0(p, q)/ (u, v), 


dogs not vanish. In fact, (37) is identical with the product of rt — s and 
a(x, y)/8(u, v), where ri—s? < 0, by (3), and 4(2, y)/0(u, v) ~0, since 
X == X(u,v) is an admissible C’-parametrization. Incidentally, there is no 
loss of generality in assuming that (37) is positive; for, if it is negative, 
it becomes positive upon the substitution (u,v) — (— u,v). But the latter 
can be admitted, since it amounts to a re-orientation of the asymptotic curves 
v == Const. 

Accordingly, if R is small enough, the substitution (u,v) — (p,q) is 
applicable to (35). This gives 


[2] =—4 f låg; hence, la] =—4 f f ip àg, 
: R Q 


if Q denotes the interior of R (Green). Consequently, if p, q are replaced 
by u, v in the last integral, it follows that 


2 
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(38) | i= —3 [fard 


Mm Uy 


the Jacobian (37) being positive 


If R is made to shrink to a point (u,v), it is seen from (34) and (38) 
that the second mixed partial derivative tu» at that point (u,v) exists, is 
equal to ty, and is represented by 


(39) Luy = — FlpJ. 


In view of (30), this implies that tu» = 2, is continuous. It is proved in 
the same way thé y and Y» exist, are equal and continuous and that, 
corresponding to (89), 

(40) Yus = — Elo. 


Hence, in order to complete the proof of (vi bis), only the existence of a 
continuous Zu» remains to be ascertained. But this follows by HORS 
with respect to v, the identity 


(41) Sy = PTu + Wu, 
in which each of the functions p, q, Tu, Yu possesses a continuous partial 


derivative with respect to v. 


11. Completion of the proof of (vi). What remains is the verification 
of (29) under the assumption K ==— 1. But the latter reduces (30) to 


(42) l= (1+ p + g)>. e 
It follows therefore from (39) and (40) that 

(43) uy = PPT, Yur = QUI. 

In addition, 


(44) Lay = — PJ. 


In fact, differentiation of (41) with respect to v gives 
Zuv = Plun F Yav H Pru Qu. 
Hence, if Suv, Yu» are substituted from (43), and £u, Yu from (31), (32), 
Zus = (p° + PI + (Pogu ~- Pug) l. 


But this can be contracted into the form (44) if use is made of the definitions, 
(87) and (42), of J and I. 
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Let N—N(x,y) denote the normal vector of S:2=—2(x,y), oriented . 
in such a way that the direction cosines of N become a scalar multiple of 
the vector (p,q,—1). Then it is seen from (43) and (44) that, if S is 
represented&in the form X = X (u, v), the vector Xuv = (Tuv, Yur Zw) is a 
scalar A. of N. Since the tangent plane of 9 is spanned out by the 
vectors X,, X» and is normal to N, it follows that the vector Xuv is per- 
pendicular to both vectors Xu, Xv, as claimed by (29). 

This completes the proof of all the statements made above. 


12. On the smoothness of (u,v) in (26). The assertion (vi) corre- 
sponds to (iv); what corresponds to (v) is the statements that the continuous ° 
function (u,v) in (26) need not be of class C’.’ Actually, it will turn out 
that $(u, v) cannot be of class C’ unless § is of class O” (in some para- 
metrization, say z = 2(2,y)). In this direction, the following fact will first 
be proved: 


(vii) Under the assumptions of (vi), the continuous function ¢ = (u, v) 
in @6), belonging to an asymptotic Tchebychef parametrization X = X (u, v) 
‘of S, is of class C” if and only if the corresponding parametrization X = X (u, v) 
is of class 0”. 

It is clear from (27) that if X = X(u,v) is of class O”, then (u, v) 
is of class C’. Thus, only the converse needs a proof. In view of (vi bis), 
this converse is contained in the following lemma: 


Lemma. Let § be a surface of class ©”, and X — X (u,v) a C’-para- 
metrization of S with the properties that the coefficients gi = gu(u, v) in 


(4%) | dX (u, v) |? =< gudu? + 2Gi2du dv + Joodv? 


are of class C’ and that (28) holds. Then the parametrization X = X (u, v) 
of S is of class ©”. | 


This lemma has applications other than (vii), as is indicated by (vi bis) 
and a similar result ([3], p. 724) concerning geodesic polar coordinates. 
The proof of the lemma will make it clear that the conclusion 0” —> C1 
can be extended from n — 1 to any n. 


13. Proof of the Lemma. It will be shown that Xuu(u,v) exists and 
is continuous. To this end, let ` 


Ag = {g (u + h, v) — g (u, v) }/h, 


where g is a (scalar or vector) function, | | £0 is a small number and u, v 


are fixed, and put 5 


ti 
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A == ${Xu(u + hv) + Xu(u,v)}, B=Xo(u,v), C— N (u, v). 


‘If | h| is sufficiently small, the vectors A, B, C are linearly independent. 
Hence, there exist three (unique) scalars a= œ(u,v), B= Bn(u,v}, 
y = ya(u, v) satisfying 


(46) AXy = rA + BaB + yl. 


I£ (46) is multiplied (scalarly) by A, B, C, respectively, there results the 
following system of equations for on, Ba, yn: 


A+ bXu = {gu (w ©) + 0(1)} + Balgie(u, v) + o(1)} + 0(1)y» 
B: AXı = on{gu(u,v) + 0(1)} + Bai, 
C+ AXy = aro (1) ` + Y» 


ind e 
where the o(1)-terms refer to h—>0. The determinant of this system is 
det (giz) + 0(1), which does not vanish for sufficiently small | 4 |. Hence, 
the last three equations can be solved for a, Bn, yn. It follows that, as h — 0, 
the numbers a», Bm yx tend to limits, a, Bo; yo, Which are continuous functions 
of (u,v), if the same is true of A -AX,, B-AXu, O- AXu. 

It will be shown that the latter scalar products tend to continuous limits, 
as h—> 0. It is seen from the definition of gı, that 


4Agu = ${Xu(u+ h, v) + Xu(u,v)} > AXy, 


It follows that, as 2 — 0, the scalar product A - AX, tends to the continuous 
function 499::/0u, since it is assumed that g,, is of class C”. Similarly, the 
identity 


AGig = Xv (Ul, V) > AXy + Xy (uth, v) : AX, ð 


implies that B- AX, tends to the continuous function 0g:2/0u — Xu ` Xuv, since 
it is assumed that gis is of class C’ and that (28) holds. Finally, the identity 
Xau: N = 0 leads to 


0 =A (Xu: N) = N (u,v)  AXu + Xu lu + h,v) AN. 


Since g is of class C” in some parametrization, its unit normal vector, which 
is invariant up to a factor + 1, is of class C’ in any C’-parametrization of 8. 
Thus, the last identity implies that the scalar product C + AX, tends, as h — 0, 
to the continuous function — X,-Nzy. It follows that the limits, a, Bo, yo, 
of on, Ba, yx exist and are continuous. Hence, (46) shows that Yuu(u, v) 
exists and has the value | 


oX nu, V) + BoXo(u, v) + YN (u, v), 


ASYMPTOTIC CURVES OF A SURFACE. 163 


and is therefore continuous. It is shown in a similar manner that Xw» (u, v) 
exists and is continuous.. This completes the proof of the Lemma. 


14. Qn the smoothness of asymptotic Tchebychef parametrizations. 
The remar following (v) and that preceding (vii) will now be proved. 
These remarks are contained in the following assertion: 


(viii) Let a surface S be of constant negative curvature (K =— 1) 
and suppose that S possesses an asymptotic Tchebychef parametrization 
X — X (u,v) of class O”. Then K is of class O” in a Cartesian parametriza- 
tion, say 2==2(2,y). 


e Proof of (viii). According to (26), the elements of the first funda- 
mental matrix (giz) == (gin(u, v) ) are given by gui = goo = 1 and gı: = COS D. 
In pawticular, ° 
(47) è det (gin) == sin? ¢, hence sin ¢ 0. 


The elements of the second fundamental matrix are given by hy, == ha = 9 
and hiz: = sing. In fact, hıı = h22 = 0 follows from the fact that 
u == const. and v == Const. on asymptotic curves; while hı? = sin? ¢ is equi- 
valent to the identity — 1 = K = det(luir)/det(gx). (To avoid ambiguity, 
it can be supposed that hi» = sin ; otherwise (u,v) can be replaced by the 
parameters (— u,v), the latter replacement being equivalent to a re-orien- 
tation of the asymptotic lines v = Const.) 

The derivation formulae of Weingarten for the partial derivative of the 
unit normal vector N (u, v) supply the relations 


Nu = (Xu cos $ — Xo) /sin p,  Ne——(X,— Z, cos $)/sin ¢, 


Phi show that N (u,v) is of class 0”. 

Let the coordinate system (x,y,z) be so chosen that S has a C”- 
parametrization of the form z==2(2,y). Since the vector N(u,v) is 
+(pg—1){1 +p +g}, where p—z(2,y), q—=2(2,y) are con- 
sidered as functions of u, v, it follows that p, q are of class C” as functions 
of u,v. But the parameter transformation (x,y) —> (u,v) is of class C” 
(with non-vanishing Jacobian). Hence, p,q are of class ©” as functions of 
x,y also. Consequently, z = z (x, y) is a function of class O”. This proves 
(viii). | 


15. On the Theorema Egregium. If Tchebychef parameters are used 
on a surface having the Gaussian curvature K =— 1, then the Theorema 
Egregium is known to reduce to 


(48) uv = Sin Ÿ, e 
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or to an integrated form which is the standard formula of Hazzidakis, 


(49) fee f f sin 6 (u, 0) du do, 
where ne | 7. 
(50) — [8] = $ (w, v1) — (Ue, V1) + $ (Uz V2) — $ (th, V2), 


Ld 
¢ = pu, v) being the function occurring in (26) (cf. e. g., the presentation 
[1], § 60-§ 63 and § 245). But as mentioned before (vi), the classical theory 
of pseudo-spheres § tacitly assumes that S has an artificially high degree of 
‘smoothness. Correspondingly, the standard proof of (48) or (49) depends” 
on the assumption C””. It turns out, however, the drastic reduction, 
O” —> O”, mentioned before (vi), is possible for the integrated forne (49) 
also, while the reduction C’’” + C”” is possible for (48): ‘ 


(ix) Under the assumptions and in the notations of (vi), the function 
p = p (u,v) occurring in (26) satisfies the identity (49). 


Proof of (ix). According to van Kampen’s proof [5] of the theorem 
‘of Gauss-Bonnet, the latter theorem holds for surfaces of class O” and for 
contours consisting of a finite number of arcs of class ©”. In addition, it is 
clear from van Kampen’s proof that, on surfaces of class O”, the Jordan 
contour can be allowed to consist of a finite number of arcs of class C’, if the 
integral of the geodesic curvature over the contour (i.e., the first term is van 
Kampen’s formula (28), p. 134) is replaced by the sum SA. In this sum, 
extended over all ares of class O” which constitute the contour, A@ denotes 
the oriented variation of a continuous determination of @ along one ofethe 
arcs of class C’, and — 8 is the oriented angle from the tangent vector of the 
are to a vector transported by Levi-Civita’s parallelism along the arc (cf. 
ibid., p. 131). 
© Let R be the positively oriented boundary of the small rectangle con- 
sidered before (34). Then if the preceding form of the theorem of Gauss- 
Bonnet is applied to the Jordan contour R, and if Q denotes the interior of R, 
it follows that 


(51) 340 + ff HAS ne Sc, 
| à | 


where X « is the sum of the oriented exterior angles, a, at the vertices of the 
image of À on the surface 9. 
It is understood that dS — | dS | in (51) denotes the surface element 
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on S. Hence dS == (det gi,)'du dv, where the square root is positive, and 
Ju = 1, giz = COS D, Joo = 1, by (26). Since K == — 1, it follows that 


N J 


Q being the interior of the rectangle R having the vertices (wi, vp), where 
th < Us, Vi << Va Thus (51) reduces to , 


ve 


ff | sin ¢ (u, v) | du dv, 


V1 t 


Va Ue 


(52) s40— ff sin ¢(u, v)du do = 2m — 3 a, 
a Mw 4 
if it is assumed that | sing|—sin¢. This assumption is admissible, since 


sin ¢ Qu, v) is a continuous function which cannot vanish, by (47), and which 
goes dver into — sin ¢ if (u,v) is replaced by (— u,v) (the latter replace- 
ment is equivalent to a re-orientation of the asymptotic lines v == Const.). 

Next, the orientation of the rectangle R and the definition of the angles 
a, Siven after (51), show that 


(53) Z a = (r— pt) +o + (r— p) + pt, 


where 
(54) pt = ¢ (1h, v1), p? == (uz, U1), P? = $ (tn, V2), pt = (ta, Va). 


In order to evaluate the remaining sum, SA#, which occurs in (52), use 
will be made of the fact that, according to (27), both vectors XY, = Xa (u, v), 
Le Xy(u,v) are of unit length. On the other hand, by (29) or the end 
of the proof of (vi), the vector Xw is parallel to the normal vector, N, of 8. 
Finally, two sides of the rectangle R are formed by asymptotic curves 
u = const., and the other two by asymptotic curves v — Const. Consequently, 
the vectors X», Xu represent parallel transportations of themselves along the 
former and latter two sides of R, respectively. It follows therefore from the 
definition of the terms of the sum SA, given before (51), that, along the 
sides of R, the angle @ can be chosen to be — ¢ or ¢ according as v = Const. 
or u == const. Consequently, from (53), 


(55) Ad = (hi — $2) + (63-2) + (hs — ba) + (hi — hi). 


Clearly, (55) can be contracted into 3A@=—2[¢], and (53) into 


Xa — 2r — [$], where [¢] is defined by (50). Hence, (52) reduces to (49). 
This completes the proof of (ix). , 


166 PHILIP HARTMAN AND AUREL WINTNER. 


PART IV. Lines of Curvature. 


16. On lines of curvature (K ==— 1). The following analogue of (ii) 
will now be proved: / 


e 

(x) If a surface, S, of class O” is of constant negative curvature, then 
either of the directions of principal curvature at a point, P, of S determines 
a unique line of curvature through -P. 


Clearly, (x) implies that S has a (locally) schlicht parametrization, 
X = X (u,v), in which X(u,v) is a continuous vector function having the 
property that u = const. and v = Const. represent lines of curvature, and 
conversely. Actually, it turns out that such a parametrization, X = X (u, v), 
of § can be chosen not only to be continuous but of class O’ as well. In 
other words, (iv) and (vi) admit of the following analogue: 6 


(xi) Let a surface S be of constant negative curvature (K ==—1) and 
of class O”. Then there exists, near every point of S, a C’-parametrization 
X = Y (u, v) in which u = const. and v = Const. are lines of curvature. * 

Furthermore, such a parametrization can be so chosen that the squared 
line-element on S becomes of the form 


(56) | AF (u, v)|? =g dut + (1—g)¥dv’, 0<g<i, 


where the function g = g(u,v) is continuous. 


Proof of (x) and (xi). If P is a point of a surface § of class ©” and 
of negative curvature, Dupin’s indicatrix shows that the directions of prin- 
cipal curvature bisect the angles between the asymptotic directions. In 
particular, if X = X (u, v) denotes, near (uw, v) = (0,0), the local C’-para- 
metrization supplied by (vi), and if Y (u,v) is defined by 


(57) Y (u,v) = X (4 (u + v), z(u —v)), 


then, since X = X (const., v) and X = X (u, Const.) are asymptotic curves, 
X = FY (const, v) and X = Y (u, Const.) are lines of curvature (and con- 
versely). Hence, those assertions of (xi) which do not involve g and (56) 
are equivalent to the particular case K =— 1 of (iv). Correspondingly, 
(xi) follows from (ii) by virtue of the C’-parametrization used in (57). 


17. A uniqueness theorem for lines of curvature. There is little doubt 
that the possibility of non-uniqueness, established by (i) for the asymptotic 
curves on surfaces of'elass O”, remains realizable if the asymptotic curves are 


ASYMPTOTIC CURVES OF A SURFACE. 167 


replaced by the lines of curvature and, correspondingly, the assumption 
K < 0 by the assumption that $ be free of umbilical points; that is, of points 
at which Riz: hi2: hee = Qui: 912: 922 As is well-known, the exclusion of this 
proportiomlity is equivalent to the exclusion of the sign of equality in the 
ie ee which is satisfied by the mean curvature, H, and the 
Gaussian curvature, K, at every point of any surface of class C”. 

e Clearly, what would formally correspond to (iii) is the following asser- 
tion: If S is a surface of class C** containing no umbilical point, then every 
point of S issues only two lines of curvature (one in each of the directions 
of principal curvature). Actually, this formal transfer of (iii) to the case 
of lines of curvature will remain problematic. In fact, what corresponds to 
(iii) turns out to be a criterion requiring that both H and K be subject to 
Lipschitz’s condition (in a C’-parametrization of 8), whereas (ai) 2 assumes 
a Lipgchitz condition only for K; cf. the definition of the class C**, given 
before (iii). In other words, the adaptation of the device used in the pro 
of (iii) leads only to the following criterion: 


° (xii) If 8:2 —=2(a, y) is of class C” and if both curvatures, H = H(x, y) 
and K==K(a,y), of 8 satisfy uniform Lipschitz conditions in x and y 
together, then every non-umbilical point of S issues a unique pair of lines 
of curvature. 


18. Proof of (xii). First, the exclusion of umbilical points means that 
H*?—K>0. On the other hand, the differential equation defining lines of 
curvature on a surface z = z(x,y) of class C” can be written in the form 


(58) a{p/(1 + p? + 9°)*} = {HE + (H — K)}dz, 


where p = Zs, 4 = žy and 


= gao + p° js (1+ g)r}/( + p? + 9’), 
= (ré—s)/(1+p +)? 


are thought of as expressed as functions of (x,y). In fact, (58) is just a 
restatement of the equation of Rodrigues (2H being the sum, and K the 
product, of the principal curvatures). 

Put 


(59) m= p/ (1 + p’ + gyi. 
Then it is clear that both equations (58) are of the form 


(60) | dm = f(x, y)da, 
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where f(x, y) satisfies a Lipschitz condition (in x and y together), since the 
same is true of both H(x,y) and K(x,y). Hence it is clear that the argu- 
ment used at the end of the proof of (ili) will become applicable to (60) 
if it is ascertained that the Jacobian of the binary M cama 
(x, y) — (x, m) is distinct from 0. ° 
According to (59), this Jacobian is identical with the partial derivative 
a{p/(1 + p? + q?)4}/éy. The non-vanishing of the latter at a point (a, FA 
is readily verified if it is assumed that the directions of the coordinate axes - 
x,y do not correspond to the directions of principal curvature at that point 
(and therefore near that point). Finally, this assumption can always be 
satisfied by a suitable rotation of the (a, y)-plane. Clearly, this step corre- 
sponds to the normalization (5) in the proof of (iii). à 


PART V. Torses. 7 


19. Asymptotic lines (K ==0). Suppose that a surface S of class 0” 
is a torse, i. e., that K==0. Ifa point P of S is not a flat point, that js, a 
point at which the second fundamental matrix (hip) vanishes, then, since 
K =0 means that det (is) == 0, the point P determines a unique asymptotic 
direction du,: du. satisfying (1). There arises the question whether P can 
issue more than one asymptotic curve. It turns out that, as in the case 
K =— 1 treated in (ii), this possibility cannot arise: 


(xiii) If a surface, S, of class C” is a torse, then every non-flat point, 
P, of S issues a unique asymptotic curve. The asymptotic curves are straight 
lines, along which the tangent plane is invariable, and are the generators of 
the torse 8S. ° 


This assertion is a consequence of the considerations in [4], p. 770. 
Those considerations also show that if S is given in the form z= z(x,y) 
for small z? + y?, and if P: (a, y) = (0,0) is not a flat point and therefore, 
without loss of generality, z,,(0, 0) Æ 0, then the asymptotic curves and only 
these are determined by the equation q == const., where g = z,(®, y); cf. 
(9) above. 


20. Asymptotic parametrizations (K == 0). Theorem (xiii) and its 
proof lead to the natural parametrization of torses: 

(xiv) If 8 is a torse of class C” containing no flat point, then every 
sufficiently small piece of S possesses a C’-parametrization of the form 


(61) X (u,v) = A (uyw + B(u), (A(u) #0), 
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where X denotes the vector (x, y, 2), and A(u), B(u) are vector functions of 
class © satisfying 
(62) det (A, A’, B’) =0 ( = d/du). 


Pro (xiv). IfS is given in the form z = 2(z, y), introduce, instead 
of x, y, the parameters z, g defined by the C’-transformation (8). The latter 
has a non-vanishing Jacobian near the origin, since (5) can be assumed. 
hus the resulting parametrization, say X — X(q,æ), of S is of class C”. 
Furthermore, by (xiii) and the remark following it, all asymptotic curves 
and only these are given by g= const. Accordingly, the direction of the 
vector 0X (q, x)/ðx is independent of x. But the first component of X (q, x) 
is a; hence, the first component of 8X(q,x)/6x is 1. Consequently, 3X (q, x) /dx 
is independent of x. It follows therefore by a quadrature that X (q, x) 
appears in the form (61) by placing u =q, v==a. Furthermore, 4 Æ 0, 
since’ A = 9X/év. In addition, Au) and Bu) are of class C’, since 
Xu, v) is. Finally, (62) is clear from the fact that the normal vector is 
constant along the asymptotic lines u = const. (that is, from the fact that 
the vector product of A’v + B’ into A is parallel to the vector product of 
B’ into A). This proves (xiv). 


21. On the smoothness of the parametrization (61). Although (xiv) 
is an analogue of (vi), the assertion of (viii) does not have an analogue. 
In fact, if f(z) is a function of class O” for —1 < x < 1 and S is the 
surface given by z= z(x,y) =f(z)y, then S is a torse of class C”. It 
possesses a parametrization (61), where «= u, v = y and A(u) = (1, 0, f(u)), 
Bu) = (0,0,0). This parametrization of § is of class ©”, but is not of 
class O” unless f(x) is. 

Thus there arises the question as to whether or not (v) has an analogue. 
The answer is affirmative: f 


(xv) Under the assumptions of (xiv), let 8: X = (1,4,2) be para- 
metrized (locally) in the form (61). Then -no such parametrization need be 
of class O”. 


22. Proof of (xv). Let f(u) be a function of class C” on the interval 
—1£u<1, and put X = X (u, v), where, if X = (2, y, 2), 


(63) =v, y=—f (uj +u 
and 


(64) z = {f (u) — uf (u) jv + 3u. 
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Clearly, the Jacobian 0(2,y)/0(u,v) is —1 at (u,v) == (0,0). Hence, in 
a vicinity of (u,v) — (0,0), the surface (63)-(64) has an equation of the 
form z = z(z, y). It will be shown that this surface, 8, is of class O” in its 
(z, y)-parametrization ; that S is a torse; and that the point P corresponding 
to (z, y) = (0,0) is not a flat point (as is not, therefore, any poi qifficiently 
closé to P). 

A simple calculation involving the Jacobian matrix of the transforma, 
tion (63) shows that 


(65) Zo = f(u) and zy = u, 


where u==w(a,y). Since u is a function of class C’ in (v, y), and f is a 
function of class O” in u, it follows that Ze, 2y are functions of class C? in 
(x, y). Hence, $ is of class ©” in terms of its (x, y)-payametrization. 


It follows from (65) that z = z(x,y) satisfies the partial differential 
equation rt —s? = 0; so that, by (3), the Gaussian curvature of S vanishes 
identically. It is also seen from (65) and (63) that z satisfies the normaliza- 
tion (5); so that (x,y) = (0,0) is not a flat point. ° 

In order to complete the proof of (xv), it remains to show that if f (u) is a 
suitably chosen function of class C”, then no C’-parametrization of any 
vicinity of P: (0,0) on § is of the form (61). It turns out that © must 
have this property whenever f(u) fails to have a third derivative at u = 0, 

First, (63)-(64) is a C’-parametrization of the form (61). Let 
u—u(a, B) , v= v(a, B) be a change of parameters which transforms (61), 
that is, (63)-(64), into a parametrization of the same form, say 


(61 bis) X (a; 8) = L(a)8 + M (a). ° 


Then, since w= const. and «== Const. are asymptotic curves, u(«, 8) is a 
function of œ alone, say u == u(«). For a fixed u or a, the variables v or B 
are, up to a translation and a change of scale, the arc-lengths along the 
asymptotic curves. Hence v(a,8) is of the form g(a)8+ h(a), where 
g(a) 540. Consequently, a necessary condition for a transformation 
u—u(a,B), v—v(a B) taking (63)-(64) into the form (61bis) is the 
following structure: ; 
(66) u—u(a), v=gla)B+ h(a); g(a) 0. 
Suppose, if possible, that (63)-(64) can be transformed into (61 bis) 
in such a way that (a, 8) == (0,0) corresponds to (u,v) == (0,0) and that 
the resulting vector function X(a; 8) in (61 bis) is of class C” in a vicinity 
of (a, 8) = (0,0). If X = (z, y,2z), the first of the equations (63) shows 
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that &—x(a; 8) is identical with g(a)8 + h(a). It follows that g(a) and 
h(a) are of class O” near æ= 0. On the other hand, the second of the 
equation (63) shows that y = y(«; B) reduces to 


N — f'(u(a))g(a)8—f(u(a))ñ(a) + u(a). 


Hence, f’(u(a))g(«) and — f (u(a))h(a) + u(a) are of class C” near 
g= 0. Since g(«) 54 0, it follows that f (u(«)), and therefore w(a), is of 
class 0” near a = 0. 

Thus the three functions of æ which occur in (66), namely, u(a), 
g(a) and h(a), are of class ©”. In order that (61 bis) be an admissible 
parametrization of S, it is necessary that the Jacobian ô (u, v)/0 (æ, B) be 
distinct from 0 at (a, B) = (0,0). This Jacobian is g(a) du(a)/da, by (66). 
But if (u) fails te have a third derivative at u — 0, then, since du(a)/da 0 
at a == 0, the function f'(u(«)) of « cannot have a second derivative at æ — 0. 
This completes the proof of (xv). 


23 On lines of curvature (K ==0). The following analogue of (x) will 
now be proved: | 


(xvi) If S is a torse of class O”, then either of the directions of prin- 
cipal curvature at a non-flat point, P, of S determines a unique line of 
curvature. 


Proof of (xvi). The simple parametrization of S supplied by (xiv) 
cannot be inserted into the differential equations of the lines of curvature, 
since those differential equations assume a parametrization of class 0”, 
whereas (61) is of class C’ only. Let, therefore, S be given in a C”’-para- 
metriaztion, say as z = z(x,y). Then the lines of curvature are defined by 


(67) AN + rd¥ — 0 


. (Rodrigues), where N denotes the unit normal vector, X the vector (x, y, 2), 
finally either of the two principal curvatures. l 

The assumption K = 0 implies that one of the principal curvatures 
vanishes identically. On the other hand, the assumption that P, and hence 
every point in a sufficiently small vicinity of P, is a non-fat point ensures 
that the other principal curvature is distinct from zero. For the first of 
these two determinations of A, it is seen from (67) that dN =Q, i.e. 
N = const. Hence, in the direction of the principal curvature À == 0 every 
point issues exactly one line of curvature, and this line is an asymptotie 
curve also; cf., e. g., [4], p. 770. 
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Since the two directions of principal curvature at a given point are 
orthogonal, the remaining case, À <Æ 0, of (67) is equivalent to the differential 
equations of the orthogonal trajectories of the sheaf of the asymptotic curves. 
But in terms of the parametrization (61) of S, the asymptotic curves are 
represented by u == const. Hence, the differential equation of ard grthogonal 
trajectories in question is 


(68) gia (u, V) + 922 (u, v)du/du = 0. ° 
It is readily verified from (61) that (68) reduces to . 
(69) (A: A’)v + (4: B’) + (4: A)do/du = 0, ( = d/du), 


where the dot denotes scalar multiplication. Since (69) is a linear differen- 
tial equation for v == v(u), with continuous functions of weas coefficienés, the 
solutions of (69) are uniquely determined by their initial conditions. This 
proves (xvi). EN 
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ON THE SMALL DIVISORS IN INTEGRATIONS BY LAPLACE 
TRANSFORMS.* 


` \ By AUREL WINTNER. 


° 1. If @ is a matrix, of m rows and m columns, let | «| denote the 


greatest of the absolute values of its m? elements. Correspondingly, if 
a = a(s), where 0 Æ s Ko, let 


ay al f Jdx(s)| 

e bd o 
be the greatest of the total variations of the m? scalar functions which con-, 
sti the matrix function a(t). Thus the matrix 


RY A(t) -f etsda(s) 


consists of m? Laplace integrals which are absolutely-uniformly convergent 
for OZ t<% if [x] <o. If in addition 


(3) | J | da(s)|/s <o, 
then it is clear from (2) that 

(4) f | A(t)| dt <a. 
Needless to say, 0 

(5) a(+ 0) = (0) 


is necessary for (8). The following theorem will be proved: 
In the linear system of differential equations 
(6) g = A (t)z, (= d/dt), 
where v is a vector (%1,°* *, 2m), let the coefficient matrix A(t) be repre- 
sentable, for 0 Æ # <œ, in the form (2), where [a] <œ. Suppose further 
* Received June 26, 1950. 
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that æ satisfies (3). Then (6) has m linearly independent solution vectors 
z == v (t),; < -,g = x”(t) which, when ordered in the form of a matrix 
X == (z',-- -, g”), are representable, for 0 & t <œ, in the form 

(7) X(t) = est dB(s), : where [8]<o and B(+ 0) ES =F 


(4 


(# denotes the unit matrix) ; so that, by (7), d 
(8) X(t) =E + Xo(t), where X(t) — 0 
as t-> œ, since | 
(9) Holt) = f e dp(s). 
+0 s ° 


2. Condition (3) is automatically satisfied if the range of integÿon 
in (2) does not reach down to s—0, that is, if a(s) — const. for small 
non-negative s. For this particular case, the theorem was proved in [2]. 
The method applied there fails if the points of non-constancy of a(s) are 
allowed to reach down to s==0, since then the successive approximations 
lead to “small divisors,” substantially of the same type as those occuring 
in celestial mechanics. Correspondingly, the content of the above theorem 
is to the effect that the “small divisors” are harmless as long as the “ fre- 
quency function,” a(s), of (2) is subject to the restriction (3). 

It turns out that (8) is the best possible condition of its type. In 
order to see this, suppose that m = 1, i. e., that A(t), a(s), x = £ are scalars, 
and let a(s) be non-decreasing and bounded for 0 Æ s <a. Then [a] < 0 
is satisfied, and (2) shows that the general solution of (6) is a constant 
multiple of | 


a(t) = exp f (1— est) /s da(s). 


Clearly, this «(¢) tends, as f—>co, to co whenever the case | da(s)| = da(s) 
of the assumption (3) is violated. Hence, nothing like (7) can hold, in 
general, unless (3) is assumed. 


8. The proof of the.theorem announced in §1 proceeds as follows: 


Each of the m columns of a matrix X(t) is a solution vector z(t) of 
(6) if 
(10) X(t) =A“) X(t), 
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and these m solutions will be linearly independent if det X(t) 40 holds for 

some ¢ (in which case it is known to hold for every t). But if the corollary 

(8) of (7) is satisfied, then det X(t) 40 for large ¢ (hence, for every t). 
‘On the other hand, (7) reduces (10) to 


e.^. 


(11) . X(t) 5 f A(u)X (u)du. 
s t 
Hence, what is sought for is a solution X(t) of (11) which is of the 
form (7). 
To this end, try successive approximations, by placing 


(12) X(t) —B+3 X(t), 
e Le n=l 
wherg in accordance with (11), the terms X, (t) are assigned by the recursion 
toyla 
(13) Zm(t)=— | A(u)Xn(u) de, 
t 
with 
(14) pe f Au) du. 
t 


In order that (12) should become of the form (7), it is natural to 
assume that 


2 


(15) Los f et (s), 
where [B.] <% and ° 
(16) Bn(+ 0) = Bn(0) (and, e. g Bn(0) = 0). 


On the other hand, direct substitutions show (cf. [21) that, by virtue of (15: 
and (2), the relation (14) is formally identical with 


(17) — sdBi(s) = da(s), (0 <s<o), 
and the recursion formula (13) with 
(18) — så Bn (S) = da (s) * Ba(s), (0<s<o), 


where the asterisk denotes the operation of convolution (cf. [2]). 
It will be proved that if both integrals (1), (3) are finite, then (17), 
(18) and (16) define, on the closed half-line 0s <œ, a sequence of 
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matrix functions Bas) each of which is-of finite total variation, [Sn] <<, 
and that the sum of these total variations is finite, - 


(19) 3 [6] <æ. 


pe ag Pi 
| è | 

If this is proved, it will follow that (7) and (11) become satisfied by 

placing 


(20) B(s) = ba (8) if 0 < 8 <0, 


and 8(0) =8(+0)—E. In fact, the deduétion of (7) and (11) will 
then be the same as in [2] and will, therefore, be omitted. 


4. If œx(s), where 1—1,:-:,m and k—1,-‘e,m, denotg the 
elements of the matrix a(s), put ' 
i N 
(21) A(s) = m max f | daix(u)| ; (0Ss<o), 
o e 


where the symbol max refers to i and k together. Thus A(s) is a non- 
decreasing scalar function. Hence it is clear that the scalar recursion formula 


(22) Sdprns (S) = d{A(S) * an(s)}, where 0<s <0, 


will be a majorant of the matrix recursion formula (18) if, corresponding. 
to (17), , 
(23) sdu, (s) = dA(s), where 0 < s < %. 


In fact, since dA(s) = 0, it is clear from (28) and (22) that du(s) 2 0, 
if an(s) can be formed at all. Hence, in order to prove the existence of the 
matrix function B,(s) and the convergence of the series (19), it is sufficient ` | 
to show that (23) and (22) lead to (non-decreasing) scalar functions u,(s) 
satisfying 


(24) 3 [on] <o, where Tim] — f dml) © (us) 20). 


The assumptions to be used are 


(25) dx(s)=0; (0) =0, Mawes 
and 
` (26) f star(s) <0 


e 0 


M Lee 
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dine Nes 0) =}: In fact, it is clear from (21) that (25), (26) ‘ 
‘axe “equivalent ‘to the convergence of the respective integrals (1), (3). f 
-The proof will be- based, not directly on (22) and (23), but on the 

| circumstances that 


a 


CY galt) fond 
ma. | ‘ 
(28) | i y(t) =f a(u)du 


. t 
correspond to (22) and (23) in the same way as (13) and (14) correspond 
to’ (18) and (17) if, corresponding to (2) and (15), 

e e 


em» Pa a(t) = f E 


0 
‘and 
e 


LC] 


(30) > m(t) = f edus). 


Then | 
(31). y(t) —1 +3 yn(t) 


corresponds to (12), and. 


(82) y(t) =1+ J a(u)y(u)du 


to (11). | 
` Accordingly, (27), (28) and (31) represent the process of successive 
approximations to a solution of (32), where a(t) is a given scalar function, 
(29). What is at stake is an appropriate convergence of this process of 
successive approximations. 


5. First, it will be shown that the functions yi(s), a(s): <- can be 
defined, for 0 Ss < and in accordance with (30) and (27)-(28), in such 
a way that 
(83) . dun(s) = 0;  pa(0) —0,nm(co)<o0. 


In view of (30), this will prove that all functions y,(¢) are defined for _ 
O<É<c. 


12 
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Insertion of (29) into (28) gives 


J (t) = f f esd (5) du = f e-tss id (s), 
t 9 0 


the last rearrangement being justified by (25) and (26). Accordingly, (30) 
holds for n = 1 if da (s) = sA (s). In view of (25) and (26), this means 
that there exists a w,(s) satisfying the case n == 1 of (33). Furthermowe, 
by the parenthetical remark made after (26), 


(34) un (+ 0) = ma (0) 
holds for n =1. 

‘Suppose that w,(s) has been defined, for a fixed n, in such a way that 
(83) and (34) are satisfied. Then (30) defines for 0 Æ { <c a function 
Yn(t) which is continuous and bounded (even if (34) is not used). Hence 


(35) flanul du <eo 


provided that f | a(u)| du <œ. But (29), where dA(s) = 0, shows that 


a(t) is non-negative. Hence the proviso, on which (35) is based, follows 
from the convergence of (28), which was verified above. 

Thus (35) is true. Hence, (27) defines, for 0S t< œ, a function 
Yna (t). The explicit form yn.1(¢) follows by inserting (29) and (30) into 
(27). This gives ` 


(36) m0 ff cut f a@— au (o) jdu a 


In fact, the rearrangement leading to (36) is justified by Fubini’s theorem, 
since (35) is satisfied and dà = 0, dy, 20. Finally, one more application 
of Fubini’s theorem shows that (36) can be rearranged into 


a 


(37) Yan (t) = f edina (s), 
with i 
(38) A dan (8) = St f A(s — v) du (0)), 


where the convergence of the integrals (37) and (38), for 0Æ+t<c and 
0 < se< œ respectively, is part of the statement. 
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- The representation (37) of ynn (t) means that (30) holds if n is replaced 
by n +1. Since (37) converges at t = 0, it also follows that 


(39) f duna (8) <0, where dumu(s) Z 0 

. 0 
(the second assertion of (39) follows from (38), where dà = 0 and dy, = 0). 
I$ a suitable constant is added to Hna(s), it is seen from (39) that (33) _ 
remains true if n is replaced by n +1. Finally, (39) and the presence of ` 
the factor st in (88) imply that (34) must hold when n is replaced by n + 1. 

This completes the induction from n to n+1. Its result can be 
summarized as follows: Starting with (28), the recursion formula (27) 
defines a sequence of functions y,(¢) which are representable, for 0 Si < co 
and ne— 1,2," - ‘+ in the form (30), where the functions p,(s) satisfy 
conditions (22) and (34). 

hat remains to be proved is that the functions an(s), thus defined, 
are such as satisfy (24). This will complete the proof of the theorem 
anneunced in §1. 

Since dun(s) 2 0, it is clear from (30) that the assertion is equivalent 
to the absolute convergence of the series (31) at the point é—0. But 
a(t) 2 0, by (29), where dA(s) 20. Hence it is seen from (27) and (28) 
that 


(40) | yn(t) | = Ya (t) S Ya(0), Sto, 
and it is also clear that 

(41) Yna (É) = — Yn(t)a(t), Yna (© } = 0, 

where n = 0 and 

(42) Y(t) =1. 


But an induction leads from (42) and (41) to 


(43) m(t) = ( f a(s)ds)*/al. 
t 


Since application of (43) at t = 0 shows that 3y,(0) <0, it follows from 
the remark made before (40) that the proof is complete. 


6. It is clear from the above proof of the theorem announced in §1, 
that the addition rule of “ spectra,” used in [2], holds in the present case 
also, and that the same is true of “point spectra”; cf. [1]. Thus, if the 
theorem of $1 is applied to the case of an a(s) which is a step-function, say 
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. (44) a(s) = 3 An, where y» > 0, 
Yyn<s 

then there results the following corollary: 


Let A(t) be a matrix function of the form 


(45) A(t) =S Ang int, St <a, 
n=l 

where every y, is positive, every À, is a constant matrix, and | ° 

(46) RB] 4s] <0, Z| As l/a <o. 


Without loss of generality, suppose that, by an insertion of amplitude matrices 
À;, Ar, * * all of which are the zero matrix, the notation in (44),.(45) 
is chosen as follows: If Z and hy, he, © +, hı are arbitrary positive integers, © 
then the sum Ayy: ++ * -+ Ary: occurs as a y» Then *(6) has a ébmplete 
set of linearly independent solution vectors «(¢) which, when writen as 
the consecutive columns of a matrix X(t), are representable in the bt 


(47) X(t) = E +3 Bert, 0St <r, 
n=1 


where the B, are constant matrices satisfying 


(48) 318,1 <o, 


and Æ denotes the unit matrix. 

In fact, (47) and (48) represent (7), while (46) represents (1) and 
(3) together, since (2) reduces to (45) by virtue of (44). 

It may finally be mentioned that, since the proof is based-on majorizatjons, 
everything remains true if the real half-line ¢ = 0 is replaced by the complex 
half-plane Rt = 0. In particular, the real half-line.t = 0 can be replaced 
by the imaginary axis, %¢— 0. Accordingly, the above theorem remains | 
true if, both in (45) and (47), one reads it and —œ < t <œ instead of t 
and 0 =t <oo, respectively. 
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ON AN INEQUALITY OF GOLUSIN.* 


By JAMES A. JENKINS.* 


e 1. Recently Golusin [1], [2] has proved a number of interesting 
inequalities for univalent functions of which one, in particular, has proved 
very useful in obtaining bounds for the coefficients of functions univalent in 
the unit circle. This inequality states that for a function f(z) regular and 
univalent in |z| < 1 and normalized at z = 0 by f(0) — 0, # (0) =1, 


(2). [F t) a — 2 E | Faf) a a r) 

mae zı | = | z2 | =r, 0< r <1, with equality holding only for 

F(A = 2/ (1 + aetz + 6202), 0 — 4 (arg a + arg ze), —2Sa82. 
_ Whe first object of this note is to show that this result is an immediate . 
consequence of a result proved some years ago by Grôtzsch [4]. This latter 
result can, in its turn, easily be proved by the general methods of extremal 
length or quadratic differentials but these proofs are not essentially different 


from Grôtzsch’s original proof by his method of strips. 


As Golusin did, we shall derive first an inequality from which (1) 
follows at once. Let 


(2) PL) =C+ atat 


be fieromorphic and univalent for | £| > 1, then we shall show 
(3) | F(&) — F) ahl 21-1, 


where | & |=| &] =r r>1. 

The result of Grötzsch in question is as follows: Let D be a domain of 
the £-plane containing the point at infinity and of finite connectivity, let &, 
ĉa be finite interior points of D, then | F (4&1) —F(£)| attains its minimum 
within the class of functions #(£) meromorphic and univalent in D and 
normalized at infinity by (2) uniquely for the function mapping D on the 
plane slit along ares of the confocal family of hyperbolae having the images 
of ĉ& and £, as foci, this’ being determined up to an arbitrary choice of ao 
in (2): 


* Received June-23, 1950; -revised- November 7, 1950.- ea ` A 
1 Frank B. Jewett Fellow. i | 
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Now let D be the domain |£| > 1. For the proof of (3) it is clearly 
enough to take £ = rett, Z,.=re#; Lor, O<p<am. The function 
F*(€) =£+1/€ gives a mapping onto a configuration of the required 
extremal type. Since 


FFE) —P(é2)| = 2 (r — 1/r)sin > 
holds for this F == F*, it follows that © 


| F(&) —F(&2)| = 2(r—1/1)sin $ 





holds for any F. Dividing by | £& — £ | = 2r sin $, we obtain (3). 

Since the resulting extremal function does not assume the value Ô the 
result holds also in the more restricted class of functions for which „this is 
true. Other extremal functions in this class are F*(£) D a, — 2S 7 a = 2. 
From this we obtain at once inequality (1) and the indicated ‘ekçemal ‘ 
functions. It should be remarked that this proof does not require the general 
result of the existence of a mapping on a canonical hyperbolic slit domain. 
In the limit with é == ¿> the analogous result as above holds, the situation 
being even more simple. It should be pointed out that Golusin obtained a 
slightly more general result, but (3) is the form which has been used in all 
applications so far. Also let us note that other of Golusin’s inequalities, 
notably (17) in [1], can be obtained in a similar simple manner. 


2. Now we would like to show how Golusin’s inequality (1) can be 
used to simplify the proof of a result of Szegô [10]: Let the function 
f(z) = co + ca + coz? +: Lot +: be regular and univalent, in 
[2] <1. Then all the sections co + 012 + c32? ++ + + -p eng” (n—1,2,.-:) 
are univalent in the circle | z | < 1/4. 

Szegd’s proof uses a lower bound for the left hand side of the inequality 
(1) obtained from the distortion theorem. The general method works for 
nZ5 with n= 2,8,4 requiring special devices, the case n= 2 being 
extremely simple. By the use of inequality (1) the case n == 4 is brought 
under the general method but it seems the case n = 3 must be treated by 
the method which Szegô used, namely by the use of Lôwner’s expressions for 
the coefficients c,; [10], p. 196. 


Tf c= 1, then | ce, | < en, | cs | < 8; ef. [10]. 


To prove the result for n= 4 it is enough to prove the inequality 


&) ff) ae >| È oe) ama) 
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for |z, |= | 22 | = 1/4, nZ4 By (1) and the distortion theorem, the 
quotient on the left of this inequality is at least 


(1—1) /r?- r?/ (1 + r)t = (1—r)/(1 + r)? = 48/125 (r= 1/4), 
whereas thè expression on the right does not exceed (cf. [10]) 


= UE 9.25 + 24.5 + 20 : 40 41 < 48 i 
256 27.256 256 256 125 








This completes the proof. 


8. The problem of univalency of the sections of f(z) was taken up 
by V. Levin [8] who showed that the n-th section was univalent for 
|z] <% —6lognfn (n= 17), an improvement of Szegö’s result when n 
is large. The preceding approach enables us to give a considerably better 
estinte. We may take f(z) =z + e2 +`: fn(z) =2 4 ezt: 
+ cnz”. Again we use the fact that f,(z) will be univalent for |2| Srp 
provtded inequality (4) holds with | z, | = | z2 | = fn. This surely will be the 
case if the right hand side of this inequality is less than (1—r,)(1 + 12)". 
For this right hand side we have the upper estimate > | cy | wt’. To 

b 1 


pent 
sharpen our final result somewhat we will now use Golusin’s estimate 
| cy | < $e, [8]: We then obtain above the further bound, 


her” (1 — tn) {n (1 — tn)? — (Bn — 1) tn + 2n +1}. 
Thus we will be assured of the desired inequality provided 


Ta” (1 — tp) *{n? (1 — ra)? — (22 — 1}re + 2n + 1} < (6e). 





Substituting r, = 1 — &/n and reducing, we see that this will be the case 
provided - 
nie (a? + 2a + 2)a% < (6e). 


In order that this be satisfied we may take a — B,= 4 log n — log(4 log n) 
if n is sufficiently large. 

The result is then that the n-th section is univalent for | z |< 1 — B,/n. 
Our result is meaningful only if the right hand side is positive, i. e., for n 
large enough. Simple calculations show that both conditions on n are 
satisfied provided n= 8. For large n the dominating term in our estimate 
is 1—4log n/n, replacing Levin’s 1—6logn/n. Let us remark that this 
could not be improved beyond 1 — 2 log n/n, as was shown by Robertson [9]. 
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4. The method of $ 2 can, in addition, be used to establish a conjecture 
of Joh [6]. The result we shall prove is as follows: 

Let the function f(z) = 2 + asz? + a525 +>- be regular, univalent 
and odd for |z2[<1. Then all the sections 2 + 422% +: +--+ den??? 
(n—1,2,: --) are univalent in the circle |z| < 34 and the fumber 84 
cannot be replaced by any larger one. 

Joh proved this result in the case where all coefficients are real and ia 
general for all values of n but n—3. The values n= 1,2 are treated as 
special cases, the former being trivial, the latter requiring the use of Lôwner’s 
expressions for the coefficients. We now give a general proof for the cases 
n = 8. For this purpose we must recall the bounds | &] < 1.38, |an | < 1.70, 
| aons | < 17/5; cf. [7]. 

From the inequality (1) and the known bounds for the modulu® of an 
odd univalent function we derive 


| f(a) —f()|/|a—e| > (eee; 
| 21 |= | z2 | =r = 34, e 
On the other hand, 


= loysi | |A — 2t |//| 24 — z | 
< (1.38) (1/9) + (1.70) (11/248) + (17/5) > (2v + 1)37. 


This last number is less than .331 which in turn is less than 3/8 (—.375). 
Now, as in § 2, we see that all the sections for n = 8 are univalent in 
|z| <3. That this bound is best possible is shown in [5]. 
The present method can also be used to simplify the proof of Joh’s 
results on functions with bounded coefficients [6]. 
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ON NETS OF CURVES ON NON-ORIENTABLE SURFACES.* 
By S. K. ZAREMBA. 


e 

1. Introduction. The purely topological investigation of general nets 
of curves on closed surfaces was initiated by H. Hamburger [1] and B. v; 
Kerékjártó [2]. A further contribution by myself [4] was specifically con- 
cerned with orientable surfaces. However, nets of curves on non-orientable 
surfaces may also deserve attention, and their study is the object of the present 
paper. 

We shall retain my former [4] definition of a regular net of curves, 
which is here re-stated for the reader’s convenience: r é< 


1.1. Dærinirion. § being any closed surface (i. e., any closed two- 
dimensional variety), a set @ of curves on § will be called a regular net” of 
curves on S, if to any point M on S (apart from a finite number of points, 
called singular with respect to R) there corresponds a neighborhood U CM) 
of this point—called a regular neighborhood—capable of being topologically 
mapped on a neighborhood V of the Euclidean plane, so that the set of all 
the arcs of curves of R contained (with the possible exception of their ends) 
in U(M) be transformed in the set of all rectilinear segments parallel to 
either of two distinct fixed directions of the aforesaid plane and contained in 
V with the possible exception of their ends. 

In what follows, # will always denote a regular net of curves on a 
closed surface S. Obviously, it will not impair the generality of our reasoning 
if we limit ourselves to regular neighborhoods U (M) bounded by closed 
curves. 


1.2. DEFINITION. According to the preceding definition, the arcs of 
curves of R contained, possibly with the exception of their ends, in any 
regular neighborhood U(M) can be so divided into two families that seg- 
ments in the corresponding plane neighborhood V representing arcs of the 
-same family be parallel to each other; such a partition will be called normal. 
I£ the whole net @ can be so decomposed into two families of curves that 
the resulting partition of all the arcs of curves of # contained, with the 
possible exception of their ends, in any regular neighborhood be normal, & 
will be called monodrome and the aforesaid non-local decomposition of R 
into two families of curves will again be called normal. 


* Reived July 24, 1950. 
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This definition too repeats essentially the corresponding definitions con- 
tained in [3] and [4]. The same applies to the following definition, which, 
however, is now so formulated as to apply to non-monodrome as well as to 
monodrome nets of curves, which is necessary in the case of non-orientable 
surfaces. ° 


1.3. DEFINITION. If all the curves of a regular net f can be so 
. Oriented that in the plane neighborhood V corresponding to any regular 
neighborhood U (if) the resulting orientation of the segments parallel to one 
direction be coherent, R will be called bilateral. Similarly, in the case of a 
monodrome net, if the curves of one of its constituent families (corresponding 
to anormal partition of 0) can be so oriented that in the plane neighborhood 
corresponding to any regular neighborhood U (M) the resulting orientation 
of the rectilinear images of the arcs of curves of this family be coherent, the 
aforesaid family of curves will be called bilateral. 

- Whereas on an orientable surface, in the case of a monodrome net of 
curves, either both constituent families are bilateral or both not, on the 
contrary, on a non-orientable surface two families of curves obtained by a 
normal partition of a monodrome net cannot both be bilateral, but there are 
examples of monodrome nets of curves in which one of the two constituent 
families is bilateral. On the other hand, we shall see that (again in contrast 
with orientable surfaces, on which only monodrome nets of curves can he 
bilateral), on non-orientable surfaces non-monodrome nets are the only ones 
capable of being bilateral. 

The contributions of H. Hamburger [1] and B. v. Kerékjärté [2] to 
the theory of nets of curves on surfaces were mainly based on a concept of 
index related to that of Kronecker and defined for a special kind of 
curvilinear polygons, each of which was supposed to be contained in one 
neighborhood. The idea of a non-local index, as introduced in [4], depends 
intrinsically on the orientation of the surface, so that it cannot be applied 
to the case we are now investigating. However, on non-orientable surfaces, 
it is possible to introduce in a similar way an index mod 4 and, in the case 
of monodrome sets, even an index mod1, which is sufficient to obtain, in 
particular, criteria of monodromy and: bilaterality analogous to those pre- 
viously found for nets of curves on orientable surfaces. 


2. The index mod 4. We shall need the following definition: 


2.1. DEFINITION. By a normal polygon of the regular net of curves À 
we mean any closed curvilinear polygon without multiple points, whose sides 
are ares of curves of R, two consecutive sides being always contained in a 
common regular -neighborhood U(M) of their common vertex M. 
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Having chosen U (M) and having carried out a normal partition of the 
arcs of curves of R contained, with the possible exception of their ends, in 
U(M), we can determine whether the two sides of the given polygon meeting 
at M belong to the same family of curves or not (evidently, the result does 
not depend on the particular choice of U (M}); in the first case, & will be 
called a neutral vertex of the polygon. | 

In the second case, supposing the neighborhood U(M), as well as the 
polygon itself, to be oriented, the vertex M can be labeled as positive or 
negative in the following way: We extend the two sides of the polygon 
adjacent to M as far as the boundary of U(M) and so as to be still in the 
presence of arcs of curves of #&. Let LM and MN be these extended sides, 
their orientations from L to M and from M to N being consistent with that 
of the given polygon. Consider now that arc LN of the beundary of Y (M) 
which does not meet the extensions of LM and NM beyond M. If the 
orientation of this arc from L to N agrees with that induced by the orientation 
of U(M), M will be reckoned as a positive vertex; otherwise M will be called 
negative. . 

In the case of an orientable surface, its orientation could be given, 
allowing to deduce therefrom the orientation of every U(M), and the index 
of an oriented normal polygon a was defined by the formula 
(1) ind (a) —1—4s + dr, 
where s was the number of its positive vertices and r that of its negative 
vertices [4]. The index of a normal polygon bounding a neighborhood of 
a singular point coincided with the index (according to Kerékjarté [2]) of 
this singular point whenever the orientation of the polygon was that induged 
by the orientation of the neighborhood. 

If the surface is not orientable, this definition of the non-local index 
(as opposed to that of the index of a singular point, which is of local 
character) cannot be applied directly. We can, however, adopt an arbitrary 
orientation of a neighborhood of a starting point on a given normal polygon 
and propagate this orientation while describing the polygon in a given 
direction, thus giving a meaning to the index defined by (1). Obviously, if 
we return to the starting point with the opposite orientation, 1. e., if the cut 
on the surface corresponding to the given polygon is one-sided, the value 
found for the index depends on the starting point. More exactly, it is easy 
to see that, if the point moves so as to pass through a non-neutral vertex ot 
the polygon, this point changes from positive to negative or conversely, so 
that the change in the value obtained for the index amounts to +4. Thus 
in the general case the index, whose value‘may be any multiple of 4, is deter- 
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mined only mod}. It can therefore be defined in a simpler way as being 
equal, mod 4, to one-quarter of the number of non-neutral vertices of the given 
polygon. This amounts to a definition of the values of the index as residue 
classes modulo one-half. Evidently, the value of the index of a normal 
polygon, gs defined above, does not depend on its orientation; this is why, 
in what follows, topological complexes will be considered only mod 2. If a 
is any normal polygon, its index modulo one-half will be denoted by ind; (a). 
* It follows from our definition that if the normal polygon a bounds a 
neighborhood containing exactly one singular point, let us say P, the residue 
class mod $ of the index of P as defined by Kerékjártó [2] is ind;(a). In 
particular, the index mod 4 of a normal polygon bounding a neighborhood 
without singular points is zero. 


a2. THEOREM. Let a and b be two normal polygons whose common 
part forms an open polygon (which can always be assumed to be bounded 
byetwo vertices common to a and b), so that their sum mod 2 (in the sense 
of the theory of topological complexes), which will be denoted by a + b, be 
another normal polygon. Then ind;(a) + ind,(b) = ind; (a + b). 


Proof. The contribution of any vertex belonging to one only of the 
polygons a and 6 is the same for both sides of this equality. The contribu- 
tions of any interior vertex of the common part of & and b to ind;(a) and 
to ind,(b) are the same, and since they amount to 0 or +, they cancel each 
other modulo $ in ind,(a) + ind; (b), whereas in a + b the same vertex does 
not appear at all. Finally, any of the two ends of the common part of a 
and b must obviously be a non-neutral vertex either in both polygons a and b 
or in one of them only; in the former case, and only in that case, such a 
vertex is neutral in a+ b, so that in both cases its contributions to 
ind, (a) + ind,(@) and to ind;(a + b) are congruent mod 4. Thus adding 
together mod $ all these contributions to ind;(a) + ind,(b) on the one hand 
and to ind;(a + b) on the other, we find the same residue classes. Hence 
the proof is complete. 

l By modifying slightly the argument in [4], § 2.5, to suit topological 
complexes mod 2, we obtain the two following lemmas: 

2.3. Lumma. If k is any component of the common part of two 


normal polygons, c, and cz and is bounded by two distinct vertices common 
to cı and Co, the sum cı + Cz, treated as a complex mod 2, can be resolved 


into a finite number of normal polygons, say &,- - `, Qn, composed of sides 
of cı and c with the exclusion of those belonging to k, so that no side occurs 
in more than two of the polygons @,: ` `, Gn. 
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' 2.4. Lemma. On the assumption of the preceding lemma, 
isn 
ind; (¢1) + ind, (c2) =2 ind; (ai). 
=1 


Hence, by mathematical induction with respect to the total number of 
curvilinear segments involved, we deduce the following theorem. ® 


2.5. THEOREM. If ©, + +,¢Cm are normal polygons whose sum mod 2 
is the zero complex, : r. 


i=n 
S ind, (&) = 0. 
4=1 


2. 6. COROLLARY. If d1,° `, üm and by,+ * `, bn are normal polygons 
such that the complexes mod 2 denoted by a, +- - ++ dm and bi +: +, 
respectively are equal, , i . ° 

| izm dan 
> ind; (a;) = & ind; (bi). 
4=1 421 . 


Finally, the following theorem, corresponding to 2-9 in [4] À can be stated 
and proved in a simplified way owing to the replacement of ordinary integers 
by residue classes : 


2.7. THEOREM. If s is the remainder class mod} of the sum of the 
indices of the singular points contained in a part of the surface S bounded 
by the normal polygons s, `, 0m, ` 


im 
s = > ind; (a). 
{=1 


Proof. This part of S can be decomposed into a finite number of 
neighborhoods, none of which contains more than one singular point, and 
which are bounded by some normal polygons, say b:,:: -,b,. Clearly 


in 
s = > ind; (bi). 
x 4-1 
On the other hand, a,+--:-:+an—6,-+-:-+-+ bn and therefore, by 2. 6, 
ten, im . 
s = X ind, (b:) = > ind; (a). 
t=1 į=1 
Now criteria for the monodromy (see 1.2) of regular nets of curves can 


readily be obtained. 


2.8. THEOREM. R is monodrome, if, and only if, the indices mod À 
of all the normal polygons on § are 0. 

This theorem is the counterpart of the result of 2.31 in [8] and of 3.1 
in [4h 
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Proof. Wishing to divide R into two families, say @ and B, let us 
start from any regular neighborhood U (M), where the arcs of the curves of 
R have undergone a normal partition into two families, @ and B, and let 
us propagate this partition similarly to the analytic continuation of functions 
of complex variables. Obviously, @ is monodrome if, and only if, we always 
come back to U (M) with the initial determination of @ and B, and the 

_path followed can evidently be supposed to be a normal polygon. Now, when 
tracing a normal polygon, we meet non-neutral vertices when, and only when, 
we pass from an are of a curve @ to an arc of a curve of @ or conversely, 
so that we return with the initial partition of œ if and only if the number 
of non-neutral vertices is even, 1. e., if and only if the index mod ¢ is 0. 

- *As it may be preferable not to have to consider all possible normal 
polygons, let us finally replace the preceding proposition by a more special 
criterion, directly deducible from 2.7 and 2. 8. 


+ 2.9. THEOREM. A regular net of curves R on a surface 3 is mono- 
drome if and only if the indices mod 4 of the normal polygons of a set 
forming a base of homology for S, as well as the residues mod $ of the indices 
of the singular points are all 0. 


3. The index mod 1. Throughout this section, we assume the mono- 
dromy of R, and denote by @ and @ the two families of curves obtained as 
a result of a normal decomposition of &. 


3.1. DEFINITION. On this assumption, if a normal polygon a is given, 
and if we’ apply the procedure described in 2.1, starting from any interior 
point of a side a belonging to @, the result thus obtained will be determined 
modi. Indeed, if the starting point remains on the same side of a, nothing 
will be changed in the computation of the index. If, however, this point 
moves to the next side of a belonging to @, it has to pass through two non- 
neutral vertices. The contribution of each of them to the index changes 
by + 4 if the cut determined by a is one-sided, and does not change at all 
if this cut is two-sided; so that the value obtained for the index is either 
unchanged or changed by + 1, leaving the corresponding residue class mod 1 
-unchanged in any case. Hence, if the starting point moves from one side 
of a belonging to @ to any other side also belonging to Ĝ, this residue class 
will remain the same. It will be called the index mod 1 of a with respect 
to @ and will be denoted by indg(a). - 

According to 2.8, the only possible values for ind (a) are the residue 
classes of 0 and $, so that — indą (4) —ind, (a). Hence the index mod 1 
‘depends neither on the orientation of a nor on that of the initial neighborhood. 
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3.2. Remark. On the other hand, if the cut determined by a is one-sided, 
ind,(a) = indą (a) +4. This property of the index mod 1 is in contrast 
with the corresponding properties both of the index mod 4 and of the index 
defined in [4] for orientable surfaces. 


3.3. THEOREM. If a and b are two normal polygons whose common 
part is an open polygon bounded by two vertices common to a and b, so that 
a+b is another normal polygon, . 

ind, (a) + ind, (b) = ind, (a+ b). 

Proof. The polygons a and b can be supposed to be so oriented that the 
resulting orientations of their common part be opposite. The orientations of 
the regular neighborhoods covering together both polygons can so be deter- 
mined that they coincide on the common part of a and b., On these assump- 
tions, it is easy to see that each of the two ends of the common part of a 
and b either is non-neutral in both a and b and has the same sign in a as in b, 
but becomes neutral in æ + b, or is non-neutral in one only of the polygôns 
a and b and remains so in a + b, but with the opposite sign. Thus the con- 
tribution of each of these two vertices to indą (a + b) differs from that to 
indg(a) + indg(b) by + $ and both these differences, added together mod 1, 
cancel each other. On the other hand, the contributions to indą (a) + ind, (b) 
of any other vertex common to a and b cancel each other, while the vertex 
itself disappears in a+ b. Finally, each of the vertices occurring in one 
only of the polygons a and b yields the same contribution to both sides of the 
equality to be proved. Hence indg(a) + indg(b) = ind, (a + b). 

The preceding theorem can be generalized as follows: 

8.4. Lemma. On the assumptions of Lemma 2.8, if R is monodreme 
and split up into two families of curves, A and B (this partition being. 
normal), 


inda (61) + inda(c) =S indg(a). 


Hence, by mathematical induction with respect to the total number of 
curvilinear segments involved, we deduce the following theorem: 

3.5. THEOREM. If ¢1,: -,c are normal polygons whose sum mod 2 
is the zero complez, 


izm 
> indg (a) = (), 
4=1 


3.6. COROLLARY. If a,°* +,@m and bı: + *,b, are normal polygons 
such that the complexes mod 2 represented by a +: + - + am and bitite 
+ bn @re equal, 
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Takare Sindg (bi). 


4-1 
Corresponding to 2. 7, the following can be proved. 


8.7. THEOREM. If s is the residue class mod1 of the sum of the 
indices of the singular points contained in a part of 8 bounded by the 
normal polygons t’ ` `, Gm, 

s= X indą (a). 
4-1 

The following criteria for the bilaterality (see 1.3) of a family of 

curves are analogous to those for the monodromy of a net of curves (see § 2). 


8.8. THEOREM. The family Q is bilateral if and only if the indices 
mod 1 with respect tò @ of all the normal polygons on $ are 0. 


+ Proof. The proof is similar to that in [4], $ 8.5. 


In order to give an orientation to the curves of @, let us start from any 
normal neighborhood U(M), where the arcs of the curves of @ are oriented 
in a coherent way and propagate this partition so that, in the part common 
to two overlapping neighborhoods, the corresponding orientations of the curves 
of @ agree with each other. 

€ is bilateral if and only if we always return to the initial neighborhood 
with the same orientation of the curves of Q, whenever we describe a normal 
polygon. In agreement with 3.1, the starting point can always be supposed 
to be on a side of the polygon formed by an are of a curve of @. Such a 
side will be called an -side and will be regarded as positive if its orientation 
derived from that of the family agrees with that of the polygon; otherwise 
it will be regarded as negative. If two consecutive Œ-sides have the same 
sign, they are separated either by a neutral vertex or by two vertices of 
opposite signs, possibly together with an unspecified number of neutral 
vertices; in both cases, the total contribution of these vertices to the index 
of the polygon is 0. On the other hand, it is easy to see that two consecutive 
C-sides of opposite signs are separated by two vertices of the same sign, 
possibly together with an unspecified number of neutral vertices, giving 
together a contribution to the index of the polygon amounting to + 4. 

After having traced the polygon, we come back to the starting point 
with the original orientation of the curves of @ if and only if we have passed 
as many times from a positive C-side to a negative side as from a negative 
side to a positive one; that is to say (according to what we have just seen), 
if and only if the taie found for the index following the definition 8. 1 is an 
integer. Hence the proof is complete. 


13 s 
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As a direct consequence of the preceding theorems, we find the following 
criterion of bilaterality : ý 


3.9. THEOREM. The family G is bilateral if and only if-the indices 
mod 1 with respect to Q of a set of normal polygons forming a base of 
homology for S, as well as the residues mod 1 of the indices of the singular 


points are all 0. 
e 


4. Bilateral nets of curves. This paper deals mainly with nets of 
curves on non-orientable surfaces, but the propositions established above are 
valid for orientable surfaces as well. In order to show the contrast between 
the cases of orientable and non-orientable surfaces, we shall first deduce from 
these propositions the following theorem: 


® . e . 
4. 1. THEOREM. À bilateral net of curves on an orientable surface is 
necessarily monodrome. 


Proof. Let a be a normal polygon with respect to a bilateral net, 0, 
of curves on an orientable surface S. We denote by M any point on a other 
than a vertex and we choose an orientation of § arbitrarily. Starting from 
M, let us follow a in any of the two directions, counting on our way, according 
to formula (1), the contributions of the various vertices to the index of a 
and propagating, at the same time, from neighborhood to neighborhood, a 
normal partition of R into two families of curves, say @ and B, as well as 
an orientation of R, both initially determined in a regular neighborhood 
U(M) of M. Returning to M for the first time, we may bring with us the 
initial determination of @ and @, or else the two families can be permuted. 
However, if we continue following a in the same direction and propagating 
both the orientation of œ and its partition into @ and B, the next time 
we reach M again, the determination of @ and @ will be the initial one. 
R being bilateral, @ and 8 will also be oriented as before. Hence, by an 
argument similar to that of 3.8, we see that if we keep counting on our way 
the contributions of the encountered vertices to the index of a, the total 
with which we reach M after two circuits must be an integer. Since, owing 
to the orientability of S, each vertex appears both times with the same sign, 
this total is twice the sum obtained after one circuit. This sum is therefore 
a multiple of 4, which means that ind;(a) —0. The normal polygon a 
being arbitrary, this implies, according to 2.8, that R is monodrome. 


4.2. It is also clear that if a monodrome net of curves on an orientable 
surface is normally decomposed into two families, both these families are 
simultaneously bilateral or not. 

fhe converse of 4. 1 and 4. 2 is true in the case of non-orientable surfaces. 
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Indeed, since on a non-orientable surface covered by a regular net of curves 
there are always normal polygons determining one-sided cuts, 3.2 and 3.8 
imply the following proposition. 


4.3. Proposition. If a monodrome net of curves on a non-orientable 
surface is subject to a normal decomposition into two families of curves, 
both of them cannot be bilateral. 

e 


This can also be deduced from the fact that a coherent orientation of 
both these families of curves would define a coherent orientation of the surface. 


4.4. However, one of the two families of curves obtained by the normal 
decamposition of a net on a non-orientable surface can be bilateral. A simple 
example of such a net on the projective plane is afforded by a pencil of 
concerfiric circles *supplemented by the straight line at infinity, the other 
family consisting of the diameters common to all the circles of the pencil. 
The possibility of imparting a coherent orientation to the first family is 
obvious, and it is not difficult to see that the family composed of the diameters 
is mot bilateral. 


4.5. On the other hand, non-monodrome nets of curves on non-orientable 
surfaces can be bilateral. This is shown by the following example: 


We obtain a Klein bottle from the square Q of the (x, y)-plane defined 
by the inequalities OS aS 2r, 0 S y S 2r, if we identify the points (x, 0) 
and (a, 27) for any value of x, and the points (0,y) and (2r, 2m — y) for 
any value of y. On this surface, the characteristics of the differential equation 
š sin $æ dx? + 2 cos $a dedy — sin 4a dy? = 0 
or 
R) > (cos 4% da — sin 4e dy) (sin 4x dx + cos 4x dy) = 0 


form a regular net of curves without singular points. 


The fact that this net is bilateral (and therefore also not monodrome) 
can best be seen as follows: The two orthogonal vectors u and v of coordinates 
(sin 42, cos x) and (cos x, — sin 4x) respectively are tangent to the charac- 
teristics of (2) at any point of Q and locally they determine an orientation 
of the curves of the net. Since they are continuous, in order to prove that 
this orientation is coherent, we have only to verify that the orientations of 
the curves determined by these vectors agree on both pairs of sides of Q 
which are identified. But this is clear as far as the sides y = 0 and y = 2r 
are concerned, the identified points having the same x-value, which alone 
determines the vectors. On the side s — 0, the vectors u and v become (0,1) 
and (1,0), whereas on the side z = 2a they become (1,0) and (0,— 11); 


196 | 8. K. ZAREMBA. 


respectively. Owing to the manner of identifying these two sides, the vector 
(0,1) on z= 0 coincides with (0,— 1) on s = 2r, so that the two vectors 
u and v are only subjected to a permutation when we cross the meridian 
corresponding to the two sides z = 0 and s= 2r of Q. This permutation 
shows that the net is not monodrome, and the fact that otherwise the®directions 
of the pairs of vectors agree with each other proves that the net is bilateral, 
one of its two possible orientations being determined by the couple of vectors 
wand v. 

It should be noted that in general the definition of the index by means 
of formula (1), such as it was stated in [4] and recalled above (cf. 2.1), 
can be applied, in the case of a non-orientable surface, not only to nowmal 
polygons bounding neighborhoods (for instance, those of singular points), 
but also to any normal polygons corresponding to two-sided? cuts on the given 
surface. The value of the index then depends on the orientation of the 
polygon and on that of the surface in its neighborhood, but the question*of 
its being an integer or not is clearly independent of both these orientations 
(see also [4], § 2.2). This leads to conclude with the following critefion 
of bilaterality for regular nets of curves, which applies to orientable and non- 
orientable surfaces alike and includes, as a particular case, a previously stated 
criterion of bilaterality for nets of curves on orientable surfaces (cf. [4], 
§ 3.5). 

4.6. THEOREM. A regular net of curves on a surface S is bilateral if 
and only if the indices of normal polygons corresponding to two-sided cuts 
of S are all integers, whereas the indices mod $ of normal polgons corre- 


sponding to one-sided cuts of S are all equal to à. ` 


Proof. (i) The condition is necessary. With respect to polygons corre- 
sponding to two-sided cuts of S, the arguments of 4. 1 and 8.8 can be applied 
to show that the indices must all be integers. On the other hand, if a normal 
polygon corresponding to a one-sided cut of § had an index mod 4 equal to 0, 
then, by the argument of 2.8, the net of curves could be split up normally 
into two families of curves in a neighborhood of the polygon; so that the 
definition 3.1 of the index mod 1 could be applied to each of these two 
families. But according to 3. 2, the indices mod 1 of the polygon with respect 
to the two families cannot vanish simultaneously. Consequently, at least one 
of these two families must fail to be bilateral, which precludes the bilaterality 
of the whole net. 

(ii) The condition is sufficient. In an arbitrarily chosen regular neigh- 


borhood U (M), let us split up normally the given net of curves into two 
families and determine the orientation of one of these two families, which 
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will be denoted by @. The determination of the family @, as well as its 
orientation, can be propagated from neighborhood to neighborhood through 
their overlapping parts. The case of an orientable surface having been dealt 
with previously, we can suppose § to be non-orientable, so that there exist 
normal polygons corresponding to one-sided cuts. According to the argument 
of 2.8, if, following such a polygon, we propagate the determination of @ 
together with its orientation, we shall return to U(M) with a changed 
etermination of the family @. This will precisely give the orientation of 
the second family of curves in U (M), thus enabling us to orient the whole 
net of curves, provided that we are not led to inconsistencies. 

The consistency of the aforesaid way of determining the orientation of 
the*given net of curves will be proved if we show that any closed path on the 
surface has either of the two following properties: 


(a) if we follow it, starting from any neighborhood where the family @, 
as well as its orientation, is locally determined, we come back with the initial 
determination and the initial orientation of €; 


° (B) if we trace it once, starting from any point of a neighborhood where 
both the family @ and its orientation are locally given, we return with a 
different determination of @, but if we trace the same path once more in the 
same direction, eventually we arrive at the starting point with the initial 
determination and the initial orientation of Q. 

Obviously, we can always suppose the path to be formed by a regular 
polygon of the net of curves. If it corresponds to a two-sided cut of the 
surface, its index is an integer, and the argument of 3.8 shows that the 
polygon has the property (a). 

If, on the other hand, the polygon corresponds to a one-sided cut of 
the surface, its index mod 4 is + Consequently, as is shown by the proof 
of 2. 8, after one tour, we reach the initial point with a changed determination 
of G, i. e., the two families into which the net is locally split up are permuted. 
Therefore, after having traced the polygon once more in the same direction, 
we recover the initial determination of @, and we have only to prove that 
we return with the initial orientation of @. 

We can always suppose the starting point to be on a side formed by an 
are of a curve of @. If an orientation of the initial neighborhood has been 
chosen, it can be propagated along the polygon with the determination and 
the orientation of @; so that, while following the polygon, we can count the 
contributions of its vertices to the index, in accordance with formula (1). 
It is clearly possible to discard neutral vertices on the polygon, that is to say, 
to consider two sides connected by a neutral vertex as one side. Then, while 
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we follow the polygon, every other side is labeled as belonging to @ and, as 
such, provided with an orientation. This orientation may coincide or not 
with that of the polygon. As in the proof of 3.8, such a side will be called 
positive in the former case and negative in the latter. Between two consecu- 
tive sides considered as belonging to @ there are two vertices and, as in 8.8, 
it is easy to see that these vertices are of the same sign if and only if the 
aforesaid sides are of opposite signs. Hence the joint contribution to the 
index of two vertices situated between two sidès attributed to @ is 0 if thesê 
sides have the same sign and equals + 4 if they are of opposite signs. 

On the other hand, if we trace the polygon twice, we pass through each 
vertex twice, but (owing to the one-sidedness of the corresponding cut) with 
opposite orientations of its neighborhood, so that the same vertex apptars 
once as positive and once as negative, and its total contribution to the index 
is 0. The total value for the index is therefore an integer (it is immaterial 
whether or not we count the constant term in (1)). This shows that we 
pass as many times from a positive side to a negative side as from ea 
negative. side to a positive one. In other terms, after describing the polygon 
twice in the same direction, we return with the initial orientation of .the 
family @, i. e., the polygon has the property (8). Hence the proof is complete. 
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GENERALIZED STIELTJES-POST INVERSION FORMULA FOR 
INTEGRAL TRANSFORMS INVOLVING A PARAMETER.* 


By L. ©. Hsv. 
e 
e 1. Introduction. The object of this paper is to establish an inversion 
formula for a kind of integral transforms involving a parameter. The 
classical Stieltjes-Post inversion formula for Laplace transform is included 
as a particular case. Our method is an extension of the method of Laplace, 
Haviland [3] and Widder. 
Let f(x) be the real Laplace transform of g(u), namely, 


e ° C2] 
(1) f(a) = f erg (u)du, 
0 
where the right-hand side of (1) converges for some x and g(w) e L(o, R) 
for every positive R. It is a well-known result discovered by Stieltjes and 
Posf and generalized by Widder (see [1; pp. 276-289], [2; pp. 723-781]) 


that, for every positive ¢ in the Lebesgue set for g(u), g(t) can be expressed 
in terms of the derivative f(N (A/t) with À — +-oo, viz. 


(2) g(t) = Tim QAR (0/8) AI 
By Stirling’s formula we may rewrite (2) as 
(2)* g (è) = Tim (— 1)* (ar) E (6/4) * O/B) F™ (a/t). 


Singe (1) can be differentiated any number of times (under the integral 
sign) within its region of convergence [1; p. 57], we have 


O (DYNA = fougue A=B). 


Hence (2) or (2)! may also be considered as an inversion formula for the 
integral transforms defined by (3). 

Instead of the special transforms of (3), we now consider integral trans- 
forms of the form 


(4) FO) = S ya tg (u)de, 


where À is a real parameter and the right-hand side of (4) is assumed to 
be convergent for some ¢ > 0, and w(u,A,¢) is a real valued function of 
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u, À t(u Z0, > 0,t > 0) having positive values when u, à, t > 0. As in 
the ordinary case we call f, g, y the generating function, determining func- 
tion and transform function respectively. 


Under certain conditions we shall prove a general inversion formula 
of the form 


(5) g(0(t)) 
= Tim ({— (0/0) “log y (w, 2, t) }/ {2r (4 (u À t) Y Hugan f (As ts 


where 4(A,¢) is a function satisfying the equation 


(6) [0/du log y (u, À, t) Jupa.) = 0 
for all large values of À and certain ¢ > 0, and ° 
(7) lim $(4#)—=0(4) >0. : 


The relation (7) may be used for determining 6(t). 

It is easy to verify that the Stieltjes-Post inversion formula (2)% is 
implied by (5). For if we take y(u, À, t) = "tud, then 0/ôu log y (u, A, t) 
= à(1/u — 1/4), (0/0u)° log y (u, A, t) = — Au, so that u =t is the ‘only 
solution satisfying (6), and consequently (A, t) = 0 (t) = t. Hence a direct 
substitution into (5) yields the results (2)1. 


2. Some lemmas. In order to investigate sufficient conditions under 
which the general formula (5) is valid, we need some lemmas concerning the 
asymptotic evaluation of integrals. In what follows we write (0/du)F(u, v) 
F(t, v), (0/0)? = Fuu, etc. A will be used to denote a certain positive 
number not necessarily the same in different occurrences. 


Lemma 1. Let F(u,v), Fu(u,v), Fuu(u,v) be continuous functtons 
defined in the domain D (~œ SaSuSbSo,v>0) such that 


(i) there is a continuous function u == $(v) satisfying Fal (v), v) = 0 
for all large v, and p(v) é (a < é< b) as vm; 
(ii) Pun(u,v) < 0 for all u (a< u < b) and large v; 
(iii) Pua (u,v) ~ Puu(& v) ——co as u>é, vo simultaneously 
Then as ko we have 


(8) f expLP (u, a) Jdu ~ exp[P ($09), 2) ](— 2x /Fan (6,4) 


1 Precisely speaking, Fuu (u, V) ~Fu( v) means that for any given e > 0 there 
exist a small number 8 —8ô(e) >0O and a large number M = M (e) such that 
| Fuu (t, v) /Pau(& v) —1 | < e whenever |u—é| < ô, v > M. Similarly Fu(w,v)->- 00 
means that — Fu (u,v) > N for any given N, provided that | u— é| < ð, v > M, where 
5, M depend on N. 
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_ Proof. It suffices to give a proof for the case a ——00, b— oo. By 
hypotheses (i) and (ii) it is obvious that for every large v = À (say À >N) 
the integrand function exp[F (u, A) ] always assumes a maximum at u = (A), 
since Fa(b(A), À) =0 and Fuu < 0. Moreover, hypotheses (i) and (ii) 
ensure that the implict function theorem is applicable to Fa(u, v) = 0, so 
that u = p(v) is actually a single-valued function of v. . 

Fix À and set 


$e DEN DANE) +o 
f exp[P (wa) Jdu — f +f +f = Jı + Ja + Jas 
sa ar) A-E) PANELA) 


where e(à) > 0 is a certain function tending to zero with 1/A. By Taylors 
theerem with remainder we have 


(A) +E(A) 
Td exp— BG), — J” erpii (u — 4) ) Pua (X, A) du, 
(A) -€(A) 
where X = X (à) and | X(A) —¢g(A)| <e(A). Set 
Ode. Lub el: À Fan (2, 
0) Pe ee, g (z »)| mi Les $N- T oa (z yI. 


Then by a simple change of variable and upon a comparison with the prob- 
ability integral we easily obtain 
(9) (1—8) (2r/M (A) )? S J2(A)exp[— P ($ (A), DIE (2r/m (à) )è, 


where 
e(M(d))2 


(1—8) (2r)? = f eq. 


-e(M(A)) À 
Thus ê= 8(à) — >p provided that e(à) (M(D)i—0oo with À Clearly hypo- . 


M(A)/m(A) > 1, M(A)/ (— Fun($(A), A) )— 1, (À), 


since e(A) — 0 and (Aa) —£ Thus in order to prove Lemma 1 we need 
only show that there exists a positive function e(A) such that when À, 
we have 


I) (à) 0, II) e(A) (—Fun(@(A), A) 0, 
TIT) Ji(A)/72(A) > 0, IV) Js(A)/J2(aA) — 0. 
For the purpose just mentioned we may take 
(10) e(A) = (log[— Fun ($ (A), )]/ (— Fun (#(A),4)))& 


That the conditions I) and IJ) are fulfilled is obvious by our hypothesis (iii). 
We now only verify the conidtion IV), as the justification of IIT) is similar. 


202 L. ©. HSU. 


Obviously for every large À, F'(u,A) is a monotonic decreasing function in 
(#(A),0), for, by hypothesis (ii) we have Fuu (u, à) < 0 and consequently 
Fufu, A) <0 in (6(A),0). Thus making change of variable F (u, À) ——4 
in Ja, setting F (p(A) + e(A), À) =T and using the law of the mean we 
obtain 


OLARA) S f Fa) + (a), A) exp (— that 


= J O Plb A) + e(a), A) exp (— t) dt 
= (—e(A) Puu ( (A) + 66, A) exp F(6(a) + (à), A) 
< {m(a)e(à)} exp F($(A) + e(A),A), | 
where 0 < 0 <1. Thus by (9) and II) we have : 
PQ < PIPA ANEO, (MA) 





ETOS (1—5) - m(a) -e(A) 2m 
exp[— 3e(A)*m(A) ] 
<4 (maya) 9 : 


as A~>oo. In a like manner we may verify IIT) by setting F(u, À) =t. 
Hence in conclusion the function e(A) defined by (10) satisfies all the required 
conditions. 

Clearly Lemma 1 is also true for the case a >—o or b < +0, since 
all the inequalities occurred above still hold. 

To illustrate the use of Lemma 1 we give the following simple examples: 


1. f a exp(— ua?/(AA-+ BA) jdu ~ A(eR)\(2r/À)#, (A900), 
: 0 
72 6 
2, f a (1 + u) exp(— ua?/ (4A + BM) )du 
«7 0 
~ (1+ AJEA) (1 + b(A))Jexp(— A4 (A) /(AA + Ba) ) 
X (2a/(A(L + A+)? —1))%, 
where A, B are arbitrary constants with À > 0, and 
E == X/(AX + Bat), | 
P(A) = (RE) AT(E —1 + 1/4)” + 4ËT# —E# + 1 — 1/4}. 
The expression 1. can also be verified immediately by use of the Eulerian 


integral and Stirling’s formula. The relation 2. cannot be directly obtained 
by the classical Laplace asymptotic evaluation. 


Lemma 2. If a, b are finite numbers (a <b) and if in addition to 
hypotheses (i), (ii), (iii) of Lemma 1 we have 
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(iv) g(u)eL(ab), g(€) #0, (a<é<b), 
where é belongs to the Lebesgue set for g(u), then there is a sequence of 


points {p(An)} belonging to the Lebesgue set of g(w) with A1 —c, and for 


An > 0 we have 
a 


b ; 
a SO eapiP (u) àu 
i —~ exp[F ($ (An), An) ] 9 (E) (— 24 /Puu(& An) )*. 

Proof. We have assumed in the hypothesis (i) that u — (A) is a con- 
tinuous function approaching é(a<&<b) as A-»w. Hypothesis (iv) 
implies that the points of the Lebesgue set for g(u) are almost everywhere 
in (a,b). Thus by the continuity of ¢(A) it is easy to see that an unbounded 
increasing sequence {àn} can always be chosen such that {¢(An)} belong to 
the Lebesgue set for g(u). 


«` By use of (8) we need only show that, as A» >, 


Im (— Pua (E,d) )* S Tu) — I(E) JexpLP (u An) — P (9 (An), dn) du 
= 0 (1). 
Write 


b(n) -ð @ (Xn) (An) 485 
1—f 4 f ++ =n+r+atu 
a E MAn) Fe Éin) Pn) +5 


where 8 > 0 is à properly chosen fixed number. It suffices to prove that 
Ja(n) + Ji(n) —o(1) as n>; for the other parts, Jı + Jz can be 
treated in exactly the same manner. 

Recall that for every fixed large v == à», the function F(u,v) has a 
maximum at u == p(A,), and F(u, àn) is decreasing in (An) Su Sb. Hence 


| Fs(m)| S (— Fuu (É, An) )* exp[F (¢ (An) + 8, An) 


— P(n) A)] J |g) —9 (2) du 
On) +5 
< (— Fu (é, dn) )* exp[38 Pau ( + 08, Mn) 1A, 


where 0 < 0 < 1, and A is implied by the fact that ge L(a, b). 
Clearly hypothesis (iii) implies the existence of a small number à, > 0 
and a large number NW, such that, e. g. 


(12) 0 < — 3Fu (é, An) < — Pau (u, An) < — EP uu (å, À); 


whenever | u— é| <8, and À, >N. Since (A) >é we may choose M 
so large and 8 so small that | (àn) +68—é| <8, whenever A, > M, 
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where ò is fixed after choice. Thus it follows from (iii) and (12) that 
— Puu($ + 08, An) > — BP au(& An) > as À, >, and consequently, 

lim | J(m)| Slim A (— Fun (£, An) )? exp[38 Fuu (É, An) ] = 0 
Hence in conclusion J,(n) = o(1). . 


Now consider J;(n). Since é, (A) are points belonging to the Lebesgue 


set for g(u), we have ° 
J 180) — (4) dou 6h), (lu— #10); 
(13) 
Late) —9(4)| de ou #1). (|w—$ |). 
Putting u = (àr), w = É in (13) and comparing, we gèt d 
S19) 91 de 0( 60) ED, 9-1 


This is equivalent to | g(#) —g(é)| —0(1). That means g(¢(àn)) —>g (£) 
as Ac. Set 
a(u) — f" [g(2) — I($) ) ldr—o(lu— 4 rn) 1), (u=) 
(An) 


and write glu) — g(£) = [g(u) — 9($)] + K($(An)) ; so that @((An)) == 0 
and K(¢) = 9(¢(An)) — g(£) 20 as A4, 0. Then integration by parts 
gives 


Jan) = (Peal AD S EO + Lae) — 9(4) exp (PC à) — FCG, a) 


(PE an) [TE (Dept (u M) —F( de) Jdu 
+ Fuu(é AJia Ch + exp LF ( + 8, Ma) — FCG, Ma) ) . 
—(— Fuu (É, An))4 [Te (u}exp{F(u, An) — F (p, An) }Fu (U, An) du 

— Ja(n) + Jan) + Jin). 


Here Jg{n) = 0(1) (1-00) is easily inferred by the same argument as used 
in proving J4(n) —=0(1). For proof of J';(n) —0o(1) and J;(n) —o(1)}, 
we write 

F(u, An) FS F(¢, An) =} (u a: $) Fuu(E, An); 


Fu, An) = (u — $) Fun (é, An); | 
where E = (An) + &(w— $(An)), E = p (àn) + 9" (u — h (àn)) 0 <#, 


(14) 
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0 <l, p Sup +S. Clearly E = é + 0 (u — é), & = é+ 6’ (u— é) as 
Àn >, so that by (iii) or by the same reasoning of (12) we have, for An 
sufficiently large and for certain fixed small 8 > 0, 


(15) — Futé, An) > — ArFuu(& An), 
— Alan (ps An). > — Fué”, An) > — 4; Pun(d, An); 


Where A1, As, As are certain positive numbers. Now for any given e > 0 we 
can determine a large number W and a small positive number y (= 8) such 
that 

(16) |a(w)|<e«e|u—¢|], |K(¢)|<6 


for ]u—$(An)| <q and A» > M. It is obvious that J,(n) —0(1), 
Je(n) = 0(1) are also true when 8 is replaced by 7. Thus using (14), (15), 
(16) and replacing è by q, we get 


E ot 
| Fad] < e f U Fua (E Ae) FoxP OF (u, M) — F (8, da) Jdu 
. pin 
=e J, (— Fun (é, dn))Pexp {FAs (u — p) °F uu (é, An) }du 
<e f “exp({— 34,02} dt = Ae, 
with == (— Fun (& An) )4#(u— ¢), and similarly, 
p+ 
| Fe(n)| < e(— Fuu(é, An))A Í "u — p)? | Fuu(’, An) | exp (Eu — p)’ Fuul”, An) }du 
grr 
e <de f T Paulo, W) 6) exp (u— $) Pan ($, M) du 
< ae f ° s’exp{— 44s? }ds = Ae, 


with s = (— Fuu($, An))2(u — $(An)). Hence it follows that lim | J;(n)| S Ae, 
lim | J;(n)| = Ae where n—>œ. Since e is arbitrary we get Ja (n) = o (1), 
Jı(n) =o (1) (n—>%). This completes the proof of Ja (n) + Ja (n) = o (1). 
By a similar procedure it can be shown that Jı (n) + J,(n) —0(1). There- 
fore our Lemma 2 is true. i 


Lemma 3. Let F(u,v) satisfy all hypotheses of Lemma 1 with a = 0, 
b =œ, 0 <'É£ Lo, and let g(u) e L(0, 0) with g(£) AO, é being a point 
of the Lebesgue set for g(u). Then we have 
(17) f exp (a, de) Jo (u) du 
70 
~ expEF ($ (An), An) 19 (E) (— 2 /Fun(& An) 8” 
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where {An} is an unbounded increasing sequence for which {b(An)} belong 
to the Lebesgue set for g(u). Moreover if g(é) = 0, then 


(18) S exp Cu dn) 1g(w) du 


(d 
= o (exp[F (p (àn); An) ] (— 2r/F uu (E, An) ) 4 
Proof. By use of Lemma 2 we need only to show that for any fixed 
number ô > 0, we have, for 70, | 


In) = (Fuu(é, An)/(— an))t f g(u)| exp {F(u, An) — F($An), An) } du = 0 (1). 


Set a(x) = fil g(u)! du, so that «(£ + 8) = 0, and a() is a finite value. 
£46 


Integration by parts gives 
I(n) = (Fuul, dn)/(— 2x) taco) exp{F(co, An) — F(p, An)} . 
— Fa M) / Beh J exp (E(u da) — Fy da) JaC) da) 
=J, (n) —Ja(n), 
where 


(19) F(c0, An) — F($ An) = fi Pw An) du. 


Obviously Fu, An) S 0 is a monotonic decreasing function of u in (#,w) 

for sufficiently large Àn, so that in case the integral of (19) does not converge 

we must have F(œ%, ìn) —=—oo. We shall now prove that J,(n) —0(1), 

J2(n) =o0(1) (n>) without assuming F(o,r,) =—œ. Since a Cu) 

is bounded we have : 

| Fal0)| = A (Pulé, M/C 2m) P| [exp FC) — PGs a) Faust | 
= A (Fuul, An)/(— Rx) [exp{F (c0, An) 

— F(p, An)} — exp{F(E + 8, An) — FC, An)}] - 
Therefore in order to establish J,(n) =o(1) and J,(n) —o(1) we need 
only to show that, as n —>0o, 

(20) lim (Fuu(€, An)/(— ®x))* exp{P(E + 8, dn) — P(g, An) } — 0, 
(21) lim (Pun(é, An) /(— 2r) )} exp{F( co, An) — FD, An)} — 0. 

Note that F(é + 8, An) — F(¢, An) = FA? Fuu(d + OA, An), Where o <0 < 1 
and A = é + 8—¢(dA,)>8>0. Thus by choosing suitable fixed 8 > 0 and 
using, the same argument as previously employed in proving J4(n) = 0(1) 


GENERALIZED STIELTJES-POST INVERSION FORMULA. 207 


(see Proof of Lemma 2), we have, when Ac, —Fuu(¢ + 0A, An) 
> — BPuu(é An) >œ, and consequently, 


(Pun (É, dn) /(— 2r) exp (GA°Fuu(p + OA, An) } = 0(1). 
This establishes (20). 
To prove (16), let us notice that 


u 
Fu (u, Xn) = fs Pun (ts An) dt < 0, 


whenever u>(A,), using hypothesis (ii). Thus for n so large that 
tha? £ + SZ o (àn) we. have 


© (0, An) = F(E+ 8, An) + f. Tw An) du < F(E+8, An). 


This shows clearly that (21) is implied by (20). Hence in conclusion 
I(n) = 0(1), and the formula (17) follows from Lemma 2. Moreover if 
we take g(u) = gi(u) + g2(u) with g.(€) 540, go(€) = 0, then an applica- 
tion of (17) yields the equation (18) with g(u) —g.(w). Our lemma is 
thus completely proved. 


„Example. Evidently (1+ u*)+eL(0,0) with a>1. Thus by 
Example 1. of Lemma 1 and by Lemma 3 we have, as A>, 


3. S W / (1 + ut) exp(— ur?/ (AA + BM) )du 
—(4/(1+ A*)) (A + B/A (Re /A)è. 
e 5 


It is noteworthy that the above asymptotic relation cannot be directly obtained 
from (8) of Lemma 1, as the integrand function does not satisfy conditions 
(i), (ii), (iii). If «a — 1, then Lemma 1 is applicable and we have Example 2. 

Clearly Lemmas 2 and 8 are extensions of the classical Laplace asymptotic 
evaluation for an integral ([4; p. 78], [1; pp. 277-2781). 


3. A general inversion theorem. Using the results obtained in §2 
we may now state sufficient conditions for the validity of the general inversion 
formula (5). For convenience we introduce the following definitions: 


DEFINITION 1. A function y(u, v, t) is called a regular transform func- 
tion with respect to a certain fixed t = t, > 0, if log y(u, v, t1) = F(u, v, ti), 
Fy(u,v,t1), Fuu(u,v, tı) are real continuous functions (u=0, v > 0) 
satisfying the following conditions: 


208 L. C. HSU. 


i) Fy(u,v,t,) —0 has a continuous solution u == ¢ẹ(v, t) with 
lim $v, h) = O(t) > 0, 
tow 

i) Fou(u, v, tı) < 0 for all u> 0 and large v, 


ii) Faulu, v, 4) ~ Fus (t), v, 11) ~>—o as u> b(t), 0—0. 
A simple example of a regular transform function is 
y(u, v, t) = w exp{— uv?/ (vt + vésint)}. 
Of course we may construct as many such transform functions as we like. 


DeriniTion 2. lim ẹ¢(v, t) —0(t) is called a limiting solution of the 
equation (0/8u)log y(u, v, t) = 0. 


. +» 
Clearly for every fixed # > 0, the functions F (u,v, t), Fuu(u, v, t), 
Fuu(u, v, t) etc. can be considered as functions of the two variables u,v. 
Thus by Lemmas 1 and 3 we easily establish the following theorem. 


TuroremM 1. If w(u,v,t) —exp F (u,v, t) is a regular transform 
function with respect to a certain t > 0, if g(u) e L(0, œ), and if f(r, t) 
is defined by (4), then 

+ LAS — Fuu(u, À, t) 3 
(5 bis) 9(0(t)) = in (D) ou FC 
where À tends to œ through such a sequence {àn} that {6(An, t)} together 
with its limit lim p = 0 (t) belong to the Lebesgue set for g(u). 


Proof. Clearly in the formulas (17) and (18) we may replace Fuu(é*\n) 

by Fuul (An), An). Let F(u, v) = F(u, v, t) so that exp F(u, v) = y(u, v, t), 
where ¢ is fixed. Then from (17) we may infer that, as An —>%, 

(— Fun (D (Ans t), Ans t) )? S 

(2r)? exp F(p (àn t), Àn, t) ô y(u, An; t)g(u)du — g(a(t) )s 
where (An, t) = (An), O(t) =é, g(é) #0. This is just equivalent to 
(5 bis) with g(8(t)) 540. Moreover if g(@(t)) — 0, then by (18) we have, 
for A» >, 


— Pun An, t), Any t 2 bal 
Gara Mths Tekst J, HA el) 


Hence in either case the formula (5 bis) is true. 





COROLLARY. If y(u, v, t) is a regular transform function and if g(w) 
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is a continuous function; absolutely integrable over (0, co), then (5his) is 
valid, where À tends to œ through any sequence. 


4. Specialization. We now consider transform functions of the form 
(22) "y(u A t) = exp{à® (1 t) }, ` (@=0,t>0), 


where & (u, t) is a real valued function. If 6, (u, t), Puu(u, t) are continuous 
functions such that 


i)? there is a continuous function u == é(t) > 0 satisfying the equation 
Bu(E(t), t) = 0. 


li)? Suu(u, t) < 0 for all u, t > 0. 
À À 


then clearly y(u, À, t) is a regular transform function, because the condition 
iii) of Definition 1 of $ 3 is automatically satisfied. Obviously in the present 
case our formula (5 bis) takes the form | 


| m — Ayu (É(É), t) JÈ 
(Ble) =m gaba] >" 


` where f(A,¢) is defined by (4), and A->co through any real sequence. 


As another particular application of Theorem 1, we take 
(23) y(u, Lt) = exp{— ug (à, t) pò, ; 


where B(A,t) is an arbitrary continuous function with £(A, t) > 0, 
limeg (à, €) >0 (Ao). Obviously we have 


S oep aub (a, t) yud du = (LA (ABCA D), 


where f(x) is the Laplace transform of g(u) (cf. (3)). Thus using (5) or 
(5 bis) we easily obtain 


(24) P a LPF (AB (A, t) ) (AB (Aà; t) JMA, 


where g(u)e L(0, 0), a(t) > 0, lima(t)B(A,t) =1 (Ao) and À 
through any sequence such that {B(X, #)1} belongs to the Lebesgue set for g(u). 

Recall that the continuity condition imposed on (A, t) = B(A t)* is 
only used for asserting the existence of {$(An,¢)}*, (see Proof of Lemma 2), 
so that it may be replaced by a direct assumption on {8(An,¢)“*}*_,. Thus 
by taking a(t) = £, B(A, t) —1/p(t) in the equation (24), we have 


14 
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, THEOREM 2. Let f(x) be the Laplace transform of g(u) with 
glu) £ L(0, œ), and let a sequence of points {$(n)} together with its limit 
lim ọ (n) =t > 0 belong to the Lebesgue set for g(u). Then 


(25) g) = im (LP ee CHERE 


‘This theorem may be regarded as an analogue of the result in Widder’s 
book [1] (cf. Theorem 6b of [1; pp. 289-2907). e 


Kive’s COLLEGE, ABERDEEN, SCOTLAND. 
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ON THE SPHERICAL CONVERGENCE OF MULTIPLE FOURIER 
SERIES.* 


° By JOSEPHINE MITCHELL. 


1. Introduction. In this paper we propose to use the methods and 
results of the lattice point problem for the hypersphere in number theory to 
obtain new results for the spherical convergence of multiple Fourier series. 
The°set of functions {(2r)~te(may +: +--+ mgt) (nr =0, = 1, H9 

= 1,; <`, q) (where e(X) — e‘* throughout this paper), forms an ortho- 
normal system on the hypercube C(— r <a S r; k=1,---,q), that is, 


« T Ki 
(X. 1) (enya f “here f C(Mats + + + + Matg) e (— ma, — ` ` *—~ ngg) 
. x day Mir ot dx, 
4 
= TT mnv 
X 


which is complete with respect to real Lebesgue integrable functions defined 
on O. We form the series 


(1.2) Lam.ne (mt H: > + nata) (m =- to 0; k=1,---,9), 


where {an..n,} is a sequence of complex numbers. Summing (1.2) by 
spherical, instead of rectangular, partial sums, we consider the limit of the 
sequence 


(1. 3) Sr = Bi lm.. nt (Mey ++ note) (v= m? + + ++ né) 


as À —cw, R being the sequence of integers, which can be represented as the 
sum of g squares of integers, so that for q = 4, R takes on all non-negative 
integral values [6].1 We ask ourselves what condition must be imposed on the 
sequence {dn,...ng} in order that Pose Sz exist and show that if ? 

> 00 


Dm? + + ne)? | an.n |? KO, 


* Received June 5, 1950; presented to the American Mathematical Society, April 28, 
1950. : 

1 The numbers in brackets refer to the references at the end of the paper. 

*The summation for this series is always ną =— 00 to + œ, K=I,...,q, and 


will be omitted. a 


ail 
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lim Sp evisis almost everywhere on C, where p — 1/3 for q =? and p = 4g 
R=% 


for q= 4, while for q= 3 the sequence (n? + mo? + na)? is replaced by 
(1? + na? + ns”) 7/8 (log (m.? + na + na)". This theorem represents a con- 
siderable improvement over known results due to Chandrasekharan and 
Minakshisundaran, where p = 4q [1,2]. We prove it by findiÿg a bound 
for the Lebesgue function 

wT 


(1.4) La) = Delan ` 540) = f 


where 


T L 2 
f |Kr(a—x)| de: - - dag, 
7 


(1.5) Kr(a— s) = Kr(% — t ` +, 4% —%a) , 
RU —1/(r)2 3 e(m (a — 2) + + + + ma(au—20)), 


° ° 
and then proceeding by classical methods used in Fourier and orthogonal 
series to the conclusion concerning lim Sz. Finer results are obtained «for 
q=? and 3, namely, Lr(«) = O(R*) and O(R/*(log R)*/*) respectively, 
by using new results on exponential sums due to L. K. Hua [3] in the lattice 
point problem for the circle and sphere. 


2. The case q = 2. 
2.1. We prove 
THEOREM 2.1. The Lebesgue function Lp(a, B) is O( RY). 


- Proof. From the periodicity of the exponential system 


In(a, 8) = J" "| Kala, y) de dy. 


- In the proof of this theorem we proceed as far as possible by means of 
the method used in the rectangulax summation of Fourier series for the 
corresponding ‘problem, but in order to complete the analysis some number- 
theoretic results are introduced (cf. Section 2.3). Thus we subdivide the 
square (—r Se S27, —r SyS r) into smaller rectangles, on each of 
which a suitable bound for Kz(x, y) is utilized, by drawing lines parallel to 
the axes through the points v and y = — r + e — e, 0, e, m — e, where e is 
an arbitrary small positive number. The square is divided into rectangles of 
8 different types, of which (OS z S 0S y S €), (0S0 S e e S yE re) 
and (e S£ S r — e eX yE re) are examples. (The fact that | z — y | 
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< 2r is used in the discussion of (2.17).) Over squares of side e we use the 
bound | Kr(z, y)| = 2.1 = O(R) [6], to obtain, for example, 
ms 


(2.1) f fi Kn(o, y)| de dy = O(Ré). 


e 
For rectangles of dimension e times m — 2c, if | y | = «, we proceed as follows, 
[z] being the integral part of z, 
(2.2) Kr(2,y) = 


LCR-m°)17] 
Pe ee e(mæ) a) 
—1/ (69) —1) pZ (me) {e(L(B—m*)¥] + 1)9) 
— e(—[(E—m?)*]y)} 


== O( Riese fy). 


Hence, for example, 


(2.3) Safi Kr(2, y) | de = O («Rè log €). 
n € 0 
Similarly | 
T-€ ytte 
(2.4) Say S Ere 9)| ae 


T-E ythe 
= oc f csciy dy f dx) = O (Re log et). 
€ y-he 


= ort 
(Also, of course, ii de f | Kn(2, y)| dy = O (Re log €*) ) ; a result which 
€ a—te 


we shall need later. In the course of our argument we note that all 
bofinds introduced except those involving O(|«—y|*) may be integrated 
over (eS ySa—ey—teSuSy+e) as well as over (e Sg Sre 
«Sy S r — e), obtaining the same or even sharper results. 


2.2. In order to discuss the. sum > over rectangles of the third 


mink 
type we subdivide the circle m? + n? S R by the lines n =m, n——m, 
m = 0 and n= 0. On the line n = m, for example, we have 


[GRP] 
(2.5) Kr(t,y)= ©  e((@+y)m) 


m=-[(4R)1/2] 
= {e( (£ + y) (L(4R)*] +1)) 
© —e(— (e +y) EGRI el + y)—1} 
` == Q,. Hence 
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2.6) FL IQ de dy of Sf etaa) 


—0( f “bogie +9) [7 a), 


and the second mean value theorem used on the latter term gives ® 


O(log(e+y) [de + log(n—e+y) J” ade [ (eS mS2— os, 


which is O(|loge|). On the other hand, for example, for the rectangle 
(eSaSar—e—ar7+eSyS— e), we use the procedure in (2.4) over 
(e S t S r — e — T — fe S y S — r -y he) and then, as is (2.6) 


eD SSO Sa Satsa, 1951 ae ay = 0008 59. 


Analogous results are obtained when m == — n, m =Q or n =Q. 
The remaining sums to be considered in $, are all of the form ° 


L] 
mn, 


(2.8) 5 > e( me + ny) . 
0O<mEn m<n<E(R-m°)1/2 


(eSt S re e SyS r — e) (a= ($8)4), 


or this sum with m and n interchanged, of which, as we shall see, it is 
sufficient to study the cases mz + ny and — mx + ny. Hence consider first 


(2.9) S= > > e(ma + ny) 


O<mSa m<nS(R-m})1/2 


e(y) = e([(R—m°}5ly + mx) 


T eg) — 1 oc mIa 
_ oy) 2 
~ ey) —1 soa (x +y)m) 
=8,+ 8. Now 


Sa = (e( (£ + y) [a]) — 1) (e(y)— 1)" (e(z + y)—1) Tex + 2y) 
= 0 (cse $y csc 4 (< + y)), so that 


(2.10) LS So | de dy = oaf | y= (s + y)de dy 
+ S S aana Grey) e dy) 
=O ff w+ ay + #9) de dy) 


— 01 | yt + @—1)*Mog(e + nd [ 7) 
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and using the second mean value theorem on log(s +- y), we get (2.10) to 
be O(log? et). 

Since the exponent [(& —m?)#] in 8, is discontinuous, this sum cannot 
be dealt with by standard methods. Consequently we replace [(& — m°)i] 
by (R—en?)3-— 4 and consider 


ACE 11) Sa seth | Selma + y(B—m')b— dy) 


and - . 
(2.12) ` s=, A, {e(ma + y[(R-—m?)#]) 
~w —e(me + y(R— m?) — 4y)}, 


where, Si + Sizs The exponent ?zf(u) = us + y(R—u’)5 in Su 
satisfies the hypotheses of the following theorem which is due to van der 
Corput [8]: 


LE D = S e(@nf(u))du— I _ e(rf(m)). If F(u) is paieti 
and | P (u)] S4, then D = 0 (1). eta | 


(2.13) Safely) —1)e(—dy) = f “(we + y(R—ut)#)du + 0 (1) 
= 1 +0(1). 
Setting ru = su + y(R—u)5 in Ty, where r— (z? + 4°)? and ru = sv 
— y(R— v°)5, we get 
(2,14) © nerf” (a + yo/(R—v?))e(rv) do = Ii + Lie 


(v = yR, v= (s + y)ar*). Now In = O(x(x +y)7) so that as 
in (2.10) 
(2.15) ST S ese ty | Zu | de dy = 0 (log? e°). 

The function g(v) =v(R — v?)4 in the integral I is montone and 


gun) = ya, g(v2) = (x + y)|æ—y |7 so that by the second mean value 
theorem Is = O (ya (e? + y*)*) + O(y(a@+y)|e—y|4 (a? + y). As 


for (2.15), Sf { “ese 4y O (yP (a? + y?) =) dx dy = O (log? e+), and, using 
€ “€ 
(2. 4), with 


(2. 16) j S a be +f" f Pesage + play He +y izay 
= O(log? 7), 
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T T ` 
we see that both f f esc $y | Zo | de dy and ff | S11 | dw dy are 
‘ € € | e € 
O(log? e) for all |z—y|Z he 
Before considering the sum Sj. of (2.12) we discuss that sum of (2. 8) 
whose exponent is — mge -+ ny. In particular we need only consider the sum 
analogous to Sı, namely, 


e(y) ; F 
(A7) Tuer 2 eme HoR) y), 


since sums corresponding to 8, and ıs may be treated by the same methods as 
used for these sums. Here although the function 2rf(u) == — ue + y(R — u’) 


has a monotone derivative, it is not bounded by 4, indeed f’(0) = — 2 (207, 
F(a) =—(e#+y)(27)7 so that for (eS sS re eS yS re), 


e(r) < | f (u)| S 1 — er, and hence the hypotheses of fhe van der Vorput 
theorem do not hold. However the same method of proof is applicable. By 
the Euler summation formula [5] 2 


(2.18) (e(y) —1)e(— 3y) Tu = f le(—ur+y(R—w)idu 
— e(a(—2 + y))b(a) 


— Le(yBë) + OLGE us + y(R—u?)?)), 


where b(u) = u — [u] — 4 = 0 (1) has the series representation 


— $sin Rrv/nv ([u] <u < [u] +1), 


which has uniformly bounded partial sums. The two middle terms of the 
right side of (2.18) are O(1), so that the integral of their absoMte 
value, multiplied by ese $y, over (eS eS r — e e & y & r —e) contributes 
O(log e*). Now consider the term 


(2. 19) S {e(Rrf(u) + vu) — e (2rf (u) — vu) }f (u) du 
= (Rei) f P (PC) +) Alel (u) + vu) 


— (ri) S P (F (w) — Ale Raf (u) — vi). 


The functions gı (u) = F (u) (f (u) -+vr)™ and g:(u) = f (u) (F (u) —v) 
are monotone and do not change sign in (0, a). Also, | g(u)| Sv? for v= 1 
and | go(u)| = (v —1)* for v = 2, while for v = 1, | g:(0)| = | (2r — z)“ | 
<I, |[g(a)| = (£ + y) (2r — s — y) S re. Using the second mean 
value theorem on (2.19), we thus get 
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(2.20) = f “b(w)d(o(—ue + y(R—w)))) 
= 0 (1) + O( (2 + y) (r — s —y)*), 


so that 

(2.21) f “f ese 4y | Jy | de dy = O(log €*) 

Pos F o(f” log (2r —2 —y)y*dy [= 
€ vE 


= 0 (log? ét 


Similarly in the first integral of (2.18), since f (u) is monotone and different 
ADe zero in (0,2), (F (u))™ is monotone and bounded in (0,a) and using 


the second mean value theorem we get 
e e 


. d= EOS = — rr 0 (1) — (2 + y) 70 (1). 
s 0 
soe that 

. ff ce 4y | J2 | dx dy = O(log? e*) 
as before. Thus finally 


ME WHE 
f f | Tia | da dy == O (log? ét), 
€ € 


2.3. There now remains to consider the sum 8,4 of (2.12). In this case 
we have been unsuccessful in using a direct analysis, —the difficulty apparently 
arising from the discontinuity of [(R — m*)*]; indeed the only property 
of fhe exponential function that we use is that of boundedness. Since 


e(y[ (E — m?)*]) — e(y(R — më)? — gy) = yb((R—m*)*)0(1), 
(2.22) . Sw O(ycsedy S |b((R— m?)t)| ). 
| ocm<a 
We now use the following theorem to be found in [3, Ch. XII]: 
Let f(w) be a function with two continuous derivatives in 1S uss P, 
P 
and 0<f(u) <1, F(u) >z”. Then 2 {f(u)} = 4P + O(2), where 


{f(w)} = min(f(u) — [F (u)], Tf(u)1 +1 © fu). 
Taking f(u) —1— (E —"w)5, we find that both f(u) and f’(w) are 
monotonic non-decreasing in (0,@) and positive. Also, 


FO)=0<f(u) <fa =i  f'(u) > f(0) RS 
and z—R/*, Thus all the hypotheses of the theorem are satisfied. Now 
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{é} = {€—1} and {é} = {—é} so that {f(u)}—{(R—w)#}. Also, 
0= 6(é) = {£ —4 for [6] SES [6] +4, and 0S 0(é) = 4— {é} for 
[6] +4565 [6] +1, that is |b(é)| —3—{€}. Hence 
(2. 28) Su = O (y cse gy Z (3—{(R—m)i})) 
o<m<a 
= O(N), | 


and thus f ae) | Sus | de dy = O(R"3). Furthermore this result is inde- 
€ € 


pendent of the signs used in the term e(+ mx + ny), and the proof of 
Theorem 2.1 is complete upon choosing e= R>. 


2.4. THEOREM 2.2. If Dm? + n?) | ana |? < co, then lim 8p exists 
R-0o ° 
almost everywhere on O (— r S2 E r, —r & yS r), where ° 


Sr (c, 8) -2 > Omne (ma + ng). 


vemP+n? @ 


Following a classical method of proof of Fourier and orthogonal series 
[4], we first show by means of Theorem 2.1 that Sr is O(R1/6) a.e. (almost 
everywhere) on C, then that the convergence of X (m? + n?)¥/8 | mn |? implies 
the convergence of a certain subsequence of {Sp} and finally that these two 
results imply the convergence of the sequence {Sr} a.e. on C. 


LEMMA 2.1. If D] Gun |? <0, then Sp(a, B) = O(RY*) a.e. on O. 


Proof. Since S| ama |? <0, by the Riesz-Fischer Theorem extended to 
more variables there exists a real Lebesgue square integrable function f, whose 
Fourier coefficients, (47)? f f f(x, y)¢(—(ma + ny) ) da dy, equal amn. » 

c 

Now following a proof to be found in [4], we set ur — max S,(P}v°1/6 

0<vER 


= Eg (P) (R540), Vo= to, where P= («, 8) and t=-i(P). The 
sequence {vr} (R0) is monotone non-decreasing and we show that 
Ir = f f vrdz dy = O (1). The integral 

e 


I = f f f(P’)da’dy’ f f K (P — P) da dy, 
g c 
where P— P’ = (t—za’,y—y’), and the Schwarz inequality, setting 


B= f f Pedy, we gt PrsBff | fS iK (P— P) de dy |? de’dy’. 
Evaluating the latter integral [ef. 8, p. 253], we have 


fS day f fiK (P — P')de dy ff tK (Po — P’) daodyo 
= f S f f it Er(P — P’)de dy dtodyo (T = min(t, ta)), 
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since by the orthonormal relations f f K:(P—P’)K:(Po—P’)da’dy’ 
= Kr(P— P). Consequently 


Pr B f fS S(t)" | Kr(P—Po)| dx dy dzodyo 
< B{ f f ida dy f f | Ki(P — P.) | drodyo 
+ ff to™dzdyo f f | Ku(P — Po) | de dy, 
Which by Theorem 2.1 is O(1). Therefore ae vr(P) exists a.e. and the 


sequence {Sr(P)/R¥°} is bounded above a.e. Similarly the sequence is 
bounded below a. e. and the lemma is ‘proved. 


-N Lemma 2.2. If the series D dy (ay > 0) converges, then there exists a 


.monotone sequence {pv}, pv—>0, such that $, pvt, < co. 
e L 2 


This lemma is well-known. 


° Lemma 2.3. If E | amn |?(m? + n?) Coco, then {S,,} approaches a 
limit a.e. on C, where {vr} is a subsequence of the sequence {R} of (1.3) 
satisfying kS v < (k + 1)$. - 

Proof. By the orthonormal properties we have 
SS |f(P) — 8n, |da dy = > > Lam |? = Try. 
y < Vk yam? 
The series $ rv, is convergent, for by Abel’s transformation we get 


k=0 


kad 00 
Dy, D k (Trp, — Tra) + lim kr 
e ko &=0 k->00 


=5k 5 X |am|+limk > >... am|. 
k=0 Pk<vSPksa v=m?rn? k> V>vkya vmn? 

But k <S v < v3 = (m? + n?) 3. Hence the right hand side is less than 

or equal to 


5 (m? + n?) | inn |? 


k=O ve < VEVky, VMN? 


+lim 2% 2 (me + 0?) v8 Amn A 


K-00 P` Vka VEM HN 
which equals $, | amn | (m + n°)1/3, since the convergence is absolute. Thus 


> SS | f(P) — Sy, | de dy <<; consequently 5 |f(P) — Sy, |? <% ae. 
k=0 


k=0 


on C and lim Sv, = f (P) a.e. on C. 
k> 
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Proof of Theorem 2.2 [4]. From Lemma 2. 3 it remains to prove that 
lim (Sr(P) —S8»v,(P)) —0 ae. for v < R < vx, where from Lemma 2. 3 
k>% ` 


k&n <k+1 By Lemma 2.2 there exists a monotone sequence {pr} 
with p—>œ, such that X p,?v/?| am|? <oo (r= m +n). Setting 
bmn = Prv amn Cr = pr", Bu—= E bmelma+ nB) we have by Abels 
transformation for k > 0 Se 

e 


v f | 
Sr — Sv, = > ( > Bu (cy — Cva} — Court + > Dy + Crust > Py. 
OSvSR 


Pe<ivSR po OSS: 
Since $; | Dunn |? <0, bmn are the Fourier coefficients of a real Lebesgue 
square integrable function. Hence by Lemma 2.1 B Dr = O (v) afl 
therefore i SES 
| Sr — Sv, | = O (B°) (Cna — Cre) + O (Pra) + O (pra). 
Now Bret S vie? € (k + 2) = 0 (1), so that | Se — Sr, | = O (prt), 
which —>co as k—>œ. Hence the theorem is proved. | j 


3. The case q — 3. The result corresponding to Theorem 2.1 is 
THEOREM 8.1. The Lebesgue function Lr(a, B, y) is O (R? (log RS). 


Proof. As in the proof of Theorem 2.1 we subdivide the cube 
O(—r Sata, —r S y Sr, —r S27) by drawing planes parallel to 
the y- and z-axes through the points — r + €, —« 0, e —«, where e is an’ 
arbitrary small positive number. Using the bound Kpr(a,y,2) = O(R*/”), 
we get that the integral of | Kr(#,y,2)| over parallelepipeds of dimension 
eX e X Pris O (reR/). For parallelepipeds of dimension e X m — 2e W 2r 
analogously to (2.2), we use 


2 _ e(mx + ny) 


(8.2) Kr(z,y,2) = EE) 1 maer 


X {e((ER— m —n?)8] + 1)z)— e(— 2[(B — m? —n?)4])} 
= 0 (R esc 42), 
if |z| = « so that, for example, 


[la f i [| Kalo y, 0) dy = 0 (R log e+). 
TT € 0 


Similarly as in (2.4), 


T T-E az+ła 
. (3.3) f ae È ae f i | Kr(z, y,2)| dy = O(cRloge*), (« a constant). 
FT € az-e 
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In order to discuss the sum > for parallelepipeds of dimension 
MAER 


m — Re X r — e X 2r, following Hua [3], we subdivide the sphere m? + n? 
+p 8 by planes m = 0, n= 0, p= 0, m =n, m =p and n= p. On 
the plane n = p, for example, we have 

e 


(3.4) Q= X e(me+ (yt+z)n) 


me+2n=R | 
° : ÉR1/2] | 
TE Er Dr Ome) (CL (E(B — m4) 4] +1) (y +2) 


m e(— [a(R — m*))*] (y + 2))} 


~ = O(Ricscd(y+2)), (y +20 or + 2r), 


so that as in (2. 6) fa [LT Q, | dy de — 0 (Rè loget). On the 
e m € € 


other hand over (—r Sg S r, e Su S re — r p eS gS e) we use 


the procedure of (3.3) with « = — 1 and (2.7) to obtain the same bound. 
Similar bounds are obtained on the planes m = 0, 'n = 0, m = n and m'= p. 
e The remaining sums to be considered in $, . are all of the form 
. mnp ER À 3 
3.5 + mg + ny + p? 
( ) a a eae "y ps) 


(ee ee ee = Pa where OC mn<p 
or this sum with m, n and p permuted. In considering (3.5) the discon- 
tinuous bound O(| y — amz |1), where am = m(R — 2m?)4 (0 < m S(R/3)4), 
is encountered. This bound cannot be integrated over the domain 


(3.6) Ding = (—aw7SeSaeSeSr—s Am3 — = y = Ome + Le), : 


but*as for the case q = 2, where the bound O (| y — z |+) occurred, we replace 
O(| y — amz |?) over Due by | Kr(x, y, z)| plus the sum of all other bounds 
used in considering (3. 5) and notice that all of these bounds may be integrated 
over Dune. to give the same bound or an even sharper result than the bound 
obtained over Pe Of course, since &m depends on m it is necessary to integrate 
over Dme before summing with respect to m, which will be seen to be possible 
in all cases. ae oe A d 

Defining G(R) as the set (0 < m < (R/3)à, m< ù< (4 (R — m?) }!), 
we consider as in (2.9) ; ' 


(8.7) S= e(mz + ny + pz) 


= 
(mne G(R) n<p< (R-m?-n?)t/ 
o e) N 
_ e(z)—1 eee a aa m n?) ]) 
| - —e(ma + (y+ 2)n)} 
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= Ñ, -+ 8. The sum $, may be treated the same way as in (3.4) and hence 
we get SSS | 82 | dx dy dz = O (Rè log? et) (cf. (2.10)). We can use the 


same methot on the sum $, as were used on the corresponding sum for q = 2, 


that is, we consider À 


(3. 8) Bum D E  e(me+ ny + 2(R — m? — n?)i— 12) 
a — l (mn)eG(R) ; 
an 


e(z) r 2 2 
(3.9) See Zp OOE ny H LR m — r)i) 


—e(mr + ny + 2(R — m — n) — 12e 
where 9; = Si + Si. 


In Su the function 2af(u) = yu + 2(R R— m? — u’)? (m< w< Rms 
== (4(R— m?) )ż) satisfies the hypotheses of the van der Corput theorem 
a OSyYySr, 0 Sz Sr; 0 S m S R = (R/8)#). Consequently 


(3.10) o(—4) (e(2)— 1Sa — nn if (ma + uy 


+ 2(R — m? —u?)3) du + O(1)}. 


= X  e(mz)In + O(R). 
0<mMm£Ro 


Using the same procedure as for q = 2, we show that 


(8.11) ._È SSF esc dz | Im | da dy dz = O (Rè log? +), 


<MERo Pe-Dme 


F Ld 
where Pe— Dye is the set of points belonging to Pe but not to Dme and 
Om == Mm(R — 2m?)-5, 


Proof. Setting rv = wy + 2(R— m? — u?)t, where r= (y? + 22) and 
ru = yv — 2(R — m? — v”)3, we get 


I if oe ayia PR CN 
moo yp " (y + (R— m* — v°)5 e( — Ami m2> 


where v, == 1*(my + 2(R — 2m*)8) and vs = 7° (y + 2)Em. Now Im = O(yr*) 
and as in (2.15) 


SSF cse 84 | Im | de dy des Z ed F J GORE tee te dydi 


< 2s, Pe-Dme 


= 0 (FÈ log? e+). 
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The function g(v) = v(R— m*— v?) of Imz is monotone and hence 
by the second mean value theorem i 


Ime = arg (01) O (1) + 2r?g(v2)0 (1), 


where | 

g (01) = (my + 2(B — 2m°)5) (mz — y (R —2m2)3) 2 
and i 
4 9(%) = (y +2) y— z |>”, 


which equals g(v,) for m = Re. As a function of y and z, g(w:) is discon- 
tinuous at y == 4,2, where R2 < a, <1. Moreover for all such «&, the line 
Sanz crosses the square (e = y S r— e e S z S r— e)if e is of the order 
O(R3) (cf. later). To avoid the discontinuity at y = &mz we use (3.3) 
with qe &m and notice that all the other bounds are either O (Rè log? 1) or 
O( Re) (cf. (3.20)) over the domain 3 Dm Over Pe— De, 
evaluating as in (2.16) we get ore 

SS S| 2? csc 42 (any + 2) | amz — y | dx dy dz = O(log’ et), 


Pe-Dme 


which proves (3.11) upon summing with respect to m. 

As in the case q=? and since our proofs are independent, of a, in 
addition to § of (3.7) it is sufficient to discuss that sum whose exponent 
is ma + ny— pz. In particular we need only consider 


(3.12) T D. pees e(ma + ny — 2(R — m? —n’)3), 
à (x, y, 2) € Pe 


(cf? (2. 17)). As in the case g= 2 the van der Corput theorem fails for 
this sum but the method of proof is applicable. Hence by Euler’s formula 


(3.13) pins PC) > À (Teme + wy —2(R— me —ur)5) du 


e(—2)— 1 o<m£R 
— o(ma + Ray —2))0 (Rn)— Zelm (a + y)— 2(R— m°)3) 
+ f Toate + uy —z(E— m? —w)y)} 


e(— 32) 
=F T (Ta t Tat Tas + Tu). 


In this case the function 2rf (u) = yu— 2(R— m?— u?)? has a bounded 
monotone derivative which does not change sign in (m, Rm); indeed 


(2a) te S f(m) = (27) *(y + Ont) E F (0) 5 F (En) = (2x) (y +2), 
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so that |f (u)| S 1— e(r). Thus 1/f’(w) is bounded and monotone” in 
the interval (m, Rm) and by the second mean value theorem 


Jam = J” P (Alel) = Oly) + O(( + 2); 


since F (m) = (8x) ty, so that 4 
4 T)Jım | de dy dz = O (Rž log? et). 
SIS csc $2 | Zn t (mE) | dx dy dz (Fè log? e*) ° 


Also, Ti, and Tis in (3.18) are O(R4). On Ti, we use the same procedure 
as for (2.19) since the corresponding functions g,(u) = F (uw) (F (u) + ¥)7 
and g.(u) = f (u) (f (u) —v)+ are also monotone and bounded and dget 
change sign in (m, Rm). The only difference is that 


ga(m) = (Y + am?) (Y + Amz — nv) 
but 
| g2(m)| S (y +2) (mv —y— 2)", à 


which is the value of g.(Rm) and similar to the case q = 2. Thus 
SSS | Ts | dx dy dz = 0 (E log? et). 
Pe 
Now consider Si, of (3.9). Using the same argument as for the case 
g=2, 
e(2[ (R— m? —n?)#]) — e(2((B — m? — n?)* — $)) 
= 2b ( (E — m? — n7)4)0(1), 


so that 
(3. 14) Siz=O(zescdz D | b((R—m?—n?)4)|) 
(mnje G(R) 
=O(zescgz OZ ($—{(R—m?—n’)}}). 
. (mn)eG(R) + F 
But by a theorem due to Hua[3] 
(3. 19) x {(R— m*? — n?)3} = 4P + O(R* (log BY), 
(myn)e G(R) 
where P= © 1. Consequently 


(mn)eG(R) 
T T LÉ ° 
f f f | Sis | de dy de = O(R** (log R)5/*), 
ad r Y -r 
In connection with (3.11) we must show that 


b ( (R — m? — n?)?) | de dy d 
anaa (( m n°)5)| de dy dz 
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is sufficiently small. For fixed m the function f(u) = 1— (R — m? — n’)? 
satisfies the hypotheses of the theorem quoted on p. 8 where the ż of the 
theorem may be taken to be Rt/6 again. Thus by subtraction we get 


e. > {(BR—m— r)i} =} 14+ OR), 





m&n < Rm mEn < Rm 
or : 
È | b((R—m? — n?)3)| = 0 (R8), 
e mond Rm 
so that | 
8. 20 b ( (R — m? — n?)4)| de dy dz = O( R*/*e). 
(20) Eu SSS Beg, | (Rt — n) de dy de — OR) 


Since these proofs are independent of the signs in front of thé æ, y and 
z terms in e(+ mx + ny + pz), the proof of Theorem 3. 1 is complete if we 
take e—eR4, Since the sequence {(m? + n° + p*)*/*(log(m? + n? + p?))5#} 
is monotonic increasing, the proof of Theorem 2.2 generalizes without 
difffeulty so that we have 


THEOREM 3.2. If the series 
X(m° + n? + p?)?/3 (log (m° + n2 + gry aye | Qmnp |? 


is convergent, then lim Sr exists a.e. on (—wewSaSa, —m<y<7, 
—aSzZn). di 


4. The general case. The following theorem is readily proved: 
Tasorem 4.1. The Lebesgue function Lr(a,: ` *,%q) is O(RH). 


Proof. The proof depends only on the boundedness and orthogonality 
properties of the exponential system. By the Schwarz inequality 


CEE CC ES DES MIE UOTE 


mT T 
of" fT EaP — e)la), 
-r -r 
where P= (%1: `- q), Q = (u° + *,@q) and dA = dæi: ` deg By the 


orthonormal properties (1.1) 


f te {| Kn(P—9)|* a4 = Bs, where y= m2, +: +++ my. 
-r -r vsR 


But the right hand side of this equation is the number of lattice points in 
the hypersphere m4 +: +--+ m5 R, which is O(RW) [6]. Hence the 
conclusion of the theorem follows. 

Using Theorem 4.1, it is easy to prove by the method of paragraph, 2. 4 


15 
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THEOREM 4.2. If Dm, +o + ma) | amm, |? <0, then im Sr 
exists a.e. on (--r Say, Sr, k=1,- +g). “ei 


We remark that it would be impossible to improve this theorem by the 
methods used in Theorems 2.1 and.3.1 inasmuch as present results give 
the number of lattice points in the hypersphere 


ms ++ mg S R as (T (dq + 1)) 7B 4+ O (R) 


e 
for q È 5 and as 47°R? + O (R=) for q = 4 [7]. 
UNIVERSITY OF ILLINOIS. 
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ORDER IN OPERATOR ALGEBRAS.* 


By S. SHERMAN. 
e 


A partial order may be introduced among the hermitian elements of a 
Ò” algebra @ by letting U = 0 mean that U is positive semi-definite. It is 
well known [7] [1, Lemma 1] that if a C* algebra is commutative, the 
ordering (always the one given above) is a lattice ordering. We show here 
we the hermitian elements of a self-adjoint algebra (with or without 
unit, no topological assumptions) of bounded operators on Hilbert space 
form a lattice, then the algebra is commutative. By example it is shown 
that laftice ordered subspaces of hermitian elements of @ are not necessarily 
(commutative) algebras. 

* Let @ be a C* algebra [6, page 75], i.e. a uniformly closed self-adjoint 
complex algebra of bounded operators on a complex Hilbert space H. Thus 
if U, Ve @ and « is a complex number, then UV, U + V, V* (the adjoint 
of V) and «V are elements of @. We define 


| U | = sup{ (Ux, Us)? | (z, s) =1,% e H} 


and the requirement of uniform closure means that @ is complete with respect 
to the norm || U |. Let d = {U | Ue Q, U* = U} be the set of hermitian 
elements of @. We say that U2 0 if (Ux,æ) = 0 for each ce H. This 
implies that Ue 3d. Let U > 0 mean U = 0 and U0. 

e We wish to investigate consequences of the assumption that Jd is a 
lattice, i.e. for every Ued, there is a U, 20 such that U, — U 20 and 
U'=U, for any U’ed that satisfies the two conditions U’20 and 
U’—U20. Denote by U- the element (— U), and by | U | the element 
U,+U. Thus V=U,—U-_ and |U|—=U,4U_. In order not to 
obscure the essential lines of the proof with details we first handle the case 
with unit, i.e. the case where @ contains the identity operator J. 


THEOREM 1. If à, the set of hermitian elements of Q, which is a C* 
algebra with unit, is lattice ordered, then Q is commutative. 


Proof. ô satisfies Axioms I-V of [2], if the u, | U |, and Hy of [2] 
are I, | U |, and 3 respectively. A linear functional o| 4 is called positive 
(o 20) if U 20 implies w(U) 20. As in [2] we define | w | —w(1). 


. * Received December 1, 1949. 
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Let Q be the set of all positive functionals having norm 1, i.e. o 20 and 
o(I) —1. Let IL be the set of extreme points of ©. Note: when the domain . 
of w| eQ is extended in a natural way so that we get © |đ@,. Segal refers 
to & as a state and if o|d eT, then o[@ is called by Segal a pure state. 
We use this terminology. [2] refers to Q and II as Hy and Sy respectively. 
As in Theorem 3 of [2] we associate with each U e d a function ¢y £ O (ILR), 
where ¢y(w) =w(U) for each we H and C(I, R) is the collection of all 
continuous real-valued functions on the compact Hausdorff space H (using 
w* topology). According to [2] the one-one linear correspondence U <> dy 
possesses the following properties: 


1) U SV <=> $y (wv) S pr(w) for each we IT, ré 
2) | U I—sup{léo(o)[loen} (= df liga), 

3) é1(w) = 1 for each we M, 

4) {ou | U £ 8} = C (D, £). ` 


Let &, = {U | G(U) = 0}, where o | 8 = w£ I. We note that À, 
- is a closed complex linear subspace of @ and we wish to show that 4, is a two- 
sided ideal of @. For each Ve @, V = Vpr -+ iV; where Vg = (V + V*)2, 
Vi (V — V*) (2%), Vre d, and Vre ð. (We note in passing that if we 
let dy(w) = pr,(w) + idy,(w), then {$y | Ve Œ} = C (1, C), the collection 
of all continuous complex-valued functions on II.) In particular Ue à, 
==> Ure df) Ao, Ure 8 N Io. Let 2, = {V | pr(w) = 0 for each we Il}. 
For any Ved N åo V—V,—V., where Vie 3,1 åo Ved. do, 
gy,(o) =sup{o(V),0} and y (w) = sup{—w(V),0}. What we wish to 
show is that Ued,, V e @ == UF e o and VUe A, The above indicâtes 
that it is sufficient to show that Ved. N 8, VeQ == UT e å. and 
VU e dg. 

Suppose Ve 4, (1 4. Then by [1, page 201, Corollary 2] there exists 
a We 4 such that W 20 and W?= U. Obviously o.(VU) = wo(ZW), where 
Z == VW, and by the Cauchy-Schwarz inequality 


| (ZW) | S (wo (W?) )8(wo(ZZ*) )? = 0. 


From this it follows that VU £ À, and analogously UV e dy. Thus dy is a 
two-sided ideal in @. Since, for each Ve A, (V —Go(V)1) — 0 and so 
V — (VM e Xo, we see that to: V>%(V) defines a homomorphism from 
@ to the complex numbers. Thus (UV) =«@(U)m%(V) =a (VU) and 
ur(wo) = pyu (wo) for each we. Since U <> $y is one-one, UV == VU 
for each U, Ve, which proves our theorem. Incidentally since @ is 
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commutative, 3 is a real commutative algebra. Note that the arguments 
would be valid also for a B* algebra with unit [5, page 528], where with an 
appropriate definition of 2 we assume U, = U,2=0=—=>|U,|=|U.| 20. 
~ The proof of the result analogous to Theorem 1 but without the assump- 
tion of a gnit must contend with the possible distinction between the suprema 
(relative to imbedding ring) of a pair of elements {U,, U2}, imbedded in 
two rings one containing the other, {U:, U2}CR,CR,. Furthermore the 
“representation of 3 as a real linear space (closed under the operation of 
taking the absolute value) of real continuous functions on a compact Haus- 
dorff space introduces some difficulty here. We abbreviate those portions of 
the proof which are duplications of the argument in Theorem 1. 


LEMMA. . 
WEE Wi = 0; 0 < a S a, — (We) (at + We)? = (Wi) (ay + Wi). 


. Proof. From our hypothesis and the fact that all the expressions are 
only functions of W, we apply [1, page 201] and deduce that 


(We) (a1 + We) È (Wa) (mI + We). 


We notice that (z) (a, + z) 1 is a “positive” [4, page 209] function, i.e. 
in the upper half of the complex plane the imaginary part of (2) (a +2) 
is non-negative. By [4, page 215], (æ) (a + x)? is a montone matrix 
function of arbitrarily high order in the interval OS z <œ. By con- 
tinuity considerations we deduce that s(a, -+ s) is a monotone function 
for bounded positive semi-definite operators in Hilbert space and so 
(We) (%1 + We) & (W1) (%1 + Wi). Our conclusion (We) (a+ We) 
= €W1) (a. + W1) now follows.+ 


THEOREM 2. If do, the set of hermitian elements of Qa, which is a C* 
algebra without a unit, is lattice ordered, then Cy is commutative. 


Proof. We consider the positive functionals w | o, where now 
l o | —=sup{o(UU*)| | U | S1}. As before Q) is the set of positive 
functionals (states) having norm 1 and IL, is the set of extreme points (pure 
states) of Qa. We wish now to show that CZ, is isometric, linearly isomorphic 
and order isomorphic to a space ©(Qo), i.e. a real linear space of real 


1 The referee has suggested the following abbreviated proof which is similar to one 
communicated to the author by Professor J. W. Givens: “This fact can readily be 
proved directly (without the use of Loewner’s result or continuity considerations). It 
is readily seen to suffice to show that if A and B are bounded self-adjoint operators on 
a Hilbert space with bounded inverses and such that A = B> 0, then B= =A. Now 
for any bounded operator ©, A = B implies that C*AC = C*BC, and taking C+ to be a 
self-adjoint square root of B, we get CAC = I, whence C+4“C> SI, so A™ < 0? QB.” 
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continuous functions on Qo, the w* closure of I, which has the property 
that if ¢ is an element of €(Qp), then | ¢|, the function which for each 
w€ Qo takes the value | ¢(w)|, is an element of ©(Qo). 

We readily verify that Cy satisfies Axioms I-IV of [8]. We now 
consider Axiom VI: || U [| =| U ||. Since—|U|S US| U [it follows 
that | U |S ||| U| ||. From [1, page 201] we see that we can imbed U 
in (UV), the closed subring generated by U and J in @, the C* algebra 
obtained by adding a unit to Go. Since @(U) is a lattice we observe tha? 
U* == sup{U, 0} in Q(U) and U- = sup{— U, 0} in Q(U) exist. Moreover 
Ute Qo, U-e Qo Ut = U,, U- ZUL. Thus U+ + U-20,+U0_=|U| 20. 
But (U| = 10 + 0 ZNO | ho, and so TIT, ie 
Axiom VI is satisfied. 

In order to verify Axiom V: 


020, V2Z0— >| sup{U, V}] =sup{] U |, V |}, 


we define with [6, page 76], p= {Un >, Unm} W(u) = Ÿ UiU*, ahd 
4=1 


Vu) = Wu) (mI + W(u))-4 The pws form a system directed by set 
inclusion. From the Lemma, aC ug == Y (ua) S V (mp) SI, where our 
elements are considered as elements of @. Let - 


HU; u) = int{t = 0 | — tY (u) S U S tY (u)}, 


where if no real ¢ satisfying the inequality exists, we let t(U; p) = +00. 
If paC pp, then t(U; pa) 2t(U3 pg) ZUI. I£ UZ, let p= {nV}, 
where n is a positive integer. Then 


0SUS (a+ | |) (a0) (1+ a0). e 


Thus | U | Si(U; p) Sn + | U| and lima t(U; p) =| U | for UZ 0. 
Now if U Z0 and V Z0 and e > 0 there exist pı (e) and pee) such that 


OZEUZ(UI+e)V(m()), OSVS (VI +e) V(uo(e)). 
If we let ps(e) = p (e)Upa (€), then l 
0 S sup{U, V} S (sup{] U |, | V |} + e) V(ua(e)). 


From this | sup{U, V}| & sup{| U |, | V ||}. Since the reverse inequality 
is trivial we see that Axiom V is verified. 

Now that Axioms I-VI of [8] are satisfied by o we deduce, from 
[3, Theorem 3] and its proof that with each Ue o we may associate a 
pu &C(Qo, R) where Qo, the w* closure of Ils, is compact and the mapping 
U — y is a one-one linear mapping into. Moreover 
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Y) USV—~¢n(o) Soro) for each we QE p(o) S dy(w) for 
each w € I, 


2’) IU | =sup{| ¢0(o)| | € Qo} = sup{| u(v)| | oe Ho}, 


8) sup or(o)| IUIS H —1, 

4’) ge{du| Te do} = >| ¢ |£ {ou | Ve 8o}, 
where |p|(w) =| $(0)| for each well (we Qo). 

Property 4’) is important since it implies that 


s $£ {ou | Ve do} == ($ + | $|)27e (bu | U £ do}. 


ee 


Note that du, (0) = (($ + | $|)24) (o). 


For each we Il, let &, = {U | Ue Go; Go(U) —0}. Just as before. 
do is a closed two sided ideal (now in Go). A crucial fact in the proof is 
that Ve do ==> U = U,— U_ where U, 20, U- = 0, U, £ do, and Uedu. 
We take care of this by using the characterization of dy, given in the last 
paragraph. &, is also a two-sided ideal in @ (Q, augmented in standard 
fashion with I). As before we deduce that a): V — & (VF) defines a homo- 
morphism from @ to the complex numbers and that for each we Ils, 
(UVY) =w(U) (VV) =a)(VU). Since IT ois dense in Qo, we infer that 
or = pro and UV = VU. Thus Theorem 2 is proved. 

If we examine the proofs of Theorems 1 and 2 we notice that we could 
dispense with completeness. The relevant representation theorems without 
completeness hypotheses can be found in [2,3]. The intermediate construc- 
tiqns we make using completeness cause no essential difficulty. 


Cororzary. If Q is a self-adjoint algebra (with or without unit, no 
completeness assumption) of bounded operators on a complex Hilbert space 
and if 3, the set of hermitian elements of Ĝ, is a lattice under our ordering, 
then @ is commutative. 

Let @” be the C* algebra of all linear operators on H”, n-dimensional 
complex euclidean space, and let 3” be the set of hermitian elements of Q”. 
We are concerned with the possibility that if 3, a real linear subspace of dr, 
were a lattice under its natural ordering, then 3 would have to be a real 
commutative algebra. The facts are as follows. When n=? and & does 
not contain a unit, then 3 need not be a commutative algebra. For instance, 
choose a coordinate system and let 3 be the real linear subspace formed by 
the matrices {Aa | —œ < & < œ}, where 


da (5 ae +. 


ate 4 "7S. SHERMAN. ` 3.9 


g 
S “ 


: When n=? and 3 contains the unit then £ is a real commutative algebra, 


When ‘n= 3; 3. need not be a real commutative algebra even though 3 
contäins the identity operator. For example let n—3 and dfter choosing 
a coordinate system let 3 be the real linear space represented by matrices of 


the form {a4 + 8B | —c < a, B <0}, where ¢ 


i o1 20% ne ie a . 
AL 1 0), B=[—1 1 0). s 
0 0 1 0 0 À | 


ð is-not an algebra since AB £ 8. 


‘It is readily checked that aA + BB is: positive semi-definite if and onlye 
if «= 0,80. This makes 3 a well-known vector lattice. | 


Remark, Conversations with Professor Lipman Bers oh the proof*of the 
known fact that the collection of all real symmetric 2 X 2 matrices is not a 
lattice; led to the technique for constructing the counter- -examples above ang 
also raised the questions which they answer. 
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THE THEORY. OF UNITS OF QUADRATIC AND HERMITIAN 
FORMS.* ° 


. . E By K. G. RAMANATHAN. 


e ~ 


Š Siegel's reduction theory to indefinite quadratic or hermitian forms with 
coefficients which are integers of an algebraic number field K of finite degree 
dver the field of rationals. He proved, among other theorems, the theorem 
that the number of classes of forms of given determinant, of order m, and 
with inéegral coeffieients in K is finite. 

It is the object of this paper to study the group of units of quadratic 
(hermitian ) forms with integral elements in a finite algebraic extension K 
of the rationals. A unit of a form is a unimodular transformation leaving 
invariant the form. We prove | 


THEOREM A. Let K be a totally real algebraic number field of finite 
‘degree over the field of rationals and © the matrix of a quadratic form with 
elements integral in K. Let T be the group of units U such that WSU = ©. 

‘Then 1) T ts finite if and only if © is a totally definite symmetric matrix, 
2) T is always finitely generated. 


The first part of Theorem. A is proved in Section 4 and the second part 


in Section 5 since its proof requires the properties of fundamental domains. 

*A similar theorem ‘is proved in Section 4 for hermitian forms. It is 
shown that the theory of hermitian forms works only in fields of the type 
K. == K(d%) where K is a totally real field and d is a totally negative number 
of K. ` 

We then generelise Siegel’s results [8] on the measure of unit groups. 
We obtain for T/C where C is the centre of T, a faithful and discontinuous 
representation as a group B of non-Huclidean motions leaving invariant an 
_ open subspace J of a space of M dimensions, M being an integer depending 
on the signature of the quadratic form. In J we define a volume element 
‘dv invariant under B. Since B is discontonuous in J we can construct a 
fundamental domain F which is shown to have a finite number of neighbours. 


Dre LOA 


1. Introduction. In a recent paper Humbert [7]? carried through 


Ne F 
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The important theorem stated as Theorem B asserts that Í, dv is finite 
except when © is the matrix of a decomposable binary quadratic form. 
In this case it is shown that Í, dv is infinite. The proof of i depends 


on certain ideas used by Blumenthal [2] in the construction of a funda- 
mental domain for the Hilbert modular group. 

It is possible to prove an analogue of Theorem B for quadratic fornts 
over number fields which are not necessarily totally real. These and other 
considerations regarding representations by indefinite en forms will be 
shown elsewhere. 

Finally I should like to record my thanks to Professor C. L. Siegel for 
his kindness in reading through the original version of the paper and making 
useful suggestions. y 


2. Notations. Symmetric or hermitian matrices will be denoted* by 
capital German letters ©, $: : - ete. .11 will denote unimodular matrices, 
that is matrices whose elements are integers of K and whose determinant is 
an algebraic unit of K. |A| will denote the determinant of a matrix M. 
abs N will denote the absolute value of the determinant of W. We shall use 
abs a also to denote the absolute value of a number a. Small German letters 
g ©- will be used as column vectors. S[U] and S{U} stand for WGN 
and WSÜ where W and Ü are transposed and complex conjugate of U. 
N (T) denotes the product of & and all its conjugates under the isomorphisms 
of K. N(T) will be the usual norm if © is composed of elements of K. 
Similarly o(&) is the spur of &. If © is a matrix, we mean by the system 
(S), a matrix vector (5%, --, 6M). €; will denote unit matrix of 
order k. © will denote a zero matrix. 


3. Reduction theory. Let K be an algebraic number field of finite 
degree n = nı + 2m over the field of rationals and let K™,---,K be 
the real conjugates of K and K+”), Onte»), p = 1,- > -, na the pairs of 
complex conjugates of K. The unimodular matrices of order m in K form 
a multiplicative group Q whose centre C consists of the matrices w€,, where 
o is a root of unity in K. Let T be the factor group Q/C. The problem of 
reduction consists in finding for T a fundamental domain in a suitable space. 
This problem was solved by Humbert [6] in the following way. 

Let ©@,- - -,@) be the matrices of n, non-singular ea definite 
quadratic forms in m variables and G0”), © (mtn) ; (y = 1,- - -, na) pairs 
of complex conjugate positive definite hermitian non-singular matrices of 
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order m. Let SG, (i=1,::-,nm + n), be attached to the field K and 
consider the system (©) = (6,- - -,G(™)). This system (S) defines 
a point in an open subspace P of a space of inim(m + 1) + nom? real 
dimensions. If Uer, the mapping (S)—> (VSI) leaves the space P 
invariant. Since the algebraic units of K form a discrete subgroup of the 
continuous group in the space of nı + n, dimensions it follows that the 
gepresentation (6) — (S{U}) is discontinuous in P. Therefore we can 
construct a fundamental domain R in P for this discrete group of mappings. 
Let X be a non-singular integral matrix in K and let (6*) = (©{M}) be a 
system satisfying certain minimum conditions of Humbert. Then 2 belongs 
to a finite set of matrices N, Ma, -> -+ , A, which are uniquely determined, up to 
multiplication on the left by a unimodular matrix U, by the field K and 
-the intgger m. Fer any system there is, in general, associated only one %4. 
Since A = UM; for some M; and a unimodular U, we consider the system 
(G**) = S*{X,1}. The totality of these points (S**) constitute in P a 
fundamental domain R. The points (@*) define a point set Ro called the 
Humbert domain defined in (35), (36), (37). Humbert showed that R is 
a union of » convex pyramids whose faces have equations of the form 
r(G{r}) —7r(G{y}), where x and ÿ are independent column vectors in K. 
Putting z — à + b and ÿ—a— b we write the above equation as 


(1) («Sb + YSb) — 0, 
where à 4 ab and æ is a pure imaginary quantity. 

In a recent paper [7] Humbert carried through the reduction theory 
to indefinite quadratic forms over algebraic number fields. Let us consider 
quadratic forms over totally real fields? Let K be a totally real algebraic — 
number field of finite degree f over the rationals and K® =K,- , KP 
its conjugates. Let 6) — © be the matrix of a quadratic form in m variables 
and with integral elements in K. Let n, m, (—m—n,) be the signature 
of S where 6 is the image of S6@ under the isomorphism K® = KO, 

_(r=1,:::,f). For each r there exists a real matrix © so that 


Str) = Er" oe ) Et). 


m 


Following Hermite we associate with ©™ a positive definite matrix 
HO — EME so that | 9O | — abs SM. Also § satisfies 


(2) HNGMAGO = Si), (= 1," +, f). 


2 The case of arbitrary number fields will be dealt with elsewhere. (y 


236 K. G. RAMANATHAN. 


We thus obtain a positive system ($) attached to (©). We consider all the 
positive systems ($) in the space P which satisfy the equations (2). They 
define a subspace H which is an irreducible algebraic manifold of 


oo | 
(3) M => nm, + 
r=1 a 


real dimensions. The points of H can be expressed in terms of Mi real 
parameters as follows. R 


(4) $O = 2B — gi, WO =g jE Yo]; 


Vr) — Sr)-2 Fall > 0, (r=1,:--,f), ° 


where Y is a real matrix of n, columns and m, rows. (4) shows that the 
: 7 e 
space 


(5) J: ZO >0; =f) 


of M real dimensions is mapped upon the space H of positive systems ($) 
satisfying (2). Let U be a unimodular matrix in K such that (S[U]) is 
a point in the reduced space R; then we call (S[U]) reduced. Humbert 
showed [7] that for given value of N(S) the number of reduced integral 
systems (©) is finite. 

In the case of hermitian forms a similar result can be proved. Let Ko 
be an algebraic number field and % its splitting field [1]. Then ® is a 
normal extension of the rationals. Let o be an isomorphism of K, into its 
conjugate field K,; then o can be extended into an automorphism of ff. 
Let + be an automorphism of 9% taking any quantity into its complex con- 
jugate. A hermitian matrix with coefficients in K, is characterized by*the 
property 
(6) tij = üi 


so that for a hermitian matrix to go into a hermitian matrix by the iso- 
morphism taking K, into its conjugate, it is necessary and sufficient that 


(7) oT = TO 


for all automorphisms o of R. Since r is an element of order 2 we see that 
there is a subfield R, of À which is invariant elementwise under (1; 7) where 
1 is the identity automorphism. 9 is a real subfield of R. If Ko is real 
then by (7) all conjugates of K, would be real and our hermitian form 
would be merely a real quadratic form. Let us therefore take K, complex; 
then by (7%) all its conjugates are complex. Let © =K, [{]) R. Then © 


4 
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is a real subfield of R. Also K, is of degree 2 over G. Let ok) = K; for 
some automorphism o;; then K; is of degree 2 over oi which is real. Thus 
®© is a totally real field and K, is an imaginary quadratic extension of © 
such that gill the conjugates of K, are complex. Thus K,—K(d#) where 
K is totally real and d is a totally negative number of K. It is therefore 
only in such fields that the theory of hermitian forms works. 

.° Let therefore K be a totally real field of degree f = 1 over the rationals 
and d a totally negative integer of K. Let K™(=-K),---,K™ be the 
conjugates of K. Let K, =K (d,4) and Kyo? = KO (— d,*) 
s0 that Ko) = KG), Let © be a hermitian matrix with integral 
elements in K, and of signature n,, m. As before we find that the system 
(S) = (S4),: - -, 6) has attached with it the totally positive system 
(S) =9(§,- - $80), where 


(8) SEA HY) = Str), (r — 1, re, f)). 


. These systems ($) constitute an algebraic manifold H, of 2M real dimen- 
sions and the points of H, can be parametrized by means of M complex 
quantities (3M real quantities) 8@,---,3" satisfying 


(9) rH) = Gi | gin} > 0, de SUED 


4 Group of units. Let K be a totally real field and © the matrix ` 
of a quadratic form with integral coefficients. Let U be a unimodular matrix 
such that 


(10) weu — 6. 


This implies that UOYGOUO =G, Obviously |U|—+1 We call 
U a unit of ©. There will be no confusion if we speak of the system 
(QU) = (U™,- + -,UM) as a unit of the system (©). The units U 
obviously constitute a multiplicative group T, called the group of units of S. ` 

Let us call a quadratic form x'@x with integral elements in K totally 
definite if it and all its conjugates are definite forms. We shall now 
prove the 


THEOREM 1. T, ts finite if and only if © is the matrix of a totally 
definite form. 


To prove this theorem we require certain auxiliary lemmas. 
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ny 
Lexma 1.3 A totally definite form y'Sr = > aix, where a; are integers 
izi 


of K has only a finite number of units. 


Proof. Let U be a unimodular matrix so that WSU- 6. Let 
Uik 
be the k-th column of U. Then since U is a unit 
Unk. 


m 
(11) Z Otr? = r (k=1,: m). 
Since the quadratic form is totally definite, a,/a; for all + and s are totally 
positive numbers of K. Thus 


(12) Urg? s Qr/ Gr < o| (a + A + Gm) (a, + + Am) ]. e 
Thus we get 


(18) abs u, (9) = {of (a: +: + am) (a? En ni Am) |} 


for s—1,:-:,f. Thus by a well-known theorem of Kronecker the try and 
hence U have only a finite number of possibilities. 

The Lemma follows at once if we observe that the group of all real 
linear transformations leaving a totally definite system (©) invariant is a 
compact Lie group and hence any discrete subgroup of it, like the prone 
of units, must be finite. 


e 


Lemma 2. If a and b are integers of K and ab is not the square of an 
integer of K then the equation 


(14) gz? — aby? = 


has a finite or infinite number of solutions x, y integral in K according as 
ab is or is not totally negative. 


This is a generalisation of the ordinary Pellian equation to algebraic 
number fields. The result is due to R. Fricke [4]. 


Lemma 3. Let a and b be integers of K and ab not a square. Then 
az? — by? has an infinity of units unless (— ab) is totally positive. 


. Proof. If — ab is totally positive then az? — by? is totally definite and 


3 Here and elsewhere we write K for K? and G for &®, We use K in the theory 
of quadratie forms and K, in the theory of hermitian forms. When no superscripts 
appear, (11) ete, imply the corresponding relations got by taking the images in con- 
meee 
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by Lemma 1 it has only a finite number of units. Let therefore —ab be 
not totally positive. We now follow the method of Dirichlet-Dedekind [3]. 


Let æ— az + By; y — yx + by, a, B,y,8 integers of K, be a linear 
transform@tion leaving invariant the form ax*— by’. Then 


(15) aa? — by? = 4; ap? — bè = — b; ag — byè = 0. 
From (15) we deduce that 

(15°) a—=—S—=—p, y—ag  B—6g, 

where p, q are integers of K satisfying, 

(16) p? — abg =1, 


satisty (15) 4 If ab is not a square in K, then from Lemma 2, there is an 
infinity of integral solutions of (16). Thus the number of solutions of 
(15) is infinite. | 

We can now prove Theorem 1. Let £@x be a non-degenerate quadratic 
form with integral elements in K. There exists a matrix € in K (not neces- 
sarily integral) such that C/G = D is a diagonal matrix. If U is a unit 
of S then CUE = Y satisfies WDY — D. But Y is not in general integral. 
Let q be a rational integer such that q€ and g@~ are integral matrices. The 
matrices V == € (mod q?) form a subgroup of finite index in €-,€. The 
integral matrices B==€(mod q?) form a subgroup of finite index in the 
group of all units B. Thus the finiteness or otherwise of T, can be established 
from that of the units of the quadratic form y’Dz. We may, as is readily 
seeg, assume that the elements of D are integers of K. Let therefore 
Dr = 04017 4° + + OnE, Ua + +, Om being integers of K. If Dr is 
totally definite then Lemma 1 shows that T; is finite. Let x’Dy be not totally 
definite. Then at least 2 of the quantities, say a, and @, are such that aias 
is not totally positive. Let 28 be a unimodular matrix of order m— 2 of a 
linear transformation leaving a€? + ` '-} Amm? invariant. The set of 
W is not null since W — € is a possible value of YW. Let B be a unit of 


ait? + Gite”, Then 
u= v oo ) . 
AD B® 


is a unit of pDr. -Lemma 3 shows that if — &,đ is not the square of an 
integer of K, there are an infinity of B. Suppose now that— a,a, is the 


+ The solutions (15’) are not all the solutions of (15). What we are concerned 
with is the finiteness or otherwise of the number of integral solutions and for this the 
crude results (15°) are enough. > 
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square of an integer of K. Then as before it suffices to show that 2a,2, has 
an infinity of units. Indeed if e is an algebraic unit of K then 


e 0 0 e 
Bi (5 D, (>. 3) ® 


leave 2x invariant. Thus if f > 1 the number of units is infinite. If 
f=1 it is trivial to see that 2,7, has only a finite number of Unitse 
Theorem 1 is thus completely proved. 

Exactly similar considerations hold good if we consider hermitian forms 
over algebraic number fields. We have only to modify Lemma 3. 


Lemma 4. Let a and b be integers of K. Then axt—byy has an 


infinity of units in Ko unless — ab is totally positive in K. 
Le °. 


The method is similar to Lemma 3 and can be easily completed. The 
analogue of Theorem 1 for hermitian forms is . 


THEOREM 2. A hermitian form V'O with integral elements in Ky has 
an infinity of units unless x'@E is totally definite. | 


5. Fundamental domains. Let © be the matrix of a non-degenerate 
quadratic form with integral elements in K. Let H be the space of positive 
systems ($) attached to (6). Let VB be a real non-singular matrix 
leaving 6 invariant. Consider the system 


(17) (8) = (B,-- BH), 


The systems (V) form a multiplicative group—multiplication being cgm- 
ponent wise: (MU) = (BVV, + +, BMV NM) = (Bi) + (V2). Let Q 
be this multiplicative group. In fact Q is a Lie group. If U is a unit of © 
then (U) == (1™,---,U) is an element of Q. Thus T,, the group of 
units of ©, is a discrete subgroup of Q. It can easily be verified that if ($) 
is an element of H and Be then the system 


(B'SB) = (- - BOVE MB, - +) 
is also in H. Thus Q has a representation 
ae) (5) > (BSB) 


as a group of homeomorphisms of H. If Ber, then (18) gives a repre- 
sentation of T, in H. This representation is discontinuous in H since the 
group of unimodular matrices is discontinuous in P. (18) will be a faithful 
ce ea if we identify B and — $, since both lead to the same point. 
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(18) thus gives a faithful and discontinuous representation of T where T is 
the group T; in which U and — U are identified. We now construct a funda- 
mental domain for (18) in H. 

From Humbert’s theorem [7] on the finiteness of class number it is 
evident that in each class of the system (©) there is only a finite number 
of reduced systems. Let (@[U,]),: : -, (G[U,]) be the reduced systems. 

“Then ($ []),:::,($S[W]) are reduced for certain (Q) in H. Let 
Ry = R(Ux*) denote the set of points (---,2[U,(-],---) where 
(86, - -, 80) is a point of R. Let H N Ry = H; and H,+---+H, 
== G. Then we can prove by exactly the same methods as in [8] that G 

does not contain in its interior (relative to H) two points equivalent under T. 

The same method shows that equivalent points on the boundary can only be 

finite in number. Thus G is bounded by a finite number of algebraic surfaces. 

G has only a finite number of neighbours G,,- - -, Gy meaning thereby that 

if G(11) denote the image of G under the mapping (9) > (WU), UeT, 
then G and G(U) intersect in a non-null set only for G(U) = G,,- © +, Ge 

Here we consider G as a closed set, closed relative to H. This would mean 

of course that if U runs through all elements in T then G(U) gives a complete 
covering of H without gaps, there being overlapping only on the boundary. 

If in the above, Gi == G (U), W eT, then from the fact that H is a connected 

point set it follows that 11, Ua, > -, 1x form a set of generators of T. 

Hence the 


THEOREM 1’. The group T, of units of © is finitely generated. 


e Theorem A stated in Section 1 is thus completely proved. 

In the case of hermitian forms also we may show that the group of units 
is finitely generated. To get a faithful representation of F», the group of 
units, we must identify U and wll where w is a root of unity in Ky. (The 
roots of unity in Ko form a finite group.) 


6. Convergence of the volume integral. We shall now obtain a repre- 
sentation for T in the space of the parameters ya), k=—1,:::,m,; 
l= 1,: +, %3; r= 1,:;* -,f. We define the space J to be the open subspace 


(19) er) — Gr- ES > 0, (r==1,--°,f), 


of a space of M-real dimensions. The transformation (4) maps the space J 
upon H. That the mapping (4) is upon may be deduced from the fact that 
(4) is a parametric representation of H or by following the method ae [9]. 
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Let 


DME 
V, = (sone) 


and 8,608, =S, so that (8) — (%,:::,8;) is an element of 2. 
Then it is easy to see that the transformation 


(20) (D) > (+, (AMYO + BM) (CMY 4 DOJA.) 


leaves the space J invariant. J is a space of M variables and (20) is a 
linear transformation of J into itself. (20) is thus a representation of Q> 
in J. If Ber, then (20) gives a faithful and discontinuous representation 
of T in J. We can therefore, in J, construct a fundamental domain H 
bounded by a finite number of hyperplanes. 

J is a symmetric riemannian space in the sense of E? Cartan. We can 
introduce easily a volume measure in this space. For let 


(21) (9) Se C an (ANY +80) (EP + DM), nie `); . 


SO = BEOR, | (r=1, +, f), 
where B, is non-singular and (B) == (%:,: : :,Ÿ;) need not necessarily be 
in Q. It is easy to see that the volume element 
(22) du =N | SG% | -n:/2 N° | TA) | -m/2 ay ee dy D, 
where 

Mr Nr 
(23) dY — JI IT dyn”, 
k=l 1x1 
so that dy ---d¥ is the Euclidean volume element in J, remains 


invariant under (21). The volume element (22) has another interesting 
property. Of the pairs of integers nr, my, (r—=1,---,f) there are some 
n Sm, Let us assume, without loss of generality, that 


(24) EM (r=1,°° +58) tr > Mm, (r==s+i1,---,f). 
Let « be an integer in K such that 
(25) a0, (i=l: ies); oO <0, (Get. +f). 


That such integers æ exist in K can easily be seen; for if w1,:--+,o7 is a 
basis of numbers of K consider the inequalities 


(26) BA >0, (i=); <0, meth -- A. 


These f inequalities define f open half spaces in f dimensional Euclidean space. 
The iptersection of these f half spaces is an open unbounded set and hence 
(26)* has rational solutions 81,- : <, By. 


e 
e 
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Consider now the system («@) where « is an integer defined in (25). 
Then (G) and (a6) have the same group of units. We shall show that the 
volume element (23) remains invariant if (©) is replaced by (#@) and at the 
same timegwe interchange n,, Mr, (r==s-+1,:--,f). Now let B, = (atr))#€, 
(r= 1, +,8) and B, = (— al) HE, ae 1,- ++, f). Then by (21) 
the volume element remains unchanged. We have therefore only to consider 

“invariance under changing 6 into — G, (r=s+41,---,f), and 
simultaneously interchanging n,, Me (r—=s-+1,---,f). This is but an 
immediate consequence of a corresponding theorem of Siegel’s [8]. 

Let us call a binary quadratic form (hermitian form) decomposable it 
by a linear transformation in K (in Ke) its matrix can be brought to the 
form 


bs ° [0 a 0 à z 
@ e) i ( al aay 
We shall now prove the 


TurorEM B. Let © be not the matrix of a decomposable binary quadratic 
form; then the volume of a fundamental domain F in J is finite. In other 
words 


(27) N | S0 [m2 f N| LH -m2 gY. . -aP 
F 
converges. : 


We have made an exception of binary decomposable forms. In Section 7 
we shall show that in this case the integral (27) diverges. 

The integral in (27) gives a measure of the group of units, I. This 

e F : ` : 3 Ps 

measure is the same for two isomorphic groups. Since the units of © and 
gS are isomorphic, their unit groups have the same measure. We shall 
therefore, in our proof, assume that the system of signatures of © itself 
satisfies | 


(28) m € My, en 


Furthermore, since two matrices in a class have their unit groups isomorphic, 
it follows that (27) depends only on the class of the system (6). Theorem B 
would have followed very simply from the properties of measures provided F 
was compact (relative to J). But this is not in general the case. : 

We formulate the corresponding theorem in the case of hermitian forms. 
It is easy to see that the invariant volume element is* 


ë The volume element (29) can be computed thus. Let 3, = (28 + B) (C8 + D)1, 
Let 68 denote the matrix of differentials æy: + i5y,,. Then (68,1) = 68, = (N K 80) 
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(29) dv = IMN | SA) |-n0/2N | Z% [me d8® -..480, 
where 3) is a complex matrix of m, rows and nr columns. Thus 
(30) BO =O iY; EO = (ay), YO = (yw), P=— 1; 
4 
AQ) = TT dag dy. 
k,l 
Tasorem B’. If F is a fundamental domain for the transformations æ 


(8) — (: ty (AMZ + BM) (CMB + DOJ à -) 


DO, BON”. — Ja Rs. 
where (eae) is a unit of the hermitian form YSF with integral 


elements in Ky in the subspace 
; E 
(31) (Eg) S~4( 5) > 0, Gi: ef), 
of the space of M, — 2M real variables, then 
(32) f EN 
F 


where dv is the volume element (29). 





It must be noticed that unlike binary decomposable quadratic forms, the 
units of binary decomposable hermitian forms do not have infinite measure. 

We shall now prove Theorems B and B’. We shall give in detail the 
proof of Theorem B. That of B’ is quite similar and we make a few remarks 
about it at the end of this section. 

As pointed out before we shall assume that the system of signatures of 
(©) satisfies (28). The transformations (4) show that to every point ig J 
corresponds only one point in H. Let U,- - -, Uy be the unimodular matrices 
such that (@[U:]),: : -, (G[U,]) are reduced. Then for some § ($[1,]), 

, (S[U,]) are reduced in the sense of Humbert. F is the image in J 
of a fundamental domain Gin H. G—H;+LH,+...+LH, where Hy 
denotes the set of (Q) in G for which ($[1,]) is reduced. Also (S[1l]) 
satisfies 


(Go) = (G[Me]), (Sa) = (STM]), Ga SAM Ha” — 5. 


X88(E8+ D) 4 Let U= (ur) = (A—BE), B= (vu) = (C849). Then 
dry = À UrtÒZippı The Jacobian of the transformation is thus a matrix of order 2mn. 


Let 


denote the absolute value of this Jacobian. Then 


= 











al =|", al = abs (% + iT)’, 
where E eiin T = (ty Rv, + Ru:10,) and R and I denote reai 
and imaginary parts. 
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Let F, denote that part of P which corresponds to Hg. Then 


(33) Í, ds > it 


With evesy positive nr ($) is aes a unique integral matrix 
belonging to the set M,- - -,%, Let M; correspond to the reduced system 
we (22): Then ($:{%;]). is a point in the Humbert space Ry. We subdivide F, 
“into Fou © t, Fa, where Fo; is that part of Fe for which the corresponding 
(a) which are reduced are attached to N: Using the invariance of the 
volume element under (21) we get 


r 34) dv = dv. 


Fa izt Fat 
Tie (Se[A:]$ are points of the Humbert space Ry. Also (Ga[%:]) are 
integral matrices and if we write ($) = (Se[M:]), (S) = (Ga[A:]), then 
$S"§ =S. To prove Theorem B it is necessary to prove Í, dv <œ for all 
at 
a and {. Consider the points (©) satisfying 


(35) O< Mm Soh, k<, 

(36) abs ha S chr, k<, 

(37) M- + Ihm™ Seg) EN |, 

where SN = (har™), and Ag = hr, (Ml, ++, m); Ci, Co, Ca are 


constants depending only on K and m. This point set Ro(¢i, C2, C3) is a 
closed point set called the Humbert space Roc, ¢2,¢3), and contains all the 
poiits (S[X]) where () is a point in the reduced domain R and Y is a 
suitable one of the set %,,---,%,. Let c1, C2, C3 be chosen large enough, 
in particular c, > 1. Consider the point set Xa: in J such that the points 
(Sa[%:1) corresponding to the points in Xas lie in Roc, C2, Cs). Obviously 
Fu is contained in Xat. For the proof of Theorem B it suffices to show that 

dv <œ. Because of the invariance of the volume element under (21) 


at 


it suffices to prove that f dv for those points in the J space for which the 
corresponding (§) satisfy (35), (36), (37) is finite. The success of the 
proof depends largely on the fact that cı > 1 and on the inequality (35) 
which does not depend on A or p. 


Since §' is positive definite, hi',--- Mm" are all positive and it 
can be easily proved that (if G0 = GO) 
(38) abs sO S (hr hy) 4, (r= 1,2 * yf): 
- » 
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Since | S0 | £0, at least one term in its expansion is not zero. Also 6 
is an integral matrix so that it is possible to find for each k an l= lp 
such that | 
(39) 1SN (sur?) S N (yO h, )*. 

e 
Since N(hyA1,) 21, there is a u depending on k and r such that 
(40) hy hy, = or. 
for otherwise N (hy hi) < 0,7% < 1, which is false. 


Let us fix this x and let a run over the integers 1,2,---,m. Then of 
the a numbers l, la ' + *,la at least one of them, say lẹ is <m—a<+1, 
Hence 
(41) kSa; Sm—a+l. 

Using (35) with the p in (40) we get 

(42) he Z eh, 5 hm-ar O = hyp 9. % 
From (40) and (42) follows 

(43) Rahman? = C74, (r = 1, RTE] f). 
This inequality is true for alla—=1,---,m. 

Consider now the products hhm- ; (k =1,:' + ,m— 1). There 
is an integer qr (0 S qr = [m/2]) such that 
(44) Rx mr = r, (gr <k <m— Gr); 
(45) hg. Rimage) < Cy. 

gr might be zero or [m/2]. In the first case we do not consider (#5) 
and in the second case we ignore (44). It should be noted that the integers 
91," ` ‘Qf depend only on the point in the J space. 


Let k Sq, and l S m— qr. Then using (35) and (45) we immediately 
have 


(46) Mhi < er? (for all à), 


and using (38) we obtain 


(47) 0S N (abs su) < cf < 1,7 
which means sp — 0. Thus 
(48) suit) = 0 for all r, k <q, l= m — gr 
(48) shows that if g—Max(q,---,q,), then for all À, @® has a 
decomposition | 
A 
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D, 9, By e 
(49) G™ = 9, Rr, SY ? 
i, Da, Gy 
where fh 4s (m — 2q)-rowed symmetric and ©) is g-rowed symmetric. We 
may, without contradiction, restrict ourselves to 6” and write 


Cy , D D Pr 
(50) EO— |o m X|, 
PB O, © 


where N, is m—2g,-rowed symmetric and ©, is g-rowed symmetric 
respectively. 
The essential point of the inequalities (44) and (45) is to obtain: 


hy), + +, ha, are bounded; 
(41) han," + +, mat are bounded together with their reciprocals ; 
hm-g43 9,7 + *, lm have their reciprocals bounded, 


these bounds depending on | Q |, Æ and m only. To prove them we observe 
the identity 

m qr m gr 
(52) TT (heP oman) =U CM CAUCE 

k=1 k=1 K=qr+1 k=1 


Now qr = m — qr 80 that 


m : qr 
(53) TI C . ) > Img IT (- . DA 
: k=1 k=1 
* From this we obtain, using (37) and (43), that 
(54) hm-g, P SE Ca, 


c, being a constant depending on | Q | , K and m. Now using (44) we have 


(55) (hmt) S Osha, (qr < k < m— qr). 
Therefore from (54) 
(56) (Ran?) S Ce, (qr < kb << m— Gr). 


Inequalities (54) and (56) together prove (51). 
From now on the proof is as in Siegels paper [8]. We write down only 
the essential results which may be proved easily. 


(57) [EO |-m/2 < o, TT (hy) 2, Or E the 
k=1 
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If > 


10). 20) 
yo Ste a 


then the elements of the matrices Y., 9.7, Y, are all bounded in absolute 
value by quantities depending only on K, m and | |. Let : 
(58) 93 E P, (X + Z) 


where X,") is q-rowed symmetric and X,‘") is skew symmetric. Also 


(59) abs tar S eg (hi) +, (l1SkSl=q), 
where X,'") == (zı) and the elements of X.‘") are bounded. š 
Each point in Yq; is associated with a system of numbers qi, Yo," °°» Gf, 
where 0 S gS [m/2] and g,-Sn, Let I(qu'' `, ga) be the integral 
extended over all points of Xa: which have the same qı, © +, qr. Then 
M Nna nr . 
(60) f amd S Si an. . 
x g1=0 q3=0 qr=0 


Now I(0,0,---+,0) is bounded because then from (57), | ©") |-"/2 is 
bounded for all r and from (58) all the elements of Y are bounded so 


that Z(0,:::,0) is an integral over a bounded domain with a bounded 
integrand. Let us now consider [(g:,- - +, qr), where not all q,,- - -, qr are 
zero. Let us split up the domain where qı,’ : -, qr have a specified system 


of values not all zero into parallelpipeds 
exp (— tgr) < hr /hra S exp(t(1 — gx)), 

(61) (ke =1,---+-,q,—1); 
exp (— tga) < ha? < exp(#(1—go,)), ý 


where cı =e > 1 and g, for all r=-1,---,f and k= 1,: : -,q,, runs 
through all integers 0,1,2,: - :. What we have done is to split up the 
domain into a number of disjoint subsets. Let fi," == gr +- -F 9,0, 
fo? =0, k= 1,: ` >, qr Then 

(62) Co exp (— tfr) S hr S cr exp (— tfr). 


Using (57) and (62) we get 
(63) LE |-m/2 < o exp[— 3 mt S fp]. 
= k=0 


The volume of every subdomain has the upper bound 


ft gr 
(64) co expl D X thf, J. 
r=1 k=0 
s | 
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Thus Z(q1,' > +, qf) is majorised by 
(65) C0 È exp(— At), 
f ar 
where A = > >» (4m — k)fr™ and the summation in g,,- + - runs through 
r=1 k=0 


all non-negative rational integers. (65) is actually a convergent series if 
m/2—k>0O and diverges if m=2 and qı = q =' : -= qr = 1. This 
Ts the case of a binary decomposable form; for in this case © is of the form 
(50), namely 


(66) ` nf ae 


In the statement of Theorem B we have excepted this case. Thus Theorem B 
is completely proved. 

In the case of hermitian forms over Ko the arguments are exactly similar. 
The difference arises in (57) where we have 


t ae 

(67) N | gr) FE <c lI II (hp )" 
r=1 k=1 

and so the analogue of the function A in (65) is 


(68) 4=5 > (m +1—2h)f., 


so that the fundamental domain has finite volume since m-+1> 2q,. We 
present an interesting proof of the finiteness in the case of decomposable 
hermitian forms; that is binary hermitian forms whose matrix is: 


(69 = (ff), où 


where a and b are integers of Ko. We show that in this case the measure 
is finite. 

Let © be a non-singular hermitian integral matrix in (69). If we 
make the transformation in Ky: 


(70) Tı = — 2(a— à) "(ax + aby), Jı = Y, 

then © goes into 4 (4 — a) (wij — yz) whose matrix is 4 (ä — o( : a By 
(21) we can assume (G—«a)/(2i) is totally positive, for otherwise we can 
interchange « and y or multiply by a suitable integer of K. It is easily 


seen that for proving the theorem it is enough to consider the units of 


0 1 ; : ` 
Ha—o( _* ae This matrix we denote by Go. 


2 
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Let m—(“ J be a unit of G, in Ko. Then a8 — By == p, where p 


is a root of unity in K,. The roots of unity in K, form a finite group [5] 
and so by considering those units for which «3 — By ==1 we shall only be 
considering a subgroup of finite index in the group of units. Wet us call 


this subgroup the principal group of units. Let W = ( a , where a, B, y, à 


are integers such that a} — By = 1, be in the principal group, Then 


(71) =y, B=, að—pj=l. 
The most general solution of these equations is : 
(72) a/a = B/b = y/¢ = 8/d = p, 


where p is a complex number of absolute value 1 and a, b, ¢,d are reale Since 
a, B, y, à are integers of K, we see that a,b,c,d are integers of the totally 
real field K. Thus this principal group of units is none other than the 
restricted Hilbert modular group [2] in K. 

The representation of this group is in a space of f complex variables 
@1,° °°, %, Where 


(73) Sw 1 


à } = 2/(4— a) (2 — 2) > 0, 


which is the space of the upper half planes of the f complex variables zr. 
The group of units is represented in this space by 


(74) 2 > alg, + BO) /y Og, 4 §), (r=1,: = s, 
and the volume element is 

f 
(75) dv = JJ | Z | dzi: - - day, 

r=1 


where Z) — 2(4—a)7(%,—2,) and dz,=2dz,dy,, Zr = &r -+ wr. The 
measure of volume is da,- - - dæsdy,* ` - dyr/y,? + ` `y. From the work of 
Blumenthal [2] it is known that (74) has a fundamental domain bounded by 
a finite number of surfaces and by Siegels work [11], this fundamental 
domain has a finite volume. 


7. Decomposable binary forms. In this section we shall show that in 
the case of a binary decomposable quadratic form a fundamental domain has 
actually infinite volume. From the considerations of Section 4 it is enough 
if we consider the form r’Gr where 


(78) s—(; ae 
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The system (S) is (S@,---,@), where G =( i | 


Let U == é ; ) be a unit of ©. It is then easy to see that U has one 


of the two forms 
e 0 0 e- 
Ro € a) z e ) i“ 
a 
where € is an algebraic unit in K. Let T, be the group of units of @ and I, 


e 0 
0 et 
- Now the space J can be easily seen to be the space of f real variables 
Wi’ © >, uf for which 


the subgroup of units of the form ( À Then T/T, is of order 2. 


(78) es ui > 0, (G—1,-- +f). 
The representation of T, in this space is 
(79) ay —> eu, ae ee he 


The volumes of the fundamental domains for I, and T, are in the 
ratio 1:2, so that it is enough if we consider Ty. 
From Dirichlet’s theorem we see that any unit « may be written as 


e Het": ess, Let us make the transformation 

(80) _ log us = v; (@==1,--°,f) 
(since wu; > 0 this is permissible). We have then the, whole of the space V 
of v,’ ++, v7 The transformations (79) become 

(81) V — Vi F GAL + +t aata, 


where Aj‘) = log(abs g)? t= 1, >+, f; j—=L---,f—1. Also since 
Ne= 1 we have for any unit e, 


f 
(82) DA? = 0, 


421 


which means that the mappings (81) preserve the planes 
(83) +--+ vo; =a constant. 


It is known [5] that in an algebraic number field K the matrix 


(84) (4), t=—1,---+,f;j=1,---,f—1, 
is of rank f—1. (This is none other than the assertion that the regulator 
= 
=. 
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is non-vanishing. ) This means that every point v, : :,v; in V may be 
written , 

(85) Vi = 0o/f + mA + para, 

where yo = V, + °° +--+ vs and q,’ * * ,9r are real numbers. Consider now 
the plane v, +- -+ vr = 0. Because of (81) the points (mi, -- +, mAs), 
t+=1,:--,f—1, lie in this plane. Consider rectangular coordinates in this 
plane with origin as centre. Consider the f — 1 points 

(86) (Am): . -, AP), t=1,- à -,f—i. 


Because of (82) these points together with the origin form the vertices of a’ 
(f— 1) simplex. This simplex can be completed into an (f— 1) dimen- 
sional parallelepiped. We make this a fundamental parallelepiped by pre- 
scribing that the boundary points lying on the faces of this parallelepiped 
containing the origin shall belong to the fundamental region. We call this F.. 
Choose now a fixed direction through the origin and not lying in this plane. 
Through every point of F, draw lines parallel to this direction. The resulting 
point set F can easily be verified by the method of Blumenthal [2] to be a 
fundamental domain for (79). 

The volume element in the w,,: : :, up space is du,’ - > dup/uy: + - uf. 
That in the vı,’ >, vp space is the Euclidean volume element du, : - - dus. 
The Euclidean volume of F is obviously infinite. Thus the 


THEOREM C. The volume of a fundamental domain for the units of a 
binary decomposable quadratic form over a totally real field is infinite. 


In the case of rational decomposable binary forms this theorem is at 
once obvious from Theorem D below, because the number of units of a binary 
decomposable form over the field of rationals is finite. In the case of algebraic 
number fields this result does not follow from Theorem D. 


8. Volume of the space J. In this section we shall prove 


THEOREM D. The volume of the space J measured with the volume 
element (22) is infinite. 


This is also true of the space (31) in case of hermitian forms. We shall 
prove it in the case f = 1 only. The general result follows at once by taking 
topological products. 

Er D 
D — Em-n 
n=p and m—n==q so that p+ g =m. The J space is now 

# 


It is evident that we can assume that © -( À Let us put 
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(87) E€— YY >0, 


where € is the unit matrix of order p and 9) is a real matrix of p columns 
and g rows. The invariant volume element is 


* 
(88) dy =| E—9'Y [V0 
= Before proving Theorem D we make the following remarks. 
If S is a positive definite symmetric matrix and 6 = eS a) , Where 
2 3 


©,, Gs are symmetric, then 
*(89) |S|<|G,]|.S,]. 


In, the second, place if € — YY > 0 then | E€— YY | 51. This is easy, 
for if Ÿ = (y), then the diagonal elements of € — WY are 


à : 
, 1— Èy > 0 (k=1,:::,p). 
=i : 


Also these diagonal elements are < 1. From (89) follows the result. 
We prove Theorem D by induction on p. When p = 1, the space is 


(90) di: 1—4? —' + -— 4? > 0 


which is the interior of the unit sphere in the q dimensional space. It is 
then well known that 


(91) Í, O — yè —: -s ye) BD dy + + dyg 
° 


diverges for g > 0. Theorem D is thus true for p == 1. Let us assume it 
proved for p — 1 instead of p. Let %9, be the first p — 1 columns of 9) and x 
the last column so that Y = (9x). Then 


E— YD — 2) 
92 E — YY = 0 
(92) | YY — r9 1—7% > 0, 
which shows that € — 9,9, > 0, 1— yr > 0. Using (89) we get 
(93) [E—99 | =| E—D’9: | (1—r’z) 
and hence 


(0) f [é—9D pova 


= f [E— DD Foes (1 — g'g) rap a, 
BP 
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If 9), is a real matrix of p— 1 columns and g rows, then it is possible 
to choose a column vector x such that 


(95) E—DD>0 E—DR>0, Y= (Dr). 
This is seen from the identity 

(96) (E— YY) (2: D 2) e Le. Di) Yi: ay : 

where . 

(97) OQ—=—1—r’s— rY (€ — 9.91) Drg > 0. 


Now (97) is necessary and sufficient for € — YY > 0. Also (96) implies 
that 1— xx > 0, so that if J, is the space 


(98) E— 91%); > 0, 
then from (94) we get 


(99) f, E— YY |0249 > J, E—Y,/Y, [9-0 9, 


which now completes the induction. 


It is possible to obtain Theorem D from topological considerations alone. 
Siegel [10] has shown that the space H of positive solutions of 


(100) $S- —S 


can be considered as the homogeneous space of the cosets of a Lie group G 
by a closed maximal compact subgroup ©. From the existence of invariant 
measures in © and G/€ it is evident that G/€ has infinite measure efor 
otherwise, Œ being compact, © has finite measure and therefore is compact, 
which is absurd. Theorem D is also implicit in Theorem 1 of Siegel [10]. 
For we can show that H contains a geodesic sphere of arbitrarily large radius 
and since the volume of a geodesic sphere of radius r is > v(r) where v(r) 
is the volume of a Euclidean sphere of pq dimensions and of radius r, the 
theorem D becomes obvious. 
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THE EXISTENCE AND LIMIT BEHAVIOR OF THE 
ONE-DIMENSIONAL SHOCK LAYER.* 


By Davip GILBARG. 


Introduction. We consider steady, one-dimensional flows of a viscous, 
heat-conducting fluid which approach finite limit values at s — +o and 
%==—00. Such flows display the character of a shock wave (for smal] 
viscosity, p, and heat conductivity, À), in that they differ sensibly from their 
end states at v = + œ only in a small interval of rapid transition. In analogy 
with the classical boundary layer, and also to distinguish these flows from 
the shock waves which belong properly to the theory of ideal fluids, we follow 
Weyl [1] in naming such a flow a shock layer. The one-dimensional shock 
layer is in certain respects the prototype of all shock phenomena and has 
therefore been studied widely, with particular emphasis on the problem of 
thickness of the shock front [2, 3,5,6,8]. However, basic problems con- 
cerning these flows, such as those of existence, and limit behavior for small 
À, #, remain open. Their solution, which we consider here, is a step towards 
placing on a sound basis the relation between the theories of real and ideal 
fluids. | 

The general problem of existence of the shock layer for a fluid with 
given À, į and with the preassigned end states, has been studied inconelu- 
sively by Rayleigh [4] and Weyl [1]. Until now, the existence of the skock 
layer seems to have been definitely proved only for an exceptional set of ideal 
gases for which a postulated relation between À, æ, and the specific heat at 
constant pressure,! permits explicit integration of the equations of motion; 
(Becker [2], also [5,6]). We succeed here in obtaining an essentially 
complete solution of the existence problem by proving the existence and 
uniqueness of the shock layer for the general class of fluids considered by 
Weyl, with À, » arbitrary functions of the state, and for arbitrary end states 
satisfying the shock relations (Theorem 1). This result, therefore, establishes 
for general fluids an exact correspondence between the steady one-dimensional 
shock waves and the shock layers. 


z 
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The problem of the limit behavior of the shock layers for small A and 
‘pis that of providing a rigorous proof for the statement, generally accepted 
on physical grounds, that any shock wave in an ideal fluid is the limit of the 
corresponding shock layers, and, conversely, that the shock layers (with the 
same end states) approach a shock wave in the limit as à, m—0.2 Mathe- 
matically, this problem belongs to the class of perturbation problems for 


æ differential equations in which the vanishing of certain parameters, (A, p in 


this case), reduces the order of the equations. A complete solution to the 
problem is given in Theorems 2 and 5 for the same general fluids as in the 
existence theorem. The limit behavior makes apparent the unequal dependence 
*of the flows on viscosity and heat conductivity in the fact that as À — 0 (with 
u fixed), the shock layers converge to a continuous thermally non-conducting 
shock dayer (Theorem 3), whereas for p—> 0 (with à fixed), they converge 
to a (generally) discontinuous non-viscous shock layer (Theorem 4). 

- We remark that the methods used here provide easily estimated bounds 
on the thickness of the shock front, although not the precise determinations 
sought by previous writers [2, 3, 5, 6] on this subject. 


1. Existence and uniqueness of the shock layer. The equations of 
motion for a steady one-dimensional flow of a viscous heat conducting fluid 


are: 5 
(1) pu = constant = ¢,; 
(2) pu? 4- p — puy = constant = cz 
(3) pu(3w? + e + p/p) — puts, — dO, = const. = Ca. 


Tfese equations express respectively the conservation conditions for mass, 


- momentum, and energy. The coefficient of viscosity, » (which combines the 


two viscosity coefficients appearing in the general Navier-Stokes equations), 
and the heat conductivity, A, are in general functions of the thermodynamic 
state, and will here be considered in this generality. The other quantities 
appearing in the equations are the density p, pressure p, velocity w, internal 
energy e per unit mass, and temperature 6. We assume that the variables @ 
and r = 1/p == specifie volume, fix uniquely the thermodynamic state of the 
fluid, and that A, m, p, and e are sufficiently smooth (e. g. twice differentiable), 
functions of these variables. 


? This limit behavior is apparent in the explicit solution obtained by Becker [2]; 
however, in this case, À and x are connected by the relation, c,u/À = 3/4, and do not 
approach zero independently. Tor discussion of the problem of limit behavior, see, for 
example, [7] pp. 135-138, also [8], pp. 218-222. 


3 See, for example, [7] p. 184; a complete derivation is contained in [9]. < 
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Eliminating u from equations (1)-(3), we obtain, 


d(d6/dx) = b[e(r, 8) — 4b? (r — a)? — c] = È (7, 0) 
(B) 
n(dr/dx) = 1/b[p(r, 6) + b?(r—a)|=M(r,60), 0 
where, i 


& = C2/¢,", b= G, E = C/C, — 0:?/ 20:7, 
a 


and e=e{7,0), p= p(r,6) are (given) equations of state of the fluid. 
With certain minor modifications, this is the form of the equations of 
motion used by both Weyl [1] and Becker [2]. 

We enumerate now a set of conditions on the functions L(r, 6), M (7, 0)° 
which will be sufficient to prove the desired existence and limit theorems. 
In Section 3, it will be verified that the corresponding functions gor the 
general fluids of Weyl, and, in particular, for polytropic gases, satisfy these 
conditions. We assume: i 

The domain of definition is a set of points Z = (r, 6), hereafter called 
the Z-plane, forming a simply connected region in the quadrant r > 0, 4 > 0. 
In this region, we have: 


(A) Lg >0, My > 0. 

(B) There are two curves, L and M, on which L(r,9) —0 and 
M(r, 6) = 0, respectively, and which intersect in two points, Zo = (ro, 90), 
Zı = (11,61), (to >r); (to) and (my0) are the only simultaneous 
solutions of L(r, 0) = 0 and M(r, 8) =0. 

(C) £L,>0 on L for n&r S ro 

(D) L,/Ly < M,/Mo at Zo; Lr/Lo > Mr/Mo at Z, ° 


It is an immediate consequence of (A) that L and M are representable 
as single valued functions of r, namely, 8—1(r), 0 == m(r), respectively. 
By virtue of (C), I(r) is monotonically decreasing. in the interval rı S r = ro, 
and thus 4, > 4. From (B) and (D) it follows m(r)> I(r) for mn < T < ro. 

The closed curve formed by the arcs L*CL and M*CM which join Z, 
and Z, bounds a simply connected region R of the Z-plane (Fig. 1). We 
conclude from (A) that everywhere in R, L(r,8) > 0 and M(r,6) < 0. 

The preceding geometric facts contain all the information that is needed 
about the (7,4) phase plane for the proofs which follow. More general 
conditions could be obtained, but would be of no interest for the ensuing 
applications. | . | 

Consider the points Zo(ro, do) and Zi(7:,0,). These satisfy the shock 
conditions, 

e 


ae 


THE ONE-DIMENSIONAL SHOCK LAYER. 259 


(4) Po + bro == Pi + bri —, b?a 
(5) lo — 87/2 (To — a) = e, — 07/2 (7, — a)? = 0. 
Z, and Z, then represent possible initial and final states, respectively, of a 
normal shock wave of an ideal fluid having the same equations of state as the 
given fluid. A solution, S(z) = (r(x), 6(x)), (—œ©< x < +00), of equa- 
etions (E), (for given A(r, 6), p(r, 0)), will be called a shock layer if 
lim S(t) —Z0 . lim S(#) =Z.. 
g-o gy- Q 


The corresponding shock layer curve in the Z-plane is the integral curve 





Fre. 1. 


represented by the set of “ equivalent ” shock layers, S(x -+ h), (h == constant). 
A shock layer will be called parametrized if a particular representative of 
this class is designated, and, unless so noted, equivalent shock layers will be 
considered identical. 

We observe that if an integral of (E) has the limits 2’, 2’, at v = — o, 
+œ, respectively, then Z’, 2’, must satisfy the shock conditions (4), (5). 
It is necessary, therefore, to restrict the definition of shock layer, as we have 
done, to end states defining a normal shock wave. 

We consider first the question of existence and uniqueness of ihe shock 
layer for arbitrary positive AÀ = Ar, 0), p= u(r, 8). 


| ~ 
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By condition (B), Zo and Z, are the exclusive singular points of the 
system (E).+ We prove that Zo is an unstable node and Z, a saddle point 
of (HE). For, the characteristic equation of the system (E) at Zo and Z, is 


Lg/A—k L,/x @ 
GE hp Mass 


= ê — (Mr/u + Lo/A)x + (MoLo/he) (Mr/Mo— L/Lo), 


where the values À, m, Lr, Mo, etc., are to be taken at Z, and Z4 The 
discriminant of this equation is | 


[(M,/p — Lo/d)*? + 4(MoLr/An) \z-20,2:3 r 


by conditions (A) and (C), My, L- > 0, so that the discriminant is positive 
at both Zo and Z,, and therefore the roots of (6) are real. The eonstant 
terms of (6), is, by conditions (A) and (D), positive at Zo, negative at Z,. 
The latter point is therefore a saddle, the former a node, and, since M,, L, > 0 
(conditions (A), (C), (D)), an unstable node. ` 

It follows from well-known general considerations that there are exactly 
two integral curves of (E) which approach the saddle Z, as z —> +0, and 
exactly two which approach it as z —> —œ, these pairs corresponding to the 
negative and positive roots, respectively, of the characteristic equation (6). 
The two members of each pair have the same slope at Z,, but approach it 
from opposite directions. The slopes are given by 


— Lig/ (Lg — wh) = — (My — ep) /Mo, 


and, in particular, for « < 0 at Z,, this is negative. Hence, by considering 
the sign of L(7,0)/M (7,0) in the neighborhood of Z, it is seen that ne 
of the solutions converging to Z, as t—>—+c approaches it from the region 
R, in which the ratio is negative. Let this solution be designated by S(x). 
We establish that S(x) is a shock layer. For, consider the integral curves of 
(E) which pass through the points of M* and L*. On M*, M(r, 8) =0, 
L(r, 8) > 0, so that all integral curves have vertical tangent vectors, and 
are directed outwards from R for increasing +. Similarly, on L*, all solutions 
have zero slope, with L(r, 0) = 0, M(r, 0) < 0, and are directed outwards 
from R, since the slope of L* is negative (by conditions (A) and (C)). 
Thus, for decreasing x, all integral curves of (E) passing through L* and M* 


4This makes clear that the shock transition from Z, to Z, cannot (strictly) occur 
in a finite æ-interval, since the singular points of (Æ) can be approached only for 
æ = + ©, 


5 This is proved by Weyl in the (r,p) plane ([1], Theorem 6). 
æ 
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are directed into R. In R itself, all integral curves have negative slope and 

are traversed for decreasing x in the direction of increasing r and decreasing 8. 

Let us now follow 8 (a) for decreasing s. By virtue of the preceding, S(x) 

cannot intersect L* or M* between Z, and Z,. Since there are no other 

singular points of (E), and since S(s) is monotonic while in R, and cannot 

terminate inside À, it must approach the node Z, as z —> —co. This proves 
ethe existence of a shock layer S(x) = (r(x), 8(x)). 

-To prove the uniqueness of the corresponding shock layer curve S, 
we show that no other integral curve of (E) can join Z and Z;. For Zo 
being an unstable node, which can be approached by an integral curve only 
as t—>—c, the only solution other than S which could join Zoe and Z, 
would have to be the second integral curve, call it S, which enters Z, as 
z~>-+-@. This is seen to be impossible as follows. If § is also a shock 
layer curve, then the arcs S and $ form a closed curve bounding a simply 
comnected region G in the Z-plane. One of the two integral curves of (E) 
which approach Z, as æ-—>— enters this region. It cannot terminate in 
G, since Z and Z, are the exclusive singular points of (E); nor can it 
approach asymptotically a limit cycle in G, for this in turn would have to 
contain in its interior a singular point of (HE). The only possibility 
remaining ê is that the curve intersect 9 or S, thereby contradicting the 
uniqueness of the integral curves of (E). This contradiction completes thé 
uniqueness proof. 

Thus, under assumptions (A)-(D), we can state the following existence 
and uniqueness theorem. 


e THEOREM 1. Let Zo = (ro, 60) and Z, = (rı, 61) be states of a fluid which 
satisfy the shock conditions, (4), (5); then, for any viscosity p= u(r, 0), 
and heat conductivity À = Ar, 8), there exists a unique shock layer joining 
Zo to Zy. 


2. Limit behavior of the shock layer as A>0, 8 0. For given 
A(Z), (Z), let the shock layers of the preceding section be designated by 
S(T; A, p) = (1 (T; À p), 0(@3 A, »)), and the associated layer curve by S(A, p). 
We assume now concerning A(Z) and »(Z) that these coefficients depend on 
parameters (independent of 7, 4) in such a way that À and u can independently 
be made arbitrarily small in R. In the following, when bounds are placed 
on A, m or A/p, these bounds are to be understood as holding throughout 
the region R. i 


5 Kamke, Differentialgleichungen Reeller Funktionen, Chelsea, New York (reprinted 


1947), pp. 216, 220-222, 
~. 
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It is our chief object in this section to establish that, as A and y 
approach zero (in whatever manner), the corresponding shock layers approxi- 
mate a shock wave. In a sense, this “ justifies ” the usual shock wave theory 
by showing it to be the limit case of the corresponding theory of real fluids. 
In the details, it is shown that the limits as À, u—> 0 exist in the sense of 
function limits. This requires the individual shock layers to be so para- 
metrized—since they are fixed only to within an z-translation—that thee 
appropriate limits exist under this parametrization. We consider first the 
double limit, under the same assumptions as in Theorem 1. 


THEOREM 2. Let Z, = (ro; 90) and Z, = (rı, 01) be initial and final states 
of the shock wave, Z = Za —œ < t < é, Z =Z, EÉ<x<o. Then, the 
corresponding family of shock layers, S(x; à, p), if suitably parametrized, 
approaches this shock wave as À—> 0 and p—> 0 independently; that is, 

lim 8 (2; A p) = Zo —0< £ < É, 
»A>0 
Bee Te Zy, é < T < ©, 


the convergence being uniform in every closed interval not containing x = é. 


Proof? For e > 0, let R(e) be the subregion of R outside the circles 
of radius « about Zo, Z;. Consider the equations (E) for any integral curve 
in R in the form, | 


(E) d8/dx = L(r, 0) /à, dr/dx = M (r, 6) /p, 
and take the difference, 
d(@—r)/dax = L(7, 0)/à + | M(r,6)|/u > 0 ° 
Define y == Max (A, p) in R, and let C(e) be a.constant for which 
L(r,6) + | M(r,0)|= Cle) >0, (7,8) eR(e); 


such a O (e) exists, since L(7, 8) > 0 on M*, and | M (r, 6)| > 0 on L* (except 
at Zo, Z1), and are also positive in R(e). Then, we have for any integral 
curve in R(e), 


(7) d(6—r)/dx > C(e)/n > 0 


Now consider any shock layer S (2 5A, p), and let (rar, 0u) and (rm) Om) 
designate the value of S(s; A, x) where it intersects the e circles about Z, 


T The author is indebted to E. Hopf for this proof, which strengthens and simplifies 
the author’s original proof. 
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and Zo respectively, with © (£o; A, p) = (rm, 0m) and S(#1;A,p) = (rar, Os). 
We have, for a S21, | 


To > tm = T(t; À, p) Z ru DT; 


bo < Om = O(@5A, we) = Ou < 61. 
From inequality (7) for S(s; A, p), it follows, 
o 
(8) £1 — £o S n/C (e) [Oa — rar — (Om — tm) ] < 7/C(e) [81 — 80 + To — ri], 


Thus, given e and 6, and S(x; A, p) for which 


= Max(x, p) < 8C (€) / (61 — bo + To — T1), 
the simultaneous inequalities, 
(9) [7(@5A,#) — To | > 6 | o(s; à, a) — bon | > 6, 


can hold only when the values of S(x; À, p) lie in R(e), and therefore in an 
interval of length less that æ, — To <6. In other words, by making heat 
conductivity and viscosity sufficiently small, the width of the shock front can 
be made arbitrarily small. To complete the proof of the theorem, one need 
only observe that the solutions S(s; A, u) can be so parametrized that the 
intervals (£o zı) contain z= é The convergence of the S(s; A, p) to the 
discontinuous shock is then uniform outside of every open interval containing 
a=, 

We note that with arbitrary parametrization, either the double limit is a 
shock wave, as above, or does not exist in an entire interval, or is a constant, 
Zo or Z; Hence, among all parametrizations, the only non-trivial limits of 
shock layers, as À, y — 0 independently, are the shock waves. 

We note also that (8) gives a (probably very poor) upper bound on the 
width of the shock transition in the sense of inequality (9). Similarly, lower 
bounds as well can be obtained from reverse inequalities of the type (7). 
It is possible that, by taking other linear combinations of the two equations 
(E), and thereby obtaining inequalities analogous to (7), more satisfactory 
bounds can be achieved. ; 

We turn now to the single limit problems, lim S(z;X p) and lim S(T; u), 

. > us 


for fixed »(Z) and A(Z), respectively. First we prove, 
Lemma 1. Let G be any open neighborhood of the closed arc L*. Then 
for sufficiently small values of A/p, all shock layer curves S(X, p) lie entirely 


in G. 
`~ 
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Proof. Let L be an are of bounded negative slope with endpoints 3 Ze, 
Z, on M*, and lying so close to L* that the subregion of R contained between 
L* and Z contains only points of G. Such a curve L can always be found 
by virtue of the monotonicity of L* between Z and Z,. Let D he the sub- 
region of R bounded by Z and M*; D contains the complement of G in R. 
On Ë, L(r,0) =k, > 0, | M(x, 6)| She, and | slopeZ |< N, where ki, ke, 
and N are suitable positive constants. Let now p/rA > (k2/k,)N ; then since 
the slopes of the corresponding integral curves of (E) satisfy on Z the 
inequality, 


— d8/dr = — (n/N) (L(r, 9) /M (7, 0)) = (u/A) (i/k) >N, : 


we have that these integral curves must be directed into D. Thus, any 
integral curve of (E) for which »/A > (k:/k:)N and which containsea point 
of D cannot intersect L beyond this point (i.e. for increasing x), and hence 
cannot pass through Z,. As a consequence, if S(A, x) is a shock layer curve 
for which A/p < kı/k:N, S(A, x) must lie entirely in the region G (indeed, 
in the smaller region between L* and LZ). 

Similar considerations apply in case of small w/À An interesting 
difference arises from the possibility that M* is not monotonic. If the are 
is monotonic, then exactly the same argument as above applies, with but 
evident verbal changes. If, however, M* is not monotonic between Zo and Z,, 
consider then the arc i* defined by the monotonic function in [r1 To], 


6 == m(r) = Moi ets Sr To 


This are (Fig. 2) joining Z, and Z° encloses between it and L* a subregion 
of R in which, we assert, all shock layer curves must be contained. for, 
if 6==o(7r) is the equation of any shock layer, we have, for every r in 
[71,70], and some ¢ such that n Str, 


o(r) So(t) S m(t) = m(r), 


with the inequality, o(r) < (7), holding provided r£ ro, rı Hence, all 
shock layer curves lie below #* in R. (The same proof shows that M * is the 
maximum among all monotonic ares dominated by M*.) Replacing M* by 
Ï*, we find that the same argument as in the case that M* is monotonic 
proves that, for sufficiently small »/A, the shock layer curves S(A, #) lie in 
any preassigned neighborhood of M@*. Thus we can state, 


8 That Ze M* is clear; for, if not, there is a F, 7,<7<7,, for which LF) <m(¥} 
<m(ro)= (ro), contradicting the monotonic decreasing character of I(r). 


Pd 
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Lemma 2, Let M* be the arc defined by the function, 
6=—m(r) = Min m(t), (n&r r); 
EÈ<T 


and let G be any open neighborhood of M*. Then all shock layer “curves 
S(X p), for which p/d is sufficiently small, lie entirely in G. 


Consider now the reduced systems, 


n(dr/dw) = M (7, 0) 
DE 0): 


A(dB/dx) = L(r, 0) 


HR 0— M(r, 0). 


(10a) 





Zo(Tos 80) 


Fie. 2. 


The former, (10a), are the equations of a viscous; thermally non-conducting 
flow, and (10b) of a non-viscous, thermally conducting flow. Let us call 
any solution of the reduced system (10a), for r in [71,7)] and for all x, a 
thergually non-conducting shock layer; (the constant solutions, (r(x), 8(x)) 
= Zo, Z,, are thus included in this definition, chiefly for convenience). Then 
we have, 


THEOREM 3. Let S(x;n) be a thermally non-conducting shock layer 
with viscosity p. Then, the family of shock layers, K(x; À, A), tf suitably 
parametrized, approaches S(x;n) as À —0; that is, 


lim S(x; A, p) = S(s; p), 
A0 
the convergence being uniform in x in every finite interval. 


Proof. Let ¿= (2; p) = (F(Z; a), 60(#;a)) be a point on L*, and a, 
values such that 4, > # as A—> 0. Choose the parametrization of the shock 
layers, S(x3 2, A) = (r(z; À R) 0(@3 A, A) ), so that lim S(T; À, A) = E; this 

-0 
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is possible by virtue of Lemma 1. Also from this lemma, we have for every 
shock layer, 


(11) 6 = I(T) + elr, À), 


where lim e(r, À) = 0 uniformly in r, Sr S ro and therefore in —o <v 
>0 

<-+o. Thus, 

` pdr (@3d, à)/dx = M (r, U(r) + e(r, A)). . 
Because of the choice of the r(z; AÀ, ñ), we have from this equation, that 
lim +(2; A, à) exists uniformly in every finite t-interval and satisfies ° 

30 
pdr/da = M(r,l(r)), 

that is, satisfies the reduced system (10a). Since there is a unique solution 


of the reduced system passing through the point £ for s == 7, we conclude 
lim e(z; A, A) = F7 (z; ä), and from (11) lim 6(23 2h) = (x; a), these 
—>0 —>0 . 


limits, by the above, being uniform in every finite interval. 
We observe from the above proof that if the shock layers are so para- 
metrized that lim S(x; À, A) exists for a single value of x, then it exists for 
0 5 


all + and defines a thermally non-conducting shock layer. 

For À fixed and p —>» 0 the limit solution of the reduced system is no 
longer continuous in general, as the following Theorem 4 shows. This points 
up a basic difference in the effects of viscosity and heat conduction on the 
structure of the shock layers. 

To simplify considerations, it will be assumed in the following that Jf* 
has only a finite number of minima, so that the arc M* contains at emost 
a finite number of intervals on which @ is constant. We note that Z, cannot 
lie in such an interval, while Z, may or may not, in general. In particular, 
for an ideal gas, M* is a parabola; if it is not monotonic, M* consists of the 
segment of 0 = 0, intercepted by M* plus the arc of M* joining the segment 
to Zo. i 

Let the function 0 = ® (r), (r1 S 7 & To), be constant on the intervals, 
[t+, t], (i= 1,: > <, n), which are ordered so that tr > tit > tin`, (Fig. 2). 
We enlarge the notion of solution of the reduced system (10b) by admitting 
certain discontinuous solutions, namely, functions T(x), 6(2) satisfying (10b) 
for 7 in [r:, ro], except at points 2 = a), i == 1,-- -,n, where 7(a,— 0) = tr, 
F(s, + 0) = tt; these solutions are uniquely determined in —w<r< +0 
up to an &-translation. If n= 0, that is, if m(t) is strictly monotonic, then 
the solutions are, of course, continuous. Any solution of (10b) for r in 


P 
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[ri ro] and for all x, whether continuous, or discontinuous in the above sense, 
we term a non-viscous shock layer. We now prove, 


_ Tsrnorem 4. Let S(x; À) be a non-viscous shock layer with heat con- 
ductivity X. Then, the family of shock layers, S(x; À, u), if suitably para- 
metrized, approaches S(x; À) as p— 0; that is, 

lim 8 (#3 À) —S(a;X), 

p20 
the convergence being uniform in x in any closed interval not containing a 
point of discontinuity of S(s; À). 


Proof. If M* is strictly monotonic, the theorem is proved exactly as 
Theorem 3. If, however, this is not the case, we proceed as follows. Let 
S(x; À) = S(x) = (F(x), W(x)) ; (for notational convenience in the following, 
we omit reference to A, since it will be the common value of the heat con- 
ductivity for all the shock layers-under consideration). Let £ — 7(4), 6(2)) 
be a point on M*, (2< %), where @, is the first point of discontinuity 
of F(x). For any set £p, such that æ, — & as »—>0, let the shock layers 
"S(x; p) = (7r(@3),9(@3p)) be so parametrized that ro E (tu; p) =É. 
We have, by Lemma 2, 


(12) t = mMm (0) + €(6, u), 


where m1(8) is the inverse of mr) for 47 Sr S ro, (00 S 0 S OY = m(tr)), 
and lim e(@, p) == 0 uniformly in every closed interval of & S 0 < 6, For 
p> 


(x; r) we therefore have, 
(13) 1d0 (z; p) /de = L[m= (0) + e(8, p), 61. 


Since 6(a,, u) — 6(Z) and tu — as p — 0, and F = m (8) for € 8 < 00), 
if follows that lim 6(x; u) == 0(t), — < x < &, and from (12), limr(æ;w) 
0 BO 


= 7(a), the convergence in both cases being uniform in every closed interval 
to the left of s = %,. To prove convergence for s > #,, consider first the 
case that r, 4 t,*. By the preceding there are values z,") < 4,, such that 
ty) — Ti, 7(a,™, p) — tr, and 6(2,™, p> 00, as m0. With the same 
parametrization of the S(z;) as chosen above, let & be values for which 
O(n; u) — 0% ; then r(é; nu) — tt as p—>0 (Lemma 2). We show now 
that |&—2,% | —0 with x For, L(r, 8) is bounded away from zero in 
the neighborhood of the segment 0 = 4) of M*; say L(r, 0) > k > 0 in 
such a neighborhood; and, if p is sufficiently small, the arcs of S(s; p) for 


~ 
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ty) =a é, lie in this neighborhood (Lemma 2). For these x, we have 
from the first member of (E), 


(14) Léa | S Q/R) à) — (eu, )] = A/B) OO — (ou, 2), 


which approaches zero as »—> 0. Hence &,—%,. We consider equation. (12) 

and (13) again, where now m°1(8) is the inverse of 8 = mr) for ty S r S tt, 

(6%) <0 <60 = m(t;)), and lime(6,~) —0 uniformly in every closed ° 
40 


interval of 0) < 9 < 6®). As before, since 6(é,, u) — 00 = O(2,) as fy Hi, 
and 7 = m1(8) for 8%) <6 <6), and also since the solution of 


Àd6/dx = L(m-*(8), 0) 


is unique for 6(4,) — 0, and 90 < 0 <6”), it follows that lim 6(a; ® =9(z) 
g= 
and lim r(x; p) = F(x) for ia < Ë, the convergence being uniform in the 
40 


closed intervals of (&,#&:). One proceeds in this way until the arc of ie 
containing Z, is reached. If Z, is not contained in one of the intervals of If*, 
then the above process shows the uniform convergence of S(x; n) to (7(«), 8(x)) 
in every closed subinterval of the half line 4, < x <œ. If, however, Zy 
belongs to one of the intervals of #*, namely 6 = 6,, then, by definition of the 
discontinuous non-viscous shock layer, rı = #,*, and ((«), 6(a)) = (71, 61) = Z: 
for all v in &, < æ <œ. In this case, we prove the convergence, S (£; u) — Z: 
for &,<a<o, as follows. For any small 8 > 0, let R(8) be the sub- 
region of À outside the circle of radius 6 about Z,. Let &(8) be such that 
L(r,0) 2 k(8) > 0 in a neighborhood of 6 = 8, in R(8). If now the values 
ay” < Ëp are such that zy —> Ëp, 7 (ay, p) > te, and O(a, p) —01n) 
== f, as p — 0, then, for any arguments & > 2 such that S (ép; u) e R(8), 
it follows from the first of equations (E), 


| &.—ay™ | S (A/L) [O — O(a, ; u] — 0, as p> 0; 


in other words, those « > %, for which r(x; pm) — 7, > 8 lie in an interval 
about @, which grows arbitrarily small as »—>0. Since 3 is arbitrary, this 
proves the uniform convergence, r(t;u) — T1, 0(z; p) 61, in any closed 
half line of Z, < x < co, and completes the proof of the theorem. 
One observes from the above proof that if the shock layers are so para- 
metrized that lim S(s; A, p) exists for a single value of s, then it exists for 
> 


all x and defines a non-viscous shock layer. 


To complete discussion of the limit behavior of the shock layers, it 
ae 
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remains to establish the existence of the iterated limits as A, u — 0, and to 
show their equality with the double limit (and therefore with a shock wave). 
We require an appropriate parametrization of the shock layers, with respect 
to which the double limit and the two iterated limits exist simultaneously. 
For this, take a’ circle of sufficiently small radius e about Z, (it suffices 
e < To — t~) ; this intersects each shock layer curve, S (AÀ, p), at exactly one 
point, which we designate by éns; and let 4, ĉu represent the point of inter- 
section with M* and L*, respectively. We note that lim Enu = Éu (Lemma 1), 


and lim fu = (Lemma 2). For fixed é, now let 
10 


Oy = E— b p= i—i A méhe 
where, @ 
Sru = (n/C(€)) [61 — ba + ro — ril, n = Max (à, u), 
j du = (Max p/C(€)) [91 — bo + to — 71], 


ôn == (Max å/0(6)) [0 — 60 + To — 71], 


C(e) being the same bound as in inequality (7) of Theorem 2. We make 
the assignment S (Ta; À u) =; this will prove to be the desired para- 
metrization. From the proof of Theorem 2, we see that, since é is contained 
in all the intervals (Sau tu + dy) as n — 0, it must follow, 


lim §(@3A,p) = Zo —2< T < É 
À—0 


e #0 =Z, E< T< +o. 


Also, since for fixed pu, 
im OV = (Max 2/C(e)) [61 or. bo + TO — T1] = Su 


we have im Tru = E — $8, = Fy, lim S (Tru; À, p) — Eu. Therefore as in the 
—0 420 
proof of Theorem 3, lim S(x; À, p) = (F(a; u), O(@; w)) where (F(z; u), O(a; »)) 


A0 
is the solution of the reduced system (10a) which satisfies (F(x; p), 0(&5 »)) 
== a. This, combined with the existence of the double limit, establishes the 
existence of the iterated limit, lim (lim S(s; A, p)), and its equality with the 
#0  À—0 


double limit. Identical considerations apply to lim (lim § (s; A, m). Conse- 
A>0 4-90 


quently, we may state, 
~ 
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THEOREM 5. Let Zo = (To, 00), 21 = (11, 61) be initial and final states 
of the shock wave, Z = Zo —o<z<Ë Z=Z,éEca< Lo. Then the 
shock layers S(x; à, p) can be parametrized so that, 


lim S(x; À, p) = lim (lim S (z; à, p)) i 
A0 A0 y0 

0 

Lo, — C0 < T < é, 

Z 


= lim (lim 8 (z; à, 2) )= » É<T< Ho. 


#0 = =)0 

It is clear, conversely, that the iterated limit, if it exists (for some 
parametrization), must be either a constant or a shock wave. 

In the case of polytropic gases with A,» taken independent of r and 6, 

the convergence of the iterated limits to a shock wave is visible from explicit 

formulas for the thermally non-conducting shock layers, lim K (v; à g), and 


for the non-viscous shock layers, lim S(x; À, u), (presupposing, however, the 
Boo 


existence of these single limits; see Becker [2], for example). e 

The advantages of the (7,6) plane as phase plane should be noted. In 
these variables, the right members of equations (E), and therefore the curves 
L and M, are independent of À and a. This fact makes the proof of Theorem 1 
quite simple, and also permits study, with respect to a fixed geometry, of the 
dependence of the shock layers on À and p. In contrast, the topologies of 
other phase planes, such as the (7, p) plane used by Weyl in [1], are such 
as to obscure a satisfactory proof of the existence and limit theorems. 


3. Proof of Conditions (A) — (D). It remains to show that con- 
ditions (A)-(D) of Section 1 are satisfied for the fluids under consideratijpn. 
We examine first the polytropic gases because of their particular importance 
and simplicity. For polytropic gases, e(r,@) = «6, p(r, 8) = 80/7, where 
a, 8 > 0 are constants of the medium. Thus 


L(x, 0) = bla — b2/2(r—a)2—c], M(r,0) = 1/b[80/7 + b2(r —a)]. 


The Z-plane is the quadrant r > 0, 8 > 0, and the constants a,b,c are 
assumed to be such that the parabolas L: L(r,6) = 0, and M: M (r, 0) —0, 
intersect in two points, Zo = (ro; 00), Z1 = (Ti, 61), To > 71. Conditions (A)- 
.(D) are now easily seen to hold. (A) Ma, La > 0, since a, 8, b > 0; (B) the 
parabolas L, M have only one component in the Z-plane, and cannot intersect 
in more than the two assumed points, Zo, Za; (C) Lr = —b?/2(r—a) > 0 
for r < a, hence for r = r < ro < a; (D) follows from the fact that M lies 
above L between their points of intersection. 
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We turn now to the general class of fluids defined by Weyl. These are 
characterized by the following conditions: 


fg dr/dp) Scconst, < O S = entropy ; 
Ta. S(r: p) > 0, O(7,p) > 0; 


II. dr/dp°) Suonsi 70; 


III. in the continuous process of adiabatic compression one can raise 
pressure arbitrarily high; 


IV; the thermodynamic state Z is uniquely specified by pressure p and 
specific volume 7, and the points (r,p) representing the possible states Z 
in a (7, p) diagram form a convex region. 

* To these conditions must of course be added the basic thermodynamic 
relation, 


V. de == 048 — pdr. 


This class of fluids evidently includes the polytropic gases, and, as Weyl 
has shown, the theory of shock waves generalizes in entirety to these fluids. 

For fiuids subject to the above conditions, Weyl proves a number of 
important results, among which we need the following. 


(a) The Hugoniot contour, 
x H(Z, Zo) = e(r, p) — e (To, Po) — $ (P + Po) (ro — 7) = 0 


is a simple curve on which s= (p—jpo)/(to—7) grows strictly mono- 
tonically from m, = — dp/dr at Zo to +œ as Z moves on the upper 
branch, p > Po, T < To. ` 

(b) If H(4,, Zo) = 0, Z, lying on the upper branch of H (Z, Zo) = 0, 
then the straight line (p — po)/ (To — r) = (pı — Po) / (To — 71) = b? inter- 
sects the adiabatic S = So at a point Z = Z4, Z, lying between Zo and Za, 
and Mo < b? < m = — dp/dr(2:)| oe, 

To prove conditions (A)-(D) of Section 1, consider first the mapping 
(r, p) — (7,0) defined by 0 = 0(7, p), r==7. This mapping is 1-1 as well 
as continuous, for, if both (71, pı) and (rz, p2) map into the same point (r, 0), 
then rı = r = ra, and, since 6) > 0 in the convex (7,p) plane, it follows 
also that pı == pə Consequently, the mapping is topological and the Z(r, 0) 
plane is simply connected. 


) s-s, 
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In the following, let Zo (ro, Po), 21 (71, 91), be points for which H(Z,, Zo) 
= 0, with Pı > Pos Ti < To; (either Pr > Po Ti L Tos or Pi Z Pos Ti > To): Let 


bM(r,p)=p+b(r—a),  (1/0)L(r,p)=e(r,p) — 30 (t — a)? — c, 


b > 0, a, c being determined by relations (4), (5). The functions M (r, 8), 
L(r, 8) are defined in the obvious way: 


Mi(r,0)=M(r,p(r,0)), L(r, 8) = L(r, p(r, 0)). 


Condition (A) is easily proved, for 


bM g(r, 0) = po (7, 9) > 0, (by Ia), 
and e 
(1/b) Le (r, 6) = e (T, 6) = 08o(r, 9), (by V) 
= Sp (T, P) po (T, 9) > 0, a 


so that Le (r, 8) > 0. 


To prove (B), we observe from (a) that Z(r, Po), Zı(Tu Pı) are the 
only simultaneous solutions of L (r, p) = 0, M (r, p) = 0 (Weyl’s Theorem 7}, 
and therefore Zo(ro; 9), Zı(Tı 01) are the only solutions of L(7, 4) = 0, 
M(r,0) =0. Also, M (r7, p) — 0 only on the straight line M joining Z, and 
Zı, and since the (7, p) plane is convex, M consists of only one component. 
The set in the (r, 0) plane on which M (r, 0) — 0 must therefore also consist 
of a single curve, namely, the image of M. Letting £ designate the set of 
points (r, p) on which L(r, p) = 0, it remains only to show that the com- 
ponent LC £, which passes through Z, also passes through Zo Since ® 


(1/5) Lp (r, p) = ep (7, p) = OSp(r, p) > 0, 
the curve L is representable as a single valued function p = I(r), with slope, 
(15)  dl(r)/dr = — (er(r, p)— b? (r — a) ) /ep (7, p) 
= — (98r (7, b) —p—b(r—a))/88,(rp), ((7, p) eL). 
In particular, at Z,, L has the slope, 
— 8,/8p(t1, pı) = dp/dr (Z1) | =a b?, 


Consequently, L, for increasing r, enters the convex region D contained 
between the adiabatic S = 8, and the straight line M (Fig. 3). Since D 
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lies below M, p + b?(r— a) < 0 in D, so that, by (15), U(r) is monotonically 
decreasing function of r in this region. The curve L cannot terminate in D, 
must therefore intersect either W, which can only occur at Zo, or the adiabatic, 
g = So. 





Fra. 3. 


But on S = So | 
(1/b) (dL(r, p)/dr)) = © de/dr) Es —b?(r— a) 
= [— p —b?(r—a)] 8-8 > 0, for ra <T < To; 


hence L(r,p) 40 on S— 8, between Zo and Z,. ZL must therefore pass 
through Z, as well as Z,. This proves that condition (B) is satisfied. 
For condition (C), 


* (1/b) Le (1, 0) = er (7, 0) —b?(r —— a) = 083 (7, 0) — p — b? (r — a) ; 
but from V, we have, S,(r, 0) = po (7, 0) > 0, 
.. (1/0) Lr (r, 0) = bpe (7, 0) — p — b’ (r— a) > 0 on L, form ST S To 
(D) follows from the relations, 
M,/Mg(r, 0) — Lr/Lo(r, 0) == [Mr/Mo(r, p) — Lr:/ Lo (r, p) 160 (7 p) 
= (b? — mo)bp (Zo) > 0 atZ 
== (b? — m,)bp (Z1) <0 at Z, 


This completes the proof that a Weyl fluid satisfies the conditions (A)- 
(D) which were assumed in obtaining Theorems 1-5. 
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EQUIVALENCES OF MEASURE SPACES.* 


By I. E. SEGAL. 


1. Introduction. For any measure space we define the “ measure ring ” 
as the Boolean ring of all measurable sets (including not necessarily o-finite 
sets) modulo the ideal of all null sets, the “o-finite measure ring” as the 
subring of elements which are residue-classes of o-finite sets, and the “ mul- 
tiplication algebra” as the algebra of all multiplications of elements of the 
Hilbert space of square integrable functions over the space by bounded measur- 
able functions. Two measure spaces have algebraically isomorphic measure 
rings (we say then that they are “strongly equivalent ”) if and only if their 
nrultiplication algebras are unitarily equivalent, or alternatively, if their 
multiplication algebras are algebraically isomorphic. This is of special 
interest in view of the fact [5] that every maximal abelian self-adjoint algebra 
of bounded operators on a Hilbert space is unitarily equivalent to the mul- 
tiplication algebra of some measure space. The multiplication algebra of a 
measure space is maximal abelian if and only if its measure ring is complete 
(as a partially ordered set), or alternatively, if and only if it is strongly 
equivalent to a direct sum (see below) of finite measure spaces. .The class 
of measure spaces with these properties (we call such spaces “ localizable ”) 
constitutes in some ways a more natural generalization of the o-finite. measure 
spages, than the class of arbitrary measure spaces. In particular, for a measure 
space to be localizable is equivalent to the validity for the space of the con- 
clusion of the Radon-Nikodym theorem, or alternatively to the validity of the 
conclusion of the Riesz representation theorem for continuous linear func- 
tionals on the Banach space of integrable functions. Every measure space 
is metrically equivalent (by which we mean that there is a measure-preserving 
isomorphism between the o-finite measure rings—roughly speaking this means 
the spaces are equivalent as far as integration over them is concerned) to a 
localizable space, and this latter space is essentially unique. 

More specifically, every measure space is metrically equivalent to a 
unique perfect measure space, this being a regular locally compact space in 
which for every measurable set of finite measure there is a unique con- 
tinuous function on the space equal nearly everywhere to the characteristic 
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function of the set; and any metric equivalence between localizable spaces 
is uniquely extendable to a strong equivalence between them. These perfect 
Measure spaces, which are a development of spaces treated by Stone, Freuden- 
thal, and especially Kakutani [3] (the metric equivalence of a finite measure 
space with a perfect space being proved here), are useful in eliminating 
certain types of measurability problems (cf. [4]) for anes have many of tke 
properties of discrete spaces. 

The present paper arose from an investigation of the decomposition and 
multiplicity theory of algebras of operators on Hilbert spaces, and as the 
results are of some independent interest they are being published separatelv. 
Among other side results we mention the fact that any uniformly locally 
compact regular measure space, in particular any locally compact group under 
Haar measure, is localizable. Any two measure spaces have algebraically 
isomorphic o-finite measure rings if and only if the corresponding Lebesgue 
spaces over them are isomorphic as partially ordered linear spaces, and are 
metrically equivalent if and only if there is a more restricted type of iso- 
morphism between certain function spaces over the measure spaces. 


2. Technical preliminaries. In this section we fix the notation and 
terminology for the remainder of the paper and prove some simple results 
which are basic in the following. 


DEFINITIONS 2.1. A conditional o-ring R of subsets of a set R is a 
collection of subsets which is closed under relative complementation and union, 
and has the further property that if {En} is a sequence of elements in R such 
that En CE for all n, where FeR, then Unine R. A measure space 
(R, R r) is the system composed of a set R, a conditional o-ring R of subsets 
of R, and a countably-additive, finite (non-negative) measure r defined on R, 
such that if {Fn} is a sequence of mutually disjoint sets in @ for which the 
series 3,7(H,) is convergent, then Unl,e R. 


Remark 2.1. The term “ measure space ” is commonly used in different 
senses, e. g. frequently in reference to a system (S, 3,s) composed of a set 
S, a o-ring 3 of subsets of § (i.e. a conditional o-ring which is closed under 
arbitrary countable unions), and a not-necessarily-finite, countably additive 
measure s on £. Any such measure space becomes a measure space in the 
sense of Definition 2.1 when its o-ring 3 of sets is replaced by the subring 
8, of sets in 3 of finite measure, and this replacement affects neither the 
(suitably-defined) integrability of functions on the space, nor the values of 
the integrals of integrable functions. It is advantageous, for formal and 
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notational purposes, to replace à by dy because the elements of 3-4, must 
generally be treated in terms of the elements of o. We mention also that 
to replace 3 by the o-ring of o-finite elements of 3 (ie. elements which 
are countable unions of elements of o) is less advantageous, mainly because 
the distinction between o-finite and arbitrary elements of 3-2, is often an 
artificial one, from the viewpoint of the present paper. 


DEFINITIONS 2.2. Sets in measure spaces. A set K in a measure 
space M = (R,R,r) (i.e. a subset of R) is called measurable if Ko Ve R 
for all FeR; a null set if KE is an element of R on which r vanishes, 
for all FeR. The measure of a measurable set K in M is defined as the 
least upper bound (finite or œ) of r(#),.as FE varies over the subsets of K 
which are in R ; and is denoted by r(K). A measurable set of finite measure 
is calle a chunk. A statement which is a function on a measure space is 
said to be true nearly everywhere (abbreviated “n. e”) if it is valid at all 
points of the space, except for a null set. Two subsets K and L of a measure 
space are said to be equivalent if their symmetric difference (K-L) v (L-K), 
which will be denoted as K © L, is a null set. A set K in M is called 
o-finite if it is contained in a countable union of chunks. M is called 
o-finite if R is o-finite and finite in case R is itself a chunk. 


THEOREM 2.1.. The collection of all measurable subsets of a measure 
space is a complemented o-ring on which the measure is countably additive. 


The proof of this uses standard methods in a straightforward fashion, 
and so we omit details. 


© DEFINITIONS 2.3. Functions on measure spaces. A complex-valued 
function on a measure space is said to be measurable if it is the pointwise 
limit of a sequence of finite linear combinations of characteristic functions 
of measurable sets. Such a function is said to vanish at infinity on the space 
if for every positive number e, the set where the function exceeds e in 
absolute value is contained in a chunk. A complex valued function f on a 
measure space M == (R, 0,7) is said to be integrable if there exists a sequence 
fn of finite linear combinations of characteristic functions of elements of R 
which converges pointwise to f and which is such that f | fx(p) —fm(p)| dr(p) 
converges to 0 as m, n —> œ, where for any finite linear combination h = Saiz, 
of characteristic functions of mutually disjoint elements E; of R (for any 
set S, xs denotes the characteristic function of 8), f h(p)dr(p) is defined 
as Zor (Æ); the value of lim, f f,(p)dr(p) is then called the value of the 
- integral of f, and denoted as f f(a)dr(x). A complex-valued function f on 
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M is said to be a-th-power integrable (or square-integrable, in case a — 2), 
where «= 1, if it is measurable and | f(æ)|® is integrable. For any such 
function the value of {f | f(x) |*dr(x)}*/* is called the norm of f in La 
and denoted by || f lla; the collection of all such functions is designated as 
La(M). The Banach space consisting of the quotient of the normed linear 
space ZA (M) by the subspace of functions in La(M) of zero norm is called 
the (Banach) space of a-th-power integrable functions on M, and designated e 
Ba( M). A complex-valued function f on M is said to be essentially bounded 
if there is a real number @ such that | f(æ)| Æ « except on a null set, and 
the g.l.b. of all such g is called the essential bound of f, denoted as || f le, 
the collection of all such functions which are measurable being denoted ag 
L.(M). The Banach space, and algebra, consisting of the quotient of the 
normed space and algebra L,(M) (multiplication being the usual peintwise 
product), by the subspace, and ideal consisting of elements of zero norm, 
is called the (Banach) algebra of bounded measurable functions on M, and 
denoted B,(M). Two functions on a measure space are called equivalent 
if their values coincide n.e. The (real) subspace of all real-valued functions 
in Ba(M), partially-ordered by the definition: fg if f(x) = g(x) n.e., 
is called the partially-ordered (Banach) space of a-th-power integrable func- 
tions on M, and denoted RB,(M). 


.DEFINITIONS 2.4. Measure rings. A measure ring (%,m) is the 
system composed of a o-Boolean ring M (i.e. a Boolean ring in which each 
countable subset has a 1. u.b.) and a countably additive measure m on M, 
such that only the zero element has measure zero, and every element is the 
l.u. b. of elements of finite measure. An element of a measure ring is caed 
o-finite if it is the union (l. u.b.) of a sequence of elements of M of finite 
measure, and a measure ring is called o-jinite if each of its elements is. 


The measure ring (M,m) of a measure space M = (R, R,r) is 
defined to have as In the quotient of the ring of measurable sets in M by 
the ideal of null sets, with the measure of any residue class defined to be the 
measure of any representative of the class. The natural mapping of the ring 
of measurable sets in M onto % will be denoted by 6, and the residue class 
corresponding to a measurable set will also be denoted by superposing a bar: 
thus 6(K) = À for any measurable set K. 


Remark 2.2. It is easy to see that the mapping @ just defined is a 
o-homomorphism, i. e. for any sequence of measurable sets {En; n = 1, 2,-- -}, 
(0) = Unb (En) and 8(NrnEn) = n0 (En). It follows that the measure 
ring of a measure space is a o-Boolean ring. It will later be shown that every 
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element in M is the 1. u. b. of elements of finite measure, so that the measure 
ring of M is actually a measure ring in the sense of our earlier definition. 


DEFINITIONS 2.5. Measure rings and equivalences. The o-finite (or 
finite, resp.) measure ring of a measure space is the subring of the measure 
ring of the space consisting of all o-finite elements (or elements of finite 
measure). Two measure spaces are (strongly or weakly, resp.) equivalent 
if there is an algebraic isomorphism between the (Boolean rings of) their 
(measure rings, or o-finite measure rings resp.) ; and metrically equivalent 
if there is a measure-preserving algebraic isomorphism between their finite 
measure rings. An isomorphism which implements such an equivalence 
“between measure spaces is called a strong, weak, or metric equivalence, 
depending on its character. A measure space M = (R, R,r) is said to be 
isomorphic to a measure space M’ = (R’, R’,1) if there is a one-to-one 
mapping ¢ from R onto R’ such that: He & if and only if $(#) e R’; and 
for He R, r(E) =7'(¢(#)). Such a mapping ¢ is called an isomorphism 
on M to W. 


DEFINITION 2.6. A measure space is called localizable if its measure 
ring is complete (as a partially-ordered set). 


DEFINITION 2.7. Regular and perfect spaces. A regular (locally com- 
pact) measure space is the system composed of a locally compact Hausdorff 
space R, and a measure space (R, &,r) with the properties that: a) R 
contains all compact subsets of À (so that r is finite on such sets); b) 
for any set # in R there is an open set G in R containing # and 
T(E) =g.1l.b.[EC H, H open|r(H) (we frequently denote the set over which 
a bound is taken by placing it between the symbol for the bound and the 
function. whose bound is indicated); c) every set in À is in the o-ring 
generated by the compact subsets of R. Such a space is called perfect if a) 
for any chunk F there is a continuous function on R which vanishes at 
infinity on R in the topological sense (i.e. for every positive number e, the 
set where the function is not less than e in absolute value is compact), and is 
equivalent to the characteristic function of F; b) the measure of any non-void 
open set in @ is positive. 


Remark 2.2. It is easy to see that condition b) of the immediately 
preceding definition is equivalent to the condition that the continuous func- 
tion described in condition a) be unique. 


Examples 2.1. As examples of localizable spaces we mention a) o-finite 
measure spaces, b) a locally compact group relative to Haar measure (see 
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Corollary 5.2.1). To obtain a perfect space, let Æ have the discrete topology, 
let @ consist of all finite subsets of R, and let r(#) be the number of points 
in Æ.: An example of a space which can be seen without difficulty to be 
non-localizable is given in [2], p. 131, Note 9. 


We conclude this section by showing that either strong or metric equi- 
valence is stronger, actually, than weak equivalence. The following definition 
is useful in this and other connections. 


DEFINITION 2.8. A Boolean ring is called countably-decomposable if any 
family of mutually disjoint elements of the ring is at most countable. An 
element of a Boolean ring is called countably-decomposable if the principal 
ideal which it generates is such. 


THEOREM 2.2. An element of a measure ring is o-finite if ayd only 
if it is countably-decomposable. 


To show that Æ is countably decomposable if it is a o-finite element af 
the measure ring (M, m) of the measure space M, assume the contrary. Then 
E = (iH, where F; is a chunk (i= 1,2,- - -) and there exists a collection 
{Fe; éc Z} of measurable sets in M such that 0 < Fe s< F, Fro fe — 0 if 
é+, and with the index set = more than countable. It follows that 
Fe Uso E, for any é, and hence that the collection of all Fg F, as € 
and à vary, is more than countable. It is easy to conclude that for some 
positive integer n, and some integer io the set [£ | m(Fs9 #,,) > n°11 is 
more than countable. This contradicts the circumstance that the Fg a F, are 
mutually disjoint and bounded by the element @;, of finite measure. 

Now if # is a countably-decomposable element of Mm, let {#:;&e =} pe 
a maximal family of mutually disjoint elements of M of finite measure 
which are not greater than F; such a family exists by the Zorn principle, 
and # is at most countable. The maximality of this family implies that 
EF — els is not greater than any element of Mm of finite measure, from 
which it follows that # = eh. 


COROLLARY 2.2.1. The contraction of a strong equivalence to the ideal 
of o-finite elements is a weak equivalence. In particular, strongly equivalent 
spaces are weakly equivalent. 


Since countable decomposability is defined in purely algebraic terms, an 
algebraic isomorphism maps countably-decomposable elements into countably- 
decomposable elements. By the theorem just proved, this implies that the 
contraction of a strong equivalence maps the o-finite elements onto the o-finite 
elements. : 
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` Turorem 2.3. Let F and F’ be the finite measure rings, and 3 and 3’ 
the o-finite measure rings, of the measure spaces M and M’ respectively. Any 
ring-isomorphism of F onto F’ can be uniquely extended to a ring-iso- 
morphism of & onto 3’. 


We put 7 for a ring isomorphism of F onto 4”, and define a mapping y 
on £ to 3’ as follows: if He s and F= (jE, where Æ, (i—1,2,--:) 
‘is in #, then ¥(#) = Um(Ë:). Clearly y(Ë) is defined for every # in 3, 
and we now show that y coincides on F with y. Let Æ be arbitrary in F, 
and suppose that # == (JF, where F; (i —1,2,---) isin $. Then F=f, 
whence (E) = (Fi), and (#2) = Um(Fi) =y (2). Setting = (Z) 
—w(#), then @on(B) =O and Ganl) =0 (i—1,2,::-). Now 
@ = (G), for some @ in F, and it results from the equations involving 
@ that Go Ë— Gand GoF,—0 for all i, whence G= Gal JF; —0. 
Next we show that y is single-valued. Let #, and F; (i—1,2,:::) 
be,in F, and suppose that [ii U:#i =D. Let Um(B) =A’ and 
Ua(F,) = B’. To show that A’ — B’, it suffices to show that 4’ a H’ == B'a A’ 
for an arbitrary H’ in F’. If À is arbitrary in F, then (A) is arbitrary 
in F’, and hence we need only show that 4(H) à Um(#i) = (4) ° Um(A). 
Now 
(2) a Um (Ei) = Un( E) 09 (E) = Un(A * Bi) 
=y (UË a B) =y (Ë a D), 


which equals (À a D) since Ho De. As the last expression is independent 
of the representation of D as a countable union of elements of F, it follows 
that y is single-valued. 
To show y to be a ring homomorphism, it suffices to show that 
y(ã aB) =y(ã) ay(B) and y(4 a B) = y(A)o y(B), for da bee and 
Bice say A = UA; and B= UB, where A; and B; (i =1,2,: - -) are 
in 4. Now 


y(A a B) =y (Urds Bi) = Urm (Aia By) = Urm (d) ^B) 

= {Un (4i)} + {Un(B)} = y (5) ° (8B). 
In a similar fashion it follows that #(4 a B) —y(1) vy(B). To see that 
y is onto 3’, let F’ be arbitrary in 3’, and let # — UË’, with Ef e F’. 
It is easy to conclude that F —y(#), where E — Uat (F). To complete 
the proof that y is an isomorphism, it remains only to show that y is 
univalent; this is easily seen, for if y(A) = y(B) with À and B in 4, then 

y(4 © B) —0, whence 4 © B — 0, or À = B. 
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Finally y is unique, for let y, be any ring isomorphism of 3 onto 3” 
which extends y. If # is arbitrary in 3, say Ẹ = U:B, with Bie F 
(i=1,2,::-), then EZ E, WE) = y (Fi) = 7( 2), whence 

vs (E) = Ua (E) = y (E). 
By the same argument applied to y~, #1, and q% we have y, (E) = y> (E), 
for ed’. Putting Ë—y(E£), it results that (yy) (E) = E, which, 
implies on applying yı to both sides of the inequality, that y(Ë) = y, (Ë). 
Combining the two inequalities shows that y = y. 


COROLLARY 2.8.1. Metrically equivalent measure spaces are likewise 
weakly equivalent. i 


8. Direct sums of measure spaces. In order to treat measufe spaces 
which are not necessarily o-finite, it is frequently convenient to represent 
such spaces in terms of finite spaces. This section is concerned mainly wjth 
representations of a measure space as a “direct sum” of other measure 
spaces, especially of finite ones, where “direct sum” is defined as follows. 


DEFINITION 3.1. Let Me (Re, Re, re) be a family of measure spaces 
depending on an index é which ranges over a set =, and suppose that Re and 
Rey are disjoint when é54é@. The direct sum M — (R, R,r) of the Me, 
as é ranges over =, is the measure space for which R = ele; & is the 
collection of all subsets F of R such that Ho Re — 0 except for an at most 


countable set =, of &s, and for which >X, 1r¢(H#9 Rẹ) is convergent; and r is 


given by the equation r(E) = > (Ba Re). The direct sum is denoted 
as Se ® Me. tezo S 


THEOREM 3.1. If the measure space Mg = (Re, Re rg) is weakly, cr 
strongly, or metrically, respeciively equivalent to the measure space 
Më = (Rë, Rg, rg), for all é in Z, where Rg ^ Rg, = 0 = Ref n Re! for any 
two distinct elements é and & of =, then the direct sum of the Mẹ (ée 2) 
is weakly, or strongly, or metrically equivalent to the direct sum of the 
Mg (eZ). 


Consider first the case of weak equivalence. Let fẹ and Fg be the 
o-finite measure rings of Mg and Mg respectively, and F and F’ the o-finite 
measure rings of the direct sums M = (R, R,r) and W = (R, R, r’) of 
the Mg and the Mg respectively. Let pg be an algebraic isomorphism of 
Fg onto Fg, and let Æ be an arbitrary o-finite measurable set in M. Then 
Ē is an arbitrary element of 4. To show that M and W’ are weakly equi- 
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valent amounts showing that F and #’ are algebraically isomorphic. We 
define an isomorphism ¢ from F onto F’ as follows. Set F = U, Es, 


where #, is countable, and E= E” Rg; then Ë — |) He and we dofine 
fem . 
(E) = U (E). Next we show that is uniquely defined. In the 
i Eemi i 


ri 


frst place, if E — U Ez, where Z is another countable subset of =, then 


* plainly Ei 9 Be 36 5 SR = = [é | E0], and it is trivial that 
U pe(Ëe) = U pe(Ër) = no) (Es). Furthermore, if F is a measurable 
fez: Eek 


pi 


o-finite set such that # = Ë, ‘hen Eo fe fa Re, and putting 


nl 


= [é | either 29 RAD or Fo es 0], 
it results that 
e 


(E) = pe(E à Re) =) pel F e Re) = o (F). 


Tlrus œ is well-defined, and to conclude the proof that it is an isomorphism 
it remains only to show that it is order-preserving and onto F’. It is straight- 
forward to verify that ¢ has these further properties. 

The proof is the same in the case of metric equivalence except for the 
additional feature that ¢¢ is then taken to be measure-preserving and that @ 
must then be shown to be likewise measure-preserving. It is easily seen 
that ¢ is actually of this character. 

Finally we treat the case of strong equivalence. Let Mmg and M'g be 
the measure rings of Mg and Me, and Mm and Mm’ the measure rings of Jf 
and M”, respectively. Let yg be an algebraic isomorphism of Mg onto M'g 
andelet K be an arbitrary measurable set in M. We define an algebraic 
isomorphism y of M onto M’, by setting y(K) — Use (Ko Rez); we pro- 
ceed to show that the indicated least upper bound exists. In fact, if Lg is 
any measurable set in Mz’, UeLe exist and equals 0(UJeLe’). For it is easily 
verified that (JsLe’ is measurable and that 6(UeLe) = De; and if W’ is any 
measurable set in W’ such that W’ = Zg, then. Wo Rg > Leo Ri Le. It 
follows that i’ — 6(Uele’)} « Bg = 0, whence for any subset =, of & which 
is not more than countable, 

(W —0(UsLe’)} ° Y ie 0 = {W — 0 (UsLg)} 9 4( U Ae Rg). 


Since every set W’ in &’ is contained in a set of the form |] Rg, it results 
fez 


that {W’—0(UeL?)}°#’=0 for all such W’, which implies that 
— Uebe is a null set, ie. W > 6(UeL?). It remains only to show 

that y is onto and order-preserving. That y has these properties is easily 

verified. `~ 
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Direct sums of finite measure spaces occur frequently (e. g. any o-finite 
measure space is such) and have the useful property (localizability) stated 
in the following theorem. Later, Theorem 5.1, it will be seen that this 
property almost characterizes direct sums of finite spaces. 


| THEOREM 8.2. A measure space which is strongly equivalent to a direct 


sum of finite measure spaces is localizable. 
e 


It is plainly sufficient to show that a direct sum of finite measure spaces 
is localizable. Consider to begin with the case of a single summand. 


Lemma 3.2.1. A finite measure space is localizable. 


Let @ be any subset of the measure ring (M, m) of a finite measure 
space, and let « be the g.l.b. of the measures of all elements of Jn which 
are upper bound for @,—by the finiteness of the measure space, such elements 
exist. Let {#;;i==1,2,-- :} be a sequence of upper bounds for @ such 
that m(£;)>«. Putting FP = Mia, it is clear that F, is an upper boûnd 
for @, and that a = m(F,) <m(E,). It follows that m(F,) >a, and 
hence that m(F) — «, where F = [},F’,, and so F is an upper bound for g. 
Now F is the L u.b. of @, for if @ is any other upper bound for @, then 
so is # » G, which implies that m(F a G) = a =— m(F), from which it results 
that Fo G—F and hence that PS G. 

The following lemma obviously completes the proof of the theorem. 


LEMMA 3.2.2. À direct sum of finite measure spaces is localizable. 


Let M be the direct sum of the measure spaces Mz == (Re, Re, rg), with 
é ranging over €, and let @ be any collection of elements in the measure 
ring M of M. Let 8e— [UR | Ue g]; then by the preceding lemma 
l: has a lu.b. Ve, where Ve can be taken to be a measurable set in Me. 
Setting V = UeVe, it is easily seen that V is measurable, and as seen in 
the proof of the preceding theorem, V = UeVe. Now V is a bound for 6, 
for if Oe @, then U — Uz(U* Re) and again by a fact established in the 
proof of the preceding theorem, U = Ue(U > Re); and as V bounds @4, we 
have in particular, Ÿ = 0 Řę for all é so that V = Ue (U ° Re) = Ü. 
Moreover, Ÿ is the 1. u. b. of £, for if W is any upper bound for @, then it is 
an upper bound for @4, for each é, hence an upper bound for all the Vz, 
and thus an upper bound for V. 


COROLLARY 3.2.1. A o-finite measure space is localizable. 


Tt is clear that a o-finite measure space is a direct sum of a countable 
number of finite measure spaces. 
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The converse of the preceding theorem is included in Theorem 3.4. 
The next theorem however is needed in the proof of Theorem 3.4, and it 
has some independent interest. It shows that the classification of localizable ` 
spaces under strong equivalence is equivalent to their classification under 
weak equivalence which in turn is reducible (via Theorem 3. 4) to the classi- 
fication of finite measures spaces under weak equivalence. The latter classi- 
. fication exists in a cogent form in [8a]. 


THEOREM 3.3. Let Mm and M’ be the measure rings of localizable - 
measure spaces M and M’, and let ġ be an algebraic isomorphism of the 
o-finile measure ring of M onto that of W. Then ¢ can be uniquely extended 
to an algebraic isomorphism of M onto W. 


Leyma 8.8.1. Any element K of the measure ring of a measure space 
is the least upper bound of the elements of finite measure which it bounds. 


. It is clear that À is an upper bound for the K» P, as E ranges over 
R, (R, R,r) being the measure space in question. To show that it is least, 
suppose that L is a measurable set in the measure space such that Z = K a È, 
for all Fe. Then'we have (E — L) ^ Ë = (KR) — (Lf) = (KB) 
— (Ko E) =0. It follows that K — L meets every element of R in a null 
set, i.e. is a null set so 6(K—L)—0. Now 0(K— L) = Š — L, and 
hence K S L. 

To conclude the proof of the theorem, it plainly suffices to establish the 
following lemma. The lemma has been formulated so as to be applicable to 
the proof of Theorem 3.4, and for this reason its statement is slightly more 
complicated than would be necessary if it required only in connection with 
the present theorem. 


Lemma 38.3.2. Net N and W be Boolean rings with units and let D 
and D’ be ideals in N and N’, respectively, with the properties that any 
element of N [or N’] is the least upper bound of the elements of D 
[or D’} which it bounds. Let ọ be an algebraic isomorphism of D onto 
D’ and suppose that, as a lattice, N’ is complete. Then o can be uniquely 
extended to an algebraic isomorphism of M into N’, and if N is complete, 
this isomorphism is necessarily onto. 


We define a mapping y on A to 9’ as follows: for an arbitrary element 
A of N, y(A) =lub.[XeD,X < Alg(X). It is clear that y is order- 
preserving and agrees on D with ¢. We proceed to show that it is univalent 
(i. e. one-to-one into) and a homomorphism. 

To prove that y is univalent, it is sufficient to show that if y(A) = ¥(B), 


~ 
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then A = B. Now assuming #(4) = ¥(B), if A = B is false, there is a non- 
zero element C of D such that B— A = C, since otherwise (B —A ) ^ X =0 
for all X e D and from the hypothesis, B — À = 1. u. b. ysg (B — 4A) ° X —0, 
or AZB. Thus B =C, 4(B) = 4(C), and hence 
Y(4) ~y (0) = y(B) -¥(C) = 4(0). 
On the other hand, 
. y(4)ry(C) =y(0)^°l.u.b. [X£ D |X<A]p(X) 

=]. u.b. [Xe D, X < A]{d(C) e (X)} 

=Lub[YeD,X<A]p(CnrX). 
The last expression vanishes because when X SA, CnXY=<CanA—0. 
Therefore y(C) = 0, i.e. 6(C) — 0, and since ¢ is an isomorphisin, there 
results the contradiction C = 0. 


To show that y is a homomorphism, let A and B. be arbitrary elements 
of N, and let D be an arbitrary element of D. Then 


y(D) ow(A) =4(D) ^l. u.b. [Xe D, X < Alg(X) 
=l. u.b. [X e D, X < A]ẹ(D ^ X) =l.u.b. [Ye D, Y <DrA]p(Y) 
—y(De4) 
Now 
Lu.b.[DeD,D<B](y(D)"y(4)) 
=¢(A)oLub.[DeD,DSBly(D) =y¢y(4) ° 4(B). 
On the other hand, 
l.u.b. [De D, D S B]y(D^ A) 
=l. u. b. [X e D, X < A ° B]y(X) =y(4^ B). 


Thus y(A^ B) =y(A)^y(B). A parallel procedure shows that y (A v B) 
= (A) vy(B). 


Thus y is an algebraic isomorphism of N into N’ and extends ¢. If y, 
is any such isomorphism, and if A is an arbitrary element of N, the equation 
A =l. u.b. [¥ e D, X < A]X implies that 


(4) lub. [Xe D, X < A]$(Z) =y(A). 


In particular, if Z and I’ are the units of N and M” respectively, 
y(1) = (I) =F, so that y.(1) = F. It follows that y — A) = I’ —y,(4), 
and employing this equation in conjunction with the inequality y, (Z — A) 
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= #ÿ(1— A) shows that y(A) =w,(4). As the opposite semi-inequality 
has already been obtained, it follows that y = y4, i.e. w has the stated 
uniqueness property. 

Now suppose that N is complete. To show that y is then onto, let A’ 
be an arbitrary element of N’; we shall show that there exists an element A 
of À such that (A) =A’. Set A=lLub.[XeD,o(X) SAX. Then 
AZ X for Xe D and $(X) SA’, whence y(A) = $(X) for all such Z. 
Since œ is onto, A’ is the L. u. b. of the ¢(X), for Ye D and (X) SA’, 
and hence y(A) = A’. On the other hand, if D’ is an element of D’ such 
that D S y(A) — A’, then D’ S (A), Le. D S1 u.b. [Xe D9, XSA]O(X), 
and intersecting this inequality with D’. yields the equation 


D =1.u.b. [Xe D, X < Al{o(X) -4(D)}, 


where D is the element of D for which ¢(D) =D’. Now $(X) 6(D) 
= ġ(X ^ D), and as X ranges over the elements of D which are bounded by 
A; XD ranges over the elements of D which are bounded by A^ D. 
It results that D’=Lu.b[YeD,Y <AnD]p(Y). Intersecting the 
equation, A==l.u.b.[¢(X) < 4’,Ye D], with D yields the equation 
AsD=æ=lu.b.[p(X) SA, Xe D]X ^D. If Xe D and (X) SA’, then 
since D'<y(A)— A" we have D» A’=0, and hence D’94¢(X) —0 
=¢(X°D). This implies X^- D==0, and hence it follows from the 
equation for 4° D that A^ D=0. The equation for D’ then shows that 
D'—0. Thus {y(A) —A’} oD’ =0 for all D'eD’. Since any element 
of M’ is the 1. u. b. of the elements of D’ which it bounds, 


m y(A) — A =Lub.pea{y(A) —A’}° D’ = 0. 


In other terms, A’ = y(A), and since the semi-inequality in the opposite 
direction has been previously obtained, we can conclude that A’ — y(A). 

The following theorem is useful for reducing questions concerning 
arbitrary measure spaces to corresponding questions for finite measure spaces. 
In combination with Theorem 8.2 it shows that localizable spaces are pre- 
cisely those which are, in some ways, most readily treated in terms of finite 
spaces, and thereby helps to justify our designation for these spaces (see 
also condition e. of Theorem &. 1). 


THEOREM 3.4. For any measure space M there is a measure-preserving 
algebraic isomorphism of its measure ring M into the measure ring Tn’ of 
a direct sum of finite measure spaces, whose contraction to the o-finite sub- 
ring of M is onto the same subring of M’. For such an isomorphism to be 
onto it is necessary and sufficient that M be localizable. | 
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Let M—(R,R,r) and let {Re;&e Z} be a family of chunks in M of 
positive measure, which is maximal with respect to the property that the 
intersection of any two sets in the family is of measure zero,—it is clear 
from Zorn’s principle that such a family exists. Let Rg be the subring 
of R consisting of the elements of # which are contained in Rẹ, and let 
Me (Rg Rear). Let Mg = (Re, Re, rf) be a space isomorphic to Mẹ 
whose set Rg is chosen in such a way that Re’ * Re’ = 0 for é s5 &—e. g., 
Rg may be taken to be the set of all pairs (z,é) with we Re, and with 
Rg and rë determined by the condition that the: mapping yz, æ— (2, é), 
on Reg to Rg, be an isomorphism on Mz to My. Now let M’ = (R’, R’, r’) be 
the direct sum of the Mz’, ée =. It is easily seen that if Æ is in the family 
@ of all chunks in M, then the set Zo = [é|r(Ho Re) 40] is at most 
countable. Since À ue n Re) <r(Æ), the sum 2 re (ne(# à Re) is con- 


vergent, and faite o „(E a Re), = E’ say, is in j We define a mapping 


po on to R’ as ‘follows: $o(E) = E’, and observe that if E and F ate 
equivalent elements of @, then p(E) and ¢o(f) are equivalent elements 
of R’. It results that the mapping ¢, on D —0(8) to D’=4(R’), 
defined by the equation: (E) = 0(¢o0(#)), He 8, is single-valued. We 
show next that ¢ is a measure-preserving algebraic isomorphism of D 
onto D’. 


That ¢ is measure-preserving means that if HW is as in the preceding 
paragraph, then r(H#) =r (E). Now 
P(E) = X re (ne a Be) = X rE S BD. 
Putting G = E — |) (E n% Re), it follows that G is a chunk and has measure 
Feo 


r(E) —71(B’). It is easy to see that Go Re is a null set, for all é The 
maximality of the collection {Re; ée =} hence implies that G is a null set, 
i.e. r(#) —1(E#) =0.. 

To show that ¢ is a homomorphism, let F, and F, be arbitrary in €, 
and let E; = Z, v Ee, where Z; = [é | r(E:° Re) 0] (i= 1,2). Observe 
that if # is arbitrary in @, as above, and if =, is any set such that 
Z4 DE v Zo then ¢ (E) = O(nE(E » Re)), for Ho Re is a null set when 
ée Z, — Ho, 80 that for these values of é, 6(9¢(H#% Re)) = 0, and hence 

H O(nEE ^ Re)) = L on Re)) = 9( H mEn R3)) — P. It follows 


that $ (D) v $(E:) = vi 3 Sones a Be))}u U Olas Re)). Now W is 


a direct sum of finite A spaces, and ion localizable, by Theorem 3. 2, 
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i. e. its measure ring M’ is complete. Consequently the right side of the last 
equation can be expressed in the form >` 


LU {CRC » Be) ~ O(nE(E2° Re))} 
= Y CCE © Re) v (Be Re)) 
g y (4e( (Ea v Bs) à Re) == $ (0 (E, o Be) = $CP v B). 


In a similar fashion it can be shown that ¢(#,) ° (E2) = $(#,° #2). 

It follows that ¢ is an isomorphism, for if ¢(#,) =¢(#2), where Fy, 
and F, are as above, then ¢(#,O #.) = 0, so that a = 0, or #, = Es. 
Moreover, ¢ is onto D’, for if F is in R’, F = ne, U (Fa Rg) for some set = 


which is at most countable, and setting F— LY, one (Ps R), F is clearly 
measurable, r(F) == X r(ng (F ° Rs)) = > P(E a R'e) =r (F) so that 
Eemo feo 


F is a chunk, and it is clear that 6(F) = 

By Lemma 3.3.2 (which is applicable because of Lemma 3.3.1), ¢ can 
be uniquely extended to an algebraic isomorphism y of Mm into Mm. Now ¢ 
is measure-preserving, and y agrees with + except on elements of Mm — D, 
all of which elements have infinite measure and map into elements of 
In’ — D’, which likewise have infinite measure. Therefore y is measure- 
preserving. . It is clear that y maps o-finite elements of Mm into o-finite 
elements of M” Conversely, if E’ is any o-finite element of Mm’, then we 
have Æ = |);#/, where {E;; i = 1,2,: +} is a sequence of chunks. Now 
any chunk H in M differs from a countable union of elements in R by a 
set, of measure zero, for if {H,;n-=1,2,-- -} is a sequence of elements 
of R such that r(H,) converges to the least upper bound of the measure 
of subsets of H which are in @, then it is easily seen that H — JH, inter- 
sects each element of R in a null set and so has measuré zero. It follows 
that Æ differs from the union of a sequence {f/;1—1,2,- - -} of elements 
of R’ by a null set. Hence Æ =— J:F? and putting B= Pde (F;), 
it results that # is a o-finite element of M such that y(E) = 

Finally, if M is localizable, then 9m is complete,, and by a 3.8.2 
y is necessarily onto. On the other hand, if y is onto, then M is strongly 
equivalent to a direct sum of finite measure spaces, and hence by Theorem 3. 2 
is localizable. 


4, Equivalences of spaces. In the present section we study the rela- 
tions between various types of equivalence of measure spaces, and corresponding 
types of equivalence of function spaces or operator algebras associated with 


~ 
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the measure spaces. Before stating our first theorem along these lines we 
make a number of definitions and introduce some additional notation. 


DEFINITIONS AND Notations 4.1. Multiplication algebras. The multi- 
plication algebra of a measure space M = (R, R,r) is the algebra of all 
operators Tą on B2(1) of the form (Tyf) (x) =k(x)f(x), where f is a 
general element of L.(M) and k is an arbitrary bounded measurable function 
on M. Here, and elsewhere when convenient, we simplify notation by denoting 
a residue class in Ba(M) by any function in that residue class. T+ is called 
the operation of multiplication by k. Two algebras of bounded linear operators 
G and Q’ on Hilbert spaces ¥ and X’ are called unitarily equivalent if there 
exists a unitary transformation U from % onto X’ such that UQ = CU, 
and the mapping W —> UWU- is then called the algebraic isomorphism of A 
induced by U. If K is any set in M, yx denotes its characteristic function, 
and if K is measurable, yz denotes the residue class in B,,(M) of which yr 


is an element. 


Remark 4.1. It is obvious that yz actually depends only on K, so that 
our notation is justified. We mention also that it is easy to verify that 
the mapping k—>T, on B,(M) to the multiplication algebra of M is an 
isomorphism. 

The following theorem has interesting implications for multiplicity 
theory, by virtue of the fact that the multiplication algebra of a localizable 
measure space is essentially the most general maximal abelian SA (self- 
adjoint) algebra of bounded linear operators on a Hilbert space (cf. [5]). 
The theorem also includes a kind of analog, for measure spaces, of the Stone- 
Gelfand-Kolmogoroff theorem associating a homomorphism between compact 
Hausdorff spaces with an algebraic isomorphism between function spaces 
over them. 


THEOREM 4.1. Two measure spaces are strongly equivalent if and only 
if thew algebras of bounded measurable functions are algebraically isomorphic 
(complex conjugation of functions being taken to be algebraic operation), 
which in turn is true if and only if their multipleation algebras are unitarily 
equivalent. 

More specifically, let M and M’ be measure spaces with measure rings 
Mm and M, algebras of bounded measurable functions B and B’, multi- 
plication algebras Œ and Q’. Then if $ is a mapping on M to M’ which is 
a strong equivalence between M and W, there is an algebraic isomorphism $ 
from B onto B’ such that $(xx) =xeac, for all K in M; and conversely 
every algebraic isomorphism $ from B onto B’ arises in this fashion. 


a 
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Furthermore, if $ is an algebraic isomorphism from B onto B’, then Q and 
Q’ are unitarily equivalent via a unitary transformation for which the induced 
algebraic isomorphism of CL takes multiplication by k into multiplication by 
(k), for ke B. 


It is appropriate to divide the proof into two parts. 


Part A: Strong equivalence and isomorphism of algebras of bounded 
measurable functions. Let $ be an algebraic isomorphism on M to I’, 
and let £ [or £] be the linear spaces of all elements of B [or 8’, respec- 
tively] which are finite linear combinations of characteristic functions of 
measurable sets. We define a mapping Jo on Æ to & as follows: for any 
mutually disjoint measurable sets F; (1—1,2,---,n; n finite) in M, 
$o(Sitiys,) = Siaixecms. To see that ġo is single-valued, i. e. does not depend 
on the manner in which the function f == 3,aix#, is represented, let y1,: © +, Yp 
be the distinct nonzero values which f assumes on the sets (necessarily mea- 
sûrable) Ho, Mı, © °, Hp of positive measure. Setting A, = [i | «= 0], 
A = [i | «340 and Fi = 0], A; = [i | a0 and Fi 40], it is clear that 


BiixbcBo = Bied: CNG CH) + Žiede XG By F Biets XG Hy = Died WNP En. 


Now putting Qj = [i | i€ As, «= y;] it is plain that the Q; are mutually 
disjoint and cover A; so that 

Scans = À ee, MKS Hy = By se, Xoo) = WiXy sea, Mo 

= Àjyixo cu ieg Eo = SiViX0 yy» 
noting that Uteg, Fi= H;. Since the last expression for $o(f) is inde- 
peñdent of the manner in which f is represented, it follows that $o is single- 
valued. 

Tt is easy to see that £ and ¥ are subalgebras of B and #8”, and we 
show next that $o is a homomorphism. Let f = Sixx, and g = X;B;xx, be 
arbitrary elements of Z. Putting Gy = F: ^ F, the Gy are mutually disjoint, 
and XE, = XU 101 = SX: XF == XU du = Fix; It follows that XO Bi) 


= Xp Uj) = XU OCG) = Sirop and similarly xpp = xp There- 
fore f + I= Zia XG; + Six, En Ba, (oi + Bi) Xin and 


holf +9) = Zis (0i + Bi) Xo Gip = BiG Bry) + BBX 
= Sox + SBxé cr) = olf) + do(g)- 


It is easy to see also that $o(f9) = $o(f)$(g) and that So(af) = apo(f) for 
any complex number a. 
Now if f is as above, | f lle —1Lu.b.;|y;|— {| do(f) I, so that $o is an 


= 
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isometry. Moreover, $ is onto L’, for if F = 3ie.xm, is an arbitrary element 
of £’, putting F, for the element of M such that $(Z;) = E’ and f = Saxi 
it is obvious that off) =f’. It follows that $o can be extended to an 
isometry of the closure of Æ onto the closure of £’, and it is easily seen 
that these closures are algebras and that ¢@ is a homomorphism. To show 
that has the properties alleged in the theorem, it is only necessary now to 
show that £ [and 7] are dense in 8 [and 8]. 

It suffices to show that the real elements of £ are dense in the set of 
all real elements of @, for if h is an arbitrary element of B, h = h, + the, 
where À, and hs are real, and if the }; can be approximated by real elements 
of £, then A can be approximated by complex elements; and since M is an 
arbitrary measure space, the density of £’ in 8B’ follows from the density 
of £ in B. Now let k be an arbitrary real element in @, and let < be an 
arbitrary positive number. Set 2, = [x | ne < k(x) S (n+1)e] (n—0, 
+1,:::). Then #, is measurable, and is of measure zero for |n] 


m 
sufficiently large, say for |n| >|m]|. Putting ke= 3 nexa, it is easy to 
conclude that kee £, and that || e — ke llo SE €. nein 


Remark 4.2. The mapping ¢ of Theorem 4.1 is necessarily unique. 
To see this, observe that any algebraic isomorphism of 8 onto B’ preserves 
norms, for the norm of an element & of @ can be defined purely algebraically, 
as the g.l.b. of the non-negative numbers a for which there exists an 
element h of @ such that «?—kk—hh. Thus any such isomorphism is 
necessarily continuous, and since it must evidently coincide on £ with $e 
it is identical with ¢. 

e 

Completion of proof for Part A. Conversely now, if $ is an algebraic 
isomorphism of B onto 8’, and if # is any measurable set in M, then from 
the equation (xz)? = xi it follows that $((xz)?) =$(x#), which implies 
that $(x5) — xa for some Fe M. We define + as the mapping on M 
to Mm’ given by the equation: ¢(#) =F’. Then ¢ is univalent, for if 
PCE) = $(F), F being in M, it results that x6 = xo, P(XE) = (XF); 
xi = xr and so F= F. Also, ¢ is onto, for if F e m’, then since ¢ is onto 
there exists fe @ such that (f) = xr; applying ¢* to the equation 
(xF)? = xyi yields the equation f° = f, from which it follows that f= xs 
for some Fe M, and that F —¢(F). Finally, ¢ is order-preserving (and 
hence an algebraic isomorphism) for if Fe Mm and FS F, then xFx5 = xP 
and applying ¢ to this equation leads to the equation xixe) == xer Which 
implies that b(F) = p(E). 
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Part B: Isomorphism of algebras of bounded measurable functions and 
unitary equivalence of multiplication algebras. 


- In this part, is a given algebraic isomorphism of # onto 8’, and it 
must be shown that the algebraic isomorphism ® of @ onto Q’, where & 
takes multiplication by & into multiplication by (k), is induced by an 
appropriate unitary transformation of L,(3f) onto Do(M’). We shall exhibit 
this unitary transformation as the product of two such transformations. 
The first of these is from Z,(M) onto Z,(M”), where M” has the following 
properties: it is metrically equivalent to M, and on the other hand 
M” = (R’, 3’, 8’), where W = (R’, R’), MW and M” have the same 
measurable sets, and where s’ and 7’ are absolutely continuous with respect to 
each other. The second transformation is then from ZL;(f””) onto La( W). 

Let be the isomorphism of M onto M’ which induces ¢ as in Part A. 
For any measurable set W in M’ we define a measure s’ by the equation 
s.(H’) =7(¢7(#’)). It is clear that s is countably additive on the 
collection of measurable sets in W’, and that if 3’ is the collection of measur- 
able sets Æ’ such that s’(#’) is finite, then M” = (R’, 3’, s’) is a measure 
space. 


\ 
Lemma 4.1.1. À set is measurable, or measurable and o-finite, cr a 
null set in M”, if and only if it is the same in M”. 


We observe to begin with any o-finite measurable set H’ in M” is equi- 
valent in W’ to a o-finite measurable set in M”. For À” is then o-finite in 
M, so that H’ = ¢(H), where À is a o-finite element of M, say H = UË, 
where À; has finite measure. It then follows that H’ = |J,H/, where H/ 
is a measurable set in M’ such that #7 = p(;), or that H’ is equivalent 
in W’ to the union of the H/. As each Hy is in 3’, this union is a o-finite 
measurable set in M”. 

It is obvious that if W’ is a measurable set in M’, then it is a measurable 
set in M”. Now if F’ is a measurable set in M”, and if H’ is in R’, then 
H is o-finite in W’, and hence by the preceding paragraph, H’ = UH? v NV’, 
where Hj e 3’ (t==1,2,---) and N’ is equivalent to zero in W’. Clearly 
EE’ o H = J,’ 9 HY) v (E ^ N°), and since Wa H’ 3’ and so is measur- 
able in W’, it results that W^ H’ is measurable in W’, and hence that X” is 
measurable in W. 

Now if @ is a o-finite measurable set in M”, we have G’ = UG, v N”, 
where G/ e 3’ and N” is equivalent to zero in M”. Now G/ (regarding GY 
here as a measurable set in M’) is o-finite, for s’(G/) —1r(¢+(G/)) is finite, 
showing that ¢7(G/) is o-finite, and hence that G/ is such. Hence G/ is 


w 
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equivalent in W’ to a o-finite set in M’, whence G’ =F” u N”, where F” is 
o-finite in W, and N” is equivalent to zero in M”. It follows that to 
conclude the proof of the lemma, it suffices to show that a set is equivalent 
to zero in W if and only if it is such in M”. 

If #’ is equivalent to zero in W’, but not in M”, then ED W where 
Wed’ and (W) 340. Now s’(W’) =1'(62(W’)) (here W = Oa (W), 
i.e. W’ is the residue class containing W’ relative to M’) which shows that e 
$= (W’) 0 and hence W’£0. This contradicts the relations W < # and 
E — 0. If on the other hand Æ” is equivalent to zero in M”, but not in W’, 
then BE’ DW’, where We R’ and W’40. Now B” is measurable in 
M“ and B => W (B” =6y(B”)), so s (B) =¥(W’). It follows that 
0=r(¢4(W’)), whence ¢7(W’) =0, and W = 0, a contradiction, 


Resumption of proof of Part B of theorem. Our next step is to set up 
a unitary transformation from B(M) onto B(M”). This transformation 
will be seen to be the unique extension to B (M) of the contraction of $ 
to 8° B(M). 

Let f be an arbitrary element of L,(M) a E,(M), and let f” —¢/(f). 
Since f” is measurable with respect to W’, and since every set measurable 
in W’ is likewise measurable in M”, f” is measurable with respect to M”. 
To evaluate the norm of f” in L,.(M’’), we note that 


S IPP as (a) = fe ass), 


where 8)’ = [z | | f’(2’)| >A]. Now ¢ preserves order, on the subspace 
of real functions in #@ (where p =q means that p-q is n.e. non-negative), 
for p =q, where p and gq are real functions in @, holds if and only®if 
p= q+ 17°, where r is a real function in @; and this implies 


(p) = $(g) + ($(7))*, (2), 6(g), and p(r) 


being real because ¢ preserves complex conjugation. Putting 
S= [e | | f(#)| >a], 


it is clear that ff = A2xs, and that PP’ = Axs. Applying ¢ to the first 
of these inequalities it results that ff” = lxécsn Which implies that 
p(S\) S x. Applying ~t to the second inequality yields the inequality 
ff = xyes) which shows that ¢4(5)’) S Sy, and hence that 5,’ < ¢ (5). 
It follows that #(S)) = S\. Now s’(¢(#)) =7r(#) for any #e M, and 
hence 


SI Perl ase) =—— fn ar) OIO? 
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Thus $ maps 8 9 B,(M) into 8’ B,(M’) in a manner which preserves 
the B: norm. Moreover, if f” is any element of B’*'B.(M’), $1(f") is in B, 
and by the last line of the preceding paragraph (which is valid for arbitrary 
fe 8), it is also in B,(M). Thus $ maps Bo B,(M) onto B'a B,(M’). 
Since #8 n B,(M) and 8’n B(M’) are dense in B(M) and B,(M’) respec- 
tively, we can conclude that there is a unique isometric linear map V of 
B(M) onto B(M’) (ie. V is unitary) such that Vf—¢(f), for 
fe Ba B(M). : 

Next we construct the unitary map mentioned above, of Ba(M”) onto 
B.(M’). If W is any o-finite measurable set in M’, it is easy to deduce from 
the Radon-Nikodym theorem (applied to the spaces whose set ‘is E’ and 
whose measurable sets are the M’-measurable sets of E’, to which the same 
measures as those in M’ and M” are given) that there exists a measurable 
function hy on M’ which is n. e. positive on F’, vanishes on the complement 
of F’, and such that for any measurable subset W of W’, 


LP) — fhe ade (er); UP) = S e(a) as"), 


We observe that if H’ is any o-finite measurable set in Mf’ which contains BE, 
then hy (2’) == he (x) n.e. on K’, for 


f har (2’) ds! (a) — f he (a’) ds’ (2’), 
«7 p . F’ 
for any measurable subset W of F’. 


We now define a unitary map W on La(M”) to L.(M’) as follows: 
if fe L:(M”), if F’ is a o-finite measurable set outside of which f vanishes, 
then (Wf) (2) = f(a’) {ha-(2’)}4 for ce W and (Wf) (x) —0 if à gE. 
It is easy to verify that Wf is measurable on W’, and (up to equivalence) is 
independent of the choice, within the stated restrictions, of 2’; and 
Wf e Le(M’), in fact 


WEE fF) [Pam (a) ar (a) — MECS CET 


so that W is an isometry. To see that W is linear, let g be arbitrary in 
L,(M”) and let « and B be arbitrary constants. Then if F is a o-finite 
measurable set outside of which g vanishes, and if G’ = EH’ u F’, we have 
{W (af + Bg) y (2) = {af (2) + Bg (2) } {he (2) > 
= af (2) {he (2’)}4 + Bg (2) {he (2) FE 
=a(Wf) (x) +8(Wg) (x). 
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Thus W is unitary on Z,(M”) to L.(M’) and the product U = WV 
is unitary on L,(M) to L.(M’). It remains only to show that the algebraic 
isomorphism of @ induced by U is actually 6. That is, it must be shown 
that if ke B, then UT, = Tim U, where Tm denotes the operation of multi- 
plication by the function m on the space of square-integrable functions over 
the measure space on which m is defined. Thus, the equation UT3f = Tfn Uf 
must be checked, for all fe Z.(M); but since U, Th, and Téx) are bounded 
operators, it is sufficient to check the equation for a dense set of fs, e. g. for 
fe L.(M)°L.(M). Now for such an f, (UTif) (x) = (Up) (2’), where 
pe) = k(a)f(«) ; = (WVp) (2°) = (Wa) (a’), where q = $(p) = B(E)B(P); 
= q (x) {hu (x) y? on E’ and 0 elsewhere, where Z” is any o-finite measurable 
set outside of which g vanishes; = ($ (k) ) (2) (}(f)) (2) {he (2’)} 4 on W 
and 0 elsewhere. On the other hand, (Téx)Uf) (2) = (Tim WYP) (2) 
= (Eu WF (F)) (a) = (Teast) (2"), where t(2") — (6(f)) (2) {he (2’)}4 
on W” and 0 elsewhere, F” being any o-finite measurable set outside of which 
PP) vanishes; = Z (k) (2’)#(2’) = (B ($) ) (2) (B(f)) (2) {Tur (2) }4 on P 
and 0 elsewhere. Since fy and hr coincide n. e. on E’ a F’, outside of which 

. q vanishes, it results that (UT;f) (4) =T Uf) (x) n.e. and the proof 
is complete. 

The next theorem relates weak equivalence of measure spaces to varieties 
of isomorphism of function-spaces over measure spaces. Such equivalence 
could also be related to unitary equivalence of the algebras of multiplications 
by bounded measurable functions vanishing outside of o-finite sets, in a 
fashion similar to that described in the statement and proof of the preceding 
theorem. 


THEOREM 4.2. If the spaces X and X’ of real-valued a-th-power 
integrable functions over two measure spaces M and M’ are isomorphic, as 
partially ordered linear spaces (a = 1), then M and W are weakly equivaleni.’ 

If on the other hand M and M’ are weakly equivalent, then there is an 
isometric isomorphism between X and X’, as partially ordered Banach spaces. 


We show first that M and W’ are weakly equivalent if there is an iso- 
morphism between X and X’ as partially ordered linear spaces. Let y he 
- such an isomorphism, i.e. an order-preserving linear map of X onto X’. For 
any numerical function f on .a measure space, let S(f) denote the set of 
points in the space where the function is nonzero. If # is any element of the 
o-finite measure ring F of M, we define ¢(#) as follows: if f is a non-negative 
element of X such that S(f) (=0(S(f))) = E, then ¢(#) =S(y(f)). It is 
easy to see that such a function f always exists, so that ¢(#) exists for all 
Ee, and we show next that ¢ is single-valued. 


” 
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Suppose that f and g are non-negative elements of X such that S(/) 
= $(g) —Ë. Then setting k= fvg and h=f*g (where v and + denote 
the l. u. b. and g.l. b. respectively in X) it results that k and h are in X and 
that S(k) = (h) = E. Plainly, y(t) = y (h), so that S(y(k)) = S(y(h)). 
On the other hand, if S(y(%)) 4 S(y(h)), then setting p’ for a nonzero 
element of X’ such that y (k) = p’ and p *y(h) = 0 (e. g. p (£) = (k) (2’) 
e ior v'e S(y(k)) —S(y(h)) and = 0 otherwise), and p == y™ (p), it follows 
that p = k and p^ h= 0. These last relations imply the contradiction p = 0, 
and hence S(y(k)) = S(w(h)). Now from the inequalities k =f =h it 
follows that 5(w(k)) = 8(w(f)) = S(y(h)), and hence we can conclude that 
S(w(f)) =S(w(k)). Since k is a symmetric function of f and g, this 
equation implies that S(y(f)) = S(y(g)), i.e. @ is single-valued. 

To complete the proof that M and M’ are weakly equivalent it suffices 
to show that ¢ is onto, univalent, and order-preserving. If # is in the 
o-finite measure ring F’ of W, then there exists an element f in X’ such 
that 5(f’) — F, and hence F = (E), where Ë = S(y1(f)) ; ie. ¢ is onto. 
To see that ¢ is univalent, let F and G be elements of 4 such that ¢(F) = (6). 
Putting f for an element of X’ for which S(f’) = ¢(#) = $(G), it follows 
from the definition of ¢ that if f = y> (f), then S(f) = F= G. Finally, 
if # and G@ are elements of F such that F G, then it is easily seen that 
there exist non-negative elements f and g of X for which S(f) =F, (g) =G, 
and fg. The last inequality implies that y(f) Sw(g), from which it 
results that S(y(f)) = S(¥(g)), i.e (F) S¢4(4). 

Now let ¢ be a weak equivalence between M and MW’, from # onto F’. 
By Theorem 3.4, M is metrically equivalent to a measure space P which is 
a direct sum of finite measure spaces, and hence localizable. It is easy to 
see from the proof of Theorem 3.4 that there can be assumed to exist an 
isometric order-preserving linear map A of X onto RLa(P). Since M is an 
arbitrary measure space, there is a map B of the same type as A on X’ to 
RLa(P'), where P’ is a localizable measure space. Since M and M’ are 
weakly equivalent, so likewise are P and P’, and hence, by Theorem 3. 3, 
P and P’ are strongly equivalent. 

It is not difficult to verify that the unitary E E G U of the 
proof of Theorem 4.1 is order-preserving. Hence there exists an isometric 
linear order-preserving map U of RL.(P) onto RL.(P’). It is easy to 
conclude that BUA is an isometric order-preserving linear map of X onto X’, 
and so the proof of the theorem is complete in the case a==2. For general 
a the theorem can be concluded in a similar fashion as follows. Putting é 
for the algebraic isomorphism of B,(P) onto B.(P’) induced by the strong 


5 
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equivalence between P and P’, and noting that in the present case s= r 
(in the notation of the proof of Theorem 4. 1), it is straightforward to verify 
by the procedure of that proof, that the contraction of é to B.(P) a Ba(P) 
can be extended to an isometric, linear, order-preserving map U of Ba(P) 
onto Ba(P’). Then, as above, BUA is the required map of X onto X’. 

We conelude this section by characterizing metric equivalence in terms 
of the induced correspondence between certain function spaces. 


THEOREM 4.3. Two measure spaces M and M are metrically equivalent 
if and only if there is an algebraic isomorphism between the algebras of 
bounded real-valued measurable functions vanishing at infinity on M and M’ 
which preserves the integrals of idempotents in the algebras. 


Let @ and Q’ be the algebras of bounded real-valued measurable func- 
tions vanishing at infinity on M = (R, R,r) and W = (R’, R’,7’), and 
let @ be an algebraic isomorphism from @ onto @’ which preserves the 
integrals of idempotents in @. It is easy to see that an idempotent f in @ 
is the characteristic function of a chunk in M, and that conversely every 
such function is an idempotent in @. It follows that if Ẹ is any chunk in M, 
there is a chunk Z’ in W’ such that (xz) = xx, and r(E) = 1 (F). Now 
let D and D’ be the subringe of F and F’ respectively which consist of the 
elements of finite measure, and put $ for the mapping on D to D’ deter- 
mined by the equation ¢(#) = F, where p(x5) — x», for He D. It is 
easy to see that ¢ is a measure-preserving ring isomorphism of D onto D’. 

Now let M and W’ be metrically equivalent, and let y be a measure- 
preserving ring isomorphism of the finite measure ring D of M onto the corre- 
sponding ring D’ of M’. Put £ and ¥& for the subalgebras of @ ande Q’ 
consisting of all real finite linear combinations of characteristic functions of 
chunks in M and MM’ respectively. It is easy to see by the procedure used in 
the proof of Part A of Theorem 4. 1, that the mapping po: Sieve, > Sieiyn Bo, 
where Fie D, i ranges over a finite set, and the a are real, is a (single- 
valued) algebraic isomorphism of Æ onto E’. Moreover, || ¢o(f) lle = | f le, 
for fe Æ. It is not difficult to verify that £ and £’ are dense in Q and Q’ 
respectively (with respect to the Ba norm topology), and it follows that ¢o 
can be extended to an algebraic isomorphism of @ onto Q’. It is obvious 
that œ preserves the integrals of idempotents in G. 

We need the following definition before stating our final characterization 
of metric equivalence. 


DEFINITION 4.2. Let M and M’ be measure spaces. A mapping ¢ on 
L:(M) to L2(M’) is called multiplicative if whenever-elements f, g, and h 
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of La(M) are such that f(z)g(r) — h(x) n.e. on M, then the equation 
f (2) 9’ (r) =R (x) holds n. e. on W, where f’, g’, and w are the transforms 
of f, g, and A respectively, under ¢. 


THEOREM 4.4. Two measure spaces M and M’ are metrically equivalent 
if and only if there is a multiplicative unitary transformation from L;(M) 
onto L:(M°). 


We treat first the “only if” part of the theorem. Let 7 be a measure- 
preserving ring isomorphism of the finite measure ring D of M = (R, R,r) 
onto the corresponding ring D’ of M”, and let £ and Æ be the algebras of 
all complex finite linear combinations of characteristic functions of chunks 
in M and W respectively. Then as in the proof of Theorem 4. 1, the mapping: 
do: Risixn, > it where Fie D, à ranges over a finite set, and the a; 
are complex numbers, is a (single-valued) algebraic isomorphism of £ onto 
Æ. Just as in the. proof of the preceding theorem ġo can be extended to an 
algebraic isomorphism ¢ of the algebra @ of all complex-valued measurable 
functions vanishing at infinity on M, onto the corresponding algebra €’ on 
M’ (both algebras modulo the ideals of functions equivalent to zero). Plainly 
4°8B,(M) and £’9B.,(M’) are dense subsets of B.(Af) and B(M’) 
respectively, and it can be verified as in the proof of Theorem 4.1, that ¢ 
is isometric, relative to the B, norm, from @ ^ B(M) to 6’ B.(M’). It 
follows that the contraction of ¢ to ^ B (M) can be uniquely extended to 
a unitary transformation U from B.(Jf) onto B.(W”). ` 

To complete the proof of this part of the theorem, it suffices 7 show 
that U is multiplicative. Let f, g, and h be elements of La(M) such that 
f(@)g(x) — h(x) n.e. on M, and set 


Fa= [e| |F| Sn] a= [e| |g) Sn], Hi=[2||h(e) Sn], 
and K, = Fna Gho H, (n= 1,2, > +). 


Plainly each of UnFn, UnGa, UnHn is equivalent to R, and hence so also is 
Unk. Now let fn = fXEn Jn = J9XEw aNd hn = hyx,. Clearly, fa — f, 9n — 9; 
and hn —> h, in La(M), as n—00 ; fa(£)ga (£) = hn(£) n.e. on M; and fn, 
gm and À, are in @. It results in particular that Uf. — ẹ (fna) = fx’, 
Uga = $ (Ja) = gn, and Uhn = (hr) = hn’. Now let {ni} be a subsequence 
of the positive integers such that fn,’(2’) — f(x), gni (2) —>g (x), and 
hn (£) >k (£) ne on M, where F= Uf, g —= Ug, and k = Uh. 
Observing that hn = 6(fngn) = D(fn)b(9n) = fn’ gn’, We have n.e. on 


Wh (a) = im hnt (2) = imi fn (8) gn,’ (2) 
— lim; fa (a) gn (2) = f(a") g'(@’). 
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Now conversely let 7 be a multiplicative unitary transformation from 
L.(M) onto L.(M’). If E is a chunk in M, then putting k for the charac- 
teristic function of F, T(k°) = T (k) = (T'(k))?, so that T'(k) is a charac- 
teristic function of a measurable set W’, and as T is unitary, || & [2 = || W le 
where k’ is the characteristic function of #’, whence r(#) =v (F). Putting 
ii’ == y(#), it follows readily by a device previously employed that y is order- 
preserving, and y is clearly one-to-one and onto the finite measure ring of W. 
It follows that y is an algebraic isomorphism of the finite measure ring of M 
onto that of W’, and hence is a metric equivalence of M with W. 


5. Localizable spaces. We show in the present section that localizable 
spaces are characterized by any of a number of important measure-theoretic 
properties. These results, together with those of the preceding sections, 
suggests that, at least as regards applications to many aspects of functional 
analysis, the localizable spaces constitute the most significant general class 
of measure spaces properly containing the finite ones, and are of the maximum 
generality consistent with usefulness in any large sector of abstract analysis. 

Before stating the main theorem of this section we make the following 


DEFINITIONS 5.1. A collection % of chunks in a measure space [or of 
elements of the finite measure ring D of the space] is called a conditional 
o-ideal if it is an ideal in the ring of measurable sets [or in M], and if 
any chunk [or element of D] which is a countable union of elements of K 
is itself in K. An ideal £ of chunks [or of elements of D] is said to be 
localized in L [or Z] if there is a measurable set L [or element Z of the 
measure ring] such that every element of ¥ is equivalent to a subset of L, 
and conversely every chunk contained in Z is equivalent to an element of £ 
[or such that = [LoD] De D]]. 


DEFINITIONS 56.2. The Radon-Nikodym theorem is said to be vaild for 
a space M — (R, R,r) if whenever M = (R, &,7’) is a measure space such 
that 7 (E) S ar(E) for He R, a being a constant, then there exists a measur- 


able function f on M such that for Fe, 1° (2) = f f(z)dr(æ). The 
E 


Riesz representation theorem for linear functionals on L, is said to be valid 
for M if for every continuous linear functional ¢ on L, (M) there is a (fixed) 
bounded measurable function k on M such that 


$) = f, EHe) dre) (Fe Ls (A). 


Remarks 5.1. It is easy to see that if a collection # of chunks is a 
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conditional o-ideal, then the same is true of 8(#) ; and that K is localized 
in k if and only if 6() is localized in 0(K). 

The form of the Radon-Nikodym theorem given above differs somewhat 
from the usual version. It is easy to see however by a well-known device that 
the result for the case when 7” is merely absolutely continuous relative to + 
follows from that for the special case described. 

The following theorem further justifies our term “localizable,” by 
showing that such spaces are precisely those in which every conditional 
o-ideal of chunks is localized. 


THEOREM 5.1. Any of the following conditions on a measure space 
M = (R, ®R,1) implies all of the other conditions. 

a. M is localizable. 

b. M is strongly equivalent to a direct sum of finite measure spaces. 

c. The Radon-Nikodym theorem is valid for M. 

d. The multiplication algebra of M is maximal abelian in the algebra 
of all bounded linear operators on L:(M). 

e. Every conditional o-ideal of chunks is localized. 


f. The Riesz representation theorem for linear functionals on In ts 
valid for M. 


That a and b are equivalent was proved in Section 3 and is stated here 
for convenience of reference. In order to prove the theorem, it therefore 
suffices to show that a and e are equivalent and to establish the following 
cycle of implications: e => d, d = f, f => c, and ce. 


° A:a—e. Let K be a conditional c-ideal in the finite measure ring D 
of the localizable space M— (R, R, r). Setting E =1. u. b. pex E, then 
every element of # is bounded by À, and it remains to show that if P= K 
and Fe D, then Fe K. Now for such an F we have 


F = Fa R = Palu b gey E= Llu b geg (BoF). - 


Choosing F; in & such that r(£ir F) — lu.b.;,4r(E a F), it is easy to 
verify that F = UF, and hence Fe K. 

B: e=>a. Let £ be any subset of the measure ring M of the measure 
space M = (R, R, r), for which e holds; it must be shown that £ has a 
lu.b. in M. Set £, for the set of all elements of D, the finite measure 
ring of M, which are bounded by some element of £, and let KH be the 
conditional o-ideal generated by £.. On the one hand & is the intersection 
of all conditional o-ideals in D which contain £e and so exists; and on the 
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other hand, it is easy to verify that K consists of all elements of D which 
are countable unions of elements of D which are bounded by elements of £. 
Now let K be localized in Æ. Then Æ is an upper bound for the elements 
of £, since it is an upper bound for the elements of D which are bounded 
by the elements of £, and since by Lemma 8.8.1 any element of £ is the 
1. u. b. of the elements of D which it bounds. Furthermore, Æ is the 1. u. b., 
for if K’ is any other upper bound, it is clear from the form of # that K’ 
is an upper bound for K. This implies that À — K’ is disjoint from every 
element of K, but (E — R’) oF is in K for every Fe D, being bounded 
by K, and hence (K — K’) a F —0 for all such F, whence K — R’ —0, 
ie KZK. i 

C: e=>d. If M is a measure space for which e holds, then as just 
proved, M is localizable, and hence by Theorem 3. 4 strongly equivalent to a 
direct sum M’ of finite measure spaces. By Theorem 4.1 the multiplication 
algebra of W is unitarily equivalent to the multiplication algebra of M’, and 
hence it suffices to show that d holds for any direct sum of finite measure 
spaces, say for M — 2 D Mz, where Me— (Re Re rg) is finite. 

ex 


‘Let U be a bounded linear operator on La(M) which commutes with 
all multiplications Te by bounded measurable functions k on M. Let yẹ be 
the characteristic function of Rg and let Pg be the operation of multiplication 
_ by xe Then T,Uxg = UT pe, for fe Z and ke L,(M), and putting k = xg 
it follows that PeUye == Uyg, i.e. Uyg vanishes n. e. outside of Re Now if g 
is any element of Z.(M)nL,(M) which vanishes outside of Rẹ, then 
Ug = UT sxe = TU xe = Ugg, where Uç is the operation of multiplication by 
Uxe on the domain La(M) n L.(M). Clearly | Usg | =| Ug | S| U |g lt 
for such g, and in particular, putting g for the characteristic function of the 
subset Z of Re on which Uy yz exceeds || U | +1 in absolute value, we have 
(] 7 +4) (r(Z))8S | Veg |S (CZ) Tt follows that r(Z) —0, 
which implies that Uxe is bounded n.e. by | U | +1 on Rg 

Now let % be the function on À which coincides on Rẹ with Uyg. It is 
plain that h is measurable, essentially bounded by || U | + 1, and that if g 
is in Z,(M) and vanishes outside of some Rẹ, then Ug == Tag. The last 
equation holds also if g vanishes outside of the union of a finite number of 
the Rg, and thus holds for a set of g’s which is dense in L,(M). Since U 
and T; are bounded operators, it results that they are the same. 


D: d=>f. The following proof is related to the proofs of the Radon- 
Nikodym theorem which have been given by von Neumann [8] and Stone [6]. 
Let d hold for the measure space M — (R, R,r) and let 4 be a continuous 
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` linear functional on Z,(M) of bound a. We define a hermitian bilinear 
form ® on £.(M) as follows: if f,geL.(M), O(f,9g) —p(fg). Then 
Lag] Sal fol.:Salfllellg le, so that for each fixed g, &(f,g) is a 
bounded linear functional of f, of bound not greater than æ || g lla By the 
representation theorem for bounded linear functionals on Hilbert space, there 
exists an element H(g) in Z2(M) such that S(f,g) = (f,H(g)), and 
| H(g)l- 5a |g lle It follows easily that H is a bounded linear operator 
on Le(M). 

Now H* commutes with all operators on L,(M) of the form Tw, where 
Tx is multiplication by the bounded measurable function k, for if f and g are 
arbitrary in D,(M), then (H*Tf,g) = (Tif, Hg) = (Tif, g) = o (kf). 
= (f, Tig) = (f, HT ig), and noting that (T,)* = Ti, the last expression 
is (T,H*f, g). Since d holds for M, H = T, for some p in L,(M). It 
results now from the fact that the product of two arbitrary functions 
in Ze(M) is an arbitrary function in L, (M) that for all feL.(M), 


oP = f potada). 


E: f=>c. Now let f hold in the measure space M = (R, R, r) and let 
M’ = (R, R,17) be a measure space for which (E) S ar(E), BeR, a 
being a fixed positive number. We define a functional ¢ on L, (M) by the 


equatioin ¢(f) -f f(x)dr’ (x), fe L,(M); the indicated integral exists, 
R 
and in fact 


tete J hate | 11) Sal 


<a [dre IFEA] =a f Ie] dre), 
ie [(f)| Sa] fla. ‘As f holds, there exists peLo(M) such that 


$(f) = f p(æ)f(æ)dr(x) for fe L(M), and it is readily shown that 
R 
OS p(z) <a n.e. on M. Thus for fe L,(M), 


Jf fear (2) =f OLOLLO 
and putting f equal to the characteristic function of a set in R, c follows. 


F: c=>e. Let M—(R,R,r) satisfy c, and let K be a conditional 
o-ideal of chunks in M. We show that % is localized essentially by con- 
structing a kind of quotient space of M with respect to KH, and deriving 
from this quotient a measure which is absolutely continuous with respect to r. 


Titra 


Ce ef 
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If E eR, the least upper bound of En F as F varies over 6(K) exists and 
is in 0( K), for if F; (i= 1,2,: - -) is a sequence of elements of K for 
which lim; r(Ë ^ F) =l. u. b. p.57 (E e &), then it is easily seen that 
Ñ a (JF, is the least upper bound in question, and it is clear from the circum- 
stance that 6(K) is a conditional c-ideal that it is in @(H). We now put 
y(£) for that least upper bound and define a function 7’ on R as follows: 
(E) —r(y(£)), Ee. Evidently (E) <r(£E), for He R, and we 
show next, employing a simplification of our original argument due to the 
referee, that 7’ is a countably additive measure on R. 

Let {#;} be a sequence of mutually disjoint elements of # whose union 
Eis in R. Then ¥(#£2) = y(E) o E = Ui(v(#) o E) S Un (E) (for 
y(Ë)e0(&)). On the other hand, it is plain that Ua (E) <Yy(Ë), so 
y(B) = Ug (B). Hence 7 (B) =r(y(H)) = 3r(y(B,)) (as (Es) S E, 
the y(#;) are mutually disjoint) == %7 (F). By the Radon-Nikodym 


theorem, 7 (E) = f f(æ)dr(æ) for Ee R, where f is a measurable function 
i E 
with values between 0 and 1. It is readily verified that y(¥(#)) =yw(Z), 


so r(y (y (B) =—r(4(Ē)), whence OO = r(y(£)), where y(E) is 
any set in the residue class y(#). As f(x) = 0, it results that f(x) = 1 n. e. 
on ÿ(Æ), and as 7/(E — y(E)) =0, f(x) —0 ne. on H—y(L). Now 
E is a general element of R, so f is n.e. equal either to zero or to one, and 
hence is equivalent to the characteristic function of a measurable set K. 
It follows without difficulty that # is localized.in K. 

We close this section by giving a useful sufficient condition for a space 


to be localizable. For definitions and results concerning uniform spacesewe 
refer to [9]. 


THEOREM 5.2. Any uniformly locally compact regular measure space 
is the direct sum of finite measure spaces (and hence localizable). 


Let M = (R, R,r) be a uniformly locally compact regular measure 
space, and let N(.) be a uniform family of neighborhoods in R such that 
N = N> and N? (x) CP(x) for ce R, where P(.) is a neighborhood family 


such that P(x) is compact for se R. Then the sets Q(x) == ÜMi(z) are 
{=L 


o-compact, and open and closed, and it is easily seen that Q(x) meets Q(z") 
if and only if Q (s) = Q(z). Hence R is the union of mutually disjoint 
o-compact open and closed sets, say Re, with £ ranging over the index set =. 

Now any set in { is in the o-ring determined by the compact subsets 
of R, and any such compact subset meets at most finitely many of the Re. 
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Hence each element of R meets at most countably many of the Rẹ. It follows 
that M is the direct sum over Z of the measure spaces Mze— (Rẹ, Rer), 
where Re—[EoR:| Een]. Each Me is clearly o-compact and a regular 
locally compact measure space. Therefore As is o-finite, and hence a direct 
sum of countably many finite measure spaces. It results that M is itself a 
direct sum of finite measure spaces. 


COROLLARY 5.2. Any locally compact group is localizable, relative to 
Haar measure (on the conditional o-ring determined by the compact subsets). 


Remark 5.2. The following question arises fairly naturally in connection 
with this section: is any measure space strongly equivalent to a complete. 
measure space (i.e. one in which every subset of a set equivalent to zero is 
also equivalent to zero) ? Any measure space has a “completion” and it is 
easily seen that a localizable space is strongly equivalent to its completion, 
but the question appears to be open in general. An affirmative answer would 
be useful, but it seems plausible that the answer is negative. 

We conclude this section by giving a partial extension of a theorem of 
Dieudonné [1], and also a short proof of the original theorem. As a matter 
of terminology, if N is a subring of the measure ring of a measure space, a 
function on the space will be said to be measurable relative to N if it is 
measurable in the usual sense relative to O(N). 


THrorem 5.3. Let M — (R, R,r) be a loculizable measure space with 
measure ring M and let N be a complete subring of M containing À. Let 
Q be the algebra of all bounded measurable functions on M that are also 
measurable relative to N. Then 

a) there exists a localizable measure space N = (8, d,s) and an 
algebraic isomorphism y of Q onto the algebra of all bounded measurable 
functions on N (so that in particular N is algebraically isomorphic to the 
measure ring of N); 

b) there exists a positive continuous linear map p of L,(M) to L,(N) 
such that for fe L,(M) and ge @, i 


J i= f eao. 


We mention that the measure space N is not unique within isomorphism 
‘or metric equivalence, tho necessarily unique within strong equivalence. In 
the special case (treated by Dieudonné) that M is finite there is a natural 
way of normalizing NV, which has the useful feature that ¢(f) is bounded 
when f is, but in general no such normalization appears possible. 
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The following lemma is somewhat more general than is strictly necessary 
for the proof of the theorem, but it has some independent interest. 


Lemma 6.8.1. <A complete subring of a complete measure ring is 
algebraically isomorphic to the measure ring of a measure space. 


If (%,m) is a complete measure ring, then M itself is isometrically 
algebraically isomorphic with the measure ring of a measure space. For the 
unit element I of M is the l. u. b. of a collection of elements on which m is 
finite, from which it follows readily that it is the l.u.b. of a collection of 
mutually disjoint elements {Ap} on each of which m is finite. The finite 
‘measure ring (Ap^ M, m) is well-known to be isometrically algebraically 
isomorphic with the measure ring of a measure space M,, and it follows 
without difficulty that (M, m) is isometrically alegbraically isomorphic with 
the measure ring of the direct sum of the My. 

Now let N be a complete subring of Mm, which we now take to be the 
measure ring of the measure space M. If I’ is the l.u.b. of the elements 
of N, then N is also a complete subring of the complete measure ring 
(I'a M, m), so it is no essential loss of generality to assume that Te. 

Let an element P of À be called finite if there exists a nonzero element 
E in Mm of finite measure such that when A,Be%, A, BSP, and 
AsH—B-H, then A= B; we call E a separating element for P. Let F 
be a family of nonzero finite elements of which is maximal with respect 
to mutual disjointness. Set l. u. b. 4eg4 =Q; we show next that Q =I. 
For otherwise there exists a nonzero element G of finite measure in Mm such 
that I —Q=G. Putting À for the l.u.b. of the elements R in M for 
which R =[—Q and Ra G—0, then [—Q— Rs is disjoint from all the 
elements of F, is nonzero as G=40, and is finite, since if A,BeN, 
A,BSI—Q—R, and AcG=BG, then (AGQB)oG==0, while 
A@QB=I—Q, which by the definition of R, implies that AQ BS AR. 
This inequality combined with the inequality A,B = I — Q — Re, shows 
that AOB =0, or A =B. 

Now put n for the function on N defined by the equation 


n(A) =A ele) a À), 


where «(P) is a separating element for P. Then it is clear that n is 
a countably additive non-negative-valued function, and to complete the proof 
it need only be shown that each element A of M is the L u.b. of elements 
on which n is finite. But it is clear that [o(P) a A | Pe F] is such a 
collection. 
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Proof of theorem. Let N = (8, d,s) be a (localizable) measure space 
whose measure ring is algebraically isomorphic to N, and let @’ be the 
algebra of all bounded measurable functions on N. Now every element in @’ 
is the uniform limit of a sequence of finite linear combinations of charac- 
teristic functions of mutually disjoint measurable sets, and every such linear 
combination corresponds in an obvious way with a linear combination of 
characteristic functions of mutually disjoint elements of N. As this corre- 
spondence is an isometry, it can be uniquely extended to an algebraic iso- 
morphism between @’ and the uniform closure of the set of all bounded finite . 
linear combinations of characteristic functions of mutually disjoint elements 
of N, which is simply @. We put y for this isomorphism, as a map on @ 
to a’ 

Now let f be arbitrary in Z,(Jf), and for an arbitrary measurable set 
E in N, put 7(Æ) for the element of N such that (xn) = xe. Then 


setting m;(2#) = LE f, mp is countably additive and is absolutely continuous 
with respect to s. As Wi is localizable, there exists a measurable function F 
on N such that 3 (BY 3 ie F (altho my need not be bounded relative to s, 
the conclusion of the Radon-Nikodym theorem can be shown without difficulty 
to remain valid). Clearly F is non-negative when f is, and f ee == Sf so 


F is integrable. Thus in case g is the characteristic function of a set in M, 


we have Í, ja = fs, if we set F—=¢(f). It follows that this 


formula holds also for all finite linear combinations of such g’s, hence for 
all ‘finite linear combinations of characteristic functions. of mutually disjoint 
sets in N, and finally for all ge @. 


THEOREM 5.4, (Dieudonné). Let M = (R, R,r) be a finite perfect 
measure space and J a o-subring of R containing R. Then there exists « 
perfect measure space N == (S, 8, s), a continuous map ¢ of R onto 8, and 
a positive linear map y of (R) onto (8) such that a) an element g of 
G(R) is (equivalent to) a function measurable relative to T if and only 
if it has the form g=hod, for some he (S), and for any E in 3, 
s(H#) =r(¢"(E)); b) if fe @(R) and he C(S8), then 


J Hhes)— f HAr 


The “o” in the statement of the theorem signifies functional com- 
position. “We mention that if my(yeS) is the regular measure on. R such 
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that w(f) (y) = f f(x)dm,(x) (by the -Riesz-Markoff theorem, such a 


measure exists), then my is concentrated on #-1(y), as Dieudonné shows by 
a brief argument. 

To prove the theorem, let @ be the algebra of all continuous functions 
on À which are equivalent to functions measurable relative to F. By well- 
known results, @ is algebraically isomorphic to @(8), for some compact 
Hausdorff space S. Now Cf is a closed subring of @(R), so by a theorem 
of Stone [7], there exists a continuous map ¢ of R onto S such that @ 
consists of all functions of the form hog, with he (S). Putting 
s(E) =r(¢7(2)) for He à, where 3 denotes the collection of all Borel 
sets in S, then N = (8, d,s) is a regular measure space, and can be shown 
without difficulty to be perfect (cf. e. g. the proof of Theorem 6.1 below). 
If fe 8(M), and m;(#) =Í, A (Zed), then | m| =| fll s(2), so by 
the Radon-Nikodym theorem there exists a bounded measurable function F 


such that m;(2) = Í. F, and as N is perfect, F can be taken to be in & (8). 


Putting y(f) = F, it follows by the argument used at the end of the proof 
of the last theorem that conclusion b) of the present theorem holds, and it 
has already been shown that a) holds. 


6. Perfect spaces. In various situations it is desirable to replace a 
given measure space by a metrically equivalent one in which measurability 
difficulties are minimized, even tho the new space may, roughly sepaking, 
be much larger than the original one. In this section we show how a given 
space may be altered, or “ perfected,” in this way, and that this can be done 
in essentially only one way. The existence of a perfection of a finite measure 
space was shown by Kakutani, but his technique apparently does not extend 
to the general case. The uniqueness referred to in the following theorem 
is with respect to the following concept of identity of regular measure spaces: 
two such spaces are abstractly identical (as regular measure spaces) if they 
are isomorphic as measure spaces via an isomorphism which is ‘also a 
topological homeomorphism. 


THEOREM 6.1. Any measure space is metrically equivalent to a unique 
perfect space. 


Having shown that any measure space is metrically equivalent to a 
localizable space, it suffices to show that any localizable space is metrically 
equivalent to a unique perfect space. Let M = (8, ,s) be an arbitrary 
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localizable measure space and let @; be the algebra which results from 


‘adjoining the function which is identically one on $ to the algebra @ of 


all real-valued bounded measurable functions on M, which vanish at infinity. 
Tt is easy to see from well-known representation theorems that @, is alge- 
braically isomorphic to the algebra (W) of all real-valued continuous 
functions on a compact Hausdorff space W. Now either G = Q, or Q is a 
maximal ideal in @, (according as M is finite or not), and hence A corre- 
sponds either to 0 (W), or to a maximal ideal in R (W). Now every such 
ideal consists of all elements of R (W) which vanish at some fixed point we 
of W. Putting S’ == W, or S — the space obtained from W by deletion of wo, 
according as @ == @, or not, it follows that @ is algebraically isomorphic 
with the algebra œ (S’) of all real-valued continuous functions which vanish 
at infinity on the locally comipact Hausdorff space 9’. 

Let 'be the algebraic isomorphism from @ onto Æ(S’). Putting Cy 
for the set of elements of @ which vanish outside sets of finite measure and 
Rol’) for the subalgebra of R (9) consisting of elements which vanish 
outside of compact sets, then ¢((o) = Ro( S), for Q, and %,(8’) may be 
characterized purely algebraically as the collections of elements p in the 
respective algebras for which there is an element q in the algebra such that 
pq=p. We now define a functional Z on &,(8’) by the equation 


L(f) = f p” (F) (æ)ds(æ). It is easy to verify that L is linear, and non- 
8 


negative on non-negative functions (note that œ is order-preserving, for it 
maps, squares into squares). Hence there exists a regular measure space 
= (S, 3’, 3’), where 3’ is contained in the o-ring determined by the 


compact subsets of S’, such that L(f) = Í, f(æ)ds' (£) (see e.g. [2]). We 


show next that W’ is perfect. 
To show that the characteristic function of any chunk in M’ coincides 
n.e. with an element of R (9’), let Æ’ be a chunk in HW”, and put A for the 


linear functional on @ defined by the equation A(f) -Í p (f)ds' (x). 


It is easy to see that A is linear, and that for fe Ao, | A(f)| S If lı Since 
G, is dense in Z,(M), it results that the contraction of A to @o can be 
extended to a bounded linear functional A, on Lı (M). By Theorem 5.1 and 
the localizability of M there exists a bounded measurable function k on M 


such that 4 (f) -Í f(z)h(s)ds(x), for fe Lı (M). It is plain that À is 


non-negative on non-negative functions, ahd hence that 4, also is, from 
which it follows that h is n.e. non-negative-valued. | 
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Now he Q, for let F = [x | h(x) > e] where e > 0, and let {F,;n = 1, 2, 
+++} be an arbitrary monotone increasing sequence of chunks contained in F; 
to show that F is of finite measure, it suffices to show that the sequence {s(F,)} 
is bounded. Let f, be the characteristic function of Fe, let {a,;n = 1, 2,---} 
be an arbitrary sequence of non-negative numbers for which the series $, æn 


is convergent, and set f= $, of, Then it is easy to see that fe @, and for 


L2 
any positive integer n, > af; f, which implies that A( €X f:i) = A(f). 
1SiSn 1Si<n 


Tt follows that A(f) = S Alfi) Ze > as (F;), so that the series $, + (Fi) 
¿z1 i=1 4=1 


is convergent. By virtue of the arbitrariness in the sequence {a}, we can 
conclude that the sequence {s(7;)} is bounded. Hence, for all f in Co, 


st yas (a) — f ROOTOR OOO LOME 


that f f (x) (xe (2) — b(h)(x))ds (x) =0 for all fe R.(S’). Since 
S 

Ro( S) is dense in Z:(H”), and since the function X (s) = xw (x) — ẹ (h) (£) 
is bounded, it follows that f f (2) (x) ds’ (s) = 0 for F e L:(M’). Hence 
x ® - g . 
k' (x) =0 n. e., ie. xg (£) = $(h) (x) ne. 

To show that W’ is perfect, it remains only to show that if the chunk 
W in W has an interior point, then s’(#’) > 0. Now if F’ has an interior 
point, there exists a non-negative continuous function f’ on $” which is one 


at the interior point and which vanishes outside W and has values between 
zero and one. Then xw = f, so that L(yw) = L(F), ie. 


sE) = f oF) (as (a), 
and since f = 0 and f s40, we have ¢7(f’) = 0 and ¢™>(f) 0, and hence 
SoU) taste) > 0. 


That M is metrically equivalent to W’ now follows from Theorem 4. 8 
combined with the following lemma (which is slightly more general than is 
necessary for the proof of the present theorem). 


Lemma 6.1.1. For any bounded measurable function f on a perfect 
measure space there is a unique continuous function f on the space which 
coincides n.e. with f. This function f is necessarily bounded and vanishes 
at infinity as a function on a topological space if and only if f vanishes at 
infinity as a function on the measure space. 
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It is readily seen to be sufficient to consider the case in which f is real- 
valued. Suppose to begin with that the perfect measure space (T, J, t) on 
which f is defined is such that T is compact. Putting 


Bin = [ein > f(e) = (i —1)2"] (6 = 0, 1, £2,°-- n=l?) 


then Ein is a chunk, and there exists an element fi, of R(T) which is 
equivalent to the characteristic function of Fin. Setting fa = D infim 
î 


where the summation is over all + for which fin +< 0, the boundedness of f 
implies that this summation is finite. It results that fpe R(T) and that 
À fala) — f(x)| S 2% n. e. for ce T, and finally that | fals) — fna(w)| S 2°" 
n. e. for ve T. 

Now the complement in T of a set of measure zero is dense in T, for 
otherwise there would exist a non-void open subset of T of zero measure. 
Hence, fna—fnmı being a continuous function in T and the inequality 
| fa (£) — fna (£) | S 2" holding n. e., this inequality holds for all æeT. 


It follows that the series > {fn (£) — fn(£)} is uniformly convergent, i. e. 


the sequence {fn} contres cand foeeily say to D where f is evidently in R (T). 
Plainly f f(a) — f(x) n.e. on T. Moreover, f is the only continuous function 
on T which is n. e. equal to f, for the difference of two such functions is n. e. 
zero, and so by the remark at the beginning of the paragraph is identically 
Zero. 

Now let N = (T, J,t) be an arbitrary perfect measure space (so T 
need not be compact) and let f be an arbitrary bounded measurable function 
on N. If # is a chunk in N, there is a unique continuous function & on T 
which vanishes at infinity, and is equivalent to the characteristic function 
of #. It is plain that k? is equivalent to, and hence equal to, k. It results 
that k is the characteristic function of an open and closed subset Æ of T 
and since & vanishes at infinity on T, W’ is compact. Now the contraction 
of f to Æ is a bounded ‘measurable function on the measure space 
Nn = (H’, Jn, t), where Fy consists of the collection of all elements of T 
which are subsets of #. It follows from the preceding paragraph that there 
exists a continuous function f'a on W’, which is equivalent on Ng to the 
contraction of f (i.e. a(z) —f(x) ne. for sef). 

Next we define f on T as follows: if ze F’, f(x) = f’n(x); f is single- 
valued, for if z e F- F’, where F is a chunk in N, then F's and f’p are both 
defined and continuous on Æ” a F”, and coincide n.e. on that set, and hence 
coincide everywhere there. It is clear that f is continuous on T, and is 
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bounded on any E by the essential bound of f, and so is bounded on T. 
It is obvious that F is the only continuous function on T which coincides n. e. 
with f. If moreover f vanishes at infinity as a function on a topological 
space, then [x | | f(x)| = e] is equivalent to the compact set [2 | | f(x)! = e], 
for any positive number e, so that f vanishes at infinity as a function on a 
measure space. Finally, if conversely f vanishes at infinity on W, then it is 
not difficult to see that F is the uniform limit of a sequence {fa} of finite 
linear combinations of characteristic functions of chunks. Now fa is in 
R(T), and | fax) —fu(x)| is equivalent on N to | f(x) —fm(x)|, so 
that 1. u. b.2e?| fn(t) — fm (£) | = Ess. 1. u. b.oe7| fa(£) —fn(t)|. It results 
that the sequence {fn} converges uniformly. The limit is on the one hand 
equivalent to f and on the other is a continuous function vanishing at infinity 
(being a uniform limit of continuous functions vanishing outside of compact 
sets). Thus f vanishes at infinity as a function on T. 

It remains only to show that if two perfect spaces are metrically equi- 
valent, then they are abstractly identical. Now if two measure spaces are 
metrically equivalent, the algebras of bounded measurable functions vanishing 
at infinity on them are algebraically isomorphic, by Theorem 4.3. But in 
the case of a perfect space this algebra is by Lemma 6.1.1 naturally iso- 
metrically isomorphic to the algebra of all continuous functions on the space 
which vanish at infinity in the topological sense. Thus if M = (R, R,r) 
and M’ = (R’, #’, 7’) are metrically equivalent perfect spaces, with the metric 
equivalence there is naturally associated an isometric isomorphism of the 
algebra of continuous functions vanishing topologically at infinity on R with 
the corresponding algebra on R’. By a theorem of Stone [7] (stated for 
compact spaces but extendable to locally compact spaces) this algebraic 
isomorphism can be implemented by a homomorphism of R with R’, and 
there is no difficulty in showing that this homomorphism induces an iso- 
morphism of M with W. 

The following theorem makes the results of the preceding section 
applicable to perfect spaces. 


‘THEOREM 6.2. A perfect space is localizable. 


_ Let N = (S, d,s) be a perfect space, and let # be a conditional o-ideal 
of chunks in N. By Theorem 5.1, it suffices to show that# is localized. 
Each chunk in & is equivalent to an open and closed set in 8, and the union 
of all such sets is an open set K. To show that X is localized in K it is 
necessary only to prove that if # is a chunk which is contained in K, then 
eX. Since N is regular, there exists a sequence {C,} of compact subsets 
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of E such that EC (Unn. Now C,CK, so that C, is covered by the open 
and closed sets equivalent to the elements of K, and hence is covered by a 
finite number of such open and closed sets. It results that G,eX, and 
hence Be k. 
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UNE EXTENSION DU THEOREME DE VITALIL* 


Par ARNAUD DENJOY. 


1. Dans la théorie de la mesure euclidienne des ensembles appartenant 
à un espace cartésien, le théorème publié par Vitali en 1907+ est parmi les 
plus importants. Ses applications aux propriétés des fonctions d’ensemble 
ou de variables réelles sont nombreuses. Par la promptitude, la simplicité 
des démonstrations utilisant ce théorème, celui-ci joue un role fondamental 
dans la théorie métrique des ensembles et des fonctions de nature cartésienne. 

Il était naturel de chercher à étendre le théorème de Vitali, d’abord aux 
fonctions métriques quelconques pour les espaces cartésiens, ensuite aux 
métriques des espaces généraux. 

Rappelons qu’une mesure euclidienne dans un espace cartésien U, à 
r dimensions satisfait à cette condition que deux ensembles se déduisant l’un 
de l’autre par un déplacement euclidien, c’est-à-dire conservant les distances 
de deux points quelconques, ont même mesure, et que, dans le plan Uz, dans 
l’espace à trois dimensions U3, etc., le carré, le cube, etc. de côté 1 ont Paire, 
le volume, etc. égal à 1. Enfin, la mesure euclidienne utilisée par Vitali est 
une mesure borélienne, c’est-à-dire possédant l’additivité complète, et la sous- 
tractivité (voir au no. 6). ‘ 

Généralement, une fonction d’ensemble, métrique ¢(#), définie dans U, 
est une quelconque fonction d’ensemble borélienne et non négative. 


2. Toutes les tentatives d’élargir le champ de validité du théoréme de 
. Vitali ont sensiblement échoué. Nous allons en donner la raison. 

En énonçant pour les espaces cartésiens, et plus précisément pour le 
plan U2, les hypothèses de son théorème, c’est-à-dire des conditions suffisantes 
pour la validité de sa conclusion, Vitali a puisé trop largement dans les 
richesses de la nature métrique de ces espaces. 

Dans l’espace U, à r dimensions (r > 2), pour lequel le théorème de 
Vitali se formule immédiatement comme son auteur l’avait énoncé pour le 


* Received October 25, 1950. 

+ Atti Accad. Sci. Torino, 43, 75-92 (1908). Voir aussi S: Banach (Fundamenta 
Math., 5, 130-136 (1924). La présente étude, exposée pour la première fois à l’Uni- 
versité Johns Hopkins en septembre 1950, a fait l’objet de trois notes aux Comptes 
Rendus de VAc. des Se. de Paris (t. 251, 1950, pp. 560-562; 600-601; 737-739. 
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plan U., dans U, à la mesure euclidienne Tordre r, qui est Paire pour r = 2, 
le volume pour r= 3, et qui seule figure dans la conclusion du théorème, 
s'ajoutent une mesure pour les distances entre deux points et pour les longueurs 
des ensembles, une mesure des aires, ete. Mais puisque la conclusion du 
théorème de Vitali ne fait état, pour U,, que de la mesure euclidienne d’ordre 
r, on conçoit qu’en introduisant dans les hypothèses, en plus de cette première 
mesure, de surcroît la notion de distance entre les points, oh augmente con- 
sidérablement la difficulté d’étendre le théorème à des espaces métrisés non 
cartésiens ou à des espaces cartésiens à métrique non euclidienne. Car en 
général aux métriques spéciales il ne correspond par un lien de caractère 
simple et nécessaire aucune mesure des distances entre les points. 

Ce n’est pas tout. Les ensemble spécifiés dans les hypothèses de Vitali 
non seulement remplissent deux conditions de nature métrique, quant à 
leurs volumes d’une part (pour r= 3), quant à leur dimension d’autre part 
(quelque soit r), mais il appartiennent encore à des espèces topologiques 
‘très particulières. Les uns sont des ensembles fermés, les autres ne diffèrent 
pas sensiblement d’ensembles ouverts. Or la conclusion du théorème de Vitali 
ne renferme aucune notion topologique. 


3. Voici le théorème classique de Vitali pour l’espace à trois dimen- 
sions Us: : 


THÉORÈME DE VITALI (énoncé A). Si tout point M d’un ensemble H 
possédant un volume défini est centre d’une suite de parallélipipèdes rectangles 
wn = (M), dont les côtés, tendant vers 0 quand n croît, ont leurs rapports 
mutuels compris entre deux nombres positifs k et 1/k (0 < k < 1) indépen- 
dants de M et den, et si chaque parallélipipéde w [identique à un w,(M)] 
contient un ensemble FERMÉ y dont le volume V(y) surpasse une fraction 
OV (o) du volume de w, 0 étant indépendant de w, il est possible de trouver 
parmi les y une collection dénombrable d'ensembles yi, ya" * * , Yit * *, DIS- 
JOINTS, et dont la réunion T = Xy; couvre H, à un ensemble de volume nul prés. 
En outre on peut supposer que les points de T étrangers à H forment un 
ensemble de volume inférieur à un nombre positif indépendant e préalablement 
donné. 


Etant d’abord bien spécifiée cette circonstance capitale que les y; sont 
disjoints, les conclusions du théorème tiennent en ces deux égalités, dont la 
première contient la partie essentielle de la proposition: | 


V(H—H-1)—0, V(T—H-T)<e. 


* Je garde les signes (-+,2) pour signifier l’addition des ensembles et (., IL) pour 
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Dans cette double conclusion il n’est question que de volumes d’ensembles. 
Cette dernière notion s’étend immédiatement aux fonctions métriques dans Us, 
fonctions donnant par exemple à tout ensemble ouvert borné O une mesure 
(0) finie et non toujours nulle. Aux volumes des ensembles de U, on peut 
faire pareillement correspondre dans des espaces très généraux U une fonction 
d'ensemble #(#) borélienne non négative. Un théorème généralisant pour 
l’espace U celui de Vitali pour U:, concernera deux familles d’ensemblese 
associés chacun à chacun (w, y), la famille P groupant les w==-w(y) et la 
famille G réunissant les y = y(w) ; o donné contient y(w), y donné est dans 
w(y). Le rapport ¢(y)/¢(w) devra être borné inférieurement, indépen- 
damment du couple associé (w, y). L’ensemble H sera l’ensemble des points 
M communs à une suite: d’ensembles w tendant vers 0 en un certain sens à 
préciser. On devra assujettir ces familles P, G à des hypothèses telles qu’en 
conclusion, il existe dans G une collection d’ensembles disjoints yz, ya," *, 
dont la réunion T = Sy; donne Végalité ¢(H — H - F) —0. 

Quant à la condition, moins remarquable a priori, p(T—H:T) <«, il 
sera également possible de l’obtenir. 

L’essentiel est que nous chercherons à exprimer les hypothèses en termes 
n’invoquant point l’existence dans l’espace U d’une seconde nature métrique 
différente de celle que manifeste la fonction ¢(Z). 

Enfin nos hypothèses n’exigeront pas plus que nos conclusions l’existence 
dune topologie de l’espace U. 


4, Réduisons d’abord dans la mesure du possible le caractère particulier 
des hypothèses du théorème de Vitali en son énoncé À. 

Soit O un ensemble ouvert contenant H. Nous pouvôns retrancher de la 
famille des parallélipipèdes w tous ceux qui, frontière comprise, ne sont pas 
totalement intérieurs à O, sans que la condition caractérisant les points M de 


leur intersection. Je n’écris E, — F, que si l’ensemble Æ, contient l’ensemble B, Sinon, 
je note Z, — E, . E, l’ensemble des points de H, étrangers à H,. La somme de E, et de E 
décomposée en ensembles disjoints est E, + (#,—H,.H,) ou E, + (E, — E, . F). 
Une expression telle que E = (B, — E, . E.) (E, — E; . B) (Es — E; . Be) +... se 
développe selon les règles du calcul algébrique. M étant un point de l’espace contenant 
les ensembles, on retient les ensembles Æ,. - . Æ; contenant M. La somme de leurs 
coefficients est toujours 1 ou 0, 1 si M est dans, H, 0 si M est étranger à H. 

Les notations fréquemment utilisées aujourd’hui U, N et B, — En, même si H, 
ne contient pas Fa ne se prêtent pas à l’application de règles aussi simples et précises. 

3 Nous distinguons d’une part les familles P, G d’ensembles w, y, P et G étant 
respectivement l’ensemble dont les w, les y constituent les éléments, d’autre part les 
sommes ou réunions de collections d’ensembles w, y. (Celles-ci notées Zw, Ey sont les 
ensembles formés par les éléments appartenant aux divers ensembles w, y respectivement 
réunis. 
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H cesse d’être vérifiée par aucun de ces points. En effet, O étant ouvert, M- 
situé dans O est à une distance positive 28 de la frontière de O. A partir d’une 
certaine valeur de n, les côtés du parallélipipède o,(M) sont inférieurs à à. 
Ces parallélipipèdes et leurs frontières sont dès lors intérieurs à O. Ils n’ont 
pas été compris dans les suppressions effectuées parmi les w et qui, pour chaque 
point M ne font disparaitre qu’un nombre fini de parallélipipédes on (A). 

Si H a un volume fini, et même si le volume de H est simplement 
déterminé à toute distance finie (mais infiniment grand avec cette distance}, 
H peut être compris dans un ensemble ouvert O tel que P(O—H) <e. 
Dès lors, si l’on réduit les w à ceux qui, avec leurs frontières, sont inclus dans O, 
tous les y correspondants sont a fortiori inclus dans O, et il en est de même 
de tout ensemble ponctuel T= Sy; réunissant une collection d’ensembles +. 
Mais T étant dans O, l’ensemble  —T-H des points de T étrangers à 
H est dans l’ensemble O—H des points de Ọ étrangers à WH. Donc 
V(T—T'H) <e. 

Il suit de là que la démonstration de l’énoncé A du théorème de Vitali 
se réduit à celle du premier point, lexistence de la collection d’ensembles 
disjoints y: tels que, avec T = 3y, V(H—H-T) —0. 

Enfin, si la démonstration est acquise pour le cas où F(H) est fini, la 
conclusion vaudra aussi quand le volume de H, déterminé à toute distance finie: 
(dans toute sphère ayant son centre à l’origine) ce volume devient infini avec 
cette distance. d désignant la distance d’un point de l’espace Us à l’origine, 
soit S, la région intersphérique ouverte (n —1 < d <n) et Hn l’ensemble 
H-S8n, n prenant toutes les valeurs entières positives. H — 3H, est formé 
de points situés sur les surfaces sphériques d = n, dont le volume total est nul. 
Done V(H—3H,) —0. Sojit en un nombre positif terme d’une série dont 
la somme est inférieure à e Chacun des Ha ayant un volume fini, par 
hypothèse [la validité de l’énoncé A étant admise pour le cas de V (JZ) fini], 
- il existe pour chacun des H, une famille Ty, = > yi” ensembles y1”, yat, + >” 


disjoints et inclus dans Sn, vérifiant V (Hp — Han’ Ta) = 0, et même en outre 
V (Da — HT) <en; Th et In: sont disjoints si m s&n. La collection 
T = 3T, = È y" est formée ensembles y disjoints, et F (H — Hr) =0, 
V(T—H' T) <e i 

En résumé, le théorème de Vitali sous son énoncé À ne perd ni en 
généralité quand on suppose V (H) fini, ni en portée si Pon néglige sa seconde 
conclusion V(H—H:T)<e o 

A ce théorème ainsi restreint et que nous appelons le théorème A’, nous 
allons substituer un autre énoncé B, renfermant moins de conditions de détail 
et parfaitement équivalent au premier. 


o 
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5. Nous dirons qu’une famille P’ d’ensembles w’ situés dans l’espace U 
couvre indéfiniment au sens de la dimension un point M, s’il existe une suite 
d’ensembles w,/(M),w’(M),: > + appartenant à P’, contenant M et dont les 
diamètres tendent vers 0. 


THEOREME pe ViTaLr (énoncé B). P’ désignant une famille de sphères 
ouvertes w dont chacune contient un ensemble fermé y'= y (w) tel que 
V(Y) DO V(w) st y =y (w), et le nombre positif 6 étant indépendant 
de w’, si l’ensemble H’ indéfiniment couvert au sens de la dimension par la 
famille P’ a un volume V (E) déterminé, positif et fini, H” peut, à un ensemble 
de volume nul près, être couvert par une collection dénombrable y's, y'2,° - -, 
ya" + d'ensembles y’. 








Nous allons successivement supposer démontré le théorème sous sa forme 
A’, puis sous sa forme B, et nous prouverons que la validité de la forme 
justifiée entraîne la validité de l’autre forme. 

1° L’énoncé A’ est supposé exact. Démontrons que B Vest aussi. Nous 
adoptons les hypothèses du théorème B. ` Englobons d’abord H’ dans un 
ensemble ouvert O’ de volume fini et dépassant si l’on veut de moins de « le 
volume de H’. Nous ne changeons pas l’ensemble H’ indéfiniment couvert 
par les w’ en supprimant d’entre ceux-ci toute sphère w telle que la sphère 
concentrique et de rayon 4 fois plus grand ne soit pas en totalité dans 0”. 
La famille P’ est réduite à une famille P's. Cela fait, si W’ est un point 
de H’ et si w’ est une sphère contenant W’ et appartenant à P'e, soit w le cube 
de centre M’ et de côtés (dirigés, si Pon veut, parallèlement aux axes de 
coordonnées) égaux au quadruple du rayon de w’; w contient w; w est intérieur 
à 0’. Au cube w associons l’ensemble fermé y == y(w) identique à y’(w’) ; y(w) est 
dans w, puisque y(w) est dans w”. Le rapport V(y)/V(w) surpasse 8 tel que 
6/6 soit égal au rapport de V(w’) à V(w), soit 47/3.64; @ est indépendant 
de w. Done en vertu de l’énoncé A’, H peut, à un ensemble de volume nul 
près, être couvert par une collection dénombrable de y; disjoints. Or ces y 
sont des y’; de G”. L’énoncé B est donc une conséquence de l’énoncé A’. 

2° J’énoncé B est supposé démontré. Reprenons les hypothèses de 
Pénoncé A’ et montrons l’exactitude de sa conclusion. Si un point M de H 
est centre d’un parallélipipède rectangle w de P, le plus grand côté 7 de celui-ci 
est tel que Pk? < V(w) < 1. Soit w la sphère de centre M et de rayon égal 
à 21; w contient œ. Nous pouvons avoir inclus préalablement H dans un 
ensemble ouvert 0 et avoir exclu de la famille des parallélipipédes w ceux dont 
le plus grand côté surpasse la moitié de la distance de M à la frontière de 0; 
w est dans O. A o’ nous faisons correspondre l’ensemble fermé y = y (w) 
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identique à y(w); y’ est dans w’ et V(7’)/V(w’) > &, si 8/8 est le minimum 
du rapport V(w)/V(w’), soit 347/327; 6’ est indépendant de o’. Soit H’ 
l’ensemble indéfiniment couvert, au sens de la dimension, par la famille des 
w ; H contient H (et d’ailleurs H’ est dans O dont le volume peut être 
supposé supérieur à celui de H de moins de «)- En vertu du théorème B, 
nous pouvons couvir H’, sauf éventuellement un ensemble de volume nul, par 
une collection d’ensembles disjoints yi = y:i -A fortiori H est-il couvert par 
les y; à un ensemble de volume nul près. L’énoncé A’ est justifié. | 
En résumé l’énoncé B du théorème de Vitali équivaut entièrement à 
l'énoncé A. L’énoncé B réduit le théorème de Vitali à ses hypothèses essen- 
tielles, et c’est sous cette forme B que nous entendrons ci-après le théorème 
originel. Dans l’énoncé B donné plus haut nous prions le lecteur de supprimer 
les accents des lettres P’, w’, y, H’, qui deviendront comme dans les énoncés 
A et A’, et dans Vénoncé général ultérieur: P, œ, y, H. 


6. Dans le Théorème Général que nous voulons substituer au théorème 
de Vitali pour le rendre applicable à des espaces variés U, nos hypothèses ne 
feront appel ni à d’autre notion métrique pour U que celle de l’existence de 
la fonction (F), ni à une topologie de U. Dans certains cas, celui des 
espaces cartésiens par exemple, la fonction ¢(#) se définit à partir de ses 
valeurs pour une famille d’ensembles élémentaires [dans U3, ce sont les cubes 
précisés Ox, savoir: pi S Rx, < pi + 1, t = 1,2, 3; pı entier quelconque]. La 
définition de $(Æ) s’étend à une classe majeure d’ensembles qualifiés de 
mesurables-p, par progrès borélien, c’est-à-dire par application de ces deux 
principes: Si les ensembles F, sont disjoints et si tous les #(H,) existent, 
pour l’ensemble # = 3H, le nombre ¢() existe et vaut 3d(L,). D'autre 
part, si p(F) et b(E’) existent et si E DH’, d(H — LB”) existe, et des lors 
vaut ¢(E)— (F). En conséquence si, le nombre (Fn) existant quel que 
soit n, l’ensemble En est soit constamment croissant, soit constamment décrois- 
sant, et si Æ est sa limite (au sens abstrait: E == 3}, dans le premier cas, 
E = OE, dans le second) p(ÆE) existe et vaut lim ¢ (En), [toutefois quand 
E, est décroissant, il faut supposer (En) fini, du moins à partir d’une cer- 
taine valeur de n]. 

La soustractivité d’une mesure borélienne s’entend ainsi au sens général. 
Quels que soient les ensembles Æ et Æ non disjoints et tels que $(Æ). 
(E) existent: 


19 ¢(#—E- EL’) existe. En conséquence, d’après 


E-E —B—(E—E-F’), 


320 ARNAUD DENJOY. 


(E: E’) existe, et aussi, de par H+ W = E + (E — E.: EF), (E + E^) 


existe ; 
2° $(E—E: F) = $(E) —ẹ(E- F’). 


Enfin, quel que soit l’ensemble Æ, il existe une mesure extérieure-p notée 
¢e(Z) et qui est la borne inférieure stricte des mesures p (F) des ensembles 
E’ mesurables- et contenant E. La mesure intérieure ¢;(Ẹ) se définit de 
même par la borne supérieure stricte des mesures ¢(H”) des ensembles E” 
mesurables-¢ intérieurs à F. l 

Les mesures extérieures et intérieurs pe(E) et hi(Æ) verifient une sorte 
d’additivité complète, se rattachant immédiatement à l’additivité complète 
des mesures-p exactes. W étant la somme des ensembles Fn, si En est inclus 
dans un ensemble K, mesurable-¢, et si les K, sont disjoints, il en résulte 
Pe(E) = Zpe (Ea) ; Di(E) = 2Gi( Fn). 

7. Pour aider le lecteur à pénêtrer pleinement le sens des hypothèses 
qui fonderont le Théorème Général, nous analysons ces conditions par avance. 

Étant donnée une famille P d’ensembles w non nécessairement mesur- 
ables-p, nous dirons qu’un point M de U est indéfiniment couvert, au sens 
de la métrique-¢, par la famille P, s’il existe une suite d’ensembles wn 
contenant M et dont la mesure extérieure de(wn) tend vers 0 quand n croît. 

Si dans Us, (F) est le volume V(Æ), un ensemble indéfiniment couvert 
par une famille d’ensembles w au sens de la dimension l’est aussi au sens des 
volumes. Mais la réciproque n’est nullement vraie; V(w) peut tendre vers 0 
sans qu’il en soit ainsi du diamètre de œ. L'ensemble d’accumulation d’une 
suite d’ensembles wn, même ouverts, ayant un point commun et dont le volume 
tend vers 0 peut être identique à la totalité de l’espace Us. 

Donnons pour le plan UJ, et les aires A(#) un exemple aisé à étendre à 
l’espace UV, et aux volumes Y (E). 

La région: w(e) comprise ‘entre les courbes y=—ec/(1+2) at 
y—=e/(1-+ z?) est finie et son aire est inférieure à 4e. Cette région est 
coupée par la circonférence c ayant son centre à l’origine et le rayon 1 suivant 
un arc a(e) sensiblement de longeur e, d’ordonnées extrêmes — de et te, 
d’abscisses voisines de 1. Soit w (e) la partie de w(e) non intérieure à c. Sur 
c plagons un ensemble parfait totalement discontinu dont les arcs contigus 
Gi, ds ‘si °° ont pour longueurs 6,62, * ",e," "3; Sear. En 
faisant tourner autour de l’origine w’(&) ou plutôt w (ei), ei différant peu 
de &, nous appliquons Vare a(é;) sur Pare a; A l’ensemble de régions ainsi 
obtenu ajoutons l’intérieur de c et les arcs a; Nous obtenons une région w 
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aire inférieure à 9%; wo évoque l’idée d’un poulpe dont l’intérieur de c 
formerait le corps et dont les régions infinies greffées sur les a; seraient les 
tentacules, infinies en nombre et en dimension. 

Dans œ nous plagons un ensemble fermé yo obtenu en réduisant les 
rayons vecteurs 7 des points de w à #/=—7/(1+ œr) (0 < « < 1, a étant 
indépendant de r), et en ajoutant à cette région sa frontière. A (yo)/4 (w) 
tend vers 1 quand « tend vers 0. 

Si nous prenons les homothétiques de wy et de y, avec un rapport À nous 
obtenons des ensembles wo(A), yo(A). Soit Zn = tn + iyn un ensemble partout - 
dense (par exemple +, et y, prennent indépendamment l’un de l’autre toutes 
les valeurs réelles rationnelles). Soit À, tels que 3A,” converge et soit inférieur 
à 1. Si ð est incommensurable avec 7, imprimons dans VU, figurant le plan 
complexe, à wo(An) et à yo(An) la translation z, et la rotation nf. La réunion 
de tous ces ensembles ouverts respectivement égaux aux w(An) est un ensemble 
ouvert w, d’aire inférieure à 9r et la réunion des ensembles égaux aux yo (An) 
est un ensemble fermé à distance finie, que nous arrêtons à une distance assez 
grande de Vorigine pour que l’ensemble fermé y, restant, et qui est inclus dans 
o, ait une aire supérieure à 44 (vw). 

Le complémentaire de w, est un ensemble, fermé à distance finie, mais 
vraisemblablement totalement discontinu, bien que w, ait une aire finie, 
inférieure à 9m. Des homothéties appliquées à w, permettent de réduire cette 
aire au-dessous de toute limite. On conçoit qu’en constituant une famille P 
avec des ensembles œ se rattachant à w, et à ses homothétiques, par repro- 
duction complète ou par découpage arbitraire, on conçoit qu’avec ces ensembles 
w dont chacun peut être partout dense dans le plan U2, la notion ensemble 
indéfiniment couvert par ces w, au sens des aires, s’éloigne de celle de l’ensemble 
indéfiniment recouvert au sens de la dimension. 

Nous avons cherché à compliquer la tâche d’imaginer l’ensemble H 
indéfiniment couvert au sens des aires par une famille P d’ensembles w. Mais 
il est facile d’obtenir un ensemble ouvert w d’aire finie, arbitrairement petite, 
le complémentaire de œ étant totalement discontinu, ce qui implique évi- 
demment la densité de w dans tout le plan. Les deux familles de droites 
parallèles aux axes Or, Oy et dont la coordonnée constante est rationnelle 
forment un ensemble d’aire nulle. On peut donc inclure celui-ci dans un 
ensemble ouvert œ d’aire inférieure à « Le complémentaire de œ est 
évidemment totalement discontinu. 


8. Revenons à nos hypothèses sur les familles w, y. Nous avons dit 
que l’ensemble H et les ensembles w désignés dans l’un ou l’autre des énoncés 
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À et B du théorème de Vitali remplissent, au sens des volumes jouant le rôle 
de fonction métrique-¢, la condition de recouvrement indéfini. | 

Seulement dans ce théorème de Vitali, les w qui sont des parallélipipèdes, 
comprenant ou non leurs frontières, et les y qui sont des ensembles fermés, 
sont à la fois euclidiennement mesurables en volumes, et en outre doués de 
caractères topologiques remarquables. 

Les ensembles » de notre énoncé ne seront pas nécessairement mesu- 
rables-, leur mesure extérieure intervenant seule. Les y au contraire seront 
: nécessairement mesurables-p, et de mesure positive mais ni les w ni les y n’ont 
à remplir d’autre condition de nature, l’espace U n'étant pas obligatoirement 
doué d’une topologie. 


9. Voici les conditions que nous allons imposer aux systèmes (w, y) pour 
assurer la validité du théorème général que nous avons en vue. 


1° Quel que soit l’ensemble y de la famille G, les points étrangers à y 
et indéfiniment couverts au sens de la métrique-¢ par les w” joints à y forment 
un ensemble p(y) de mesure-p égale à zéro. 

Supposons choisi l’ensemble y, désigné dans la conclusion du théorème 
à énoncer. Il s'agira de trouver les autres y; (1 = 2). Avec la simple 
hypothèse y; C w(y:), nous ne sommes assurés que les y; sont disjoints de y; 
que si les w(y;) sont eux-mêmes disjoints de y. Donc ces w(y:) seront dans 
la famille P, des ensembles w restant de la famille P quand on retranche de 
celle-ci les w joints à yı A priori ces w joints à y, peuvent couvrir indéfini- 
ment outre les points de H-y, ceux d’un ensemble p(y.) appartenant à H. 
Il est possible que p(y:) soit totalement disjoint des-w formant P, et dans 
ce cas la collection T des ensembles y; (t= 1) ne contiendrait aucun point 
de p(y:). La conclusion du théorème ne peut donc pas être générale si p(y1) 
a une mesure extérieure-¢ positive. Et c’est ainsi que la nécessité de notre 
premiére condition apparait. 

Evidemment p(y), s’il existe, est dans H, puisque tout point de p(y) 
est indéfiniment couvert (au sens de la métrique-b) par une famille partielle 
w incluse dans P. 

Avec les hypothèses de l’énoncé B de Vitali, y est un ensemble fermé con- 


4 Quand l’espace U est cartésien, la considération d’ensembles w non mesurables 
(nonboréliens) n’est pas d’une très grande utilité. Une des idées les plus importantes 
dues à Lebesgue, est que pratiquement l’Analyse ne peut conduire qu’à des ensembles 
mesurables, puisque les passages à la limite conservent ce caractère. On peut toute- 
fois songer à des sommes non dénombrables d’ensembles mesurables, sommes qui even- 
tuellement ne seraient pas mesurables. 
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tenu dans une sphére w(y). Les sphères w jointes à y et dont le volume tend 
vers 0 ont évidemment leurs points d’accumulation dans y. Elles ne peuvent 
done couvrir indéfiniment aucun point étranger à y; p(y) n'existe pas dans 
Vhypothése de Vitali. La condition V[p(y)] = 0 est verifiée. 

Mais si, dans Ọ; et avec la métrique des volumes euclidiens, chacun des 
w peut être partout dense, on conçoit que cette première hypothèse introduit 
une restriction effective. La démonstration en fera connaître le rôle essentiel. 

Soit M un point de U étranger à y+ p(y). Les w contenant M et 
joints à y ont leur mesure extérieure-p bornée inférieurement par un nombre £. 
Il n’y a pas ensemble w’ joint à y et contenant M, et pour lequel ¢e(w’) < B. 
Si M est en même temps dans H, il y une infinité d’ensembles w” contenant 
M et tels que ¢(w”) tende vers 0. Mais ces w” sont tous disjoints de y dès 
| que $(w”) < £. 

` 2° Quel que soit y dans G, il existe deux nombres a et b, vérifiant 
1 < a < b, indépendants de y, et tels que les w’(y’) joints à y et vérifiant 
la condition ¢(y’) < ap(y) forment par leur réunion un ensemble Q(y) dont 
la mesure extérieure-¢ est inférieure à bp(y). 

w(y) est évidemment un des w’ puisque w(y) est joint à y qu’il contient 
et que p(y) < ap(y), d'après a > 1. Donc w(y) C Qly) et de[o(y)] < bely). 

En conséquence, si M est étranger à y + p(y), les y’ tels que w(y’) soit 
joint à y et contienne M ont leur mesure ¢(y’) supérieure à un nombre 
positif a, dépendant évidemment de M et de y. Car d’une inégalité 
be[w(y)] > 8 résulte (y) > B/b, ce dernier nombre pouvant tenir le rôle 
de a. 

Sous la forme B du théorème de Vitali, il est aisé de voir que la seconde 
de nos hypothèses est vérifiée quel que soit «a > 1. De plus, tandis que la 
connaissance des nombres a et b, de (y) et d’un point N de y ne suffit pas 
à définir dans Ọ un ensemble contenant certainement Q(y) indépendamment 
de la donnée de la famille P des w, puisque ceux-ci peuvent être partout 
denses dans un espace U, au contraire dans les conditions du théorème B de 
Vitali, la connaissance de a, du coefficient 6, du volume V(y) et d’un point, 
de y permet de définir une sphére ayant ce dernier point pour centre et con- 
tenant 2(y), indépendamment de la détermination particulière de la famille 
P des sphères w considérées dans Pénoncé B de Vitali. 

En effet, d’après Vhypothése V(y) > 8V (e), œ étant w(y), la me © à 
un rayon inférieur à r= {8V(y)/(476)}*. Si le point N est dans y, la 
totalité de y est dans la sphère de centre N et de rayon 27. Le nombre a 
étant quelconque supérieur à 1, si V (y) < aV (y), o(y’) a un rayon inférieur 
à 1’ == a%/%r, et si en outre la sphère w = o(y’) est jointe à y, elle est entière- 
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ment comprise dans la sphère de centre N et de rayon 2(1 + a)r. Cette 
sphère contient l’ensemble Q(y) = Zo’. Son volume est inférieur au produit 
de V(y}) par un nombre b fonction de a et de 6, indépendant de la composition 
des familles P et G. Cette sphère contenant Q(y) est déterminée par la 
connaissance des seuls nombres a, 6, V (y) et du point Ñ de y, centre de cette 
sphère. | 

8° La mesure extérieure-p de l’ensemble D réunissant les ensembles y 
est finie. 

. Nous montrerons plus loin (16) la nécessité de cette troisième hypothèse 
pour la validité du théorème général. 

Dans le cas due théorème de Vitali sous sa forme B, l’ensemble indé- 
finiment couvert H a un volume fini et tout ensemble ouvert O contenant H, 
O ayant par exemple un volume excédant celui de H de moins de «e, peut être 
considéré comme contenant tous les ensembles y. 

Les trois hypothéses que nous retenons sont donc satisfaites dans le cas 
particulier régi par le théoréme de Vitali. 


10. Voici maintenant notre énoncé: 


THéorème GÉNÉRAL. Dans l’espace U où une fonction d'ensemble $(#) 
non négative, borélienne, est définie et sert de mesure, on suppose données 
deux familles @ensembles (w, y) associés, P famille d’ensembles w= w(y) 
non nécessairement mesurables-b, G famille d'ensembles y==y(w), y(w) 
étant inclus dans w et possédant une mesure p(y) déterminée, positive et 
finie, et ces familles vérifiant les conditoins suivantes : 

1° Quel que soit l’ensemble y dans G, les points étrangers à y et indé- 
finiment couverts au sens de la métrique-p par les oœ de P joints à y forment 
un ensemble p(y) dont la mesure-p est nulle; 

2° al existe deux nombres positifs a et b (1 < a < b) indépendants de y 
quelconque dans G et tels que l’ensemble Q(y) réunissant les w joints à y et 
vérifiant p(y’) < aply) si y =y (w) a une mesure extérieure-p inférieure 
à bp(y). | 

3° La mesure extérieure-b de l’ensemble D réunissant les y est finie; 
sous ces conditions suffisantes, H désignant l’ensemble des point M de U 
indéfiniment couverts au sens de la métrique- par la famille P des ensembles 
w [M appartient à une suite ensembles wn de P dont la mesure extérieure 
pelan) tend vers 0], ef A, inclus dans H, étant l’ensemble des points indé- 
finiment couverts au sens de la métrique- par la famille G des y: 


` 


1° L'ensemble H est couvert, à un ensemble de mesure-p nulle près, 


r 
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par une collection dénombrable ensembles yı ya : + de G, disjoints. St 
T= Sy, 6(H —H-T) —0; 

2° H et A sont mesurables-d, l'excès de H sur A ayant la mesure-b 
nulle [¢(H) = $(A)]. De plus, si petit que soit le nombre positif e, on peut 
choisir les y; de G de façon que (A) 5 p(T) < (A) +e 


11. Pour démontrer la première conclusion de ce théorème, nous sui- 
vrons la marche indiquée par Banach pour établir le théorème classique de 
Vitali. 

De D = žy résulte (y) <¢e(D), quel que soit y dans G; d’après la 
troisième hypothèse: [¢e(D) <œ], les nombres ¢(y) sont bornés supérieure- 
ment. Soit m, leur maximum (borne supérieure stricte) et y. un ensemble y 
de G tel que (y1) > w/a; yı existe d'après a > 1. Quel que soit y dans G, 
$(y) S m < ag(y:). 

Il peut se faire que précisément les points de H étrangers à y, forment 
un ensemble de mesure-b nulle. Si ¢(H — H -yı) = 0, la proposition est 
‘vérifiée. Supposons qu’il en soit autrement. 

Posons pı == p(y1) ; pı est dans H, et H -pı = pi; d’après la première 
hypothèse, $(p:) = 0. Soit H, == H — H(y: + pi), où H, = H—H-y1— p; 
H, et H— H : y, ont la même mesure extérieure, et nous supposons que celle-ci 
est positive. Si M est étranger à pı + Yı il existe un nombre a,, dépendant 
de M (et de y: évidemment) tel que si (y) < %ı et si w(y) contient M, 
w(y) n’est pas joint à yı. ` Soit M un point de H,; H, étant dans H, M 
appartient à H, donc M est contenu dans une suite d’ensembles œ de mesure 
extérieure tendant vers 0. Et M inclus dans H, est étranger à y: + pr 
Done dès que, w contenant M, pe(w) est assez petit pour que (y) < %, 
y étant y(w), toute la suite restante des w est disjointe de y. 

De P retranchons tous les w joints à y. et soit P, la famille restante. 
Nous venons de montrer qu’au sens de la métrique-¢, la famille P, couvre 
indéfiniment tout point de H,. Soit H’, l’ensemble indéfiniment couvert, au 
sens de la métrique-p, par la famille P,; H’, contient Hı, nous venons de le 
dire. D’ailleurs H’, est évidemment inclus dans H, de même que la famille 
P, est incluse dans la famille P; tout point indéfiniment couvert par P, l’est 
a fortiori par P; Mais comme P, ne contient aucun w joint à y, H”, ne 
renferme aucun point de yı; H’, inclus dans H est disjoint de H-y,; H^ 
contenant H, == H—H-y—p, est contenu dans H—H-y,—H,-+ pr. 
(H, est disjoint de p:, puisque H, se déduit de H par extraction non seulement 
des points appartenant à yı, mais encore de tous les points de pı, ceux-ci étant 


x 


étrangers à yı). Les points de H’, étrangers à H, sont donc dans p;. Si 
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A’, = H, +p pi, comme p, dont il est une partie, a la mesure-¢ -nulle. 
D'ailleurs p’. peut exister, H’, peut contenir des points de pı Il est évi- 
demment possible qu’un point étranger à yı et couvert indéfiniment (au-sens 
de la métrique-¢) par les w de P joints à y, soit aussi couvert indéfiniment 
par les œ de P disjoints de yi, et qui forment P.. 

Soit G, l’ensemble des y == y(w) correspondant aux w de P,. Puisque tout 
-y de Œ est dans un w disjoint de yı, @ fortiori tous les y de Gi sont disjoints 
de y: D'autre part le maximum ye de p(y} pour les y de G, vaut au pluas- 
pa et il est inférieur à ap(y:1). 


12. Maintenant, avec les familles P, et G, nous procédons comme nous 
Pavons fait avec P et G- Cette règle engendre une suite d'opérations qui nous 
donnent une succession d’ensembles yi Yot * ', yp’ °° disjoints, se déter- 
minant (même à partir de yı si P = Po, G = Go) de la façon suivante: 


Soit T, =y: + y+- -Fyr Si H—H-T, ala mesure-¢ nulle, la 
proposition est vérifiée. Supposons que cet ensemble ait une mesure ex- 
térieure-p positive. Posons pj=p(yi). D’après la première hypothèse, 
Vensemble pı + pe + + * ++ pn == ©, a la mesure-¢ nulle. Il est inclus dans H. 
Mais ©, n’est pas nécessairement disjoint de T,. Car pi, disjoint de y; ne Pest 
pas nécessairement de tous les y; pour js<i. Soit H, = H—H-(T,+9,). 
Par hypothèse ġe(Hn) > 0. 


Soit M un point quelconque de H,; M étant dans H, il existe une suite 
d’ensembles w contenant M et tels que de(w) tende vers 0. D’autre part, 
M étant étranger à In +, est étranger à tout ensemble y; + pi pour 
1<i<n. Donc il existe un nombre a; dépendant de M et de y, tel que 
si p(y) < & et si w—w(y) contient M, w(y) est disjoint de yi. 


Soit a’, est le plus petit des nombres «1, @,: * *,@n. Considérons les w 
vérifiant ces conditions: w contient M et p(y) < a’, si y—y(w). Ces w sont 
tous disjoints de T, et ils renferment parmi eux une suite dont la mesure 
extérieure-p tend vers 0. En conséquence, si l’on retranche de P tous les w 
joints à Ta, c’est-à-dire à l’un au moins des y; pour i == 1, 2,- : +, n, la famille 
P, des o restants couvre indéfiniment, au sens de la métrique-#, l’ensemble Hn. 
D'ailleurs, l’ensemble H’, indéfiniment couvert par les P, et qui est inclus 
dans H ne contient aucun point de Tp, puisque les w de P, sont tous disjoints 
de Fa. Donc H’, est contenu dans H — H -T,. -En conséquence Ha contient» 
H, et est inclus dans H —H-T,; H — H -Dn excède Hn d’un ensemble inclus 
dans ou identique à ®,. Donc H’, = Hn + O'n, ©’, étant une partie de @,; 
©’, peut exister, un même point pouvant être couvert indéfiniment (au sens 
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de la métrique-b) à la fois par la famille des w de P joints à T, et par 
la famille des w de P disjoints de F, et qui forment Pa. En tous cas 
(On) = (On) =0. 

Soit Ga Vensemble des y correspondant aux w de Pa. -Si y est dans Gn, 
w(y) est disjoint de Ty Comme y est inclus dans w(y), a fortiori y est 
disjoint de T,, c’est-à-dire de tous les y; pour i <n. 


_ Nous désignons par pai. le maximum de $(y) pour les y de Ga. Evi- 
demment jini € un € pe(D}): Soit yna un des y de G pour lequel 
(Yn) > unu/a. Quel que soit y dans Gn, (y) < ab (yan); Ynı étant 
dans Gn, est disjoint des y; antérieurs (1 S n). 

Ayant défini yn, nous sommes maintenant passés de T, à Dna Le 
mécanisme de la détermination progressive des y; est entièrement établi. Ces 
yı seront tous disjoints les uns des autres. 

Les familles G, décroissent, G, contenant la totalité de Gna et en outre 
tout au moins l’ensemble y». 


18. Il reste à examiner le cas où la suite y; est illimitée, c’est-à-dire 
le cas où nous ne sommes pas arrêtés par une suite finie Yus Ya" °° Yn telle 
que ¢(H —H-T,) —0. 

Soit Tr = Sy; Nous voulons montrer légalité 6(H —H-T)—0. Soit 
® = Spi; ¢(@) = 0, puisque chacun des ¢(p:) est nul. © est. dans H; 
H—H-T=R et H—H:- (+06) =f’ ont la même mesure extérieure. 
L'égalité ¢(2) = 0 équivaut à p(Æ’) — 0. Prouvons celle-ci. 

Observons que, les y; étant mesurables-¢ et disjoints, T est mesurable-¢ 
et p(T) —Xp(y). Linclusion TCD résultant du fait que tout y: est dans 
D, entraîne (T) = pe(D) <o. Par suite, la série Xb(y:) converge et, en 
conséquence b(-y:) tend vers zéro, quand 1 croît. 

Soit M un point de R’. Donnons-nous un nombre positif n quelconque 
et soit N un entier tel que > DO). < y. 

. aS 


M étant dans R’ est inclus dans H et étranger à 3(y-+ pi). - Done M 
est étranger à yi + pi quel que soit i. Soit « (ou @’y) le plus petit des 
nombres «,,:- °,@y; M étant inclus dans H, il y a une infinité d’ensembles 
w de mesure extérieure tendant vers 0 et contenant M. Pour les y-corre- 
spondants, ¢ (y) < below) et (y) tend aussi vers 0. Considérons un œ pour 
lequel y = y(w) vérifie (y) < &; w est disjoint de y1,' ©, yw; œ est done 
dans Py, et y est dans Gy. Mais (yn) tendant vers 0 quand n croît, il y a 
un premier m tel que ap(ym:1) < (y), tandis que (y) < ap(y:) pour 
nm; y west done pas dans Gm, et m = N +1. Donce œ n’est pas dan Pa. 


- 
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Les Pa, les G, décroissent quand n croît Il y a done un 7 vérifiant 
N+1<i< m, tel que y est dans G;: (ensemble des y tels que w(y) est 
disjoint de T';;) sans être dans G; (ensemble des y disjoints de T;). Donc w(y) 
est joint à y: et, d’après (y) < ap(yi); (= m), w(y) est dans l’ensemble 
Q(y:), tout en contenant M. Donc M est dans Q(y:). Soit O’y = 2 O(n) : 


M est dans 0’y; M étant un point quelconque de R’, il s'ensuit R’C Qy. 
Mais, en vertu de la deuxième hypothèse, $e[Q(yn)] < b¢(yn). Donc e 


pol] <b E pya) < dy. 
noN 


Done ¢(R’) < by quel que soit y positif; p (R) = 0 et (Rk) — 0. 
La première conclusion du théorème est établie. 


14. Passons à la seconde conclusion. Elle se décompose en deux parties. 
Montrons d’abord que H et A sont mesurables-¢. 

Une conséquence évidente de la première conclusion du Théorème est 
que, T étant dans D = Sy, il en est de même de H-T. Donc la partie de H 
étrangère à D est a fortiori étrangère à I. Elle est dans R= H — H.T. 
C’est un ensemble de mesure-p nulle. 

an étant un nombre positif tendant vers 0 en décroissant quand n croît, 
soit D, la réunion des y vérifiant (y) < m. Si G” est leur famille et si P” 
est la famille des w correspondant, P”, qui comprend tous les w pour lesquels 
pelo) < mn, couvre indéfiniment, au sens de la métrique-#, le même ensemble 
H que P elle-même. Les ensembles Dn, les familles G”, P” sont non croissanis 
quand n croît. 

D’après la première conclusion établie, on peut couvrir H, exception 
faite d’un ensemble À, de mesure-b nulle, avec une suite d’ensembles 
yi" Yt > t yit  * disjoints, appartenant à la famille G”, done situés 
dans D, Si T, = dy", l’ensemble Ra = H—H:T, vérifie (1) — 0. 


Soit A l’ensemble ILD,, commun à tous les Da; A est l’ensemble indé- 
finiment couvert par la famille G, au sens de la métrique-¢. Car tout point 
indéfiniment couvert par la famille G au sens de la métrique- appartient 
à une suite de y tels que ¢(y) tende vers 0. Ce point appartient donc à tous 
les D, Il est done dans A. Réciproquement, tout point de A, étant commun 
à tous les Da, appartient à un y pour lequel œ (y) < mn, quel que soit n. Ce 
point est couvert indéfiniment par la famille G, au sens de la métrique-#. 

Evidemment ACH, puisque un point couvert indéfiniment (au sens de 
la métrique-¢) par les y l’est a fortiori par les w(y) correspondants. En effet, 
d’une part w{y) contient y, d'autre part d’après de[w(y)] < bp(y) (consé- 
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quence de la seconde hypothèse), be[w(y)] tend vers 0 quand il en est ainsi 
de $(y). 

Soit A’ = TT,. Tous les T, sont mesurables-¢. Done A’ est également 
mesurable-p; A’ est inclus dans A. Car, F, étant dans D,, TIT, = A’ est 
dans IID, = A. En conséquence 


AC ACH. 


D'ailleurs H—-A’C SR, Car si un point de H n’est pas dans A’, 
il n’est pas commun à tous les Im. It est étranger à au moins un Pm. Etant 
dans H, il est dans Rm. Donc l’ensemble S’ = H — A’ est compris dans 
SR, Or 6(3Rn) = 0. Done H =A’ + 8’ avec $(8’) = 0. 

A’ étant mesurable-¢, il en est de même de H et les deux ensembles 
H et A’ ont la même mesure. En vertu des inclusions A’C ACH, A est lui 
aussi mesurable-$ et a même mesure que H et que A’. Si H=A-+S, 
SCS et (8) — 0. 


15. La première partie de la seconde conclusion du Théorème est 
établie. Passons à la seconde partie, à savoir la possibilité de choisir les y 
de façon que (A) = 4(T) < (A) + e, le nombre positif e étant préalable- 
ment donné. 

D’abord la condition (A) = $(T) est vérifiée par toute collection 
T == 3y; telle que b(H—H:T)—0. Car, d'après H = A + S et (8) — 0, 
T'H=T'A+T:S, avec (T: 8S) =0. Donc (T° A)—@(T:H). Or 
p(T'H) =4(H), p(H) — (A), et évidemment ¢(T) = (T-A). Done 
o(P) = (a). | 

Reste à prouver Ja possibilité que (T) < (A) +e pour un choix 
approprié des y; dont la collection est T. Evidemment, il suffit pour cela 
d'établir légalité lim ¢(Tn) = (A), la collection T, étant celle du para- 
graphe précédent, composée d’ensembles y:" de G”, famille composée des y 
vérifiant (y) <a. 

D, est la réunion de ces mêmes y composant Gy, et Te est done inclus 
dans Da; D, décrott (plus précisément: ne croît pas) quand n croît, et 
Vensemble-limite abstraite de D, (ensemble commun à tous les Da, parce que 
ces ensembles décroissent) est A. 

Si D, est mesurable-¢, tout au moins à partir d’une certaine valeur de n, 
$(D,) tend vers (A). D’après (A) = (Tr) S ẹ (Dzn), il est évident que 
(Tr) tend vers b(A). 

Le point à établir ne présente de difficulté apparente que si lon ne 
suppose pas D, mesurable-¢, ce que a priori ne peut être écarté. 
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Le fait que A — lim D, soit mesurable-¢, les D, étant des ensembles 
décroissants, n’implique nullement ni que D, soit mesurable-¢, ni que ¢de(Dn) 
tende vers ¢(A). Il est aisé de former un exemple de cette dernière circon- 
stance, et avec la mesure euclidienne. On sait que l’on peut décomposer 
l'intervalle o(0,1) des nombres réels en une infinité dénombrable d’ensembles 
E, disjoints et dont les longueurs extérieures le( Æp) sont toutes égales à 1, 


leurs longueurs intérieures étant dês lors toutes nulles5 Posons on = 2 Eme 
. man 


en sorte que o =g, Dès n= 2, cm ayant comme chacun des Em, pour 
m =n, la mesure extérieure 1, tandis que son complémentaire e — on, a lui 
aussi, comme chacun des F; pour à < n la même mesure extérieure 1, on est 
non mesurable. Quand n croît, on décroît, et tout point de o cesse à partir 
d’une certaine valeur de n de faire partie de on, puisque ce point appartient 


` 


à un des F; et à un seul. Donc l’ensemble commun aux op, soit lim.o,, 
est vide. Or le(o:) —1 indépendamment de n; le(on) ne tend pas vers 
l(lim on) = 0. 


6 Voir par exemple Denjoy, Leçons sur le calcul des coefficients des séries trigono- 
métriques, 2e partie, pp. 146-147. 

Le passage cité appelle toutefois un développement complémentaire pour permettre 
d'affirmer que les Ep, tous situés sur ø, ont tous pour mesure extérieure l'unité. 
Rappelons les considérations initiales. 

On énumère en une suite unique 9,,62,- © :,0n,. ++ les nombres rationnels de 
l'intervalle o(0,1). Soit 7 leur ensemble. x étant un point quelconque de oc, désignons 
par e(x) l’ensemble formé de w et des points a’ de o tels que w’—a@ (æ <x’) ou 
w —ae+]1 (x <w) soit dans y; e(æ+0,) siv+O,<1,e(@+6,—1) siv +n >l 
sont identiques à e(æ). Soit H, un ensemble contenant un point et un seul de chacun des 
ensembles e(æ), et H, l’ensemble des w + 0, (8 +0, < 1) oum+8,—1l(æ+8,>1), 
æ décrivant Ho. Les E, sont disjoints. Ils ont tous la mesure intérieure zéro, la même 
mesure extérieure 8 positive. Seulement a priori, B n’est pas nécessairement égal . 1 (8 
peut être supposé aussi petit que l’on veut, H, pouvant être placé sur l’intervalle 0,B). 

Il existe sur e un ensemble G5 de mesure f contenant H, et, si 0 <A<B, il y a dans 
Gs un ensemble parfait P, épais en lui-même, de mesure À. L’ensemble Z%,.P = I, a 
pour mesure extérieure À (sans quoi H, n’aurait pas pour mesure extérieure 8). Soit 
Ur Ua + +; Uy, + - la suite des intervalles contigus à P, rangés par longueurs non 
croissantes. Le nombre s, = kw, + 2 u, tend vers 0 si k augmente. Imprimons à P 

PZk+1 

une translation rationnelle 6, inférieure à u,. L’ensemble ae obtenu P, est tel 
que P.P, a une longueur supérieure à A—s,. Soit hy, ko. . .,k,,- ++ une suite 
d’entiers croissants tels que la série 3 s+ converge et ait une somme inférieure à A. 
Si Pm et Im sont respectivement déduits de P et de I, par une translation ô, inférieure 
à Ur d’une part Im = By . Ph, Tautre part À est à la fois la longueur de Pn et la 
longueur extérieure de Im. Si Q est l’ensemble majeur épais en lui-même commun aux Pm, 
la longueur x de Q est positive et Q est parfait. Les ensembles Jm = Inm - Q = En an’ Q 
sont disjoints et ont la mesure extérieure x. Si a est l’origine de Q et m (s) la longueur 
de Q entre a et v (>a), la transformation y = m(x)/x change Q en le segment (0,1) 
et les ensembles J,, en des ensembles H,, situés sur o, disjoints et tous de mesure 
intérieure zéro, de mesure extérieure 1. 


1 
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16. Supposons que D, soit non mesurable-p; D,— A est non mesur- 
able-¢. Cet ensemble peut se décomposer en deux ensembles disjoints (le 
premier éventuellement vide) X, et Y, tels que: 1° X, est mesurable-¢ et 
(Xa) a la plus grande valeur possible, en sorte que (Xn) = ¢i(Dn—A) ; 
2° Y, est non mesurable-¢, sa mesure intérieure $;(Y,) étant nulle d’après 
la valeur de ¢(X,); D, est décomposé en trois ensembles disjoints D, = A 
+ Zn + Yo et do(Dn) = $(A) + 4(Zn) + bela), dif Da) = 6(A) + 6(Zn). 

On peut supposer que X, décroît (ne croît pas) quand n croît. Car 
Ans inclus dans D, l’est a fortiori dans D,. ‘Les points de Xn. étrangers 
à X,, forment un ensemble mesurable-$ dont la mesure-p est nulle. Sans 
quoi, en ajoutant ces points à X,,; on augmenterait (Xa), sans que Xn 
cessât d’être inclus dans Dp, ce qui est impossible, puisque ¢(Xn) = pi(D, — A) 
est par hypothèse le maximum des mesures-p des ensembles mesurables- 
inclus dans D,— A. En retranchant de Xn, les points étrangers à Xn pour 
les ‘ajouter à Yau, on n’altere pas la condition $(Xnu) = pi( Dans — A), 
et Pon réalise l'inclusion Xna C Xn. 

Xn décroît. Comme X, + Yn égal à D, — A décroissant (non croissant) 
a pour limite abstraite (ensemble commun) l’ensemble vide, pareillement 
lim X, est vide, et ¢(X,) tend-vers 0 quand n croît. 

Or, T, étant dans Dn, Dn = Da © Dn = Dn A + Tu Xn + Tr Yn; Tr est 
mesurable-¢, comme somme des y; eux-mêmes mesurables-p par hypothèse. De 
même, T, A et Ta - Xn sont mesurables- puisque A et X, le sont. Donc T,- Fa 
est mesurable-p, et comme cet ensemble est inclus dans Y, dont la mesure 
intérieure-@ est nulle, D(T,: YA) —0. En conséquence $(T,) — ¢ (Tn: A) 
+ (Tr: Xn). 

p(Tr' Xn) tend vers 0 puisqu'il en est ainsi de (Xx); $ (Ta: A) = $(A), 
indépendamment de n. Donc lim p(T,) = (A). 

e étant un nombre positif donné, il est done possible de choisir m assez 
petit pour que la collection IT, ou I composée avec des ensembles disjoints y: 
de la famille définie par (y) < m vérifie ¢(T) < $(A) +e i 

La seconde conclusion du Théorème Général est entièrement démontrée. 
La proposition complète est done établie. 


17. Sur les trois hypothèses conditionnant le théorème général, on peut 
se demander si la troisième [¢e(Sy) <œ] est indispensable. Un exemple 
réalisé dans le plan U», avec la métrique de Yaire euclidienne des ensembles, 
va nous montrer un couple de familles P, G d’ensembles w et y respectivement, 
vérifiant les deux premières hypothèses du théorème, l’ensemble H indéfini- 
ment recouvert, au sens des aires, par la famille G des ensembles w ayant une 
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‘aire déterminée et finie, tandis que la conclusion du théorème général est mise 

en défaut. Non seulement H ne peut pas être couvert par une collection 
dénombrable d’ensembles y, mais les y sont tous disjoints de H. 

Regardons U, comme le plan complexe de la variable z — x + ty == re. 
Soit C le cercle ouvert r < 13 &,6,° * * ,en,” * * étant une suite de nombres 
positifs décroissants tendant vers 0, avec e < 1/4, nous formons une série 
de familles associées, P, d’ensembles w et G, d’ensembles y, de la façone 
suivante. z= re étant un point quelconque de Ọ, nous constituons un 
ensemble w de P, par les deux cercles de même rayon en et de centres respectifs 
z et z+ ne? — (r+ 2n)e%, L'ensemble y = y(w) correspondant dans Gn 
sera le second de ces cercles. Les familles P et G sont respectivement XP, 
et SG. 

Les cercles y de G, forment par leur réunion la couronne circulaire I, 
(3n — er <r <@n+1+e,). La distance de deux de ces couronnes con- 
sécutives et celle de J, à Io (0 <r<1+e) surpassent 1/2. 

L'ensemble H indéfiniment couvert par la famille G, au sens des aires 
(et de la dimension, et au sens de toute métrique donnant la mesure zéro 
à tout point et une mesure positive à tout ensemble ouvert) est le cercle 
fermé © (r51). L’ensemble D = Sy est Zn ; D est distant de H Wau 


moins 8/4. Telle est la distance minimum de tout ensemble y à H. 

Or les deux premières hypothèses du théorème général sont vérifiées par 
les familles P, G. En effet, si un ensemble w’ — w(y’) est joint à un y et si 
celui-ci est dans Ga, w” est joint à y par sa partie y(w’), uniquement, puisque 
a —y(o’) est dans Io. Done y(w’) est dans In, comme y; w est dans P, 
comme w(y). Il suit de là que, les «w joints à y, ayant leur aire bornée 
inférieurement par Zren’, ne recouvrent indéfiniment aucun point, au sens 
des aires (ni d’ailleurs au sens d’aucune métrique donnant une mesure positive 
à tout ensemble ouvert). Done p(y) est vide quel soit y. La première hypo- 
_ thèse d[p(y)] = 0 est vérifiée. 

[Pour associer aux conclusions précédentes une métrique borélienne ġ (£) 
plus générale que celle des aires euclidiennes, il conviendrait d’exiger plus 
précisément que, si c est un cercle de rayon r, (c) vérifie une double inégalité 
O<A(r) <'p(c) < kr), h et k étant indépendants de c et k(r) tendant 
vers 0 avec r}. 

Passons à la seconde. Quel que soit a > 1, les w vérifiant (y) < a¢(y), 
si y = y(’), et joints à y sont, en raison de cette dernière condition, dans 
P,. Ils s’identifient à tous les w joints à y. Pour eux $(y’) = (y), avec 
la métrique-p des aires. (Chacun de ces œ” se compose de deux cercles de 
même rayon en que y. Leur réunion Q(y) est contenue dans un couple de 
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cercles ayant le même rayon 8e, et respectivement concentriques aux deux 
cercles composant w(y). Donc Q(y) a son aire inférieure à 18 fois Paire de y. 
La seconde hypothèse est vérifiée. 

Mais la troisième: aire D <œ ne l’est pas puisque D = SIn, Paire de I, 
surpassant 4rn. Cette troisième hypothèse joue donc un rôle indispensable 
dans le théorème général. 

e 

18. Un cas particulier important ést celui où les ensembles w se con- 
fondent avec les ensembles y. C’est par l’examen de cette hypothèse que nous 
terminerons cette étude. 

- Nous dirons que, dans l’espace U où a été définie une métrique (Æ) 
des ensembles, borélienne, non négative, une famille G d’ensembles y est 
régulière au sens de la métrique-p si: 


1° Tout ensemble y a une mesure-p déterminée positive et finie; 


2°. Quel que soit l’ensemble y de G, les points étrangers à y et couveris 
indéfiniment, au sens de la métrique-¢, par les y joints à y forment un 
ensemble p(y) de mesure-p nulle; 


3°. Il existe deux nombres a et b (1 < a < b) indépendants de y, tels 
que la réunion Q(y) des y joints à y et vérifiant p(y’) < ag(y) a une mesure 
extérieure-p inférieure à bp(y) : de[Q(y)] < bp(y) ; 

4°, La réunion des y est un ensemble D de mesure extérieure finie: 


pe(D) < oo. 


Nous désignons par A(G) l’ensemble indéfiniment couvert, au sens de 
la métrique-p, par la famille G des ensembles y. 

Le théorème général (10), où Von identifie les w avec les y, donne 
Vénoncé suivant: 


THÉORÈME. L'ensemble A(G) relatif à la famille G d’ensembles y, 
régulière au sens de la métrique-¢, peut être couvert, à un ensemble de 
mesure-p nulle près, par une collection dénombrable T = Zy; d’ensembles 
Yo Ya °°, disjoints, appartenant à G, et A(G) est mesurable-d. En outre, 
quelque soit le nombre positif e préalablement donné, on peut toujours réaliser 
l'égalité p(T) < (A) +e. 


Il est à peine besoin de noter que, dans l’espace cartésien U, à r 
dimensions et si la métrique (F) est la mesure euclidienne borélienne d’ordre 
r, on a une famille régulière dans tout groupement, borné dans U2, ensembles 
y ayant une mesure déterminée d’ordre r, si cette dernière .surpasse une 
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fraction fixe (indépendante de y) de d, d étant le diamètre de y. Par 
exemple, les y peuvent être des sphères, ou des quasi-parallèlipipèdes rectangles 
d'ordre r, dont les côtés ont des rapports mutuels compris entre deux nombres 
fixes k et 1/k (0 < k<1). C’est à cette dernière sorte d’ensembles que se 
rapporte le théorème classique de Vitali. Mais notre définition des familles 
régulières englobe évidemment des espèces d’ensembles bien plus générales, 
où la régularité de l’assemblage doit être assurée dans chaque cas particulier 
par la consistance de la famille considérée. 


19. Pour le dernier théorème (18) on peut se poser la même question 
que pour le Théorème général: Si les ensembles y de la famille G vérifient 
les deux premières hypothèses, et si l’on suppose en outre que l’ensemble 
A(G) indéfiniment couvert par les y a une mesure extérieure finie, la troisième 
hypothèse est-elle ou non superflue ? 

Dans le plan VU, et avec la mesure euclidienne des aires, soit C le carré 
ouvert (0O<t<1,0<y<1). Divisons-le en quatre carrés égaux, et 
chacun de ceux-ci en neuf autres dont les carrés centraux fermés seront notés 
Cit, Nous avons partagé Cy en 36 carrés égaux dont 4 ont été retenus. Il en 
reste 32, se partageant en quatre groupes de huit entourant un même 
carré Ci. Dans chacun de ces 82 carrés complémentaires opérons comme 
nous Pavons fait sur Co: division en 36 carrés égaux sur lesquels 4 sont 
retenus et notés C,?. Nous répétons indéfiniment l’opération. Nous avons 
des collections de 4 carrés Ci, 4. 82 carrés C1’, 4. 32? carrés O5, : + +, 4. 89n1 
carrés Cy", etc. Les carrés C,” sont disjoints et leur réunion 30,” = A? 
couvre Co moins un ensemble d’aire nulle. Car Faire de Ce diminué des 
carrés Cy? vaut 8/9, Paire de Cy moins les C,' et les C,? vaut (8/9)?,- - -. 
Laire de Ca — 302 — 30,7 - -— 320,” vant (8/9)” et tend vers 0 quand 
n croît. 

Maintenant, sur chacun des O,” (n = 1,2,: ~~) procédons comme sur 
Co. Nous obtenons une famille A, de carrés fermés disjoints C2? qui couvrent 
chacun des C,” à un ensemble d’aire nulle près et Cy de la même manière, 
Et nous recommengons avec les C,? pour obtenir une famille A, de carrés 033 
disjoints, couvrant Cy à un ensemble d’aire nulle près, etc. La réunion des 
familles A», est une famille A d’ensembles fermés Om” couvrant indéfiniment 
un ensemble Y qui est Co diminué d’un ensemble d’aire nulle (formé des points 
se projetant sur l’un ou l’autre de deux ensembles égaux, sommes d’ensembles 
parfaits totalement discontinus privés de leurs points de première espèce et 
situés respectivement sur Ox et sur Oy). 

La question qui se pose est celle-ci. Peut-on adjoindre à chacun des Cm" 
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un ensemble gm” extérieur à Co, et par exemple fermé, la réunion Om" + Jm" 
formant un ensemble y (ou ymx), de façon que, ces trois conditions étant 
vérifiées : 


1°. ensemble A indéfiniment couvert, au sens des aires, par la famille 
G des y est tout entier dans Co, donc identique à Y (l’ensemble indéfiniment 
couvert par la famille des gm” est vide) ; 


2° et 3°. les y vérifient les deux premières hypothèses, 


néanmoins il soit impossible de couvrir A==Y (moins un ensemble daire 
nulle) avec une infinité dénombrable de y; disjoints, parce que, pour aucun 
choix d’une collection de Cm* disjoints et couvrant Ce sauf un ensemble d’aire 
nulle, les gm? correspondants ne sont tous disjoints ? 

Bien entendu cette impossibilité exige que Paire de D = Zy (donc celle 
de Sgs#*) soit infinie. 

Je laisse au lecteur le soin d’élucider ce point. 


20. Ii est évident que toute famille partielle d'une famille régulière G 
est elle-même régulière, toujours au sens de la métrique-¢. i 


On peut se poser la question suivante. Si A(G) est décomposé en deux 
ensembles mesurables-$ disjoints, H’ et H”, est-il toujours possible de trouver 
dans la famille G deux familles disjointes @ et G” d’ensembles y de façon 
que A(G’) == H’, à un ensemble de mesure-p nulle près, et sous la même 
réserve A (@”) = H”? 

Il n’en est rien, en voici un exemple. Dans le plan U, où la métrique 
est celle des aires boréliennes, soient C, et C. deux couronnes circulaires 
ouvertes, homothétiques par rapport à leur centre commun 0 et disjointes, 
par exemple C, de rayon 1 et 2, Cz de rayons 3 et 6. Prenons pour ensembles 
y tous les couples de cercles cı, ¢2, homothétiques entre eux avec le rapport 
de 1 à 3, par rapport à 0, et respectivement intérieurs à C, et à Cs. On voit 
immédiatement que la famille G des y vérifie les quatre conditions de régu- 
larité. Si les deux ensembles y = ©, + ce et y == c’, + C2 de G sont joints, 
simultanément 6, et c’, d’une part, cz et c's d’autre part sont joints. D'où 
résultent immédiatement les second et troisième caractères de régularité de 
la famille G des y. Le premier et le quatrième caractères sont évidemment 
réalisés aussi. A(G) est identique à O, + C2. | 

Toute famille partielle de G couvre deux ensembles distincts, l’un situé 
dans C;, l’autre dans C,, le second homothétique du premier par rapport 
à 0, avec le rapport 3. Donc, quel que soit l’ensemble H, dans C., si son 
homothétique par rapport à 0 avec le rapport 3 est l’ensemble H, situé 
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dans C, toute famille partielle de G couvrant indéfiniment H, couvre en 
même temps H.. Et réciproquement. En particulier, si A(G) = C, + Ca 
est décomposé en H’==C, et H” = C., toute famille G’ partielle de G 
couvrant indéfiniment H’ et toute famille G” partielle de G couvrant indé- 
finiment H”, toujours au sens des aires, et à un ensemble d’aire nulle près, 
donnent lieu aux identités: A(G’) =A(@”) =A(G) =0, + Cz} à un 
ensemble d’aire nulle prés. 

Cet exemple, qui pourrait être transformé dans le détail (les y de G 
composés de couples de cercles C1, Ca homothétiques avec le rapport 8 ne 
couvrant que deux régions homothétiques de C; et de C2) fait saisir pourquoi, 
contrairement 4 ce que l’on pourrait supposer, les conclusions des théorémes 
qui suivent n’admettent pas en général la substitution aux ensembles A(() 
de n’importe laquelle de leurs parties mesurables. 


21. Ce sont les familles régulières G telles que les précédentes qui 
donnent de l’intérêt à la proposition suivante: 


Tutorime. Au sens de la métrique-b, si l’ensemble H de mesure 
extérieure-p positive est inclus dans l’ensemble A = A(G) indéfiniment couvert 
par la famille régulière G d'ensembles y, et si H vérifie, pour tout ensemble y 
de G Vinégalité pe(H - y) < 06(y), 8 étant inférieur à 1 et indépendant de y, 
l'inégalité (A) < 81h. (H) est impossible. 


Soit en effet, r= Sy; l’ensemble-somme d’une collection dénombrable 
d’ensembles yı yz > de G, disjoints et couvrant A à un ensemble de mesure-d 
nulle près. En outre, e désignant (et nous ne le répéterons plus dans les pages 
suivantes) un nombre positif indépendant, on peut réaliser la condition 
p(T) < (A) + e (15-16). 

De Pégalité A =A -T + © avec ¢(@) — 0, et de la relation d'inclusion 
ACA, il résulte: H=H-A—H-T+H-® et b(H:@)—0. Done 
pe(H) = pe(H°T). Les ensembles y; étant disjoints (6), ¢e(H-T) 
= 3ġe(H yı). Done $o(H) < 63$ (y) —06(T) < O(A) +]; e étant 
positif quelconque, ¢e(H) = b(A). L’inégalité (A) < @%¢.(H) est im- 
possible. 








22. Les espaces généraux U, avec les métriques quelconques, donnent 
lieu à un théorème coincidant pour les espaces cartésiens et la métrique 
euclidienne borélienne, les familles G étant composées de sphères, avec le 
théorème sur lépaisseur des ensembles mesurables.5 


a J’emploie le terme d'épaisseur où trop d’analystes usent de celui de densité. Je 
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Dans U soit G une famille d’ensembles y. Au sens de la métrique-#, 
supposons ( régulière et couvrant indéfiniment l’ensemble A = A(G). Soit 
E ‘an ensemble mesürable-p inclus dans A, M un point de A et (E, M), 
ne( i, M) respectivement la plus petite et la plus grande limites du rapport 
p(E -y)/p(y) quand l’ensemble y de G contient M et que sa mesure (y) 
tend vers 0; m(E, M), (E, M) seront appelées respectivement l'épaisseur 

o inférieure, l'épaisseur supérieure de l’ensemble E au point M, relativement à 
la famille G. Si ces deux nombres sont égaux, leur valeur commune sera 
appelée l'épaisseur de E au point M relativement à la famille G. 


THÉORÈME. Au sens de la métrique-, si la famille G d’ensembles y est 
régulière et si A = A(G) est l’ensemble indéfiniment couvert par elle, l’épais- 
seur de A relativement à la famille G est 1 en tout point de A, sauf éven- 
tuellement sur un ensemble de mesure-p nulle. 


L'hypothèse contraire est que l’ensemble des points M vérifiant (A, M) 
< 1 a une mesure extérieure-¢ positive. Considérons l’ensemble des M véri- 
fiant (A, M) <1—1/n. Si, quel que fût n, cet ensemble avait la mesure-& 
nulle, l’ensemble (A, M) < 1 aurait aussi la mesure 0. Il y a done un 
nombre 4 < 1 tel que l’ensemble H des points M vérifiant m(A, M) <0 a 
sa mesure extérieure ¢¢(H) positive. 

Soit G la famille des ensembles y appartenant à @ et vérifiant p(A-+) 
< p(y). L'ensemble A’ = A(G’), indéfiniment couvert par la famille G” 
contient H. On peut d’ailleurs. observer qu’en tout point de A’—H, on 
trouve (A, M) = 6; A’ est mesurable-b (14). Donc 4(A’) = $(H) > 0. 
Couvrons A’, à un ensemble de mesure-p nulle près, avec une collection 
dénombrable d’ensembles y’1,y’2,° - - de G’, disjoints, et soit I — 3y: On 
peut supposer ¢(I”) < $(A’) +e. (15-16). D’après A’ = A’: I” + ©’, avec 
p(®’) = 0, p(A’) = p(A’-T’). Dinclusion A’C A donne A -IC A-I at 
(A) S (A:I). Mais, les y; étant disjoints | 


PCA: I) = 3p (A: ya) < 0%b(yi) = 0A (T) < 8[p(A”) +]. 
En conséquence $(A’) < 6[p(A’) + €], quel que soit e positif. Donc 
$(4’) S 6(4), 


réserve celui-ci & la notion topologique, fondamentale dans la théorie des fonctions de 
variables réelles. 

Voir mes Leçons sur le Calcul des coefficients des séries trigonométriques (note 
liminaire p. XI, pp. 105-106 en note; p. 223 en note). Au sujet de la densité, voir 
également: p. 136 en note, 331 en note. Et consulter la Critique du Langage, pp. 689- 
690. 
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ce qui est absurde si, avec 4 < 1, en même temps ¢(A’) > 0. Or il en est 
ainsi au cas où pe(H) > 0. 


28. APPLICATIONS AUX FONCTIONS D’ENSEMBLES. Dans l’espace, U 
pourvu de la métrique-¢, soit #(Æ) une fonction d'ensemble complètement 
additive, et même au sens précis suivant: Si les ensembles #,, E,,: - + sont 
disjoints, si tous les ¥(Z,,) sont déterminés et si la série X | y (En) | converge, 
` (E) existe et vaut Sy(H,). En outre, on suppose la soustractivité de 
y(E): Si, avec E DE", y(E) et y(E’) sont définis, y(E— F’) existe et 
dès lors vaut y(E) —w(E). 

Enfin (6), dès que y(Æ) et y(Æ”) sont définis, y(Æ : E’) Vest aussi. 

Dans U soit G une famille d’ensembles y. Au sens de la métrique-d, 
nous supposons G régulière et couvrant indéfiniment l’ensemble A = A(G); 
A est mesurable-b (14). Nous dirons que la fonction #(Æ) est définie dans 
le champ A(G) si y(E) est déterminé et fini pour tout ensemble H mesurable-p 
inclus dans A (y compris A). Nous ne rappellerons plus désormais les 
hypothèses générales ni le sens des notations adoptées. 

Soit M un point quelconque de A. Nous appelerons nombres dérivés 
supérieur, inférieur, moyen, relatifs à la famille G et propres à la fonction 
d'ensemble y au point M, respectivement la plus grande, la plus petite, une 
quelconque des limites du rapport ¥(A-y)/¢(y) si l’ensemble y de G contient 
M et si p(y) tend vers 0. 

Nous noterons ces nombres As (y, M, G), Ai(y, M, G), Am(y, M, G). 

Nous dirons que ¥(#) possède au point M une dérivée relative à la 
famille régulière G si As(y, M, G) = Ai(y, M, QG). Cette dérivée sera notée 
A(Y, M, G) = À; = Ag. 

Je dis que les nombres dérivée A; et As sont mesurables-¢. Une fonction 
de point f(M) est dite meswrable-¢ si, H désignant son champ de définition 
dans U, l’ensemble des M où A < f(M) <B (M inclus dans H) est 
mesurable-¢, quels que soient A et B (A < B). 

Soit À un nombre réel quelconque et 14 l’ensemble où Aj(y, M, G) < À. 
Si nous formons la famille G;(A) des ensembles y de G@ pour lesquels 
y(A-y) < Ag(y), l’ensemble A[G,(A)] indéfiniment couvert par cette 
famille renferme Za et les points de A[G,(A)] étrangers à A vérifient 
A(y, M, G) = A. 

Or cet ensemble A[G,;(A)] est mesurable-¢, puisque la famille G;(4), 
partie de la famille régulière G, est elle-même régulière au sens de la 
métrique-¢. Donc, quel que soit A, il y a un ensemble I’4, savoir A[G;(A)], 
mesurable-p et qui d’une part contient l’ensemble A;(y, M, G) < À, Tautre 
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part est compris dans l’ensemble A;(w, M, G) = A. On en conclut, parle 
raisonnement de Lebesgue relatif aux fonetions mesurables d’une variable 
réelle, que la fonction A:(#, M, G) est mesurable-¢. 

Et de même la fonction A,(y, M, G) est mesurable-#. 

L'ensemble J des points où y(Æ') a une dérivée A relative à la famille 
G est mesurable. Car d’une part As— A; est mesurable, et d'autre part J 
eest l’ensemble où As—-A;—0. Sur l’ensemble J mesurable-¢ la dérivée A 
est identique à Pune et à l’autre des fonctions A, et A; toutes deux mesurables. 
Done A, définie uniquement sur J, est mesurable-#. 


24. THéorème. Si la fonction ensemble y(E) est définie et bornée 
dans le champ A==A(G@), l’ensemble I des points de A(G) où l’un des 
nombres dérivés extrêmes de y(E) relativement à la famille régulière G 
d’ensembles y est infini, I a la mesure-d nulle. 


Par hypothèse, il existe un nombre positif k tel que — k < y(E) < k, 
quel que soit # mesurable-¢ et inclus dans A(G). 

Soit H l’ensemble A, (y, M, G) — + oo; H est mesurable-¢. Supposons 
p(H) > 0 et montrons-en Vimpossibilité. Soit G,(A) la famille des y 
vérifiant y(A:y) > Ad(y). Elle est régulière comme l’est G. L’ensemble 
A[G;(A)], ou par abréviation A,(4), contient H quel que soit A. Il existe 
une réunion dénombrable T4 d’ensembles y; de G,(A) disjoints, tels que 


A,(4) —A,(A) Ta == ®4 a la mesure-¢ nulle. 


Si L=A— A: Ta, ¥(A) Zy(A-Ta) —k; y(A-y) > Ad(y) est 
positif quel que soit & Les y; étant disjoints $; y (A'yı) est inférieur à k 
t<n 


quel que soit n. Donc la série Sy(A-y:) converge et vaut y(A-T4). En 
conséquence ¥(A-I'4) > ASb(y:) = Ap(T4) et w(A) > Ad(Ta) — k. 


Or, Ty contient A,(A) sauf un ensemble de mesure- nulle. Done 
p(Ta) = $[As(A)]; As(4) contient H. Done (Ta) = p(H) et y(A) 
> A¢(H) —k; p(H) étant positif et A un nombre positif quelconque, 
nous aboutissons à une impossibilité, puisque y (A) < k. 

On démontre de même que l’ensemble A; (y, M, G) ——o a la mesure-¢ 
nulle. 


25. THÉORÈME. Si la fonction y(E) est définie dans le champ A(G) 
et si l'égalité d(#) — 0 entraîne y(E) — 0, il west pas possible qu'il existe 
deux nombres réels distincts A et B (A < B) tels qu’en tout point M de 

= A(G), Ai(y, M, @) <A<B<A,(y, M, G). | 
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On considère les deux familles G;(4), Gs(B) formées des ensembles y 


de G vérifiant respectivement y(A-y) < Ag(y) et y(A-y) > Bé(y). Par 
hypothèse A[G;(4)] = A[G,(B)] = A(G) =A. 

En recouvrant successivement A, sauf un ensemble de mesure-¢, nulle 
(et sur lequel par hypothèse #—0) avec deux collections dénombrables 
d’ensembles y appartenant respectivement à G;(A) et à G,(B), on met en 
évidence les deux inégalités contradictoires #(A) S Ap(A) et y(A) = Bp(A). 

Nous dirons que la fonction d’ensemble y(Æ), définie et bornée dans 
le champ A(G) y est métriquement continue, si ensemble E variant indiffé- 
ramment dans A(G), la condition lim $(Æ) — 0 entraîne limwy(ÆE) — 0. 


26. Nous dirons qu’au sens de la métrique-¢, la famille régulière G 
d’ensembles y est parfaitement régulière si, quel que soit l’ensemble H 
mesurable-¢ inclus dans A(G), la famille G’ des ensembles y de & joints à H 
a pour ensemble de recouvrement indéfini A(G”) l’ensemble H accru au plus 
d’un ensemble de mesure-¢ nulle. 


THÉORÈME. Si, la famille G d’ensembles y étant parfaitement régulière, 
la fonction d'ensemble y(E) est définie, bornée et métriquement continue 
dans le champ A = A(G), y(E) possède une dérivée finie par rapport à la 
famille G, sur une plénitude-p de A. 


Sinon l’ensemble A,(#, G) — A;(y, G) > 0 aurait une mesure-¢ positive. 
On trouverait alors deux nombres A et B, avec À < B, (par exemple A = p/q, 
B= (p+1)/q, q entier positif étant assez grand et p ayant une certaine 
valeur entière) de façon que l’ensemble H où simultanément A; < A, As > B, 
eùt une mesure-¢ positive. Adoptons cette hypothèse. Nous allons prouver 
y(H) < Ad(H) et pareillement ¥(H) > Bd(H). La contradiction sera 
établie. 

Soit G la famille des ensembles y de G joints à H et A’ —A(G’) 
Vensemble indéfiniment couvert par la famille G’ (au sens le la métrique-¢). 
La famille G étant parfaitement régulière, A’ = H+ Z, avec $(Z) —0. 
La fonction y (E) s’annulant sous la condition suffisante (2) = 0, on trouve, 
avec $(H) = $ (4°), (E) =y(d’). 

Dans la famille G’ retenons uniquement des y (ils sont joints à H) où 
y(A-y) < Ad(y). Ces y forment une famille G’;(A) qui couvre indéfiniment 
un ensemble Ast— Af[G;(4)] inclus dans A’ et contenant H. Donc 
Pensemble Z, = A4 — H vérifie Z, CZ et p(Z)—0. Par suite ¢(H) 
—$(A’) = (Ast) et (HZ) —¥(4’) = 9 (Aw). 


Couvrons A4t, à un ensemble de mesure nulle près, avec une collection 
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I d'ensembles yi disjoints appartenant à G’,(A). Nous pouvons supposer 
(I) < (A4) +e— (A) +e avec [Ti As*] = paf) = $(4), et 
(TT: A4) = y (A4) —=#(a). D’après y(A- yt) < Ag(y), et y(A-T°) 
étant fini, la série Xÿ(A:-y) converge et a pour somme ¥(A-I"). Done 
P(A: TT) = Sy (A> y) < ASb(yr) = Ap (T*) < Ale (4) + €]. 

Soit Xt =— It — T! - A4! ; Ag? et Xt sont disjoints. Done 


p(X) = (TT) — p (4°) < e 
D’après Ag? C A’ C A et 
D =D Ag+ X4, AT Ag+ Tt + X?-A, 
les deux ensembles A4! et X+ étant disjoints: 


y(A-T!) —y(Ag- TY) + y(Xt-A), 


et puisque 
Y(T: Aa) = 9A’), y(A: TT) = y(A’) +y A) < ALEA) +]. 


i En vertu de V’hypothése que y(E) tend uniformément vers 0 quand 
p(E) tend vers 0, variant dans A, y(X*-A) tend vers 0 avec e puisqu'il . 
en est ainsi de (X+: A) = p(X1) <e A la limite: 


w(A’) = Ap (4°). 


Le raisonnement semblable appliqué à la famille G’;(B) des ensembles 
y de G joints à H (donc inclus dans G’) et vérifiant y(A-y) > Bp(y) nous 
conduit à la conclusion ¥(A’) = Bd(A’), ce qui est contradictoire avec le 
précédent résultat si $(A’) > 0. Or 6(A’) =¢(H). Donc ¢(H) > 0 est 
impossible. La dérivée A(y, G) existe sur une plénitude- de A = A(G), 
ensemble indéfiniment couvert, au sens de la métrique-¢, par la famille par- 
faitement régulière G. 

Pour espace cartésien à r dimensions U, et la mesure euclidienne 
borélienne d’ordre r, les familles citées plus haut (18) d’ensembles y surpassant 
en mesure une fraction fixe de la sphère minimum les contenant, sont par- 
faitement régulières. 

On voit que l’extension donnée au théorème de Vitali, en rapportant 
toutes les hypothèse à la seule notion d’une fonction métrique borélienne 
non négative des ensembles, permet d’énoncer, pour tous les espaces où une 
telle mesure est définissable, et sans aucun postulat de distance entre points 
ni de topologie, les analogues de certaines propositions fondamentales relatives 
à la mesure euclidienne dans les espaces cartésiens ou à la dérivation des 
fonctions d’une variable réelle. 


342 ARNAUD DENJOY. 


Observations complémentaires. 


La correction des épreuves de cet article me donne l’occasion d’ajouter 
certaines rectifications et quelque développements à l’étude précédente. Le 
tout a été d’ailleurs signalé dans une note aux Comptes Rendus de l’Académie 
des Sciences de Paris (13 novembre 1950, t. 231, p. 1013-1015). 

Il s’agit des familles régulières G d’ensembles y. Nous modifions la, 
définition donnée ci-dessus (26) des familles parfaitement régulières et qui 
wa pas d'application. - 


27. Au sujet du caractère de régularité des familles G d’ensembles y 
notons un premier point de détail concernant la quatrième condition. Nous 
exigeons que la mesure extérieure-p de l’ensemble D == Sy soit finie, mais non 
pas que D soit mesurable-¢. 

Etant donné la famille Œ d’ensembles y et si D — D(G) = 3y est non 
mesurable-¢, on peut toujours, en retranchant à certains, sinon à chacun, 
des y un ensemble de mesure-b nulle, ramener D à être mesurable-¢. 

En effet, soit D — D’ + Z, D’ étant mesurable-¢ et vérifiant (D) = (D). 
Done (Z) — 0, et pe(Z) = pe(D— D’) > 0. (D et Z sont disjoints). 

Les propositions suivantes sont évidentes: 


L'ensemble obtenu en retranchant d’un noyau un ensemble de mesure-ÿ 
nulle est encore un noyau. L'ensemble obtenu en ajoutant à une enveloppe 
un ensemble de mesure-p nulle est encore une enveloppe. 


Tout ensemble inclus dans A(G) et de mesure-p nulle est une enveloppe 
(comme l’est l’ensemble vide). Toute plénitude- de A(G) est un ensemble- 
noyau (comme l’est A). 

y étant inclus dans D, y= y-D—y-D’'+y-Z. Selon un raisonne- 
ment déjà rencontré (16), nous voyons que, y et D’, donc aussi y: D”, étant 
mesurables-p, y: Z Pest aussi, et d(y'Z) =¢i(Z) = 0. 

Soit y —y—y-Z; y inclus dans y est mesurable-p et f(y’) = ¢(y). 
A toute collection dénombrable T = Sy; d’ensembles y; disjoints correspond 
la collection IY = Sy, incluse dans F avec p(T — I”) == 0. Les deux familles 
T et I” couvrent le même ensemble, à un ensemble de mesure- nulle près. 
Or D’ = Sy’ est mesurable ¢, avec ¢(D’) = ¢: (D). 

Néanmoins il est indispensable de conserver 4 la quatriéme condition 
toute sa généralité, Car, avec une réunion D — D(G) mesurables-¢, on peut 
avoir des familles partielles @ de G, par exemple formées des y de G joints 
à un ensemble H inclus dans A(G) et mesurable-¢, de façon que la réunion 
D(G’) des y de G” soit non-mesurable-¢. 
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28. Donnons de ce cas un exemple emprunté à l’espace linéaire U, formé 
par l’axe Oz, avec la métrique borélienne des longueurs. Soient e, un ensemble 
non mesurable situé sur Vintervalle sọ (0,1) (15 en note), e, sur o,(1, 2), 
é sur o2(2,3) les ensembles respectifs s + 1, e+ 2, si x décrit &. Les 
segments «8 inclus dans co, définis par les couples de nombres («, 8), peuvent 
être mis en correspondance par une liaison (A) avec les points de sọ chacun 

eà chacun. 

Considérons une famille G d’ensembles y se répartissant comme il suit 
en trois familles partielles Gi, Go, Go: 


1° G, est formé des segments s, inclus dans c; 

2° Go est composé des segments s, inclus dans c, et correspondant 
d’après (A) à un point x de oo — eo; 

3° les s’) étant les segments inclus dans ap et correspondant par (A) 
aux points x de €, les ensembles y de G’, sont les segments s’ respectivement 
accrus des deux points s + 1 et æ + 2. 


La famille G est régulière. L'ensemble D = D(G@) = 3y est oo + 01 + €, 
soit l’intervalle (0,2) diminué du point 1 et accru de l’ensemble ez sur oz; 
D est non mesurable, Avec les notations utilisées plus haut, D se décompose 
en D’ = 00 + 01 et Z = e2; y est y— y: e; y* 2 Pexiste pas si y est dans 
Gi + G et alors y =y. Si y est dans Go, y'e est le point æ+ 2, 
S'o correspondant au point x de eo; y se déduit donc, dans ce cas, de y par 
extraction d’un seul point; y’ est la réunion de s^s et du point æ + 1 de e, 
Soient G”, la famille des y =se + [+1] et @ = Gi + Go +; 

_D(G’) est op + 01; D(G’) est mesurable. Et A(G’) — A(G) = 09 + o. 

Ainsi, il nous a suffi de retrancher un point à certains des ensembles y 

composant G pour obtenir une famille @ d’ensembles y dont la réunion 
D(G’) est mesurable, tandis que la réunion D(G) des y formant G ne 
Pétait pas. 

Mais il est facile de trouver dans A(G) un ensemble H de longueur 
déterminée et tel que si G(H) est la famille des y de @ joints à H, la 
réunion D[G(H)] de ces y soit un ensemble non mesurable. Tl nous suffit de 
prendre pour H l'intervalle oo. Alors G(H)= Go + Go; D[G(A)] = 00 + a 

‘ est non mesurable. 

En conséquence, pour que toute famille partielle d’une famille régulière 
soit elle-même régulière, il faut garder au quatrième caractère toute sa 
généralité. 


29. La définition des familles parfaitement régulières donnée dans le 
texte de l’article (26) est trop restrictive pour être utile. 
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Prenons un exemple. Dans l’espace cartésien U, à r dimensions, et 
avec la mesüre euclidienne borélienne d’ordre r, soit G une famille d’ensembles 
y consistant en intervalles réguliers (ai < ti < b;+1; 1=1,2,-°°,7; 
1 indépendant de à pour chaque intervalle y) contenus dans une sphère 
donnée D—D(G)—A(G). Soit H un ensemble mesurable quelconque 
situé dans D. Soit G(H) l’ensemble des y de G joints à H. Si H est 
fermé, A[G(ZZ)], ensemble des points indéfiniment couverts par les y des 
G(H), est identique à H. Mais si H n’est pas fermé, G(H) et G(H) sont 
identiques. Si donc la mesure de H est inférieure à celle de son ensemble 
de fermeture À, A[G(H)]—H a une mesure positive. Par exemple si H 
est un ensemble dénombrable partout dense dans G, A[G(H)]— D, avec 
mes H = 0. 

Avec la définition du texte (26), ne seraient parfaitement régulières 
que les familles G pour lesquelles A(G) aurait la mesure-p nulle. Aussi 
renonçons-nous à cette première définition et, lui substituant une nouvelle, 
nous pourrons conserver le théorème du n° 26, dont la démonstration restera 
entièrement utilisable. Enfin, tous les ensembles mesurables-b contenus dans 
A(G) vérifieront le théorème fondamental sur l'épaisseur (22). 


30. Ne perdons pas de vue que la fonction métrique (F). est de nature 
très générale. Ce pourra être la mesure euclidienne d’ordre p de Carathéodory 
dans l’espace cartésien U, à r dimensions, + surpassant p. 

Par exemple, dans l’espace Us, prenons pour (Æ) Paire de l’ensemble #. 
Une droite a une aire nulle. L’axe des x peut être enfermé sur le plan des 
wy dans l’ensemble, ouvert dans ce plan: | y| < a/(1+ 2°); « aussi petit 
qu’on le veut, est proportionnel à Paire de l’ensemble. Dans Us on déformera 
celui-ci quasi-hélicoïdalement, par une sorte d’enroulement autour de Paxe 
des x demeurant invariable. Nous obtenons un ensemble & relatif à Oz. 
Dans U, les droites parallèles à l’un des trois axes de coordonnées et dont 
les deux coordonnées constantes sont rationnelles ont une aire totale nulle. 
Ces droites sont en infinité dénombrable. Si on les énumère, on peut inclure 
la n° dans un ensemble ön du type décrit ci-dessus pour l’axe des v, et d’aire 
inférieure à en la série Se, étant convergente. Tel est un ensemble y consti- 
tuant de G. On envisagera une infinité non dénombrable de tels ensembles. 
Pour la régularité de la famille G, la première condition, la mesurabilité de y 
[avec ¢(y) > 0], est vérifiée. I] faudra s’assurer des trois autres caractéres. 
Mais ces perspectives ouvertes sur le cas le plus simple des espaces cartésiens 
et des mesures euclidiennes doivent rester présentes à Vesprit si Pon veut 
saisir toute la portée des notions et des énoncés rencontrés ci-après. 
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31. Quelle que soit la famille régulière (18) G formée d’ensembles y, 
nous distinguons dans A(G) deux classes particulières (non nécessairement 
disjointes) d’ensembles mesurables-¢, à savoir les ensembles-noyaux et les 
ensembles-enveloppes. 

Selon une notation déjà utilisée, si l’ensemble H est inclus dans A(G), 
nous désignons par G(H) l’ensemble des y de G joints à H. Au lieu de 
A[G(H)] nous écrirons 6(H). C’est donc l’ensemble indéfiniment couvert 
au sens de la métrique-p par les y de G joints à H. Evidemment, H étant 
dans A(G), 8(H) qui est mesurable-$ (14), contient H; 8(H)DH. Nous 
designerons par o(H) lensemble 8(H) —H. Donce 6(H) =H + o(H), 
H et o(H) étant disjoints. 

Nous dirons que, relativement à la métrique-p et à la famille régulière 
G d’ensembles y, un ensemble F mesurable-p inclus dans A(G), est un noyau 
quand o(F) = 8(F) —F a la mesure-¢ nulle. 

Quel que soit l’ensemble y de G, l'ensemble y- A est un noyau. En effet, 
soit H==y-A. Je dis que o(H)C p(y), p(y) étant l’ensemble défini au 
n° 18. 

Soit d(y) Pensemble indéfiniment couvert (toujours sous-entendu: au 
sens de la métrique-¢) par les y de G” joints à y; d(y) se compose de deux 
parties disjointes, la première, d(y)-y, située dans y, la seconde p(y) 
étrangère à y; d(y) étant dans A (comme tout ensemble indéfiniment couvert 
par des ensembles de G), la première partie de d(y) est commune à y et à A. 
Elle est dans y‘ A. D’ailleurs tout point M de y: A est dans d(y), puisque, 
. étant dans A, il est indéfiniment couvert par des ensembles de G, et que ces 
ensembles contenant M sont joints à y. Done d(y):y—yA=—H et d(y) 

= H + ply), H et p(y) étant disjoints. 

Considérons les y” de Œ composant G(H). Etant joints à H qui est 
dans y, ils sont joints à y. Donc l’ensemble 8(H) indéfiniment couvert par 
les y” est inclus dans d(y) et par suite 8(H) =H +o(H)C H+ p(y); 
H et o( H) étant disjoints, comme le sont d’ailleurs H et p(y), on en conclut 
o(H)C p(y). Donc #[o(H)]— 0, d’après le second caractère ¢[p(y)] — 0 
des familles G régulières (18). Donc H est un noyau. 


Tout point M de A(G) est un noyau. 


Observons d’abord que, la mesure-¢ étant additive et non négative, (M) 
existe et vaut zéro. En effet, quel que soit l’ensemble y de G contenant M, 
be(M) = p(y). Et, M étant dans A(G), la plus petite limite des nombres 
(y) correspondants est zéro. Donc (M) = 0, soit (M) — 0. 

La famille G(M) est formée des y de G contenant M. Pour chacun 


8 
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d'eux M C y-A; 8(M) — M + o(M), ensemble indéfiniment couvert par les 
y de G(M), est inclus dans 8(y- A) =y- A + p(y). Done 


© pI] = $[o(M)] S (y: A) + é[p(r)] = $(y). 


Cette relation étant vérifiée quel que soit y contenant M, et M étant 
dans A(G), D[S(H)]—0; M est un ensemble-noyau. 

A deux ensembles-noyaux disjoints F et F” il ne correspond pas néces- 
sairement un nombre positif « tel qu'aucun y de G, de mesure (y) < x, 
ne puisse être en même temps joint à F et à F’. 

Les ensembles F-o(”’) et F’-o(F) peuvent ne pas être vides tous les 
deux. En ce cas æ n’existe certainement pas. Si ces deux ensembles sont 
vides, mais si o(F) -o(F”’) existe, il peut se faire qu’une suite d’ensembles y, 
de mesure $(y) tendant vers 0, soient tous joints à F et à F” simultanément. 

L'hypothèse que deux ensembles noyaux soient disjoints n'implique rien 
qui fasse songer à une sorte de distance mutuelle positive des deux ensembles. 


32. La somme d’un nombre fini d’ensembles-noyaux est un ensemble- 
noyau (relativement à une famille régulière (). 


Soient F,- > -,Fp les ensembles-noyaux donnés et F—23#,; G(F) 
== XG (F) (tout y joint à F est joint à l’un des Ji, ce serait vrai même si 
les F; n’étaient pas en nombre fini). (F) = S5(F;); car un point M 
indéfiniment couvert par la réunion des G(F;) est indéfiniment couvert par 
Pune au moins de ces familles, parce qu’elles sont en nombre fini. Donc 
8(F) = 3F, + 30 (Fi) =F + o(F), donc o(F)C Xo(F) et p[o(F)] = 0. 


Si l’ensemble commun à une famille dénombrable d’ensembles-noyaux 
existe, c’est un ensemble-noyau (relativement à la famille G et à la métrique-¢). 


Soit Ha, Ha, © ©, Hnt + + une suite d’ensembles-noyaux relativement à 
G et H = OH, leur ensemble commun majeur. Les H, sont mesurables-d¢. 
La métrique étant borélienne, H est mesurable-¢, sil n’est pas vide. Si. 
H, =H + Jn, H et J, étant disjoints, Pensemble commun aux J, est vide, 
puisque H est l’ensemble majeur commun aux Ha. Formons G(H). C’est 
l’ensemble des y de & joints à H. Un tel y est a fortiori joint à H,, quel 
que soit n, puisque H, contient H. Done G(H)C G(H,) et 8(H)C 8(A,), 
soit : 

H +o(H)C Ha + o(Ha) =H + Jn + o(H;). 


H et o(H) sont disjoints, et il en est de même de H, J, et o(H;). Done 
o(H)C Jr + o(H,). 
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o(H) est done commun à tous les J,+o(H,). Un point M de o(H) 
ne peut pas être commun à tous les Jn, puisque IJ, est vide. Done M est 
commun à tous les o(Hn); o(H)Co(Ha). Or, H étant un noyau, 
¢[o(H,)|=0. Done #[o(H)}]—0. H est relativement à G un ensemble- 
noyau. 

En particulier si les H, décroissent (Hz D Hnn) et si (Hn) qui est 
on croissant a pour limite le nombre A, ou bien À > 0 et alors le noyau 
H = NA, existe et a pour mesure À; ou bien A~0 et H =— IH, peut ne 
pas exister. S'il existe, sa mesure-¢ est 0. 


33. La condition que la famille des ensembles-noyaux soit dénombrabie 
est essentielle. Par exemple, dans l’espace linéaire U, de l’axe des x, et avec 
la métrique borélienne des longueurs, soit & un ensemble situé sur Pinter- 
valle 5(0, 1) et de longueur extérieure 1, de longueur intérieure 0; e a la 
puissance du continu, et il en est de même de o- &, quel que soit le segment 
o contenu dans so; cet ensemble c- 2 a la longueur extérieure o et la longueur 
intérieure 0. : 

Considérons une famille G d’ensembles y, G se décomposant en familles 
Gun (k 21, h=1,---,2*) ainsi constituées: Tout ensemble y de Gk,» 
est le segment ox, [(h —1)2* SxS h2*) diminué dun point de ey: oxn. 
Pour chaque système d’indices (k, h), les y de Gr,» sont en infinité ayant la 
puissance du continu. La famille G =m 2, Gr est composée d’ensembles y 

Cy 


ayant chacun une longueur déterminée. La famille G est régulière. Chacun 
des y de G est un noyau. | 

A(G), ensemble indéfiniment couvert au sens des longueurs par les y 

de G, est identique au segment (0,1). Si l’on considére la famille des y 

de Gun, famille non dénombrable, composée d’ensembles-noyaux relativement à 

G, l’ensemble commun à tous les ensembles de cette famille est on — 0,2 ` Co; 

qui est non mesurable, puisque 01° €o est non mesurable. Cet ensemble 
“commun n’étant pas mesurable, n’est pas un ensemble-noyau. 


34. Relativement à la métrique-p et à une famille régulière G d’en- 
sembles y, nous appelons ensemble-enveloppe le complémentaire par rapport 
à A—A(G) dun ensemble-noyau. 

C’est là une première définition. En voici une seconde, équivalente à 
la première: 


… Belativement à la métrique-b et à la famille régulière G d'ensembles y, 
l'ensemble O mesurable-p, inclus dans A, est un ensemble-enveloppe si ta 
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famille G’(O) des y de G disjoints de A—O est telle que les points de O 
indéfiniment couverts par la famille G — @ (0) == G(A— 0), complémen- 
taire de G’(O) par rapport à G, forment un ensemble 7(O) de mesure-p nulle. 


Un ensemble O’ satisfaisant à la première définition, donc complémen- 
taire d’un ensemble noyau F = A— O’ satisfait à la seconde. 

En effet, la famille G— @ (0) —G(A— 0") est G(F). Posons 
r(0')—o(F). Les points de 0’ = A — F. converts indéfiniment par G(F$ 
forment bien l’ensemble r(0”) et p[r(0’)] = plo(F)] = 0. 

Réciproquement, soit O vérifiant la seconde définition et F’ == A — O. 
Je dis que F’ est noyau. En effet, G(A—O) est G(F”), et puisque par 
hypothèse Vensemble r(0) est celui des points 0 = A— F couverts 
indéfiniment par G(F”), o(F’) est identique à r(0) et d’après l'hypothèse 
p{r(O0)1—= 0, on conclut #[o(F”)] —0; F est noyau. 

Voici une remarque utilisée dans ma définition initiale des ensembles- 
enveloppes, donnée dans ma Note aux Comptes Rendus du 13 novembre 1950: 

En vertu de notre seconde définition de l’ensemble-enveloppe O, si M 
est un point de O —r(0), les y de G contenant M et étrangers à G’(O) ont 
leurs mesures (y) bornées inférieurement par un nombre positif «, dépendant 
évidemment de M. 

Car les y de G étrangers à G’(O) sont dans G(A— 0); M étant dans 
O—7(O) n’est pas indéfiniment couvert par la famille G(A — 0), en sorte 
que les y de G(A— O) contenant M vérifient bien la condition énoncée. 

Un point de (OQ) est indéfiniment couvert par G(A—O). Il Vest ou 
ne Vest pas par (0). 


85. COROLLAIRES. 1°. L'ensemble commun à un nombre pru d'en- 
sembles enveloppes est un ensemble-enveloppe. 


2°. La somme d'une infinité dénombrable d’ensembles-enveloppes est 
un ensemble-enveloppe. 

Si Où, 02, * +,On,* + * sont des enveloppes, les ensembles F, = A— On 
sont des noyaux. Il0O,=A—3F,, 30, = A—TIIP,, 

Si les O, sont en nombre fini, SF, est un ensemble-noyau; TO, est une 
enveloppe. Que les O, soient en nombre fini ou en infinité dénombrable, IF, 
est un noyau, donc 30, est une enveloppe. 

L’exemple du n° 33 montre que, si les ensembles enveloppes étaient 
en infinité indénombrable, leur somme ne serait plus nécessairement une 
enveloppe. 


3°. Si F est un ensemble-noyau et O un ensemble enveloppe, F — F: O 
est noyau, O — O -F est enveloppe. 
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Car F—-F-O=F:(A—O) est lintersection de deux noyaux; 
O—O-F=O-(A—F) est Vintersection de deux enveloppes. 


4°. Si F ensemble-noyau est inclus dans O, ensemble-enveloppe, Ven- 
semble © indéfiniment couvert par les y de G joints à F et disjoints de 
A — O =f vérifie les inégalités (égalités non exclues) : 


: F—F:r(0)C®@CF+O:c(F). 


La famille des y joints à F [donc inclus dans G(/’)] et disjoints de f 
[done inclus dans G’(O)] est G(F) : @ (0) =g. 

Un point M de F étranger à r(O0) est dans O—+7(O); M est don 
couvert indéfiniment par des ensembles y de G’(O). Ces y contenant M sont 
dans G(F). Ces y sont dans g. Donc M est dans © et OO F—F:7(0). 

D'autre part, tout point de © doit être couvert indéfiniment par G(F), 
donc il est dans F +-o(F). Il n’est pas dans f, dont tous les y de G’(O), et a 
fortiori de g, sont disjoints ; donc il est dans O - [F + o(F)] =F + 0-o(F). 
La seconde inclusion est établie. 


A—A(G) est à la fois noyau et enveloppe par rapport à la famille 
régulière G. Car G(A) = @ (A) = @; o(A) et r(A) sont vides. ` 


Dans le plan Uo, la fonction métrique ¢(H#) étant Paire borélienne, et 
si la famille G est composée des carrés contenus dans un ensemble ouvert D, 
les noyaux F sont les ensembles fermés diminués d’un ensemble d’aire nulle 
(ou inexistant), les enveloppes sont les ensembles ouverts accrus d’un ensemble 
aire nulle. | 


36. Nature antitopologique des espèces considérées. Il est à remarquer 
qu’à Vinverse de l’ordre adopté en topologie commune, la notion d’ensemble- 
noyau, évoquant, mais très vaguement, celle d'ensemble fermé des espaces 
cartésiens, se définit directement, tandis que celle d’ensemble-enveloppe, qui 
rappellerait, de loin, celle d'ensemble ouvert, s’introduit par la voie de la 
complémentarité et se rattache à la première. En topologie générale, le 
caractère de Vensemble fermé est intrinsèque. Il se conserve dans une 
extension de l’espace contenant l’ensemble, pourvu que la topologie reçoive 
Vextension correspondante. Au contraire, l’ensemble ouvert de l’espace initial 
cesse d’être ouvert dans Pextension. Quel que soit l’espace variable contenant 
un ensemble fermé immuable, le complémentaire de celui-ci par rapport à 
lespace variable est toujours un ensemble ouvert, mais dont la nature ne 
cesse pas de changer avec l’espace. Au contraire l’ensemble fermé garde 
constamment son caractère. | 
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Une topologie qui donnerait la première place aux caractères intrinsèques 
des ensembles ne se fonderait pas sur les ensembles ouverts. 


37. l’ensemble A = A(G) est défini comme étant l’ensemble des points 
de l’espace U indéfiniment couverts par les ensembles y de la famille G incluse 
dans U. Mais un point M de A n’est caractérisé que par la famille G(M) 
des y de G contenant ce point M, G(M) couvrant indéfiniment M. Aussie 
cette famille G(M) caractérise-t-elle, solidairement avec M, la totalité des 
autres points de A[G(M)] — (M) = M +o(M), à savoir la totalité des 
points N de o(M) qui, distincts de M, sont indéfiniment couverts, avec M, 
par G(M). 

Ecrivons N ~ M, cela signifiant que N est dans o( M). Mais, puisque 
parmi les y contenant M, il en existe une infinité contenant N, donc appar- 
tenant à G(N), et dont la mesure (y) tend vers zéro, il en résulte que M 
est dans c(N). Done la relation N ~ M entraïne M ~N. Cette liaison, 
exprimée par le signe ~, est réflexive, selon le langage usuel d’aujourd’hui. 
Nous disons que M et N sont indiscernables dans A et relativement à la 
famille G. ` 

Parmi les points de (Jf) distincts de N, il peut s’en trouver un, soit P, 
tel que les y de G(M) contenant P ne couvrent pas indéfiniment NW, tandis 
qu’ils couvrent indéfiniment P, puisque P est par hypothèse dans o (M). En 
ce cas, il pourra se faire que G(P) ne couvre pas indéfiniment N, ni cor- 
rélativement que G(N) ne couvre pas indéfiniment P, G(N) et G(P) couvrant 
indéfiniment l’un et l’autre le point M. Alors les deux couples de rela- 
tions réversibles (N—M,M—N) et (P—M,M—P) n’entraînent pas 
(P~N,N~P). Tout cela est évidemment très éloigné des conditions 
d’une topologie. 

Nous dirons que M et N sont totalement indiscernables par G si, ces 
deux points étant dans A = A(G), les deux ensembles 8(Jf) et 3(N) sont 
identiques et si de plus les y de G(H) ne contenant pas N et les y de G(N) 
ne contenant pas M ont leurs mesures (y) bornées inférieurement par un 
nombre positif: 8(M) — S(N) =A[G(M) -G(N)]. 

38. Relativement à la métrique- dans l’espace U et à la famille 
régulière G d’ensembles y, appelons clos métrique d’un ensemble H contenu 
dans A—A(G) l’ensemble 8(H) — A[G(H)] indéfiniment couvert par les 
y de G joints à H. L’ensemble 8(H) qui contient H, joue par rapport à H 
un role qui fait songer à celui de l’ensemble de fermeture # d’un ensemble E 
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en topologie. Mais nous trouvons une opposition capitale entre les deux 

notions dans le fait que Ē= Ï (an ensemble de fermeture est identique à` 

son propre ensemble de fermeture), tandis qu’il n’y a aucune raison logique 

pour que 8[8(H)], le clos métrique de 5(H), l’ensemble indéfiniment couvert 

par les y de G joints au clos métrique 5(H) de H, soit identique à 8(H). 
Notons que, d’après 8(H) = H +o(H), 


*8[3(H)] = (A) + 8[o(H)] = KA) + o(H) + o[o(H)] = (H) + ofo(H)]. 


Le clos métrique (F) d’un noyau F a même mesure que celui-ci. Mais 
on ne voit pas que ce clos métrique soit nécessairement un noyau. De ce 
que [o(F)] = 0, il ne paraît y avoir aucune nécessité pour que la mesure- 
de c[o(F)] soit elle aussi nulle. S'il n’en est pas ainsi, 8(#) n’est pas un 
noyau, bien que F le soit. 


39. A la lumière de l’étude précédente, revenons aux propositions des 
ns 22 et 28. 

Soit F un ensemble noyau de la famille régulière G formée d’ensembles 
y. La totalité des y de G joints à F constitue la famille G(F) couvrant 
indéfiniment (F) =F + o(F), F et o(F) étant disjoints avec p[o(#)1] = 0. 

Soit M un point de F. Les épaisseurs diverses (supérieure, inférieure, 
éventuellement exacte) de F au point M (22) ‘relatives à la famille G sont 
les limites du rapport b(#-y)/p(y), l’ensemble y de G contenant M et 
(y) tendant vers 0. Mais, puisque G ne renferme aucun ensemble y étranger 
à G(M) et contenant M, il y a identité entre les épaisseurs de F en son 
point M relativement à G et relativement à G(F). Le théorème 22 sur 
l'épaisseur de Pensemble A== A(G) relativement à G est vrai de l’épaisseur 
de l’ensemble (F) relativement à G(F), puisque è(F) = A[G(F)]. En 
conséquence, l’épaisseur de 8(F) relativement à G(J’) est 1 sur une pléni- 
tude- de 5(F’). Soit H cette plénitude de (FP); H est inclus dans 8(F') et 
$(H) = ¢[8(F)] = (F), puisque ¢[o(/)] —0, F étant noyau. 

D’après HCF+Lo(F), H=H-F+H:o(F), et, avec [H-o]—0, 
(HF) —@(H) =¢(F); H = H.-F est une plénitude- de F. En tout 
point M de H’, l'épaisseur de 8(F) — F + o(F) relative à G(F) est 1. 

D'autre part, pour tout ensemble y, y-8(F) —y-F+y-o(F). Donc 
y" S(F) a même mesure que y: F’; done l’épaisseur de 8(F) et celles de F 
relativement à G(#’) sont égales en tout point. En conséquence, l’épaisseur 
de F par rapport à G(F) est 1 en tout point de H’. Mais, comme nous 
Pavons vu, l’épaisseur de F par rapport à G(F) ou par rapport à G est la 
même en tout point de F. Donc, relativement à la famille G, l'épaisseur de 
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Vensemble-noyau F est 1 sur ume plénitude- de F. Je dis que, sur une 
plénitude de Vensemble-enveloppe O = A — F, l'épaisseur de F est 0. 

En effet, r(0) étant o(F), soit M un point de O—r(0) —A—G(F); 
O-—-7(O) a même mesure que O; M étranger à 8(F) n’est pas couvert 
indéfiniment par G(F). Les y de G contenant M et joints à F ont (33) leur 
mesure (y) bornée inférieurement par un nombre positif œ, dépendant de 
M et de F). Si y contient M et si (y) <a, (fy) —0, puisque F-y 
est vide. Donc lim #(y:#)/p(y) —0 quand y contenant M a sa mesure 
(y) tendant vers 0. L’épaisseur de F en tout point M de O—7(O) est 
nulle. Or d’après #[r(0)] = pfo(F)1—0, O—7(O) est une plénitude 
de 0 =A — F. 


40. Au n° 26 nous avons considéré un ensemble H tel que, avec les 
notations de la presente étude complémentaire, l’ensemble A[G(H)] —5(H) 
=: H + o(H) ait même mesure que H. Un tel ensemble est donc, dans le 
cas de toute famille régulière G, un ensemble-noyau. Sans autre hypothèse 
sur G que sa régularité, en-dehors des points isolés de A, des ensembles y: A, 
et des sommes finies de ces variétés, nous ne sommes assurés de l’existence 
que d’un seul ensemble-noyau relativement à G, à savoir A = A(G) lui-même. 

Nous avons montré, et il wy a rien à retrancher à la démonstration, que, 
si la fonction d’ensemble y(Æ) est définie, bornée, et métriquement continue 
dans le champ A(G) (25), les hypothèses indépendantes A;(y, M, G) < A, 
As(y, M, G) > B vérifiées en tout point M d’un ensemble noyau H (A et 
B ne dépendent pas de M), entraînent respectivement y(H) < Ap(H), 
y(H) > Be(H). 

Ai(y, M, G), As(y, M, Œ) sont, au point M, les nombres dérivés inférieur 
et supérieur, relativement à la famille G, de la fonction d’ensemble y (E) (23). 
On verrait comme plus haut qu’en un point M de H, les nombres dérivés par 
rapport à G et par rapport à G(H) sont les mêmes. Notons que, d’après 
p[o(H)]—0 et la fonction ensemble y( F) étant métriquement continue, 
quel que soit y dans G: y[y:8(H)] =y(y: H), (comme dans le cas particu- 
lier où la fonction y est la mesure ¢). ` 


41. Enfin, venons -en à la définition rectifiée des familles G d’ensembles 
y de l’espace U, parfaitement régulières relativement à la métrique-¢ adoptée 
dans U. ; 

La famille G sera dite parfaitement régulière, si, e étant un nombre 
positif indépendant, tout ensemble H mesurable-¢ inclus dans A contient un 
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ensemble-noyau F et est inclus dans un ensemble-enveloppe O, de façon que 
b(H) — $(F) et ¢(0) —¢(H) soient inférieurs à e. 

Tout ensemble-noyau F étant mesurable-¢, F est contenu dans un 
ensemble-enveloppe O vérifiant ¢(0) < p(F) Le Et tout ensemble en- 
veloppe O’ de mesure-¢ supérieure à e contient un ensemble-noyau F” avec 
CP) > #(0) —e 

° Ces propriétés ne sont nullement certaines avec des familles G simple- 
ment, mais non parfaitement, régulières. 


Quand la famille G est parfaitement régulière, il est possible, relative- 
ment à tout ensemble H mesurable-p, inclus dans A, de trouver une famille 
g(Æ) @ensembles y de G, telle que l’ensemble o(H) = A[g(H)], formé des 
points indéfiniment couverts par les y de g(H) ne diffère de H que par un 
ensemble de mesure-p nulle. 

La suite numérique e» tendant vers 0, soient F, noyau, On enveloppe, 
deux ensembles vérifiant P,CHCO,, p(On) — (fx) < en. D’après les 

` théorèmes du n° 32 et 35, on peut supposer F, croissant (non décroissant) 
et On décroissant (non croissant). Posons fn = A— On; fn est noyau et 
croît avec n. Soit gn la famille G(F,) GQ’ (On) et ©, l’ensemble A (Ja) 
Nous avons vu (35) que 


Fn — Fa r(On) COn CFn + On’ o(Fa). 
Nous posons g(H) = 3gn. 
Désignons par pp la famille $, gn; g(H) = Qi +92 +` ` + 9 + pr 
n>p 


_ Pour n > p, G’(On) disjoint de f, est a fortiori disjoint de fpC fa. A fortiori 
9n est-il disjoint de fp, donc inclus dans G” (0p). En conséquence, A (pp) C Oy. 
Soit wn = ® + Oz +- © F On- 


o(H) =o + A(pp). Done, @après Fit P+: +=, et 
By + Op = Op, 5 
o(H)DFp— £ Fr 7(On) et o(H)C £ On: o (Fn) + Op. 
nEP n=p 
Quand p croît, Fp tend en croissant vers 2 F, = H — à, avec (A) = 0; 
n=l 


O, tend en décroissant vers I Op = H + n, avec ġ (u) = 0. 
=i 


Donc : 
H—a— X Fa: t(0n) C o(H)CH ++ 2 Ono (Fn). . 


Les pr) et d(c) étant nuls. H—H-o(H) et o(H) —H-o(H) ont Pun 
et Pautre la mesure-p nulle, o(H) étant A[g(H)]. 
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42. THÉORÈME. Relativement à une famille G parfaitement régulière, 
l'épaisseur de tout ensemble H mesurable-b inclus dans A(G) est 1 sur une 
plémitude-p de H et O sur une plémtude-p de A— H. 


Car, quel que soit ensemble F inclus dans H, Vépaisseur de F en un 
quelconque de ses points est au plus égale à l’épaisseur de H au même point. 
Si F est un ensemble-noyau, son épaisseur relativement à G est 1 sur une 
plénitude-p de F. Or (F) peut être supposé plus grand que ¢(H) —e. 
Done, l’ensemble J (H) des points de H où l'épaisseur y(H, M) est 1, a une 
mesure supérieure à ¢(H)—e quel que soit e> 0. Donc, J(H) a pour 
mesure $(H). C’est une plénitude-p de H. 

A— H étant mesurable-b a Vépaisseur 1 sur une plénitude-$ de lui 
même. Done, sur une plénitude de A—H, H a Vépaisseur 0. Car évidem- 
ment m(H) +7 (A—H) =1, (4) +4(A—H) =1, en tout point M 
de A. 


43. THÉORÈME. felativement à la famille G parfaitement régulière 
selon une métrique-p, toute fonction d'ensemble y(E) définie, bornée, métrique- 
‘ment continue dans le champ A = A(G) a une dérivée finie sur une plénitude-p 
de A. 


Sans quoi, il existerait (26) deux nombres A, B avec À < B et un 
ensemble JT de mesure-¢ positive tel qu’en tout point M de H, Aly, M, G) < A, 
As(w, M, G) >B. Si H west pas un noyau relativement à G, et si G est 
simplement, mais non parfaitement régulière, nous ne pouvons rien tirer de 
ces conclusions. Car ¢[o(H):] >.0. Par contre, G étant parfaitement 
régulière et, d'après (H) > 0, H contient un ensemble-noyau J? de mesure-p 
positive. Or, les deux hypothèses précédentes, vérifiées l’une et Fautre sur 
le noyau F sont incompatibles, puisqu’elles entraineraient #(F) < A¢(F) et 
¥(F) > Bé(P). 


OBSERVATION. . Si, la famille G étant parfaitement régulière, en tout 
point M d’un ensemble H mesurable- inclus dans A — A(G) la fonction 
d'ensemble (EH), définie, bornée et métriquement continue dans le champ A 
vérifie la condition Ai(y, M, Œ) < A [ou la condition A,(y, M, G) >B], A 
(ou B) étant un nombre indépendant de M variant sur H, on.en conclut 


Y(H) < Ag(H) [ou y(H) > Bé(A)]. 


Traitons l’hypothèse A; < A sur H. | 
H étant mesurable-¢ et inclus dans A contient un ensemble-noyau F et 
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si J = H — F, on peut supposer (J) Le Lrinégalité A; < À est vérifiée 
sur F; F étant noyau, on en conclut (40) y(Æ) < Ap(F). Donc 


YA) = YF) +47) < AL (H) —#(9)1 + (9). 


On peut faire tendre ¢(J) vers 0, par une succession de choix de F; 

y(#) étant métriquement continue, y(J) tend vers 0 avec ¢(J). Donc 

o¥(H) =A¢(H). D'ailleurs le signe dégalité peut être supprimé. Car si, 

en tout point de H, A; < A, il existe un g positif tel que l’ensemble des 

points de H où A; < A—a a pour mesure-p un nombre positif A, sans quoi 
A; = A sur une plénitude-b de H. Donc 


w(H) 5 A[ (H) —A] + (A—a)d < AG (H). 
Pareillement l’hypothèse As > B en tout point de H entraîne 


¥(H) > Bp(A). 


44, THéorème. Si, relativement à une métrique- et à une famille G 
d'ensembles y parfaitement régulière, la fonction d'ensemble y(ÆE) est définie, 
bornée et métriquement continue dans le champ A = A(G), la fonction A(M) 
égale à la dérivée A(y, M, G) aux points de A où cette dérivée existe et est 
finie, et à zéro sur l’ensemble complémentaire R, A(M) est sommable-p sur A 
et, quel que soit E mesurable- inclus dans A, y(E) est égal à XL[A(M)de, E], 
intégrale lebesquienne de A(M)d$ sur E. 


La démonstration est du type le plus classique. Puisque #(Æ) a rela- 
tivement à G une dérivée finie sur une plénitude-¢ de A, (R) — 0 et en 
conséquence w(R) — 0. 

Soient E+ et E- les ensembles des points de Æ où respectivement 
A(M) > 0 et A(M) < 0; y(E) = Y(E*) + WH). Car, sur K = E — E+ — E- 
(£" contient E- R), A(M) — 0 et par suite y (E) = 0, indépendamment de 
la mesure-¢ de Æ’ [Sur E”,— e < A(M) < € quel que soit « > 0 indépendant, 
done — eb (F) < (E) < «p(E")]. 

Divisons l’intervalle (0, co) par une suite de nombres croissant indé- 
finiment l; (1—0,1,2,- : +) avec lo = 0, i—1;; < v, w étant indépendant 
dei (= 1). Soit FÆ; l’ensemble des points de F (de E+) où ly. < A(M) <k; 
Et = 35; (21) et liid(hi) < Wh) = Lp(E:) (48), done y(E) = Ub (#), 
À étant un certain nombre vérifiant lı < S li Les y(Æ;) étant positifs, 
et la fonction y (F) étant bornée dans le champ A, la série 3y(H;) converge 
et w(t) = 34 (E:) = 3p (Ei). Done A(M) est sommable-b sur E* et 
Y(E*) = SLA (M) do, D]. 
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De même A(M) est sommable-¢ sur FE- et y(E-) = XL[A (M) dẹ, E+]. 
A(M) étant sommable-$ sur H+, sur Æ- et aussi sur W’ où A(H) — 0, 
A(M) est sommable-¢ sur E et y(E) = [A (M) do, E]. ; 

E peut être identique à A. Done A(M) est sommable-¢ sur A. 


45. THÉORÈME (réciproque ou précédent). Si, la famille G étant par- 
faitement régulière relativement à la métrique-¢, la fonction de point f(M) 
est définie et sommable- sur l’ensemble A = A(G), l'intégrale lebesguiénne 
Sif (ID) dd, EF] =4(E), où E est un ensemble quelconque meswrable-#, 
inclus dans A, est une fonction d'ensemble définie, bornée et métriquement 
continue dans le champ A, et la dérivée de y(E) relativement à G est f(M) 
sur une plénitude-p de A. 


On suppose la fonction f(M) finie en tout point de A. 

La fonction d’ensemble y(H) est définie dans le champ A, au sens 
donné à cette expression (23); y(Æ) est bornée. Car, A* étant l’ensemble 
f > 0 et A` l’ensemble f < 0, 


| WB)| < SLT] FO) | dé, AT = Sx [FAL de, AT — [f M)dp, A] < o. 


Enfin y(Æ) est métriquement continue dans A. Car, si ¢(#) tend vers 0, 
Y(E) = SL[f(M)dp, E] tend vers 0. Car f étant sommable-¢, cette dernière 
intégrale tend vers 0. 

En conséquence, relativement à G et sur un ensemble A— R qui est une 
plénitude-¢ de A, w(E) a une dérivée finie. A(M) étant cette dérivée sur 
A—R et 0 sur R, nous venons de montrer que A(M) est sommable-p sur A 
et que y(#) = XL[A(M)d, Æ] quel que soit E mesurable-p dans A. Donce 
si g(M) =A(M) — (M), Bx[g (AL) dd, E] = 0 quel que soit Æ mesurable- 
avec ECA. En conséquence, si petit que soit « > 0, les ensembles g(M) >« 
et g(M) < —« ont la mesure-¢ nulle. Donc g(M) = 0 et f(M) = A(y, M, @ 
sur une plénitude-¢ ‘de A : 

Il ressort de tout ce qui précéde que les propriétés des fonctions absolu- 
ment continues d’une variable réelle s’étendent aux fonctions d’ensembles 
métriquement continues relatives aux familles parfaitement réguliéres, dans 
un espace et avec une métrique borélienne entiérement quelconques. 
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ON NORMAL OPERATORS IN HILBERT SPACE.* 


By C. R. PUTNAM. 


1. For definitions and terminology used in this paper, see [3], especially 
pp. 27 ff. 

The following Lemma is a slight generalization of a result obtained 
recently by Fuglede [1] (cf. also [2]) concerning normal operators: 


Lemma. Let N, and N: be two normal operators in a Hilbert space 
with spectral resolutions 


(1) N;= f 2dK/ (z =z + iy; j =1, 2). 
If A is any bounded operator satisfying 

(2) _ AN, CWN,A, 

then 

(3) AK; = KA, for all z, 

and hence, 

(4) AN,* C N*A. 


If Ni = N, = N, the Lemma becomes exactly the Theorem of Fuglede. 

The Lemma will be instrumental in proving a theorem concerning the 
equivalence of bounded normal operators in Hilbert space. The theorem in 
question is the following: 


Txsorem I. Let N, and N, denote two bounded normal operators for 
which there exists a non-singular bounded operator T such that: 


(5) Na = TNTS, 
Then N, and N, are unitarily equivalent, that is, there exists a unitary 
operator U such that 
(6) N: = UN, 0*. 
In case both operators N, and W, are Hermitian or both are unitary, 


Theorem I is known. For the Hermitian case, the result is apparently due 
to Toeplitz, while the Theorem, in case both N, and N, are unitary, is due 
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to Wintner [7], p. 149. He has pointed out that a difficulty arises if one 
attempts to transcribe the proofs for these known cases to the present case, 
where NV, and N, are supposed only normal ([8], pp. 139-140), and that the 
Theorem is surely true if N, and N, are finite norntal matrices ([7], p. 149). 


2. Proof of the Lemma. The proof of the Lemma will be given by 
indicating the appropriate modifications of the argument used by Fuglede [1]. 
Let « denote an arbitrary Borel set in the complex plane and define the 
operators K1(a) and K?(a) by 


Ki(a) = f dK, j=1,2. 


‘Suppose now that « and 8 are disjoint squares of the lattice considered in 
[1] and let f denote an arbitrary element of Dx, Since A is bounded, the 
set Dy, is contained in the set Daw, and, since K*(«)f belongs to Dy, relation 
(2) implies 

(7) AN,K*(«)f = N,AK*(«)f. 


An application of the bounded operator K*(@) to each side of (7) and a 
utilization of the spectral resolutions (1) show that 


(8) K(p)4 [sat [ z dK? AK*(a)f, 


for all f in Dr, An argument parallel to that used in [1] shows that (8) 
implies 
(9) Ke (B)AK* (a) = 0; 


the Lemma follows easily from (9), cf. [1], and the proof is complete. 


8. Proof of Theorem I. If À denotes an arbitrary complex number 
and if J is the identity operator, then (5) holds if and only if N + MI 
=T(N; +NM)T 4 Since Nj;-+ Al (7 =1 and 2) are normal, it is clear 
that it may be assumed that N, and N are non-singular. This assumption 
will be convenient later in the proof. 

For 7=1,2, let N; = P;U; denote the polar decomposition of Nj, so 
that P; is Hermitian positive-definite, U; is unitary, and Pj;U; = U;P;. 
Equation (5) can be expressed as 


(10) Nim NT o TPU, = PUT, 
and consequently, by the Lemma, 


(11) TN = NÈT or TUy*P, = U2*P.T. 
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The following set of equations is an obvious consequence of (10) and (11): 


(18) TPy? =TP,U,0,"P, = PU TU Ps = PoUoUo* PT = PT. 
Hence, 
(13) TP, = PT; 


this equation follows from (12) and from the fact that P; as the unique 
positive definite square root of P;, can be expressed as a power series in P}. 
(Relation (13) can also be obtained as a consequence of the Lemma.) Hence, 
by (10) and (18), P,U:T = TP,U, = PTU., and therefore, since P, is 
non-singular, | | 

(14) TU, = UT 


If T == PU denotes the polar decomposition of T, it follows from (13) and 
(14) that UP, = P,U and UU, = UU. In the latter (unitary) case, this 
result is given in [7], p. 149; the proof in the Hermitian case is similar. 
In fact, (13) implies 

(15) . PUP, = P.PU, 


‘and consequently, on taking the transposed conjugate of each side of (15), 
P,U*P = U*PP, Multiplication on the left of each side of the last equation 
by PU and the use of (15) yield P,P? = P?P, and hence, as above, P,P — PP». . 
It follows from (15), that PUP, = PP.U and therefore UP, = P.U, which 
was to be shown. Hence, 


N = PU: = UP,U*UU,U* = UP,0,U* = UN,U* 
that is, (6). This completes the proof of Theorem I. 


4. The following theorem will be derived as a consequence of Theorem 
IIT (see below) : 


THEOREM II. Let A denote an arbitrary bounded matrix and let B 
denote a bounded normal matrix. If (i) AB — BA = C and if (ii) CB = BC, 
then C = 0. 


Even without the assumption (ii), the relation g. 1. b. | «*Cx | = 0, where 
x denotes a vector on the Hilbert sphere || æ | = 1, is valid; cf. [4]. If, in 
addition, (ii) is assumed, it is clear that Theorem II greatly refines the 
assertion of the preceding sentence. 

That the conclusion of Theorem II is false if B is not required to be 
normal is easily seen by verifying that the matrices 


a=(05) 2G a) = @) 


satisfy (i) and (ii), although C0. 
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The following theorem will be proved in Section 5, by using Fuglede’s 
theorem together with an adaptation of his methods: 


THEOREM III. In a Hilbert space, let B be a normal operator, with a 
spectral resolution 


(16) B= f z dK; 
and let À,C be arbitrary operators satisfying 
(17) ABC BA +0, 
(i) If, in addiaion to (17), C satisfies 
(18) C is bounded and =£ 0 
and 
(19) CBC BC, 


then A is unbounded. Furthermore, B cannot have an eigenfunction f 
belonging to Da and satisfying Cf -~ 0. 


(ii) If, in addition to (17), C satisfies C = M + uB 0, where I is 
the identity operator and à, p denote complex constants, then A is unbounded. 
‘Furthermore, B cannot have an eigenfunction which belongs to Da and is 
associated with an eigenvalue zo satisfying À + po z£ 0. 


Remark. If f is an eigenfunction of B belonging to uae it is clear that 
Bf C Da and hence, by (17), f C De. | 

Theorem IT is an obvious consequence of part (i) of Theorem III. 

It is known that if 


(20) AB=BA+ Al, AO, 


then A and B cannot both be bounded Hermitian operators; [9] or [5]. It 
follows from (ii) of Theorem IIT above that this result can be strengthened 
to: if A and B are self-adjoint ({3], p. 34) and satisfy (20) in the operator 
sense, then neither A nor B can be bounded. This is clear from the fact 
that the validity of (20) in the operator sense implies ABC BA + AI and 
BA CAB—dI. In addition, it follows from (ii) above, since the number p 
occurring there is zero, that neither A nor B can possess an eigenfunction 
belonging to the domain of the other. Rellich [5] has obtained results, which 
are rather explicit as far as the nature of the operators A and B is concerned, 
under different assumptions; namely, where (20) holds on a certain dense 
set and where A and B are merely symmetric (as distinguished from the more 
restrictive requirement of being self-adjoint) but are subject to certain other 
conditions. 
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Remark. It may be mentioned that, whether or not A or B is Hermitian, 
still (20) implies that A and B cannot both be bounded; cf. [6] and also 
the first paragraph of [4], wherein is cited a reference to [9]. 


5. Proof of (i) of Theorem III. Suppose, if possible, that A is bounded. 
For any Borel set œ of the complex plane, define K (a) -f dK. If fis 
a 


in the domain of B (hence of AB) and if « and 8 have the same significance 
as in Section 2, it follows that 


(21) K(p)A f sdk =Í, 2dK, AK («)f + K(8)CK (af. 


Assumption (19) of Theorem III and an application of Fuglede’s theorem 
(specifically the Lemma of Section 1 in which N, = N, and A become identified 
with the present B and C respectively), imply that CK(«) — K(a)C. Hence 
the second term on the right of (21) becomes K(8)K(a)Cf. Since « and £ 
are disjoint, it follows from the properties of the projection operators that 
K(B8)K(a) =0; so that (8), in which the superscripts are omitted, is valid 
for all f in the domain of B. As in Section 2, this leads to (9) and hence 
to AK, = K,A for all z; cf. (3). The last equality implies however that 
AB CBA (cf. [1], p. 38, end of section 2). Since A is bounded, Dur = De. 
Thus, the relations AB C BA and (17) imply Cf —0 for all f in Dz, which 
is dense in the containing Hilbert space, §. Thus, since C is bounded, Cf — 0 
for all fC § (— Do). That is, O —0, in contradiction with assumption 
(18) of Theorem III. Hence, A is unbounded and the proof of the first 
statement of Theorem III is complete. 

Suppose, if possible, that z is an eigenvalue of B with an eigenfunction 
f belonging to Da such that Cf 40. The symbol K (zo), where 2 is a Borel 
set consisting of one point, has been defined above (cf. also [3], p. 53). 
An application of the operator equation (17) to f (cf. the Remark following 
the statement of Theorem III) and a subsequent application of the bounded 
operator K (zo) to the resulting functional equation yield 


(22) K (2) AB — K (#0) BAf + K (zo) Cf. 


In virtue of K(2.)C = OK (z), which follows from the theorem of Fuglede, 
and of the equations 


Bf =zf, K(zo)B =2K (zo), K(z)f=f, 
(cf. [3], p. 53), relations (22) implies that 
(23) 2K (20) Af — 20K (zo) Af + Cf, 
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in contradiction to the assumption Cf=£0. Thus, the supposition at the 
beginning of this paragraph is untenable and the proof of part (i) of 
Theorem III is complete. 


Proof of (ii) in Theorem III. It is clear from the assumption of (ii) 
that C is normal and hence K(«)C C OK (a) for an arbitrary Borel set æ. 
By a proof essentially identical with that given in the first paragraph of this 
section, it follows that A is unbounded. (In the present case, it should be 
noted that the assumption that A is bounded again leads to the conclusion 
that Cf = 0 for all f C Dz (— Do). Since C is normal, it is densely defined 
and closed. Consequently, Cf is defined and is the zero element for all f in §. 
Thus, C is the (bounded) zero operator in $, a contradiction.) 

In order to prove the second assertion of (ii), suppose, if possible, that 
the assertion is false. That is, suppose that B has an eigenvalue z,, where 
À + pe 0, with an associated eigenfunction f in D4. Proceeding as in 
the proof of (i) one obtains 


(24) 20K (20) Af = zok (zo) Af + (A + n0)f, 


corresponding to (23). Relation (24) leads to a contradiction and the proof 
of Theorem III is complete. 
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SOME RETRACTION PROPERTIES OF THE ORBIT DECOMPOSI- 
TION SPACES OF PERIODIC MAPS.* 


By E. E. Froyd. 


Let X be a finite-dimensional locally compact metric space. Let T be a 
periodic map on X. There is generated a decomposition of X whose elements 
are the orbits [T#(æ)| i = 0,1;- + -] of points sin X. There is then generated 
a corresponding decomposition space X* called the modular space or the orbit 
decomposition space of the pair X, T. We show that several connectedness 
and local connectedness properties are transmitted from X to X*. As a conse- 
quence, we prove that if X is either an absolute neighborhood retract or an 
absolute retract, then X* has the same property. 

Our results depend in a very fundamental fashion on the theory of 
P. A. Smith concerning periodic maps [6,7,8,9]. Hence we assume on 
the part of the reader a general knowledge of his methods and results. 

Unless otherwise stated, we assume that X is a locally compact n-dimen- 
sional metric space, n <œ, and that T is a periodic map of X onto X of 
prime period p. It will be pointed out in Theorem 5 that the preceding 
results hold when p is not prime. Denote by X* the collection of all orbits 
in X, and by A:X— X* the function which assigns to each v in X the 
orbit containing æ. If we give to X* the customary decomposition topology, 
then A is a continuous open map of X onto X*. It may be shown that the 
map A is also compact; i. e., if CCX* is compact, then A(C) is compact. 
We denote by L the fixed point set of T, and define L* = A(L). 

If X is a locally compact space, and G an abelian group, then X is 
acyclic over G@ if every Čech cycle on a compact subset of Y over G bounds 
on a compact subset of X (we shall agree that each coordinate of a 0-cycle 
has coefficient sum 0). We denote by J the group of integers, and by I, the 
group of integers modulo p. 


THEOREM 1. If X is acyclic over Ip, then so is X*. 


Proof. We shall base the homology theory of X on the complete family 
of special coverings of X [8, p. 136]. All projections will -be invariant 
projections [8, p. 138]. The homology theory for X* will be based on the 
coverings of the type U*— All, where U is special. 
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Let W* be a compact set in X*. We construct compact sets V* and 
U* with W*CV*CU*, with every cycle in V* N L* bounding in U* N L*, 
and with every cycle in W* bounding in V* mod V* A) L*. As we point out 
at the end of the proof, this is sufficient to prove that every cycle in W* 
bounds in U*. f 

Let W = A> (W*). We pick V* so that every p-cycle in W p-bounds 
in V = A> (V*) (for definition of a p-cycle, see [7, pp. 861-362]). Tha? 
this is possible may be seen by examining the proof of a theorem of Smith 
[6, Theorem II]. Then we pick U* so that every cycle in V f L bounds 
in U (| L, where U = A(U*). This is possible since Æ is acyclic over Iņ 
[6, Theorem IT]. 

The sets U*, V*, W* have the properties of the second paragraph of 
this proof. It is clear that every cycle in V*{) L* bounds in U* N L*, 
since A is a homomorphism on L. Now let y= {y(U*)} be a cycle in W*. 
Consider the cycle T = {T(U)}— {Aty(U*)} [8, p. 140]. Following Smith, 
we let è = 1 — T ando=1+T7+---+T7?", Then TI is a d-cycle in W, 
and hence T 8-bounds in V. Moreover, there exist chains Æ (11) in W with 
AX (11) = y(U) and with T(U) =c (U). Since T -bounds in V, it follows 
from a theorem of Smith [8, p. 144] that y ~ 0 in V* mod V* A L*. Hence 
the conditions of the second paragraph are fulfilled. 

To prove that every cycle in W* bounds in U*, note the following 
diagram where all homomorphisms are inclusion homomorphisms, and Ip is 
the coefficient group: 

H,(W*) 
4 
H,(V* N L*) E Ha (V*) 4 Ha (7%, V* NL) 
l 
H,(U* () L*) E> H,(U*) > Ha (U*, U* N L*) 

Let ve H,(W*). Then, by construction, ij (z) ==0. By exactness, 
there exists ye H,(V* N L*) with k(y) =j(v). But l(y) —0. Hence 
Lely) = k:l(y) —0. Then 1,j(7) —0. We have proved that every cycle 
in W* bounds in U*, and the theorem follows. 

As is customary, we say that a locally compact space M is le over the 


group G if-given a neighborhood U of we M, there exists a neighborhood V 
of x with VCU and with every cycle in V bounding in U. 


THEOREM 1’. If X is le over Ip, so also is X*. 


Proof. We indicate the minor changes we make in the proof of the 
preceding theorem. We need only prove that X* is lc at points ye L* since 
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A is a local homomorphism at points of XY — L. Using the notation of the 
previous theorem, we have U* preassigned. Since L is le [9, p. 703], we may 
pick V* so that every cycle in V f) L bounds in U f) L. We then pick W* 
so that every p-cycle in W p-bounds in V. The proof then goes exactly as 
before. 


THEOREM 2. If X is acyclic over I and over Ip, then so also is X*. 
e . - 


Proof. Let W* be a compact set in X*. Let W = AT(W*). We pick 
a compact set V* with V*D W* and with every cycle in W* over J, bounding 
in V*, We may suppose, moreover, that every cycle in W over I bounds in 
V = 47 (V*). Let U* be a compact set with U*D V* and with every cycle 
in V* over I, bounding in U*. We shall prove that every cycle in W* over 
I bounds in U*. 


We first note that if z is a cycle over J in W*, then pe~O in V*. 
For A™z is a cycle in W with AA™z = pz [8, p. 141]. Since Az bounds 
in V, then pz bounds in V*. 

If z is a chain over the integers, we denote by r(z) the chain over Ip 
obtained by replacing each coefficient of z by the corresponding integer mod p. 
Let K be a complex and z a cycle in K over J. Suppose ¢ is a chain with 
oc = pz, where ¢ is the boundary operator. Then r(c) is a cycle over Ip. 
Moreover if 2-/0 then r(c) “0 [1, p. 220 f.]. 

Since every cycle in V* over J, bounds in U*, then if U* is a covering 
of X* there exists a covering %* such that if m denotes a projection of B 
into U then for any cycle z(8*) over Ip in V* we have 72(8*) — 0 in U*. 
Suppose now that z = {2(U*)} is a cycle over J in W*. We have pz~0 
in V*. Let c(%*) be a chain in V* with $c(¥@*) —pz(%*). Then 
face (B*) = pra(B*). But r[we(B*)] —arfe(BV*)] — 0 in U*. Hence 
r2(8*) — 0 in U* so that 2(U*) ~0 in U*. Then z~0 in U* so that 
the theorem follows. 


THEOREM 2’. If X is le over I, then so also is X*. 


Proof. We note that X is also le over Ip [2, p. 11], and hence so 
also is X*. The proof is then practically the same as that of Theorem 2, 
where U* is now a compact closed neighborhood of a point of L* and V* 
and W* are then picked so that U*, V*, W* have the properties of the 
above proof. 


THEOREM 3. Suppose X is arcwise connected, and that L540. Then 
if X is simply connected, so also is X*. 
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Proof. Let ve L and let y = A(x). Let f:I—X* be a path in X*, 
where J is the unit interval, such that f(O) — f (1) =y. -Then we consider 
A as being a light interior map of the compact space A“f(Z) onto f(T). 
Then there exists a map g: I > X with Ag =f [3]. Then g(0) = g(1) =z, 
since A™™(y) =g. Then g is a closed path in X and hence g—0 in X. 
Then f--0 in X* and the assertion follows. 


THEOREM 3. If X is locally connected and locally simply connected,” 
then so is X*. 


Proof. The proof is similar to the above, and may be omitted. 


THEOREM 4. If X is an absolute neighborhood retract [an absolute 
retract |, then X* is also an absolute neighborhood retract [absolute retract.] 


Proof. Suppose X is an ANR. Then X is LC? and lc over F. By 
Theorems 2 and 3, X* is LC* and Ic over I. Then by a theorem of Hurewicz 
[5] we have that X* is LO” and hence an ANR. Suppose X is an AR. 
Then X is simply connected and acyclic over J and Ip. By Theorem 2, X* 
is acyclic over I. Moreover L40 [6]. Then by Theorem 3, X* is simply 
connected. It follows, then, that X* is an AR [4]. 


We shall now point out that we may, in our results, replace the cyclic 
transformation group of prime order p generated by T by any finite solvable 
transformation group. Let G be a finite transformation group on XY. Let 
H be a normal subgroup of G. Let X*, be the orbit decomposition space 
of the pair X, H and A,:X—X*, the corresponding decomposition map. 
The points of X*, are sets of the form H(x), ceX. If G, == G/H, if 
h = {g} is an equivalence class in G, and if H(x) e X*,, define h[H(x)] 
== (gH) (x) = H (gx) e X*,. In this way G, acts as a transformation group 
on A*,. Call the resulting orbit decomposition space X*, and denote by 
A2: X*,— X*, the corresponding decomposition map. Finally, let X* be 
the orbit decomposition space of the pair X, Œ and A: X > X* the decom- 
position map. 


Lemma 1. There exists a homeomorphism S of X* onto X*, with 
SA = AA. 


Proof. Let æeX. Then A*A(x) = G(x). It may be seen, letting 
C = AA, that TT (x) = G(x). It follows that the function TA™ is a 1-1 
function of X* onto X*,. Moreover it is bicontinuous since both T and A 
are continuous and open. Setting S = TA~*, we obtain the conclusion. 
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THEOREM 5. Let G be a finite solvable transformation group on X. 
Let X* denote the orbit decomposition space of the pair X,G. Then if X 
is an absolute neighborhood retract [absolute retract], so also is X*. 


Proof. Let A: X—>X* be the decomposition map. According to the 
previous lemma, we may write A — Am’ > ' AA, where each A; is equivalent 
to the decomposition map generated by a prime periodic map. The theorem 
“then follows from Theorem 4. 


Let us also note the following problems: 


ProBcem 1. Does Theorem 5 hold when G is not solvable? 


Progrem 2. If X is a manifold, does X* contain about each point 
arbitrarily small contractible neighborhoods? Does, as a matter of fact, 
X contain arbitrarily small contractible invariant neighborhoods about each 
of its fixed points? 

Prosiem 8. If X is a 8-manifold, is there an Rire small invariant 

2-sphere about each fixed point? 
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ON THE NON-EXISTENCE OF CONJUGATE POINTS.* 


By AvREL WINTNER. 


1. Let f(t) be a real-valued, continuous function on a ¢-interval, I,e 
which need not be closed or bounded. Consider only those solutions x(t) of 
the differential equation 


Gs" a” + f(t)e—0 


on J which are real-valued and are distinct from the trivial solution (= 0). 
If no solution of (1) has more than one zero on I, then (1) will be called 
disconjugate on J. This terminiology is suggested by the fact that, in 
calculus of variations, the disconjugate nature of (1) on J defines the absence 
of conjugate points on J, if (1) is Jacobi’s equation. 

The remarks collected in this note will center about the following 
criterion: (1) is disconjugate on I if and only if there exists on J some 
function y = y(t) possessing a continuous first derivative which satisfies the 
inequality 
(2) y(t) Hay) S—F() 


at every ¢ contained in J. 

If the S is refined to an < in (2), the sufficiency of the resulting 
criterion is contained in a more general result of Bôcher [1], who has 
applied it in order to derive Sturm’s “separation” and “ comparison ” 
theorems. But the classical proof of these theorems on (1) is simple enough 
and, if they are granted, both the necessity and the sufficiency of the criterion 
(2) follow as immediate corollaries. For the sake of completeness, this will 
be shown, in a generalized form, in Section 10. 

Sturm’s comparison theorem follows by observing that if f,(¢) = f(t), 
and if (2) is satisfied by a y for f = f1, then it is satisfied, by the same y, 
for f = fe. But it does not seem to have been noticed in the literature that 
the criterion (2) easily leads to non-trivial results also. For instance, it 
implies, without the ad hoc considerations of the known proofs, and almost 
as trivialities, the explicit sufficient criteria which go back to Liapounoff 
(cf. [2]) and Kneser [4], respectively. In addition, other sufficient criteria 
also follow from the same source. 
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2. First, it will be shown that the two explicit criteria, just mentioned, 
are manifestations of one and the same situation, the t-range, I, being («) a 
bounded interval in the first case and (8) a half-line in the second. If at 
denotes max(0, a), these two criteria can be formulated as follows: 

The differential equation (1) must be disconjugate on J = [0,1] if 


* (a) f rossa 


and it must be disconjugate on I == (0,0) if 


(B) f ft(s)dsS1/(4t) for 0<t<a 


(the convergence of the last integral is part of the assumption, since ft = 0). 
Ad (a). Since ft(t) 2 f(t), the differential equation (1) is a Sturmian 
minorant of the differential equation 2” + f*(&)æ==0. On the other hand, 
F(t) 20. Hence, it is sufficient to show that if (a) is replaced by the 
conditions 
1 


(3) f f@)dsS4, 70 20 where 0S tS1, 


then (1) is disconjugate on IZ = [0,1]. To this end, define for 0 <{<1a 
function y(t) by placing 


© ronf rons ESET 


This y(¢) has a continuous derivative for 0 < ¢< 1. If (3) is assumed, 
it is readily verified that the function (4) satisfies (2) for 0 < t < 1. Hence, 
(3) is sufficient in order that (1) be disconjugate on Z = (0,1). Finally, 
the transition from this open interval I to the corresponding closed interval, 
I= [0,1], can be effected by using the continuity of f(t) on [0,1] and 
observing that in (2) the sign of inequality must hold on some subinterva! 
of (0,1) by virtue of (3) and (4). 

Ad (B). Corresponding to the transition from («) to (3), it can be 
assumed that (8) is replaced by 


(£) fioa < 1/ (4t) and f(t) 20, where 0 < t Lg 
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Then a direct substitution shows that (2) is satisfied by 


(5) y(t) = f fo + 1/ (42). 


It is clear from these verifications that both (3) and (4’) can be 
improved by suitable “logarithmic” functions. In addition, (8) can be 
modified as follows: 


(B*) If f f(t) dt is convergent (possible just conditionally) and, as 
a function of its lower limit of integration, satisfies the inequality 
(4) | f Ods S 1/41 
t 


on the half-line Z, then (1) is disconjugate on T. 


In other words, the restriction f(t) = 0 can be omitted in (4). In fact, 
it is readily seen that the y(t) defined by (5) satisfies (2) by virtue of (4*) 
alone. : 

Actually, (4*) can be improved to 


(a) ist f Osa 
t 


In fact, (2) holds for the function (5) whenever 


SECOLE 


But this inequality can be written in the form 


—1/(2t) S f f(s)ds + 1/(4t) S 1/2), 


which is equivalent to (4**). 
It should be mentioned that the constant — ł occurring in (4**) will 


arise in Section 9 in a different context. 


3. For [= (0,0), a new sufficient condition, of a type quite different 
from (4), is as follows: 
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(6) LS f(s)ds]? Sf(t)/4, where 0 < t Loco. 


The sufficiency of (6) is readily verified by choosing y(t) —2 f f(s)ds 
in (2). 

: The constant factor 4 occurring in (4), (4*), (6) is the best absolute 
constant. In fact, if f(t) —c/d?, then (4), (4*), (6) are satisfied when 
4¢<1, but the 4 must be replaced by a somewhat larger constant if 
4c—1+e—1+0. Hence it is sufficient to ascertain that the case 
f(t) = c/t? of (1) cannot be disconjugate on (0,0) if 4c >1. But this is 
well-known (Kneser). In fact, the case f(t) —c/t? of (1) is satisfied, for 
any real c and for 0 < t < œ, by x(t) = t, and therefore by the real part of 
t as well, if b(b— 1) +c—0. Since this quadratic equation has real roots 
only if 4e S 1, it follows that the real solutions æ(f) must have zeros 
clustering at t =œ if 4e > 1. 

If the half-line I = (0,00) is replaced by a bounded interval, say by 
I= [0,a], then a sufficient condition corresponding to (6) is 


(7) if Hoary where 0<t¢<a, 


In fact, (7) implies that (2) is satisfied, for 0 S t Sa, by y(t) ——2 f f(s)ds. 


4, Let I be'a half-line reaching to co, say I = (t,o). If (1) has a 
solution the zeros of which cluster at infinity, then (1) is called oscillatory, 
and otherwise non-oscillatory. It is clear from Sturm’s separation theorem 
that if (1) is oscillatory, then every solution of (1) has zeros clustering at 
infinity. 

For the same reason, it is easy to see that if (1) is non-oscillatory, then 
there must exist a sufficiently large & (Æ to) having the property that no 
solution of (1) possesses more than one zero on the half-line (2,0). Conse- 
quently, (1) is non-oscillatory if and only if there exists on some half-line 
some function y(t) possessing a continuous first derivative which satisfies 
(2) (on that half-line). 


For instance, it follows from (8*) in Section 2 that if f f(s)ds is 


convergent (possibly just conditionally) and, when considered as a function 
of its lower limit, satisfies the condition 
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(8) lim sup i| S f(s)ds| < 4, 


then (1) is non-oscillatory. In particular, (1) must be non-oscillatory if 


(9) f f(s)ds = o (t) as t co, 


where the (possible just conditional) convergence of the integral is part of 
the assumption. 


A criterion of a different type is as follows: If the f(ż) in (1) can be 
written as the sum of two functions, f,(¢) and f.(4), which are such that 


lim sup fi(¢) < 0 and f fa(t)dt converges 
te~ 


(possibly just conditionally), then (1) is non-oscillatory. 
In fact, y(t) = f fo(s)ds will satisfy (2) for large t. For, since 
t 


f= fı + fe, this y(t) reduces (2) to 


Lf BOSPAD, 


a condition which is satisfied for large t, since the integral on the left tends 
to 0, while — fı (t) on the right has a positive lower bound.’ Needless to say, 
this sufficient condition for non-oscillatory behavior cannot be obtained from 
Sturm’s comparison theorem. In fact, lim sup f, < 0 and the convergence 
of the integral of f (which, incidentally, can readily be lightened) do not 
preclude the possibility lim sup f= 0 (or, for that matter, lim sup f =c) 
for f = fı + fe 


5. With an arbitrary choice of the lower limit of integration, put 


(10) F(t) f rs 
and suppose that 
(11) F(t)—co as ta 


(but f = 0 is not assumed). Then (1) must be oscillatory. Actually, the 
same is true if (11) is relaxed to 
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t 
(12) f rO TET 


(cf. [5]), but the proof in the case (11) will suffice as an illustration of the 
use of (2) in the direction which is the opposite of that followed in 
Sections 2-3. 

Suppose that the assertion is false. Then, although (11) is satisfied, 
(1) is non-oscillatory, that is, that there exists a y(t) for large t. For this 
y(t), a quadrature of (2), when combined with (10) and (11), shows that 


t 
(13) y(t) + f y?(s)ds >—o as t—> o. 


But (13) implies that y(t) >—o, hence | y(t)| oo. Consequently, the 
integral in (18) tends to oo much stronger than | y(t)|. Accordingly, (13) 
contains a contradiction. 

This proves that (1) must be oscillatory if (11) holds. On the other 
hand, (1) need not be non-oscillatory if (11) is replaced by 


(14) F(t) >—o as to, 


In order to see this, suppose that f(t) is periodic, and let A denote the 
constant term in the Fourier series of f(t). Then it is clear from (10) that 
(11) or (14) is satisfied according as A > 0, À < 0. But it is not true that 
À—0 is the cut between the oscillatory and non-oscillatory cases of (1). 
In fact, even Mathieu’s . 


(15) xv’ + (A + a? cos t)x = 0, where a0, 


is known to be oscillatory for À >—A*, where A* = à" (a) is positive 
(cf. (23) below). 

Instead of the periodicity of f(t), suppose only that f(t) has, for large t, 
a mean-value, M(f). According to (10), this means that there exists a 
number, M(f), for which 


(16) F(t)/t— M(f) as t>o. 


If M(f) > 0, then (12) is satisfied, hence (1) is oscillatory. If M(f) < 0, 
then (1) may or may not be non-oscillatory; cf. (14) and (15). But if 
M(f).< 0, and if the convergence in (16) is so rapid that the absolute value 
of the error does not exceed [— M(f) ]2/¢ when ¢ is large, then (1) must be 
non-oscillatory. 

In fact, the assumption is that, if the lower limit of integration is 
suitably chosen, then, from a certain ¢ onward, 
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t 
(17) frodam SL- MBs 
cf. (10) and (16). But a direct substitution shows that (2) is satisfied by 


(18) y(t) —— f roas +u 


for large ¢, if (17) is assumed. 


6. This proof also shows that if f(t) is defined only on the interval 
0S tS 1, and satisfies the inequality 


t 
(19) | P(t) —F(1)¢| S [F], where P(t) = f fods osts, 


then (1) is disconjugate on J = [0,1]. In fact, the assumption (19), which 

corresponds to (17), assures that (2) is satisfied, for 0S ¢<1, by the y(t) 

which results if the lower limit of integration is chosen to be s = 0 in (18). 
Clearly, (19) can be written in the form 


(20) |f {f(s)—a}as|S(—a), ossi a f oa 


On the other hand, an application of Schwarz’s inequality shows that (20) 
is surely satisfied if 


€) f [F(s) — f f€) dt]?ds S — f f(t) dt. 


Finally, (21) can be interpreted by saying that the mean-value of f(t) on 
[0,1] is non-positive and majorizes the squared standard derivation of f(t). 
Hence, such a majorization of the standard deviation of f(t) on [0,1] is 
sufficient to make (1) disconjugate on [0,1]. 

A corollary is that if f(t) is periodic, of period 1, and satisfies (21), 
or the more general condition (20), then (1) must be non-oscillatory. 

Needless to say, (20) requires a preponderance of Co == — | co | in the 
Fourier series f(t) ~ 3 Cn exp (2r int), where n = 0, + 1,- + - and Con == ên 
In particular, (21) is equivalent to [a + |e |?+---S—4o, by 
Parseval’s relation. 

Accordingly, if (t) is a continuous, periodic function of period 1 and 
of mean-value 0, and if A* denotes the cut between those A-values for which 
the differential equation 
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(22) s” + {A+ p(f)}x =0, where $(t) ~X yn exp (2r int), n 0, 
is oscillatory and those for which it is non-oscillatory, then 
(23) ME—25] ya? 

n=1 


e (and (22) is non-oscillatory also for the A-value which is the expression on 
the right-hand side of (23)). 
An upper limitation of À*, corresponding to the lower limitation (23), 
does not follow. All that is clear in this direction is the inequality A* = 0, 
which is contained in the criterion (11). 


7. .In order to avoid an interruption of the proofs below, it will be 
convenient to isolate the following remark: 


For large positive ¢, let f(t) -be defined in such a way that the improper 
integral 


(24) f f(t) dt is convergent 


(possible just conditionally), and that (1) is non-oscillatory. Then 


(25) f I2(t) dt Lo 


must hold for the logarithmic derivative, 1 = +’/x, of every solution, x = a(t), 
of (1). In addition, 


(26) I(t) +0 as to. 
Finally, 
(27) ice) = f G(s) +766) 3a 


It is understood that the lower limits of integration in (25) and (27) 
are supposed to be chosen large enough, larger than the last zero of x(t). 
Since (1) is supposed to be non-oscillatory, there exists such a zero for every 
x(t) (if there is at all a zero). Let it be denoted by to (if it exists; other- 
wise choose ty arbitrarily), and let to < <œ. Then l(t) =x (t)/z(t) can 
be formed and, as seen if (1) is divided by +, satisfies the differential equation 


(28) P(t) + P(t) + f(t) =0 
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(Riccati). But if a quadrature is applied to (28), it follows from (24) that 


vid 
UP) + f P(t) dt 


must tend, as T —%, to a finite limit. Hence, a repetition of the argument 
used after (13) shows that the negation of the truth of (25) leads to a, 
contradiction. Consequently, (25) implies that Z(4) must tend, as to, 
to a limit. Hence, (26) follows from (25). Finally, (27) follows from (26) 
and (28). 

In the proof of (25)-(28), it was not assumed that 


(29) f(t) 0. 


If (29) is assumed, then the hypothesis (24) can be omitted by virtue of 
the other hypothesis, that requiring that (1) be non-oscillatory. In other 
words, if (29) is assumed but (24) does not hold, then (1) must be oscillatory. 
In fact, (29) and the negation of (24) imply that (10) satisfies (11). 


8. Without assuming (29), the following criterion will now be proved: 
If (24) is assumed, and if the integral (24), when considered a function 
of its lower limit, satisfies the condition 


co 


(30) f + f if f(v) dv] du} dit <a, 


then (1) must be oscillatory (the choice of the unspecified lower limits of 
integration in (30) is immaterial). 

This criterion for the oscillatory behavior of (1) is quite different from 
the known criteria, since individual t-values do not occur in (30). In other 
words, f(t) and its repeated indefinite integrals can be of arbitrarily “ irregular 
growth ” (even if f(t) is non-negative, which is not assumed). Correponding 
to the fact that ¢ occurs in (30) only beneath an integral sign, it would be 
inconvenient to deduce (30) from the general criterion (2). But the latter 
might lead to a final result, whereas it will remain undecided whether the 2 
in (80) is the best absolute constant. Sure is only that the 2 cannot be 
more than doubled. In fact, if f(t) = c/t?, then (30) is satisfied when ¢ > 4, 
whereas the case f(t) — c/t? of (1) is oscillatory if and only if c> + (cf. 
Section 3). 

In order to prove that (1) is oscillatory under the assumptions (24) 


r 
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and (30), suppose that (1) is non-oscillatory. Then, if æ(t) is any solution, 
(27) is applicable for large ¢. In particular, since | = x’/z, 


(31) | dlog x(t) /dt > f f(s)ds 


and z(t) ~0 hold from a certain ¢ onward. In addition, it can be assumed 
*that x(t) > 0, since if z(t) is a solution of (1), then.-—«(¢) is. Hence, 
if a quadrature is applied to (31), it follows from the assumption (30) that 


(32) | f [æ(t)]7? dt << 


holds for every solution of (1), if the lower limit of integration (34) exceeds 
the last zero of the solution. But this contains a contradiction, since, as 
shown by Hartman [3], every (non-oscillatory) differential equation (1) 
must have some solution violating (32). 

It will be noted that this proof seems to use, via (31), just about the 
half of the content of (27). Actually, this is not quite correct, as seen by 
evaluating the integrals involved for the case f(t) — c/é? of an arbitrary 
e> À 


9. Along the lines of the preceding proof, it is easy to obtain a sufficient 
condition for the non-existence of an “ eigensolution ” (of class-L*), that is, 
of a solution (50) satisfying 


(33) i f a*(t)dt <0. 


Suppose first that f(t) satisfies (29) but (1) is non-oscillatory. Then, 
since z(t) can be supposed to be positive for large t, it is seen from (1) that, 
for reasons of convexity, s(t) must have a positive lower bound as t->00, 
and so (33) is impossible. 

Next, suppose that (29) is replaced by 


(34) f(t) SO. 


Then (1) must be non-oscillatory (in fact, (34) implies that (2) holds for 
y(t) ==0). But (1) may or may not have a solution satisfying (33), even 
if (24) is assumed. In fact, if f(t) = c/t?, then the explicit form of the 
solutions, described in Section 3, shows that (1) has a solution satisfying 
(88) if and only if c <<— $. 


10 


fe 
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Without asuming (34), it is easy to see that, if (1) is non-oscillatory 
and if f(t) satisfies (24) and 


© 


(35) fe FES roaraar x, 


then (1) cannot have a solution satisfying (33). 

In fact, since (27) is applicable, (31) holds for every solution of (1)° 
But the application of a quadrature on (31) shows that (33) is impossible 
if (35) is assumed. 

For instance, a non-oscillatory differential equation (1) cannot have a 
solution satisfying (33) if (24) is assumed and 


(36) tf f(s)ds=—4 
t 


holds for large 7. In fact, (36) implies that the function of ¢ which is inte- 
grated in (35) is minorized by a constant multiple of exp{2(— 4 log t)} = t; 
hence (35) is satisfied. In particular, (33) cannot hold for any solution of 
(1) if f(t) satisfies (34), (24) and (36). It remains undecided whether the 
— + in (36) is the best constant (whether (34) is or is not assumed). The 
example f(t) = c/t?, mentioned after (34), shows that the —4 in (36) 
cannot be improved to any constant which is less than — à. 

The criterion (36) is applicable only under the proviso that (1) be non- 
oscillatory. This proviso is sure to be satisfied if 


(37) tf f(s)dsSd. 


In fact, (36) and (37) imply both of the inequalities (4**) of Section 2, 
and (4**) was seen to be sufficient in order that (1) be non-oscillatory. 
Accordingly, (1) cannot have a solution satisfying (33) if f(¢) is subject 
to (36) and (37) (where (24) is part of the assumption). 

In particular, this will be the case if f(#) is subject to (4*), since (4*) 
implies both (36) and (37), Still more particularly, it is sufficient to 
subject f(t) to 


(38) f f(s)ds =o (t^) as toa, 


since this o-condition implies (4*) for large t. 
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10. On a fixed t-range I, replace (1) by 
(39) (p(t)2’)’ + ft) = 0, 
where p(t) is positive and, as f(t), continuous on Z. Let N be defined by 


the property that every solution «= z(t) s£0 of (39) has at most N, and 


some solution has actually N, zeros on Z. Then 1S Noo. In fact, N =0 
is impossible, since ¢(t)) ==0 (along with any g’ (to) £0) can be assigned 
as an initial condition at a point tọ of J. If N = 1, then (39) will be called 
disconjugate on J. 

As a generalization of the criterion (2), where p(t) = 1, it is easy to see 
that (39) is disconjugate on I if and only if there exists on I some function 
y = y(t) possessing a continuous first derivative and satisfying the inequality 
R(y) S0 at every point of I, where R denotes the Riccati operator associated 
with (39), that is, | 


(40) Ry) =o +y/p +f. 
It is well-known that 


(i) if N—1, then (39) possesses solutions which have no zeros at all 
on I (Jacobi), and that 


(ii) a function y = y(t) having’ a continuous first derivative on J is a 
solution of the non-linear differential equation R{y) —0 if and only if 
y(t)/p(t) is the logarithmic derivative of some solution s(t) s£0 of the 
linear differential equation (39) on Z (Riccati). 


Since p(t) > 0, and since s(t) and æ’(t) cannot vanish simultaneously for 
any solution 2(¢) 540 of (39) on J, it follows that a solution y(t) of 
R(y) = 0 cannot exist on the whole of J unless N—1, and that this 
necessary condition, N = 1, is sufficient as well; cf. (i). But if N 541, then 
any closed ¢-interval containing two zeros of a solution (540) of (39) must 
contain at least one zero of any other solution (Sturm). It follows that 


(iii) the non-linear differential equation R(y) —0 does or does not 
possess some solution y(t) which exists on the whole of T according as N = 1 
or N > 1 (this, in turn, implies that (ii) contains (i) as a corollary). 


Let (39), R*(.) and N* denote what result if f(¢) in (39), (40) and 
the definition of N is replaced by another continuous function, g(t), while 
p(t) and I are unchanged. According to Sturm, N < N* holds whenever 
f(t) Sg(t) on I. If this is combined with the identity R(.) —R*(.) 
= f — g, it follows from (i), (ii) and (iil) that N == 1 if and only if there 
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exists on J some function y == y(t) possessing a continuous first derivative 
and satisfying R(y) = 0 on I; q. e. d. 


Remark. Let (39,), Ry(.) and N, denote what result if p(t) in (39), 
(40) and the definition of N is replaced by another positive, continuous 
function, g(t), while f(t) and I are left unchanged. Then N, S N whenever 
p(t) Sq(t)-holds on 7. The customary proofs of this theorem of Sturm 
are more elaborate than is that of his inequality N = NY, used above (the ° 
proof of N = N* now found in textbooks depends on an ad hoc identity of 
Picone). 

Actually, it is clear from the definitions of R(.) and R,(.) that 
R(.) 2R,(.) whenever 0< ps q. In view of the above criterion, this 
implies that (39,) must be disconjugate on J if (39) is. This means that 
N, SN, provided that N — 1. But the latter proviso can readily be removed 
if I is subdivided in a suitable manner. 
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ON THE CLASSICAL TRANSCENDENTS OF MATHEMATICAL 
PHYSICS.* 


By Parure HARTMAN and AUREL WINTNER. 


Introduction. On an æ-interval (a,b), let r(x), q(x) and the first 
derivative of a positive p(x) be completely monotone, that is, let 


(1) (—1)*d"y/dx" = 0 on (a,b) (n=0,1,---) 


for y =r, q, p’, where it is understood that (a,b) is open and need not be 
bounded. It was shown in [1] that the differential equation 


(2) p(z)y” + r(x)y’—q(r)y=0 


must have a solution y(x) which is completely monotone on (a,b) (here and 
in the sequel, the trivial solution, y (s) ==0, is not called a solution). In the 
particular case (a,b) = (0,0), it follows from the Hausdorff-Bernstein 
theorem that if, r(x), g(x) and the first derivative of a function 


(3) p(t) >0 


satisfy the inequalities (1) on the half-line v >0, then (2) must have a 
solution y(x) representable in the form 


co 


(4) y (a) =f dé(t), where 034 dé(t) = 0, 


0 


on the half-line v > 0. For the particular case 
(5) a” —q(x)y =0 


of (2), cf. [5]. 

The purpose of this paper is an application of this result to the case of 
certain classical linear differential equations occurring in mathematical physics. 
For instance, there will be considered ($ 1) the so-called toroidal functions 
which, in the main, are certain normalizations of the associated Legendre 
functions. The latter are not hypergeometric functions. Applications will, 
however, be given (§2) to the hypergeometric differential equation, and 
Kummer’s confluent case will also be considered- (§ 3). 
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What results in these cases for the range of an æ-half-line is an integral 
representation of the form (4), where x is a certain elementary function of 
the independent variable in the standard forms of the differential equations. 
The results are mere existence statements, since we cannot determine the 
explicit form of the respective functions ¢(¢) in (4). But the range of the 
hypergeometric or confluent parameters which are treated in this manner 
are not those occurring in the classical integral representation of Euler and 
Kummer. 

When the +-range is an interval contained between the two finite singular 
points of the hypergeometric equation, there will result (§ 2) statements on 
the complete monotony of certain solutions on part of that interval. 

It may be mentioned that if p > 0, and if y—#r,q,p" satisfy (1) for 
0<a<o, then, in general, a solution of (2), representable in the form 
(4), is unique up to a constant factor. For, if (2) has two linearly inde- 
pendent solutions of the form (4), then all solutions of (2) tend to finite 
limits as z—> +æ. For example, if p(x) =1 and q(x) >0 for x = X, 
it follows from a criterion of Weyl [3], p. 40, that a necessary and sufficient 
condition in order that all solutions of (2) tend to limits is 


(6) (ae Sroa Faia f oma Dos 
x xX 


x x 


Thus (6) is a necessary condition in order that all solution of (2) be 
representable in the form (4), when p==1 and g >O. In particular, if 


(7) q(x) & const. > 0 for large x, 


then (6) cannot hold, and not all solutions of (2) (or their negatives) are 
representable in the form (4). For the integral (6) is minorized by a constant 
multiple of 


o 


f exp (— f r (8) dé) l apl f ime ds 


X+ X 8-1 x 
= f f exp(— f r (£) d£) dt ds. 
X+1 8-1 t 


Since s — 1 StS s and since r(x) is bounded as æ—> +00, it follows that 
(6) cannot hold. i 
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1. Toroidal functions. If in the differential equation of the associated 
Legendre polynomials | 


(8) (#8 —1)d*y/de? + 2zdy/dz — [r(v +1) + 2/(@—1) y= 0 
the substitution 
20) v=n— à, p= M, z = cosh x 

is made, then there results the differential equation 

(10)  d°y/dx? + (cosh v/sinh x) dy/dæ — [n° —4-+ m?/sinh? z]y = 0 
for the toroidal functions; cf., e. g., [2], p. 75. 


(I) If n?—420, then there exists a toroidal function (a solution of 
(10)) representable in the form (4) for O0<a<oo. Furthermore, this 
toroidal function is unique, up to a constant factor, if and only if n?—4> 0. 


Proof of (I). A comparison of (10) and (2) shows that p(z) =1, 
(11) r(x) = cosh'x/sinh s and q(#) =n? — 4 + m°?/sinh? z. 


Thus, p’(x) =0, r(x) and g(x) are completely monotone on the half-line 
æ>0 (that is, z > 1) if n?—420. In fact, since 


(12) cosh #/sinh s = (1 + e**)/(1— ex) = (1+ e”) sete 


holds for æ > 0, it is seen that r(x) is the sum of completely monotone 
functions and is therefore completely monotone. Similarly, the identity 


(13) 1/sinh z = 20 2/(1— 0t) = Res 3 ee 


j=0 
shows that 1/sinh z is completely monotone. Since the product of completely 
monotone functions is completely monotone, it follows that 1/sinh? x is. Hence, 
q(x) is completely monotone for « >-0 if n?—-4 Z= 0.. The first assertion 
of (I) follows from the theorem concerning (2), quoted in the Introduction. 
By (11), the inequality n? — + > 0 implies that g(x) satisfies (7); so 
that (10) has only one solution, up to a constant factor, representable in. 
the form (4). If n°—1—0 and m > 0, the general solution of (10) is 


y(x) =c exp(m f ds/sinh s) + c2 exp(— m f ds/sinh s). 


. It-is readily verified that this solution y(x) is completely monotone for 
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O<x<oo if and only if [a | S cexp(— 2m f ds/sinhs). Finally, if 
1 


n? — 4 = 0 and m = 0, the general solution of (10) is y(æ) = af ds/sinh s 
1 


+ c2, which is completely monotone if and only if 0 S — c S c/ f ds/sinh s.e 
This completes the proof of (I). 5 1 
Remark. Since the change of variables z—»—z leaves (9) unaltered, 


it follows that if v(v + 1) 20, there exists on —œ < z < — 1 a solution 
y==y(z) of (9) representable in the form (4), where z = — cosh x. 


2. Hypergeometric functions. The case »==0 of (8) can be con- 
sidered as a special case of the hypergeometric differential equation 


(14) 2(1—2)dy/d + [e— (a+b + 1)2]dy/dz— aby = 0. 


Infact, if the change of independent variables 2z — 1 —> z is made in (14) 
and if c—1, «=v 4+ 1 and b= — vr, then (14) becomes (8) with u =Q. 
Thus the results of Section 1 can be transferred from (9) to (14) if 


. (15) c=], a + b=], ab = 0, 


But it turns out the corresponding statements are valid for a wider range of 
parameters than those specified by (15). 


(Il) If the parameters satisfy 
(16) ab = 0 and a+ b= max(2c —1, 0), 


then (14) possesses a solution y = y (2) representable in the form (4), where 
0O<a<o and either 22—-l—coshe (so that 1<2<o) or 22—1 
——coshæ (so that —œo < z < 0). This solution of (14) is unique, up 
to a constant factor, if and only if either ab < 0 ora==b—0. 


If x is eliminated, it is seen that (II) means that (14) has, under the 
assumption (16), a solution of the form 


œ 


ar) y(2) = f [e—1+2(— z) Hag (2) 


0 
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for 1 < z co, or of the form 
(17 bis) y(2) = f [1 — 2z + 2(2? —z)#]-*dg(#) 
0 

for —œ < z < 0, where (t) is monotone on [0,%) and not a constant. 

Proof of (II). Introduce æ as a new independent variable in (14), 
where either 2z — 1 = cosh z or 2z — 1 == — cosh s. The resulting differ- 
ential equation in either case is 
(18) d’y/dx? + [(a + b)cosh x/sinh z + (a + b + 1 — 2c) /sinh r]dy/dx 

+ aby = 0. | 

A comparison of this differential equation with (2) shows that p(s) =1, 
r(z) = (a + b)cosh ¢/sinha + (a -+ b ae 1— 2c)/sinhæ and g(x) =—ab. 
It follows therefore from (12) and (13) that 


r(e) = (a+b) (1+2 3e) + 2(a+ b+ 1—2e) Le Cie, 


Thus r(x) is completely monotone on (0,0) if and only if a -+b Z0 and 
a + b + 1— 2e = 0; that is, if and only if a+ b = max(0, 2e — 1). Clearly, 
q(x) is completely monotone when ab = 0. Hence, the first assertion of (II) 
follows from the theorem concerning (2), quoted in the Introduction. 

If ab < 0, then q(x) satisfies (7), hence (17) has at most one solution 
y(x) representable in the form (4). If ab= 0, the general solution of 
(17) is | 


y(x) =i f (sinh s)-(*) exp[ (2c — a — b — 1) f dt/sinh #]ds + c2. 


If a -+b > 0, it is easily seen that y(x) 20 for 0 < x Lo if and only if 
0=—u< C/ f (sinh s)~@®) exp[ (2c — a — b — 1) f dt/sinh tds; 
1 L 


in which case y(x) is completely monotone. But if a+ b = 0, then y (z) > 0 
for 0< z<% if and only if & =0 S c Thus the second part of (II) 
follows. ; 

Integral representations distinct from (17), (17 bis) can be obtained 
for certain solutions of (14). In this direction, the following will be proved: 
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(III) If the parameters satisfy 
(19) 1+e(a +b) Se+h(a+b)% 


then (14) has a solution representable in the form 


(0) pO = (aio 1 e)an f de(t) (1—2)! 
for —œ < z < 0, while if i 
(21) c+ 4(a+b)*= c(a +0), 


then (14) has a solution representable in the form 


(2) y(2) = r1 (2—1 f ap(é)/st 


for 1 < 2 <o, where 0 dp(t) = 0 in both cases. 


Proof of (JIT). For —œ< z < 0, the variation of constants and the 
change of independent variables determined by 


(23) u = (— 2) Alot) (1 — gz) Alardet-o)y, x = log(1—2) 
transform (14) into a differential equation, for u, of the form (2), where 
(24) p(z) =1— e7, r(£) = 6? 
and 
4q (a) = (1—e)#/(e#—1) + [1— (a +b —c)*]/e" + (a—b)?; 

cf. [4], p. 453. Clearly, p(z) > 0, and p’(x) = r(x) = e° is completely 
monotone for 0< v <%. Since 1/(e?—1) = e7/(1 — e?) ae for 
0 < a4 <oo, it follows that 

g(a) = (a—b)* + [(1— 0)? +1 (a+b —o) "Jer + (oies. 


Thus g(x) is completely monotone for 0 < x < if and only if the coefficient 
of e-* is non-negative ; that is, if and only if (19) holds. If (19) is satisfied, 
then the differential equation for u, which resulted from (14), has a solution 
of the form (4), that is, 


(25) u(x) =f eztde(t), where 0 € de(t) 20 (0<z<æ). 


In view of (23), this is equivalent to (20). 
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Similarly, if 1 < z <œ, the variation of constants and the change of 
independent variables determined by 


u = Że (z — 1 jileto y, z= log z 


transform (14) into a differential equation, for w, of the form (2), where 
(24) holds and 
e 


4q(e) = (a+ b—c)?/(e® —1) + (2¢—o#) /e? + (a—b)*. 


The remainder of the proof of the second part of (III) is similar to the procf 
of the first part. 

The last two theorems concern certain solutions of the hypergeometric 
differential equation (14) on the real z-range between the singular points 
—oo,0 or between the singular points 1, co. In some cases, it is possible 
to ascertain the complete monotony of solutions of (14) on the part of the 
interval between the singular points 0, 1. 


(IV) If there exists a number a satisfying 


(26) 0<aSh, a(a+b+1) Se, 
and if 
(27) ab=0, a+tb+120, 


then (14) has a solution y = y(z) S40 which is completely monotone on the 
interval 0 < z < a. 


Proof of (IV). The coefficient, P (2) = 2(1— 2) = z — 2°, of dy/da? 
in (14) is non-negative and possesses a completely monotone derivative, 
P' (z) = 1 — 2z, on the interval (0,4). The coefficient, Q(z) — ab, of — y 
in (14) is completely monotone if ab Æ 0. Finally, the coefficient, R(z) =e 
— (a+ b + 1)}x, of dy/dx is completely monotone on (0, «) if the second 
inequality bolds in both (26) and (27). In view of the theorem concerning 
(2), quoted in the Introduction, (IV) follows. 

Tt should be mentioned that the result is not a consequence of standard 
integral representations of certain hypergeometric functions (as given, for 
example, by the formula near the bottom of p. 8 in [2]). 


3. Confluent hypergeometric functions. Consider Kummer’s differ- 
ential equation, f 
(28) zd?y/d2 + (c— z)dy/dz — ay = 0. 
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A standard integral pean (cf. the last formula in [2], p. 87) shows 
that if 


(29) c>a>Q0, 

then (28) possesses a solution of the form (4), where z = — ~. It turns 
out that (28) possesses such solutions for parameter ranges different from 
those specified by (29). ® 


(V) If the parameters satisfy 
(30) a=0 andc=0, 


then (28) possesses a solution representable in the form (4) for 1 < x <0, 
where z = — z (so that —w< z< 0), and this solution is unique, up to a 
constant factor, if and only if a < 0; furthermore, af 


(31) 0<c< %, ; 


thon (28) possesses a solution representable in the form 


(32) y(2) =o f etd (t), where 034 de(t) = 0 (9 aaa), 


9 


and this solution is unique up to a constant factor. 


For the case in which Kummer’s normal form, (28), is replaced by that 
of Whittaker, cf. [6]. 


` Proof of (V). In order to prove the first part of (V), apply the change 
of independent variables z—>— x in (28) and write the resulting differential 
equation in the form 


(33) dy/da® + (1 + ¢/x)dy/de + (a/)y = 0. 


A comparison of (33) with (2) shows that p(x) =1, r(x) =1+ 6/2, 
q(z) =—a/z; so that p >0, and p’,r,q are completely monotone for 
0<a<o, if (30) holds. Hence (20) has a non-trivial solution repre- 
sentable, for 0 < s <œ, in the form (4), where z ——%. 

In order to ascertain the uniqueness of the solution when a <0, it is 
sufficient to verify that (6) is violated in this case. But (6) becomes 


const. f eeso f ette-rdt)ds <o, | (x4), 
1 1 
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and this cannot be satisfied, since the interior integral is asymptotically pro- 
portional to e%s*+, as s+>00. If a= 0, the general solution of (33) is 


æ 


y(t) = ty f ess "Cds + C2, 


1 


from which it is easily seen that y(x) is completely monotone if c Æ 0 and 
if c is so chosen that y( œ) = 0. 
In order to prove the statements concerning (31) and (32), use will be 
made of the following variation of constants: 


(34) y = eu . (z = a). 
This transforms (28) into 
&u/dr? + (c/x) du/dx — [4+ (2a—c)/2r]u = 0. 


Clearly, if (31) holds, this differential equation possesses a solution repre- 
sentable, for 0 < æ <œ, in the form (25). This solution is unique, up to a 
constant factor, since q(x) satisfies (7). Finally, it follows from (34) and 
(25) that (20) possesses a solution of the form (32). 


Tue JOHNS HOPKINS UNIVERSITY. 
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ON THE NON-INCREASING SOLUTIONS OF y” = f(x, y, y) 


By Purr HARTMAN and AUREL WINTNER. 


a 
1. A theorem of A. Kneser [7], pp. 183-191, can be formulated as 
follows: Suppose that f(x, y) is defined for 0 Ss <œ, 0 Æ y<% in such 
a way that f(x, y) is continuous; that f(x, y) 20; that f(x, 0)=0 for 
0S2<o; that f(x, y) satisfies, with respect to y, a Lipschitz condition 
which is uniform in every (x, y)-rectangle; finally, that f(x, y) is monotone 
with respect to y for every fixed z= 0. Then, for every Yọ > 0, the differential 
equation 


(1) y” = f(s, y) ` 

has a solution y = y(x) which belongs to the initial condition 
(2) | y (0) = Yo, 

exists on the half-line 0 Sg <w, and satisfies the inequalities 
(3) y(x) 20 and y(2) SO. 


It follows from a remark of Mambriani [8], p. 622, that the condition that 
f(x,y) be monotone with respect to y can be omitted in this theorem. 
The most immediate application of Kneser’s theorem is the linear case, 


(4) y” = q (2)y, 


of (1). The above conditions are satisfied by f(x, y) = q(æ)y, if q(æ) is a 
continuous, non-negative function for 0 =zx <œ. From this case, (4), of 
Kneser’s theorem, it is easy to deduce a somewhat more general result; namely, 
that if q(x) is a continuous, non-negative function for 0 Sa <œ% ‘and r(s) 
is an arbitrary continuous function for 0 & v < co, then the linear differential 
equation i 


(5) y” =r(z)y + q(x)y 
has, for every yo > 0, a solution y = y (z) satisfying (2) and (3); ef. [5], 


p. 368. 
There naturally arises the question as to whether or not Kneser’s theorem 
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can be generalized so as to apply to a non-linear differential equation of the 
form 


(6) | y” = f(x, y, y). 


Such generalizations are known; cf., e. g., [11], p. 623; [12], p. 105. None 
of these results is, however, sufficiently general to include directly the special 

case (5) of (6). A general theorem of this type, to be proved below, is as 
* follows: 


THEOREM: I. Let f(x,y,z) be a continuous function on the octant 


(7) R: 0=%<o, 0OSy<~m, —aoc20 
and suppose that 

(8) f(x, 0,0) =0 for 0Z & <o; 

that 

(9) f(x, y, 0) 20 for 0Zz<o,0=y<o; 


finally that, for every C > 0, there exists a positive continuous function 
p(z) = po(z) for —o< z S 0, satisfying 


(10) | fls, u, 2)| S ¢(2) for OS eC, Ssys, —w<:<0 
and | i 
(11) f 24/9) ==: 


Then there belongs to every Yo > 0 a solution y =y (x) of (6) which exists 
for 0Z x <a and satisfies (2) and (3). 


2. The comparatively simple nature of the proof of Theorem I will be 
due to a consistent application of certain results of Nagumo [9]. The proofs 
of Theorem I and of Theorem III below are very similar to the geometrical 
qualitative arguments employed in [4]. 

In order to prove Theorem I, a few general lemmas will be needed. 


Lemma 1. Let f(x,y,z) be a continuous function on 0 £x<o, 
OZ y<o, —o < g <w, satisfying 


(12) f(x, 7,0) >0 for 0Ær<oæo, 0<y<o. 


Let y = y(x) be a solution of (1) on an interval (0 =) a £ x S b, belonging 
to initial conditions satisfying 


(13) y(a) > 0 and y'(a) = 0. 
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Then 
(14) y (£s) >0 for a <r< b. 


Proof of Lemma 1. The argument used in the proof will be similar to 
one in [13], p. 46. 


It will first be shown that there cannot exist a value of 2, say æ == é, 
such that a < é< b, y (£) <0 (and y(é) > 0). For if such an a-value. 
exists, let z = «(= a) be the greatest value of x to the left of «= é for 
which y’ (£) ==0. Clearly, y (x) < 0 fore <rSé Hence, y(a) > y(é) > 0. 
Consequently, (6) and (12) imply the inequality y” («) = f(a, y(a),0) > 0. 
But this, together with y’ (a) = 0, contradicts y’(z) < 0 fora<aSi `’ 

This proves a weakened form of (14), 


(15) y' (x) Z0 for ar <b. 


Since (12) implies that y = y (a) cannot be a solution of (6), it follows that 
y (a) > 0 for some z = a (> a) arbitrarily near c—a. Arguing as above, 
it is seen that there cannot exist a value of s = >a, where y’(é) = 0. 
This proves Lemma 1. 


8. It is interesting to note that if (12) is weakened to (9), then 
Lemma 1 becomes false even if (14) is weakened to (15). This is shown 
by the example, f(x, y, z) = 2y | z |> sgn 2/(2—A), where 0 <A < 1. Corre- 
spondingly, (6) becomes 
(16) of’ = 2y | y [> sgn y’/(2—A). 

If (16) is multiplied by | y |*4(2—A), a quadrature gives 
|y P= (4? — c) sgn y, 
where c > 0 is an integration constant. Accordingly, 
y = + {(— 0) sgn y}, 


where both signs, +, are admissible. If the minus sign is chosen, a quadrature 
gives a solution of (16), satisfying y (0) = È > 0, y (0) = 0, but y’ (£) < 0 
for small z > 0. 

A criterion which prevents such a possibility is as follows: 


Lemma 2. Let f(x,y,z) be a continuous function on 0 = x <o, 
OZ y <o, —o <z Loco, satisfying (8) and (9). In addition, for every 
C > 0, let there exist an M — Mo such that 


f(z, y 2) — f(x, 9,0) = Mz for 0Zz=C, 0<y=C, —0 Sz S0. 
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Let y(x) be the same as in Lemma 1. Then (15) holds. If y (a) > 0, then 
(14) holds. 


Proof of Lemma 2. Suppose that (15) does not hold. Then there exists 
a value of x, say s = &, such that a < éS b, y(é) > 0 and y'(£) < 0. Let 
x == (= a) be the greatest value of x to the left of « = é for which y’ (£) = 0. 
For «a < z S é, put 


ar) ale) = (F(z, y (2), 0) — f (2, 0, 0)}/y (2) 
and | 
(18) -() = {f(e 9(2), Y ()) — F(a y (2), 0)¥/¥ (2). 


Then (6) shows that y(x) is a solution of (5) for a<xÆ£ It follows 
from (8) and (9) that g(x) 20. The condition on f involving the constant 
M implies that r(x) is bounded from above by M for a < s S é. 

If a new independent variable s == s(x), defined by 


t 
ds = exp(— f r(w) du) da, 


is introducec, then (5) becomes 


£ 
d?y/ds? =q (x) y exp 2 f r(u) du, 
2 


where æ—#æ(s). Since the coefficient of y is non-negative, it follows that 
y(x), as a function of s, is convex upwards. Hence dy/ds is a non-decreasing 
function of s. In terms of z, this means that 


£ 
y(w)exp | r(u)dusy'(é) <o 


fora <s é Hence, by the boundedness of r(x) from above and by the 
continuity of y(x), | 
y’ (a)exp M(£— a) < 0. 


But this contradicts the fact that y’(«) —0. This proves the first assertion 
of Lemma 2, and the second assertion is proved in a similar manner. 


4, The example (16) shows that Lemma 2 becomes false if the one- 
sided Lipschitz condition at z—0 is weakened to a Hélder condition and 
the other assumptions are retained. 


11 
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Lemma 1 corresponds to a uniqueness theorem ([13], p. 45) which states 
that if, on the (a, y,z)-space, f(x, y,2) is a continuous function which is 
strictly increasing with y (for fixed v, z), then (6) has at most one solution 
joining two distinct points of the (x, y)-plane. The condition that f(a, y, z) 
is “increasing ” with y cannot be lightened to “non-decreasing” with y; 
ef. [13], p. 45. A simple calculation shows that if the factor sgn y’ is omitted, 
then (16) also becomes a counter-example. What corresponds to Lemma 2 is, 
the following uniqueness theorem: 


Tasorem II. If f(a, y, 2) is a continuous function on the (x, Y, 2)-space, 
is non-decreasing with respect to y (for fixed x, z) and satisfies, with respect 
to z, a ‘Lipschitz condition which is uniform on every bounded portion of the 
(x, y,z)-space, then (6) has at most one solution y = y(x) joining two dis- 
tinct points of the (x, y)-plane. 


The proof is similar to that of Lemma 2 and will be omitted. Under the 
additional hypothesis that f(x,y,z) has continuous partial derivatives with 
respect to y and z, the assertion of Theorem {I was proved in [10], p. 105 
and [2], p. 20. 


5. For the proof of Theorem I, one more lemma will be needed. 


Lemma 3. Let f(x,y,z) satisfy the conditions of Theorem I. Let 
to >0 and yo >0. Then (6) has on OST to a solution y = y(x) 
satisfying 
(19) y(0) = yo and y(%) = 0. 


Proof of Lemma 8. Let the definition of f(x, y, z) be extended by placing 
f(x, y,2) = f(x, y, 0) for z > 0; so that f(x,y,z) is a continuous function 
for 0 Sgr <%w, 0 Sy <%, —o <z <%. The resulting differential equation 
(6) has a solution satisfying (19). 


The last assertion follows from a result of Nagumo [9], p. 864, if slight 
additional conditions are imposed in f(x,y,z); namely, that condition (9) 
be replaced by (12) and that f(x,y,z) have continuous partial derivatives 
with respect to y and z. (The wording of Nagumo’s theorem, but not the 
proof, requires that (8) be replaced by f(x, 0,0) <0). Actually, these 
additional conditions are not needed; see [14], pp. 256-258; [3], pp. 277-278 
and [19], pp. 55-56. (Incidentally, the superfluity of these additional con- 
ditions can be shown by using Nagumo’s result and by approximating f(z, y, 2) 
suitably, and Nagumo’s Hilfssatz 1 and 2 show that these approximations 
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need only be carried out on some parallelepiped of the type 0 S & S To 
0S yS Yo —C£2<C; cf. the considerations below.) 

Let y = y (x) be a solution of (6) satisfying (19). In order to complete 
the proof of Lemma 3, it remains to show that y(x) can be chosen so as to 
satisfy y’ (x) S0 for 0 S22. This will prove that the extension of the 
definition of f(x,y,z) was unnecessary. 

, The inequality y (x) & 0 is clear if f(x,y,z) satisfies (12). For, by 
Lemma 1, y’ (x) < 0 whenever y(x) > 0. 
If f(z, y. z) does not satisfy (12), consider the differential equation 


(6 bis) y” = f(a, yy’) ey (e>0) 
instead of (6). The right-hand side of (6 bis) corresponds to the function 
g(x,y, 2) =f(«,y,2) + ey. This function satisfies the analogue of (8), 
namely, g(a, 0,0) ==0; and the analogue of (12), namely, g(x, y, 0) > 0 for 
0Sa<0,0<y¥<o. In (10), let C = max (To, Yo), and let ġ (2) = pe (2) 
be defined as (0) for z > 0. Clearly, 


f adz/$(2) =— and f A E 
while | g(2,4,2)|So(z) + eyo for 0 S2 S to, 0 EYE Yo, —o <z <o. 
It is also clear that there exists a pair of positive constants eo, M for which 


-a 


M 
S 242/82) +e) > 1+ yo f 2de/(9(2) +) >H 
M a 

whenever 0 < «Se, where a = 1 + 2yo/%o It follows from the proof of 
Nagumo’s Satz 2, [9], pp. 864-865, that if 0 < «Se, then (6 bis) possesses 
a solution y == y-(#) satisfying (19), provided that g(a, y,z) possesses con- 
tinuous partial derivatives with respect to y and z. Now, y/(x) S0, by 
Lemma 1. 

Actually, this solution satisfies 


(20) D È yé (a) 2— M for OS eS mq and 0 < eZ eo. 


For suppose, if possible, that y (x) < — M for some value of x, say «== £. 
Consider the two cases 0S é< 4x and 42o < ¿£ zo In the first case, 
there exists an æ-value ==, such that y-(t,)=0, y/(x:) < 0 and 
ES tı < Ë + ga.(S to); cf. Hilfssatz 2, [9], p. 863. But then y-(x) does 
not exist for sı Ss Æ To since f(z,y,2) is only defined for y 20. 
In the second case, 4go < &< £o there exists an s-value s= fm, such 
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that ye(t:) = Yo Ye (41) <0 and (0S) é— 4r <a S; cf. Hilfssatz 
2, [9], p. 863. But y/(x) = 0 for 0S x S To so this contradicts ye(0) == Yo. 

Thus the proviso that g(x, y,z) have continuous partial derivatives with 
respect to y and z can be dropped. This follows from the general theorems 
quoted above; for, although the majorant function (z) + eyo need not satisfy 


f 242/($@) + an) ==, : 
the considerations above show that it is sufficient to consider g(a, y,2) on 
the parallelepiped 0 S x Sum, 0S ySy,—MS2SM. Alternatively, as 
mentioned above, it is sufficient to use the Nagumo theorem and to approximate 
g(æ, y, 2) suitably on this parallelepiped. 

The differential equation (6 bis) and the inequalities (20) show that, by 
equicontinuity, there exists a sequence ep > e, > ez' * - having the property 
that ye(x), where e= en— 0, tends to a solution y(x) of (6), as n—>0. 
Clearly, y = y (x) satisfies (19) and y’ (x) & 0 for 0 Seta. This proves 
Lemma 3. 


6. Proof of Theorem I. Let yo > 0 be fixed and let y = y (£, £o) be a 
solution of (6), on 0 S £ S £o, satisfying (19). If there exists, for some 
To, an x-value, say x= é, such that 0 < < a and y(é,x )= 0, then it 
follows from y (z,o) S0 that y’ (£, 2o) =0 for éS sS z, Thus the 
solution y (z, zo) can be extended for vo Sa < é by placing y (g, vo) = 0 for 
g >To Hence y == y (g, To) is a solution of (6) for 0 Sa <œ and satisfies 
(2) and (3). 

Consequently, it can be je ne that y(z, x) > 0 for OS x < to 
Choose To == n, where n==1,2,---. It then follows from Nagumo’s Hilfs- 
satz 2 ([9], p. 863) that, for any integer k > 0, there exists a constant 
M = M (k) >0 such that 


OZ y (z,n) 2—M for 0OSa¢Sk and n—k+1,k+2,: 


By equicontinuity, there exists an increasing sequence of integers n, na’ 
such that y(x,n),y(x,m),: © > tends to a solution y = y(x) of (6) for 
OZx<o. Clearly, y — y(x) satisfies (2) and (3). This proves Theorem I. 


7. The indispensability of Nagumo’s condition, (10)-(11), in Theorem I 
is shown by the following example: Let f(x, y, x) = 8(1 + 27)**y?/2A, where 
O<A<1. Then (6) becomes 


(21) y” = 3 (1 + y”) YY? /2d. 
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If (21) is multiplied by 2Ay’/(1 + y?) a quadrature gives 
1/1 +g) mcos, 


where c is an integration constant. Consider a solution y = y(x) of (21) 
satisfying y(0) = Yə > 0. For such a solution of (21), the constant c 
satisfies yo? <Cc=1+Y. Let yo > 1, so that c—1>0. The equation 
‘in the last formula line can be written in the form 


yr (et) eye) 


if y 0. Thus, if y’(0) <0, the solution y(x) continues to decrease as æ 
increases, unless y’ (x) becomes c — 1 for some finite value of æ, say s = £. 
If such a value of x = é exists, then, by (21) and a convexity argument, 
y (x) > 0 must hold for those « > é for which y(x) exists. But if y > 1, 
and if c is an admissible integration constant, it follows from (21) and 


b i 
f (c— y?) {1 — (c — y?) Ë dy <œ, where a? = c— 1 and b? =c, 
@ 
that there exists a == &(yo,c) such that y%(£) — c—1. Consequently, if 
Yo > 1, then (21) does not have a solution on OS s <œ% satisfying (2) 
and (3). 


8. There arises the need for a criterion which takes into account the 
complication presented by the counter-example (21). Such a criterion can 
be formulated as follows: 


Turorem III. Let f(x,y,z) be defined and continuous on a domain 
containing the octant (7) in its interior. Suppose that the solutions of (6) 
are uniquely determined (locally) by their initial conditions, that (8) holds, 
and that 


(22) f(a, y,2) 20 on R. 


Then there exists a positive Y (Zoo) having the property that if 0 < Yo < Y, 
then (6). possesses a solution on 0 = s <œ satisfying (2) and (3) 


Proof of Theorem III. Let wo > 0 be fixed and consider the solutions 
y—y(x;m) of (6) determined by the initial conditions (ze) ==0 and 
y (2) —=u<0. Since (8) implies that y(x, 0) == 0, it follows from the 
continuous dependence of solutions on initial conditions that, if |»| is 
sufficiently small, y(x;) exists for 0 =e zo Furthermore, (22) implies 
that y(xz;u) is convex upwards if w < 0. Hence, y(æ;u) Sp < 0 for 
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OS gA r. Consequently, y(0;u) > 0 if u < 0. In addition, y(0; p) is 
a continuous function of p. Hence, there exists a Y, where 0 < Y Sœ, with 
the property that yo —y(0;u) for some p if 0 € yo < Y. In what follows, 
it will be supposed that y, has been chosen in this fashion. 

Consider the solution y=—7(x,m) of (6) determined by the initial 
condition ¥(0) = yo, y (0) =m. Let Q denote the set of negative m-values 
for which the solution y = y(z,m) can be extended over some interval® 
OSs Sa and satisfies y(z,) —0. By the choice of yo, the set Q is not 
empty. In fact, Q is an open set on the m-axis. For, if y == y(x) = y (z, m) 
satisfies y (sı) = 0, then y’ (zı, m) < 0, since y = 0 is the only solution of 
(6) satisfying y(t) = 0, y (zo) = 0. It follows that, if m belongs to Q, 
all numbers sufficiently close to m belong to Q. 

Let yo’(S 0) be the least upper bound of Q. It will be shown that 
y = y (£) = y (£, yo’) exists for 0S e <% and satisfies (2) and (3). 

First, if yo’ = 0, then y(x) cannot vanish, since (22) implies y” (£) = 0. 
If yo’ < 0, then y(x) cannot vanish. For otherwise there exist values of 
m > yo’ for which y(x, m) has a zero, and this contradicts the definition of yg. 
(In particular, yo’ is a cluster point of Q.) 

Next, y’(z) cannot attain a positive value for some value of x, say for 
w==& For if this were possible, it would follow that there exist in Q values 
of m for which y(x, m) > 0 for OS s <S é and y (é, m) > 0, while y(x, m) 
vanishes for some z, > é But this contradicts the inequality y(x, m) 5 0, 
where OS £S g. Hence, y(x) satisfies (2) and (3) on its domain of 
existence. 

The solution y = y (x) can fail to exist for all x Æ 0 only if there exists 
a positive number g = g, such that | y(x)|-+ |y(æ)|—o as c>2,—0; 
cf. [16]. But this is impossible since 0S y(t) S Yo; yo Sy (£) SO, by 
virtue of y” (z) 20. This proves Theorem III. 


9. The proofs of Theorem I and III seem to indicate that, if f(a, y, 2) 
is continuous and non-negative on R, and if (6) possesses a solution on 
0a <o satisfying (2) and (3), then the points (0, yo) and (ao, 0), where 
Zo > 0, can be joined by a solution of (6). But it turns out that such is not 
the case. 

In fact, consider the differential equation 


(23) yf’ =— (1— yyy. 


The function f(z, y,z) corresponding to (23) is f(x, y, z) = — (1—z)*z, 
which is non-negative on R. For every yo, the differential equation (23) 
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possesses the solution y(x) = y, on 0 Sa <% satisfying (2) and (3). Con- 
siderations similar to those concerning (21) show that no solution of (23) 
satisfying y(C) = yo can vanish for any s if yo > 1. 


10. An important question concerning the solutions of (6) which satisfy 
(3) for 02 <œ is whether or not the limit relation 


°(24) lim y(a) = 0 


holds. In his theorem concerning y” = f(x, y), quoted in §1, Kneser con- 
cluded (24) incorrectly; cf. [17], p. 95. For this case, Mambriani [8], p. 620, 
gave a sufficient condition for (24) ; namely, that for every c > 0 there should 
exist a positive constant C == Ce > 0 such that 


f(E, 9) Z Co(x) for ey <o, 
where o(x) = 0 is a continuous function on 0 Æ g <% satisfying 
(26) f o(n) dz =o. 
A ; 


This condition can be improved greatly; cf. (29) below. 
The improvement will be based on the following facts: (i) if q(x) is 
` continuous for large positive v, then the linear differential equation (4) must 
possess a solution y(æ) tending to a finite, non-vanishing limit if 


J ela(e)|de<eo; 


(ii) the latter sufficient condition is necessary as well if q(x) = 0 (in other 
words, if q(x) = 0, then 


(27) f 2q (x) de <% 


is necessary and sufficient for the existence of a y(x) for which y(c«) exists 
and in neither 0 nor œ). 

Assertions (i) and (ii) can be concluded from [1], $ 4 and [15], $1, 
respectively. A refinement of (i) and a simple proof of (ii) are given in [18]. 


THEOREM IV. Let f(x,y,2) be a continuous function on R, with the 
property that, for every pair of constants O > c > 0, there exists a non- 
negative, continuous function o(s) ==o(x;0¢,C) satisfying 


(28) f(#,y,2) Æo(z) for 0Æ x Ko, eSyS0, —-CS250 


La 
400 PHILIP HARTMAN AND AUREL WINTNER. 


and 


(29) EOL co. 


Then (24) holds of y—y(x) is any solution of (6) on OS x<% which 
satisfies (3). 


Proof of Theorem IV. Since the functions o(t) —0(x;c,C) are non-* 
negative, it follows from (28), (22) and (6) that y”’(x) 20. Hence, if 
C = — y (0), it is clear that — O S y (x) S0-for OS g Lo. 


Suppose that the assertion of Theorem IV is false. Then y(%) —c>0 
holds for some y(x). Hence, if C= y(0), then c = y(x) SC for 0 Æ x Lo. 
Choose c =y(%) > 0 and C= max(y (0), — y’ (0)). 

By (6), the function y = y(x) satisfies the linear differential equation 
(4), where g(x) = f(z, y(x), y ({x))/y(£). It is seen from (28) that 
q(£) Z o(@)/y(x) Zo(x)/c. Hence (29) implies that (27) cannot hold. 
Consequently, y(o)—c>0 is impossible. This contradiction proves 
Theorem IV. 


11. If (4) is replaced by (5), then (27) becomes 


co Ed 


g 

(30) SES e frs) a) du)g(e)dr <o 
0 0 u 

(which reduces to (27) if r(x) = 0). By taking advantage of this fact, one 

can prove a theorem similar to Theorem IV. In contrast to the linear case, 

the resulting theorem is not more general than Theorem IV. 


THEOREM IV*. Let f(x,y,z) be a continuous function on R, with the 
properties that (8) holds and that, for every pair of constants C> c> 0, . 
there exists a pair of continuous functions, o(z) — o(x; c, C) and r(x) 
= r(x; c, C), satisfying 


(31) f(e, 9,0) ox) Z0 for 0&s<%, c 5y SO; 


and 
(82) f(x, y, 2) — f(x, 7,0) = r(x)z for OS x Lo, cSyS0, 
— 00 <z < 0; 
finally, 
(33) fof exp (— f +(8)d8) du}o (a) de = ©. 
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Then (24) holds if y —y(x) is any solution of (6) on 0x <o which 
satisfies (8). 


It is nct assumed that r(x) 20 in (32). Incidentally, if f(x, y, z) 
satisfies either (22) or Nagumo’s condition (10)-(11), then y’ (x) is bounded 
(cf. Hilfssatz 1, [9], p. 862). In this case, the range —œ < z < 0 in (82) 

ecan be replaced by —CSz2< 0. 


Proof of Theorem TV*. Suppose that the assertion of Theorem IV* is 
false. Then y(o) =c > 0 for some y(x). This solution y = y(x) of (6). 
cannot be constant for large values of x For otherwise f(x, c, 0) ==0 for 
large vx, and this contradicts (31) and (33). Since Lemma 2 is applicable, 
it follows that y’ (x) <0 for 0 < æ < co. 


Since y = y(x) satisfies (6), it satisfies (5) if g(x), r(x) are defined 
by (17), (13). Then q(x) =o(x)/y(x) = o(x)/c, by (8) and (31). But 
r(x) S r(x) by (82). Hence the factor {- - -} in (30) is not less than that 
in (33). Thus (33) shows that (30) cannot hold. Since this implies that 
y(%) —0, Theorem IV* follows. 


12. By combining Theorem III with a procedure applied in [17] and 
[5] to the zase of a linear differential equation, the following theorem will 
now be proved: 


THEOREM V. Let g(z,y,2) be defined and of class C® on R, and 
suppose that 
(34) g(a, 0,0) =0 for OS s <% 


and that the partial derivatives of g satisfy the inequalities 
(35) (— 1) 505% /Oxtdyidz* = 0 for i, j, k —0,1,: > on R. 


Let p(x) > 0 be a continuous function on 0 = x <œ, and suppose that p(x) 
possesses a completely monotone first derivative p’(x) on 0 <% < oo, that is, 


(36) (— 1)" tdrp/dat = 0 for n—1,2,- > 


(O<a<oo). Then there exists a positive Y (S) such that, if 0 < Yo < F, 
the differential equation 


(37) p(x)y” = g(x, Y, y’) 


402 PHILIP HARTMAN AND AUREL WINTNER. 


possesses a solution y = y(x) satisfying (2) and representable in the form 
(38) y(t) = f e*tdhy(t) for 0 < t So 

0 
where y(t) is non-decreasing for 0 St Ko. 

Proof of Theorem V. First, f(x,y,z) = g(x,y,2)/p(x) satisfies the 
conditions of Theorem III. In fact, (8) follows from (34), and (22) from 
the case t = 0, j = 0, k—0 of (35). Clearly, the definition of f(z, y, 2) 
can be extended, to a domain which contains R in its interior, in such a way 
that f, and f, continue to exist and to be continuous. 


Thus Theorem FII is applicable. Hence there exists a positive Y(S œ) 
with the property that (37) possesses, if 0 < yo < Y, a solution satisfying (2) 
and (3). It is clear that y(x) is of class C° for 0 < x <%. 

In order to prove that y(x) has a representation of the form (38), it is 
sufficient to show that y(x) is completely monotone for 0 < æ <œ: 


(39) (—1)*d"y/da" = 0 for n—1, --if0<a<a 
(Hausdorff-Bernstein). The inequalities (3) are the cases n = 0, 1 of (39). 
The cases n = 2 follow by induction from (3), (35) and (36), by successive 


differentiations of (37) ; cf. the arguments in [6], pp. 850-851. This proves 
Theorem V. 


. Remark. The function f(x, y, z) occurring in the preceding proof satisfies 
the conditions of Theorem I (which assures that Y — œ) if and only if 


(40) 699 (0, y, 2) /de = 0 for 0 < y Lo, —o < 250. 


In order to see this, note that (34) and (35) imply that (8) and (9) 
hold, and that 


0 f(x, y, 2) Sf(0,C,z) for OS ¢@ S50, 0S yS0,—w<c 250. 


Furthermore, f(0, C, z) = g(0,C,z)/p(0) is a non-increasing function of z 
for —co < 2< 0. Hence Nagumo’s condition (10)-(11) can be satisfied if 
and only if 


(41) f 2d2/g(0, C,2) —=— for every C > 0. 


The inequalities (35) imply that 
(42) (—1)*0*%9 (0, C, 2) /de*# = 0 for k—0,1,: : : if —wo <2 £0. 
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Hence, unlese 


(43) 32g (0, O, z) /3z23 = 0 for —co<2= 0, 
it follows thet 
(44) g(0, 0,2) = const. | z |*, where const. > 0. 


This implies that (41) cannot hold. 
. In order to see that the negation of (43) implies (44), suppose that 


33g (0, C, 20),/02% Æ Const. < 0 for some z, say z == z & 0. Then 
8g (0, C, 2) /82% = Const. < 0 for —wo < 2S 20, 


by the case k= 4 of (42). This proves (44). Hence, (41) cannot hold. 
On the other hand, it is clear that (43) is sufficient for (41). This proves 
the Remark concerning (40). 
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THE TOPOLOGY OF REGULAR CURVE FAMILIES WITH 
MULTIPLE SADDLE POIN'TS.* : 


By WILLIAM M. BOOTHBY. 


Introduction. It is known that the level curves of any function f(x, y) 
which is harmonic in a simply connected domain form a curve family which 
is regular (locally homeomorphic to parallel lines) in the neighborhood of 
every point of the domain with the exception at most of a set of isolated points 
at each of which the curve family has a singularity of the multiple saddle 
point type (Figure 1). The central task of this and a later paper ? is to 


NA 


YN 


FIGURE 7 


MULTIPLE SADDLE POINT 


prove that these local properties are sufficient to characterize topologically 
the level curves of such harmonic functions, and to develop certain general 
topologica. properties of these families of curves which should prove useful . 
in the study of harmonic functions and analytic functions. These investi- 


* Received January 30, 1950. ‘ 

+The material in this paper and the one to follow was taken from the author’s 
Ph. D. thes:s at the University of Michigan. The author wishes to express his gratitude 
to Professcr Wilfred Kaplan for his guidance in this research and his advice in the 
preparation of this paper. 

2 The Topology of the Level Curves of Harmonic Functions with Critical Points, to 
appear in this JoURNAL. 
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gations generalize some of the results of several papers of W. Kaplan in which 
curve families which were regular (without singularities) throughout a 
simply connected domain were considered. In particular it was proved by 
Kaplan that (1) every such curve family is homeomorphic to the level curves 
of a function harmonic in a simply connected domain [VIII]; (2) every 
such family is homeomorphic to the solution family of a system of differentiai 
equations dx/dt = f(x, y), dy/dt = g(x,y) [VII]; and (8) that every suche 
family can be decomposed into the sum of a denumerable collection of non- 
overlapping subfamilies each homeomorphic to the parallel lines of a half- 
plane. These results are all extended in this and the following paper to 
the more general type of curve family with isolated singularities of the 
multiple saddle point type. More precisely, the generalization of (1), (2), 
and (3) is achieved in the following paper; in this paper the necessary pre- 
liminary theorems are proved about the general topological structure of such 
families, the principal theorem being that the curve family can always be 
considered as the family of level curves of a continuous function without 
relative extrema. 


Section 1 is devoted to definitions and to enumeration without proof 
of certain important properties of curve families in general. The most 
important of these deal with the sets of limit points L(C+), L(C—), L(C), 
of the individual (directed) curves C of the family. These theorems stem 
essentially from the work of Poincaré and Bendixson. They depend, how- 
ever, on the regularity only, as noted by Kaplan. 


In Section 2 we restrict our curve families to have isolated singularities 
only and note that this implies that the set of singularities must then be 
closed and denumerable. The important notion of index (relative to the 
curve family) of a closed curve and of a singularity is defined and the 
theorems we will need stated, in particular the fact that the index of a closed 
curve is equal to the sum of the indices of the singularities in its interior. : 
This notion of index was defined for curve families by Hamburger [see IX] 
and it coincides with the Poincaré index when the curve family is the family 
of integral curves of a vector field. It was studied in detail by Y. S. Chin [IT] 
from which source the theorem mentioned was taken. 


Finally in Section 3 we restrict our curve families to be regular in a 
simply connected domain except for multiple saddle points, which, for reasons 
explained below, will henceforth be called branch points. Such a family will 
be called a branched regular curve family and is the principal object of interest 
in what follows. The singularities will by their very nature be isolated, hence 
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form a closeé denumerable set. The index forms a useful tool for ruling out 

many undesirable configurations of curves, such as closed curves, “ polygons ” 
‘of curves (with singular points as vertices), and so on. Moreover it enables 

us to investigate some of the relations between the curve family and cross- 

sectional ares (i. e. arcs which locally intersect each curve only once). Finally 

it enables us to show that each curve either extends to infinity in a given 
edirection on it or ends at a branch point. 

From tais it follows easily that the curves are of two types, one the 
regular curvas which extend to infinity in each direction, the other branched 
curves which end in a branch point at one or both ends. These latter then 
naturally form configurations which are trees (without ends) in the topological 
sense, i.e. they are locally finite, one dimensional simplicial complexes, with 
curves of the family as 1-cells, branch points as O-cells. It is shown by use 
of a theorem of Adkisson and MacLane [I] that any such tree may be 
straightened out to a rectilinear one by a homeomorphism of the entire plane. 


Finally in Section 4 it is shown that the trees are distributed in such 

a fashion or. the plane that, if it is done with sufficient care, we may remove 

certain curves of each tree with their endpoints, i.e. make cuts in the plane 

extending to infinity along the tree, in such a fashion that the plane with 

these curves removed is simply connected and the remaining curves of the 

family form a regular curve family filling this simply connected subset of the 

plane. It follows from Kaplan [IV] that these curves are the level curves 

_ of a continuous function without relative extrema, and by extending this 

function to the entire plane, we obtain our family too as the level curves of 
a continuous function without relative extrema. 


1. General Properties of Regular Curve Families in the Plane. 


1.1. Curve families filling a region. An open curve will mean a 
homeomorphic image of an open interval, a closed cwrve a homeomorphic 
image of a circle, a half-open curve a homeomorphic image of a half-open 
interval, and an arc of a closed interval. A curve will mean any one of these 
four. A family F of curves will be said to fill a subset R of the Euclidean 
plane + if every curve of F is in R and every point of R lies on one and only 
one curve cf F. If U is a subset of + such that each curve C of a family F 
filling R intersects U in a set U f) C each of whose components is a curve, 
then we denote by F[U] the curve family filling U f) R whose curves are the 
components of O A U for all C in F. If the curve family F fills R and the 
curve fami y G fills S, then F and G will be called homeomorphic if there is a 
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homeomorphism of R onto 8 such that the image of each curve in F is a curve | 
in G. If p is a point of R, R filled by a curve family F, then Op will denote 
the curve of F through p. 


1.2. Regularity. Henceforth, F will denote a curve family filling a 
subset R of x, the oriented Euclidean plane. We shall use À, to denote the 
rectangle |s| <1, |y| £1, of the æy-plane, and F, the family of linese 
y == constant filling Ry. F will be said to be regular at a point p of R if 
there is à set U (p) in R to which p is interior (relative to R) and such that 
F[U(p)] is homeomorphic to Fẹ F is then regular in R if F is regular at 
every point of R. A cross-section of F (through the point r) is an arc pq : 
(to which r is interior), such that pq lies in a subset R’ of R which is open 
relative to R, and such that each curve of F[R’] meets pq at most once. An 
r-neighborhood of a point p of R will mean a subset U(p), U (p) C R, which 
contains p and is open relative to R, and is moreover such that F[U(p)] © 
is homeomorphic to the family Fo, filling the rectangle Ro (above) of the 
æy-plane, in such a way that the inverse images of the lines |s |= 1 are 
cross-sections. The following properties of regular curve families will be 
useful later. 








THEOREM 1.2-1. If a family F fills an open region R and is regular 
in R, then each curve of F is either open or closed in w. [IV, 1] 


THEOREM 1. 2-2. If a family F fills any region R and is regular in R, 
then every point p of R has an arbitrarily small r-neighborhood U(p), and ' 
there is a cross-section pq with p as endpoint. If p is in the interior of R, 
then there is a cross-section through p. Moreover if st is any arc lying on a 
curve C of F, then there i is, within any «neighborhood U.(st), an r-neighbor- 
hood containing st. (Iv, 8 and VI, 1] 


THEOREM 1.2-3. Let F be a curve family filling R where R = R, |) Ra 
and F[R,] and F[R.] are both defined. If p is an interior point of R, and 
F[R;] and F[R:] are both regular at p, then F is regular at p. [VI, 2] 


1.3. The sets L(C-+) and L(C—). From this point on we assume 
every curve of F directed, although we may later find it at times convenient 
to reverse directions on a given curve. If C is any open curve in F, then by 
a positive (negative) limit point of C will be meant any point q which is the 
limit of a sequence p, — f (tn), where C is the image under f of O<t<1 
with increasing ¢ corresponding to the positive direction on C and i, —1 
(in 0). The set of all positive (negative) limit points of the directed 
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- ‘curve C will be denoted by L(C+) (by L(C—)). L(C) is defined by 

~L(€) = L(C+)U £(C—) and CU L(C) is the point set closure of C. 
Clearly, L(C)N C is empty since C is homeomorphie to 0<t<1. The 
theorems below involving L(C+) hold equally well for L(C—). 


THEOREM 1. 3-1. If C is an element of a regular curve family F, and 
L(C-+-) contains a closed curve D of F, then L(C-+) =D. [IV] 
° 


THEOREM 1.3-2. If F is a regular curve family filling R and p is in R 
and, moreover, in L(C+) for some curve C of F, then every point of the 
curve Dp of F through p is in L(C+). [IV,7] 


2. Isolated Singularities and Index. 


2.1. Isolated singularities. Let F be a curve family regular in R 
` and b be an isolated boundary point of R. Then, if for some neighborhood 
U(b) in w, F is regular in U(b) —b but not in U (b), we shall call b an 
isolated singularity of F. In [VI] W. Kaplan has completely classified the 
structure of a regular curve family in the neighborhood of, an isolated 
singularity. Below we shall actually be interested in a very restricted type 
of isolated singularity; however, in this section no restrictions will be made. 


THEOREM 2.1-1. Let F be a regular curve family filling the region R, 
where R corsists of the entire plane minus a set of points B, each of which is 
an isolated singularity of F. Then B is a closed and denumerable point set. 


Proof. From the fact that each point of B has a neighborhood containing 
no other point of B it follows at once that B is denumerable and that no 
point of B is a limit point of B. Now consider a point p at which F is regular. 
We must show that p is not in B, whence B= B. By the definition of 
regularity there is a set U C R such that p is interior to U relative to R and 
there is a homeomorphism f: U > Ro = {(#,y)| |e] S 1;|y| S1}. It is 
clear that U is a Jordan domain bounded by the inverse image of the closed 
curve which forms the boundary of Ry. Moreover we can, as is well-known, 
extend f to map all of m on the xy-plane. Hence, for simplicity, we shall 
deal with the homeomorphic image of m, R, F, etc. on the «y-plane. If 
p' =f(p) is interior to Ry=f(U), then p’ is not in B’ —f(B) —f(B) 
since the complete description of U, the r-neighborhood of p, makes it clear 
that the interior of U (in +) is in R. Now assume p’ lies on the boundary 
of Ry. Since p’ is by definition of U, an interior point of À, relative to RB’, 
there is a small circle which with its interior intersects À’ in a set contained 
in Ry. Then clearly, if this circle is of radius less than one, at least two 
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quadrants of it lie outside Ry hence outside R’, i.e. in B’. It follows that B’ 
cannot be a set of isolated points. Therefore our assumption that there was 
such a point on the boundary of R, is false, and p’ is interior to À, and not 
in B. Hence B’ = B’ and B— B, which completes the proof. 


2.2. Index. Following the definition given in Kerékjártó [IX, p. 251ff.], 
we define the index of an isolated singularity b of a family F as follows: Let, 
K be any simple closed curve containing the isolated singularity but no other 
singularities on it or in its interior and let U,,- © :, Un be a covering of K by 
r-neighborhoods. Then, if the neighborhoods have been chosen sufficiently 
small, it is clear that we may replace K by a simple closed curve K’ in UU: 
and such that (i) K’ is a “ polygon ” composed of sides which are alternately 
(1) arcs of curves of F and (2) cross-sections of F, and (ii) K, K’ each: 
contain in their interiors only the singularity b. Every vertex of the polygon 
K” is the intersection of a cross-section and a curve of F; we call it an 
internal vertex, if the curve of F which forms the side at that vertex enters 
the interior of K’ at the vertex, and in the other case we call it an external 
vertex. If we denote the number of internal vertices by e and external 
vertices by a, then let p(k’) =1— (a—e)/4, it is shown by Kerékjártó 
that p(K’) so defined is independent of the particular K” chosen, depending 
only on the singularity b. We may-then denote this number by p(b) and 
define it to be the index of b. 

More generally, given any closed curve K in the region R filled by the 
regular curve family F, we may in the same fashion define a curve K’ which 
is close to K, which contains in its interior exactly those singularities’ contained 
interior to K, and which consists itself of alternate arcs and cross-sections. 
Exactly as above we may define p(’) = 1 — (a—e)/4 and show that this 
quantity depends only on K, not on the choice of K’. Hence we denote it 
p(K) and call it the index of the curve K. Since we have restricted ourselves 
to families with isolated singularities, there will of course be only a finite 
number of singularities interior to any closed curve. The index of a closed 
curve relative to a given curve family has been studied in detail by Y. S. Chin 
[rr] and he proves the following: 


THEOREM ?. 2-1. Let K be a simple closed curve in R, then p(K) = > PČ) 
where by i= 1,: ::,n are the singularities of P interior to K. 


This theorem will not be proved since a detailed proof may be found in 
[I1]. We also state the following useful theorem from Kerékjártó. 
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THEOREM 2. 2-2. Let b be an isolated singularity of the regular curve 
family F and let b be the positive endpoint of exactly p curves of F and the 
negative endpoint of exactly q curves of F. Then p(b) =1— (p + q)/2. 


8. Regular Curve Families Whose Singularities Are Branch Points. 


8.1. Branch points. Let b be a boundary point of R C x and F a 
eurve family regular in Æ. If there exists a neighborhood U(b) such that 
F[U(b) —b] is homeomorphic to the level curves of R (27), the real part of 
f(z) =2", n> 1, under a homeomorphism g carrying U(b) onto |z|<1 
with g(b) = 0, then we say that b is a branch point of F with multiplicity n. 
This configuration is probably better known as a multiple saddle point, but 
the term branch point will be adopted below for two reasons: first, these points 
appear as branch points on trees and, second, they will have branch points of 
the inverse function as images if we are concerned with the level curves of 
the real part of an analytic function. The term saddle point was used in 
the title because it seems to be more suggestive of the type of curve family 
considered. (See Figure 1.) | 

The neighborhood U (b) above will be called an admissible neighborhood ; 
more precisely U(b) plus the homeomorphism g, which shall always be taken 
as an orientation preserving homeomorphism, will constitute an admissible 
neighborhocd. In the case of a branch point b of multiplicity n, there are 
exactly 2n curves of F[U(b)] which end at b, i.e. which may be directed so 
that L(C+) =b. It follows that the multiplicity is independent of the 
choice of 7(b). It is clear that b is an isolated singularity of F. 

From now on we shall consider only curve families F which are regular 
in a region À which in general will contain all of m except for a set B of 
branch points of F. At times it may be expedient to let R LJ B be not all - 
of x but a simply connected domain in 7. Of course, topologically the two 
are equivalent and for convenience we shall consider almost always the first 
case. Such families will be called branched regular curve families filling? r 
(or an open, simply-connected subset of +). The following theorem is well- 
known: 


THEOREM 3.1-1. The family F of level curves of a function f(x, y) 
harmonic in a simply connected* domain D is a branched regular curve 
family filling D. The critical points of f(x,y) are the branch points of F, 


* Strictly speaking, according to the definition in 1.1, the curve family fills not r 
but 7 minus the branch points. For convenience the latter phrase will often be dropped 
below. 

4 Simple connectedness is not needed for this theorem, but is needed for the converse. 
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It is this theorem which motivates in large part this study of such curve 
families. A converse to this theorem will be proved in a subsequent paper. 


8.2. General properties of branched regular curve families. Re- 
stricting ourselves now to branched regular curve families F filling ~, i. e. more 
precisely R—7—B, B the set of branch points, we make a number of 
preliminary definitions. The curves of F are assumed directed, so that there 
shall be no ambiguity in the use of the symbols L(C+) and L(C—). We 
note that since R is open by Theorem 2. 1-1, every curve of F is by Theorem 
1. 2-1 either open or closed. If L(C) —0 we call C a regular curve, and 
if L(C+) =b eB, i.e., a branch point, we shall say that C is a branched 
curve, branched at the positive end at b; we also call b the positive endpoint 
of C in this case. Similarly if L(C—) —b’eB. It will subsequently be 
shown that the only possibility is that L(C+) = 0 or =b, a single branch 
point, and similarly L(C—), so we shall not give any name to the as yet 
possible type of curve which might have more than one positive (or negative) 
limit point). 

If be B, the curves of F which have b as endpoint, together with their 
endpoints, form a set called the star of b, St(b) ; and the same curves without 
their endpoints, except b, form the open star of b. If b is of multiplicity n, 
then there are at most 2n curves in St(b); it will be shown later in this 
section that there are exactly 2n, i.e., the two endpoints of a curve cannot 
coincide. It is useful to note that since St(b) contains a finite number of 
curves, plus the fact that B is denumerable, there are at most a denumerable 
number of branched curves in F. 

If Ci: + +, Cn are m= 2 distinct branched curves of P with their end- 
` points, and may be so directed that D(Ci+) = 0; = L(Cia—), bie B and b; 
distinct for i—1,- - -, n — 1, and if in addition L(C,—) 54 bi A L(C,+), 
i= 1,: : -,n— 1, then we call Cy,---,C, either a simple polygon of 
branched curves or a chain of branched curves according to whether or not 
there is a boe B such that L(C,—) = bo = L(C,+-). In brief, the curves 
C1, + -, Ca, together with their endpoints will form a chain if the collection 
is homeomorphic to an arc, and a simple polygon if homeomorphic to a circle. 
For convenience we shall call a single curve a polygon if it has coincident 
endpoints. The theorem which follows shows that the polygon configuration 
cannot occur in F. 


THEOREM 38. 2-1. A branched regular curve family F filling m can contain 
neither a closed curve nor a simple polygon of branched curves. 
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Proof. .Suppose F contains a closed curve O. Kaplan has shown [IV] 
that if a regular curve family contains a closed curve, the interior of the curve 
must contain a boundary point, i.e., in this case an element of B. Thus it 
follows from Theorem 2. 2-2 that the sum of the indices of the branch points 
interior to tke closed curve is a negative integer, since by that theorem the 
index of a branch point of multiplicity n is 1—-n. However, the index of 
the closed curve itself is one, which is a contradiction to Theorem 2. 2-1. 
Thus F contains no closed curve. 

Next we suppose that J contains a polygon K of branched curves. We con- 
struct a curve family filling the circular region R = { (x, y) | z? + y? S 4} of 
the zy-plane as follows: fill the annular region R, = {(x, y)| 1 <2? +y?S4} 
with circles x? +. y? = œ, 1 < c S 2, then map K with its interior onto Ra 
the unit circular disc, K mapping onto the circumference. Then À = R, U Ro 
except for the images of the singular points interior to K plus certain of the 
images of those on K, is filled by a curve family W. F”’[R, — S] and F’[R;] 
(where § == singular points mentioned above) are regular and it follows from 
Theorem 1. 2-3 that F” is regular in R— S. We now examine the singularities 
more closely. Let b be a singular point on K, i.e., the common endpoint of 
two curves >f the polygon; b is a branch point of multiplicity n and thus 
St(b) contains more than the two curves of K which meet at b. If 
St(b) N int K = 0 it is clear that the image b’ of b will not be a singular 
point of F; however, if this is not the case, b’ will be, and there will be at 
least three curves of Æ” which have the image b’ of b as endpoint. Thus by 
Theorem 2. 2-2 the index p(b’) of this singularity of F” is =S—4. Hence 
if we consider the curve s? + y? — 4, whose index is one, we again reach a 
contradicticn, for this curve contains singularities, all of whose indices are 
negative ard thus the requirements of Theorem 2. 2-1 cannot be satisfied. 
Should the image K’ of K contain no singularities of F”, we are again reduced 
to the case proved earlier, since F” will in fact be a branched regular curve 
family. Whence the theorem is proved. 

We shall now describe some other simple configurations which cannot 
occur in a branched regular curve family. Let us suppose that a cross-section 
pq crosses a curve O of F at exactly two points t and u between p and q. 
Denote by (fu), the are of pg between t and u, and by (tu). the are on C. 
Then K == (tu), U (tu). is a simple closed curve. We distinguish three 
possible cases: (i) if p and q are exterior to K, we call this pattern a bay, 
(ii) if one of the points is interior and the other exterior, we call it a spiral, 


5 Tt is suggested that many of the proofs can be followed much more easily by the 
reader if he makes his own diagrams where none is provided, 
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and (iii) if both p and q are interior to K, we call it a harbor (see Figure 2). 
From the definition it is seen that the index p(K) is 4, 1 and 14 respectively 
in the three cases. Since the sum of the indices of the branch points interior 
to K must be 0 (if there are none) or a negative integer, we have at once: 


THEOREM 3.2-2. A branched regular curve family filling w can contain 


neither a bay, nor a spiral, nor a harbor. í 


THEOREM 3.2-3. The set L(C+4) is either empty or contains a single 
branch point. Similarly L(C—). 


Proof. Suppose L(C-+) contained a branch point b and in addition 
contained points other than b. Let pa be a sequence of points on C which 





BAY SPIRAL : HARBOR 


FIGURE 2 


approach b, which we assume to have multiplicity n. We consider an 
admissible neighborhood U (b) with its homeomorphism f carrying U onto 
the interior of the unit circle. Let F’ denote the level curves of R(z”) onto 
which F[U] is carried homeomorphically by f. Since L(C+) contains 
points other than b it is clear that f(C) is not one of the radial curves, 
0 = (k/n)r, in F but must have its image in one or more of the sectors 
formed by these radial curves, and in fact since f (pa) — f(b) the origin, 
f(C) must cross one of the sectors an infinite number of times. Hence it 
must be possible to choose points g, on C near p, so that qn approach a 
regular point q whose image lies on one of the radial lines. Thus we are 
forced under our assumption to conclude that Z(C-+-) contains at least one 
regular point q in F[U(b)]. Finally, it is clear from the structure of f(U) 
that this implies that a cross-section through gq crosses C an infinite number 
of times and hence must form at least one bay, spiral, or harbor in so doing. 
This contradicts the previous theorem; whence it follows that if b is in 
L(C+), it is the only point in this set. 
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We remark that this proves in particular that if a curve C is bounded 
in the positive direction, then Z(C+) must be a branch point. 


THEOREM 3.2-4. An arc pq of R == 7x — B is a cross-section if and only 
if it meets ecch chain (or curve) at most once. 


Proof. If pq satisfies the conditions, it is a cross-section by definition. 
Now suppose pq is a cross-section and that it crosses some chain twice. Let ¢ 
and u be successive points of crossing and denote by (tu), the are from ¢ to u 
on pg, and by (tu). the are on the chain. We then have a simple closed curve 
K == (tu); U (tu)2. Interior to K there are only a finite number of branch 
points, hence by virtue of the preceding theorem we can surely find a curve C 
through some point r interior to K which leaves K in both directions. Letting 
rı be the first point in the positive direction from r at which C intersects 
(tu):, and r the first in the negative direction, then the arcs from r, to f 
on (fu), and C must form a bay, a spiral, or a harbor. Since this’ is a 
contradiction to Theorem 3. 2-2 the theorem follows. 


8.3. Trees. In this section we define an equivalence relation which 
decomposes the oriented plane, ~, into a collection of disjoint closed sets, each 
of which is a sum of curves of F and points of B, and each of which is a 
topological tree of a certain type which we define below: 


Definition. Let the closed set T of the oriented plane be decomposable 
into the sum of an at most denumerable collection of subsets C;, each closed 
in +, and satisfying the following four conditions: 


(1) Each set Ci is the homeomorphic image of either a closed, half-open, 
or open lire segment (whence we will refer to it as a curve). 

(2) Each set C, has at most an endpoint in common with any Cj, 
tj; and if we denote by St(b) the collection of all curves with b as end- 
point, ther. St(b) consists of a finite even number of curves = 4. 

(3) There is a unique finite chain ¢(Ci, C;) = (Ci, Ci © +, Ci C5) 
from C; te O; for every i, j; i. e., each curve of the chain having an endpoint 
in common with the preceding curve as in the definitions of 3. 2. 

(4) The sets open St(b), consisting of the curves of St(b) without 
their endpoints opposite b, and open Ci, consisting of C; without its endpoints, 
are both open sets in T (as a subspace of r). 


Then we say that T is a tree. (See Figure 3.) Our use of this term is 
much less general than is ustal, but since we consider only this specialized 
type of trze throughout, there should be no confusion in the use of the term. 
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The decomposition of any tree T into sets C; is unique quite clearly, 
except for the numbering, and therefore we may speak without ambiguity 
of the curves of T and the endpoints of curves (or, i. e., branch points) of T. 
Note that a tree is connected and, in fact, arewise connected by (3) and that 
by the uniqueness of the chains of (3) there can be no closed curve in T. 
Condition (4) plus the fact that T is closed in r is equivalent to the following 
statement: If (pa) is any sequence of points of T and p,— per, then pe T° 
and all the points of p, after some N will lie either on Sé(p) or on a single 
curve C; of T depending on whether p is or is not an endpoint of some curve 
of T. In the language of combinatorial topology each tree, as described 
above, is a locally-finite, connected, one-dimensional complex containing no 
one-cycles. In order to exhibit this, it would be necessary to introduce 
arbitrarily an infinite number of vertices tending to infinity on each curve 
of the tree which is homeomorphic to a half-open line segment. Once this 
is done, the statement is clearly true. 

It is clear that in particular any regular curve C of a curve family F is 
a tree with C being itself the only curve of the decomposition. Now, among 
the elements of our family # we define the relation joins as follows: € is said 
to join C’ if and only if there is a finite chain ¢(C, C’) of curves of F from 
C to ©. If we add to this definition that every curve joins itself, then this 
is easily shown to be an equivalence relation on the curves of F. We denote 
by Te the equivalence class of O, including with each curve its endpoint, i. e., 
Te is the set of all curves of F, together with their endpoints, which join C. 
These equivalence classes are disjoint sets and will be shown below to be 
trees in the sense of our definition. Thus it will be shown that the curves 
of a branched regular curve family F fall into classes, each of which is a tree. 


THEOREM 3.3-1. An are pq on x is a cross-section of F if and only if 
it lies entirely in R = r — B and has at most one point of intersection with 
each set To. 


Proof. If pq has at most one point in common with each set To, since 
To is itself a sum of curves of F with their endpoints, then it will have at 
most one point in common with each curve of F and hence be a cross-section 
by definition. 


On the other hand, by Theorem 3. 2-4, it is necessary that pq meet any 
set To at most once if it is a cross-section, since if pg met To at points r,s, 
then either C,, Cs are the same curve or else there is a chain ¢(C,, Cs) either 
of which is impossible by that theorem. 
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THEOREM 3.3-2. Hach set To of a branched regular curve family F is 
a tree in the sense of our definition. 


Proof. In the event that C is a regular curve the theorem is trivial since 
Tree C, as already noted. Now let To contain a singular curve, then it 
follows that it contains only such and at most a countable number, since 

ethere are at most a countable number of singular curves in F. Each curve 
of F in To, together with its endpoint(s), will constitute a curve C; of the 
decomposition of To. Each such set is closed in ~, since we include endpoints, 
and is homeomorphic to either a closed or half-open segment, the latter if the 
curve extends to infinity in one direction. Thus (1) is satisfied. Condition 
(2) is, however, also satisfied since each set Ci, being the point set closure 
of a curve of F, has at most an endpoint in common with any set Cj, 154 j, 
and, if b is any endpoint, then S£(b) contains at least four curves and always 
an even number, 2n = twice the multiplicity of b as a branch point. Like- 
wise (3) is satisfied, i.e., the existence of a chain ¢(C,C’) from C C To to 
© C To is part of the definition of To; and the uniqueness is due to the fact 
that there can be no polygons of branched curves of F by Theorem 3. 2-1. 
Finally, we prove simultaneously that condition (4) is satisfied and that To 
is closed as a subset of m. Let p, be any sequence of points of To with a point 
p of w as limit point. Now if p is a regular point of F, then we take an 
r-neighborhood U(p) and note that unless every p, lies on thé same curve 
of F, which is necessarily Op itself, then we have more than one curve of Tg 
intersecting U(p) and hence a cross-section through p which must cross Te 
more than once, contrary to Theorem 3. 3-1. If p is a branch point, then 
taking an admissible neighborhood of p, we observe that unless we assume 
all the points p,, n > N, to lie on St(p), we arrive at the same contradictory 
conclusion by considering a cross-section from p into one of the sectors of the 
admissible neighborhood. Thus we conclude that the theorem must be true. 


We return to a discussion of a tree T, in the sense of our definition, to 
study its general structure and its relation to its complementary domain in v. 
Whether it is or is not a set To, i. e. composed of curves of a branched regular 
curve family or merely abstractly given, is at the moment immaterial. As 
previously noted, the decomposition of T into curves is unique, and hence 
we may refer without ambiguity to the curves.and the branch points (or end- 
points) of T. Since T is assumed to be imbedded in an oriented plane, a 
eyclic order is induced on the curves of St(b) [see I]; this allows us to make 
the following definitions. 


We shall call curves C, C’ clockwise adjacent if they have a common 
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endpoint 6 and, in the order induced on St(b) by the orientation of a, 
moving clockwise the curve C’ follows ©. In the case of curves of F this 
means that in each (orientation preserving) homeomorphism of F[U], U an 
admissible neighborhood of b, onto the level curves of {t(z”) in |z| < 1, the 
images of C{] U and C’ N U will correspond to radial lines 0 = (k/n)z, 
8 = ((k—1)/n)r respectively. Clearly, given a curve C with endpoint b, 
there is exactly one curve C” such that C, O’ form a clockwise adjacent pair. ° 
We call C’, C counterclockwise adjacent if C, C’ axe clockwise adjacent. A 
chain (;,- + +, Cn is called an adjacent chain if Ci, Ci are clockwise adjacent 
for eachi==1,- + - ,n— 1 or if, for each 1, they are counterclockwise adjacent. 
We shall also consider infinite collections {- - +, Ce, C-n Co, Ca, °} of 
branched curves with the property that for every k <m the subcollection 
Ok’ ° *; Cm is a chain. Such a collection will be called an infinite chain or 
half-infinite chain depending on whether the indices run through both all 
positive and all negative integers, or whether there is a least negative or a 
greatest positive integer. An infinite chain will be called adjacent if every 
subchain is adjacent. 

It is convenient at this point to give some attention to a theorem due to 
Adkisson and MacLane [I] which states that if f, T are two homeomorphic 
Peano continua lying on spheres 8, 8’ respectively, then a homeomorphism 
from Ÿ to 7” can be extended to a homeomorphism of S to S if and only 
if it preserves the relative sense of every pair of triods of T. By a triod, 
t= [a, B, y], of T is meant any set of three arcs a, 8, y in T which have only 
a single point, called the vertex, in common. A homeomorphism is said to 
preserve the relative sense of triods of T if every two triods tı, te which have 
the same sense (i. e., both clockwise or both counterclockwise) on § are carried. 
into two triods t,’, ts’ of Z which have the same sense on S’. Let us denote 
by 7 the plane = plus the point œ and by T the tree T plus the point œ. 
Assuming for the moment that the set T is a Peano continuum, the theorem. 
above is applicable to our situation. It is a direct consequence of this theorem 
that, if T, T’ are two homeomorphic trees on + and the æy-plane respectively, 
then any homeomorphism between them may be extended to a homeomorphism 
of the planes if and only if the relative sense of the curves of St(b,), St(bz) 
is preserved for every pair of branch points bı, ba of T, the only possible 
vertices for triods being branch points of T and œ. In order to show that 
this is a consequence of the theorem, it must only be shown that the relative 
sense of every pair of triods of 7 is preserved if this is true for every triod 
of T, i.e. we must consider triods.with vertex at œ. This will be seen to 


follow from Theorem 6 of the same paper which states that two non-inter- 
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secting triods ¢; = [a, B1, yıl; te == [@2, £2, y2] have opposite sense on a sphere 
8 if and only if there exists on S a -graph whose vertices are the vertices 
of t, and ¢, and whose three (non-intersecting) arcs contain respectively the 
legs a, and %, 8, and 8z, yı and y Now it is clear from condition (3) in 
the definition of a tree (the arcwise connectedness) that given any triod with 
vertex at co, it is possible to find at least one triod with vertex at a branch 
*point of T which is, with it, part of a 6-graph, i.e. a triod with sense opposite 
that of the given one and with vertex at a branch point. Thus if the sense 
of triods whose vertices are branch points is always preserved, so also for 
those whose vertex is at co. The conclusion is immediate that we may restate 
the theorem of Adkisson and Maclane, as we have above, for our own purpose 
here, if it is true that T is a Peano space. But this is clearly true: it is 
connected by condition (3) of the definition; it is locally connected and 
locally compact since by condition (4) open C and open St(b) are open sets 
in T, however these sets have these properties and they cover T. Now T is 
closed in r by definition, and, on 7, œ is a limit point of T. By adding this 
point to T to obtain Ÿ we clearly obtain a closed set, i.e. T is in fact the 
closure of T in 7. Hence Ý is a closed, connected subset of the 2-sphere 7. 
It follows that T is compact and hence locally compact. Finally T is locally 
connected since a compact continuum cannot fail to be locally connected at 
just one point [XI] and, of course, the addition of a single point, oo, to T 
does not disturb the local connectedness of T. Thus T is a Peano space. 

In Section 8.4 a numbering system for the curves of a tree is described 
and it is made clear that given any tree it is possible to construct a homeo- 
morphic rectilinear model of it in the æy-plane, i.e. a model consisting of 
closed and half-open line segments. Moreover, this may even be accomplished 
so that any one given chain, either finite or infinite, will have its image in 
the model on a straight line, e.g. on the z-axis. Finally all this may be 
done preserving the sense in S#(b) for every beB and thus the homeo- 
morphism of our tree onto its model may be extended to a homeomorphism 
of m onto the æy-plane. Thus any tree, no matter how badly “ twisted,” may 
be straightened out, by a homeomorphism of the entire plane, into a rectilinear 
tree. This result is established in 3. 4 entirely independently of the remainder 
of this section, the proof being deferred for convenience only. In order ty 
avoid long and cumbersome proofs the theorems of this section will be estab- 
lished by free use of this fact plus some slight appeal to intuition as far as 
rectilinear graphs in the plane are concerned. 

We now consider relations between a tree T and its complementary 
domains. In this connection it is convenient to consider a special class of 
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adjacent chains (of curves of T) which we shall call maximal chains. An 
adjacent chain of curves of a tree is said to be maximal if it is not a subchain 
of any adjacent chain. It is an immediate consequence of our definitions 
that a chain of adjacent curves is maximal if and only if (1) it is infinite, 
or (2) it is half-infinite and its initial (or terminal) curve has only one 
endpoint, or (3) it is a finite chain and both its initial and terminal curves 





C(+02} 
Ctor) Citos} 
b(+0) 
C(#9} 
DC) D*E) 
C{-05) Ct-on 
Ct-04) Ct-02) 
Cf-03) 
5f-05) bf-04) b(-02) bt-0r) 
bf- bf-021) 
f- Fe 021 


FIGURE 3 
RECTILINEAR TREE 


have each only one endpoint (a curve of a tree with only one endpoint 
extends to infinity in the direction opposite to that with’ the endpoint). | 
Moreover, since a maximal chain is closed as a subset of the tree and a tree 
is a closed subset of +, so also is every maximal chain a closed subset, and 
thus is in fact an open curve extending to infinity in each direction, thus 
dividing the plane into two Jordan domains. (Reference to Figure 3 will 
clarify this section as well as the following one.) 


CURVE FAMILIES WITH MULTIPLE SADDLE POINTS. 421 


THEOREM 3.3-3. If T is itself a single curve, then it is its only maximal 
chain. When T contains more than one curve, then (1) each curve of T is 
contained in exactly two maximal chains which intersect only on this curve 
and (2) every branch point of order n is contained in exactly 2n maximal 
chains whose only. common point is the branch point itself. Conversely, the 
intersection of any two maximal chains can be empty, be a single branch 
point, or, at most a curve of the tree. 


Proof. Let C,,- © +, Ox be any clockwise adjacent chain of two or more 
curves. Now if O, has only one endpoint, then there is no curve O’ adjacent 
to ©, such that O’, C,: > ., Op is a clockwise adjacent chain, since adjacent 


curves must have an endpoint in common and at a given endpoint there is 
exactly one curve clockwise adjacent to a given curve. But, if C, has two 
endpoints, then there is exactly one curve ©” such that O’, Cy,---,C, is a 
clockwise adjacent chain. Similar remarks apply to C3. If neither C, nor Ox 
has more than a single endpoint, then the chain is maximal; in any other 
case we may extend the chain, one curve at a time added to the initial or 
final curve, until we arrive at endeurves which have only one endpoint; or, 
if we do not come to a curve with one endpoint, indefinitely. In any of these 
cases, the resulting adjacent chain is maximal since it is an open curve 
extending to o in both directions. Thus every finite adjacent chain which 
is not alerady maximal can be extended to a unique. maximal chain. 

If we begin with a single curve C, with at least one endpoint 6, then 
there is one curve clockwise adjacent to C in Sé(6) and one counterclockwise 
adjacent. Thus in St(b) we have C, O’ and C,C”, unique adjacent chains 
containing C, one clockwise and one counterclockwise. Hence, C is contained 
in just exactly two maximal chains, one of which contains C, C”, the other 
C, ©”. Similarly, if b is a branch point, there are just 2n pairs of adjacent 
curves in St(b), whence b is contained in 2n maximal chains. 

Now consider the converse. If two chains intersect, they surely must 
have a branch point 6 in common. If this is their only point of intersection 
in open St(b), then they can intersect at no other point, since the tree is 
arcwise connected. and can contain no closed polygon. If they intersect along 
two curves of St(b), they must be adjacent curves since the chains are 
adjacent chains; hence by the preceding remarks on uniqueness they must 
coincide. This leaves only the possibility that they intersect along a single 
curve of St(b), and in this case again, since there are no closed curves in 
the tree, they either have no other intersection or they coincide. 


THEOREM 3. 3-4. Every maximal chain of a tree T divides the plane 
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into two domains, whose complete boundary it is; and one of these domains 
contains no points of T. 


Proof. The first part of this theorem is just the Jordan curve theorem. 
The second part becomes clear when we consider a rectilinear model of-the 
tree. Using the Theorem of Adkisson and MacLane and its consequences as 
mentioned above, we first map r onto the ay-plane so that the maximal chain, 
becomes the z-axis, every curve of T a chain of line segments, and moreover, 
so that the orientation is preserved, i. e., so that every clockwise adjacent pair 
of m will still be clockwise adjacent on the zy-plane, and conversely. Now 
the contention is that all of the image of T, except what is on the a-axis, 
will lie in one half-plane, say the upper half-plane. If this is not the case, 
then there will be a point (u,v) of the upper half-plane and a point (x, y) 
of the lower half-plane, each in the image T” of T. Then, from C’(u, v), 
the image-curve containing (u,v), there is a chain to any image-curve on 
the z-axis, i. e., in the given maximal chain. Let C be the last line segment 
on the last curve of some such chain to lie in the upper half-plane (more 
‘precisely, the endpoint p of C lies on the a-axis, but the rest of the curve lies 
in the upper half-plane). Similarly, we may choose a line segment C” of T” 
which lies in the lower half-plane except for one endpoint g. For convenience 
assume p is to the left of q. Clearly, p and q are branch points on that 
maximal chain of T’ which is the image of our maximal chain in m. Now 
let C1, Co, È, C, be curves of the maximal chain, i.e., line segments on the 
x-axis, numbered from left to right, such that p is the common endpoint of 
the first pair, g of the second. Then it is clear that [C:, C, Ca] is a triod, 
with vertex p, of curves in clockwise order, and [C3, C, C4] is a triod, with 
vertex q, of curves in counterclockwise order. But this is impossible since 
C, C2 and C3, C4 are both presumed to be adjacent in the same sense, lying 
as they do on an adjacent chain. Thus all of T’ must lie in either the closed 
upper half-plane or the closed lower half-plane; whence, the theorem is 
immediate. 


Now let C be a directed curve of T, a tree consisting of more than one 
curve. Then we have seen that C determines exactly two maximal curves 
which we shall denote by C* and C# with the following convention: as we 
move along C* in the direction corresponding to the positive direction on C, 
then the complementary domain of C* “to the right” (this can clearly be 
defined in a topologically invariant manner, by the method used in the proof 
above) will contain no points of T, and as we move along C# in the direction 
corresponding tó the positive direction on C, the complementary domain 
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“to the left” will contain no points of T. These domains will be denoted 
D*(C*) and D#( Ct) respectively, or more simply by D*(C) and D#(C) 
respectively. Now as proved above, O* is the common boundary of two Jordan . 
domains, and the notation for one of them was given as D*(C*), the other 
will be deroted by D#(C*). Similarly, C# divides the plane into the 
domains D#( 0#) and D*(C#). When T is just a single curve then O, C* 
eand C# are all the same curve, and D*(C#) — 0 — D#(C*). If we reverse 
the direction on O, we must replace # by * throughout. 

If we remove open C from C* |J OË we get either two or four half-open 
ares extending to infinity from the endpoint(s) of C: two if C has one end- 
point, four if it has two. We let 8*(C-+-) denote the arc from the positive 
endpoint of C lying on C*, and 8#(C-+-) the arc from the positive endpoint . 
of C lying on C#. Similarly, we use the notation 5*(C—) and 8#(C—) for 
the ares at the other endpoint. We also let 8(C--) stand for 8*(C+) U S#(C+), 
and 6(C—) for 8#(C—) J 8*(C—), and finally, 8(C) for 8(C-+-)U 8(C—). 
These symkols are clarified by reference to Figure 3. 

The collection of all curves C* and C# are then just the maximal chains 
of T. As already noted above each of these maximal chains bounds two 
domains, one of which contains no points of T. A converse to this also holds, 
and, denoting by 7 the extended plane and Ÿ the points of T' plus the point 
at infinity, we have: 


TuHEoEEM 3.3-5. If T is a tree of x, then 7 — T consists of an at most 
countable collection of Jordan domains, each bounded by a simple closed curve 
in T containing the point at infinity. The necessary and sufficient condition 
that a curce of T bound one of those domains is that it be a maximal chain 
of curves of T. 


Cororrary 1. If T is a tree of a regular curve family F, then each 
complementary domain decomposes into a sum of sets To of F. 


COROLLARY 2. The complementary domains Dn, if infinite in number, 
tend uniformly to infinity with any sequence pr, prebdry Dn, of their 
boundary points. 


Proof. As we have already noted, + may be mapped on the æy-plane 
so that the image of T is rectilinear and even so that a given are (or chain) 
of T goes onto the z-axis. It is clear then that the complementary domains 
are Jordan domains. The plane has a countable basis of open sets, whence 
it follows trivially that the number of complementary domains must be 
countable also. A boundary curve of a complementary domain must contain 


65 


424 WILLIAM’ M. BOOTHBY. 


the point at infinity, since T contains no closed curves. Finally, it is cleat 
that r may be mapped onto the zy-plane so that a given complementary domain 
maps onto the upper half-plane and its boundary onto the z-axis. Thus each 
such boundary must be a maximal chain. 


Corollary 1 follows from the fact that each set To is connected and dis- 
joint from every other such set, and hence must lie in a single complementary 
domain. If Corollary 2 were not true we would obtain a contradiction to® 
either property (4) of a tree or the fact that T is a closed subset of r. 


3.4. A numbering system for the curves of a tree. To facilitate 
further proofs it will be convenient to establish a system for numbering the 
curves of a tree of m. The numbering proceeds from an arbitrarily chosen, 
directed curve C of T, which we shall call the base curve of the tree. Using 
the orientation of the plane together with the existence of a unique chain 
from the base curve C to each curve of T, we set up a 1-1 correspondence 
between curves of T and a collection of signed finite sequences, the particular 
collection depending on both T and C, the sign of the sequences depending 
only on the direction of C. (See Figure 3.) 

To the curve C itself we assign, ambiguously, the sequences +0, and 
we write O == O (+ 0). If has a positive endpoint, we denote it by b(-+- 0) 
and number in clockwise order, the curves of S#(b(+0)) by [C(+0)], 
C(+ 01), C(+02),: - :,C(Ou(+0)), where u(+ 0) is defined as the 
number of curves in St(b(+ 0)) less one, i.e., as twice the multiplicity of 
that branch point Jess one. We then denote, if it exists, the endpoint of 
C{+ 0k) opposite b(+ 0) by b(+ 0%). We follow exactly: the same pro- 
cedure at the other endpoint, if there is one, of C(+ 0). This endpoint is 
denoted by b(— 0) and the curves of S#(b(—0)) are numbered, again in 
clockwise order, [C(—-0)], C(—01), C(—08),: : -,C(—Ou(—0)). If 
the chain c(C,C”) from the base curve C to another curve © of T 
contains n curves, we shall say that C” is of order n with respect to O. 
The process above then has numbered every curve of T of order 1 or 2 
by exactly one finite sequence of one or two elements respectively ‘(except for 
the ambiguity in the numbering of C itself). Moreover, it assigns a unique 
sequence to the endpoints of the curve, with the endpoint being numbered 
with the same number as the curve of lowest order having it as endpoint. 
Two curves O, ©” of the same order will be clockwise adjacent if the final 
integer of the sequence of C is one less than that of the sequence for C’; and 
two curves C, 0’ with C of lower order than C’ will be clockwise adjacent if 
the sequence of C’ is that of C with a final integer 1 added to it. Finally, 
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the chain from the base curve to a curve ʻO’ consists’ of the curves whose 
numbering sequences are successive “lower segments” of the sequence 
numbering ©, i.e., if a == 0p2 ` ` +, Pa numbers C’, then a, = 0, 2 = 0ps, 
t t, Ona = Dp’ + Pau, & == An = Ope’ ` PP number the curves of the 
chain from the base curve to C’. 

Now if we assume that everything said above is true for every curve of 
erder n, it is very simple to show that it may be extended in toto to the 
curves of order n -+ 1; i.e., let C’ be any curve of T of order n +1. Then 
C” is the terminal curve of the chain c(C,C’) of n + 1 curves, all of which 
except C” itself have already received their unique numbering the next-to-last 
of them by a sequence « of terms, which sequence also numbers the common 
endpoint b(«) of this curve and ©’. As before, we number the curves in 
St(b(a)) in clockwise order as [C(a)], C(a,1), C(a,2),---,C(a,u(a)). 
Here we let a, % denote the sequence whose first n elements are those of a, 

and whose (n + 1)-st is k, i. e., we adjoin & to the sequence æ. In this process 
` C’ will receive a unique numbering, and the statements above will follow 
through. 

With the help of a little new terminology, we will express these facts in 
a theorem. Given two collections of sequences, A, A*, we denote by A U A* 
the collection of all signed sequences obtained by giving those in A positive 
sign and those in A* negative. Using this notation we shall call a collection 
A of finite sequences allowable if: 


(1) Every sequence has 0 as first element, positive integers for the 
other elements, and 0 is a sequence of A. 


(2) «a, ke A implies g, k—1e À if k1, and implies ae A if k = 1. 
(3) For each ae A there is defined an integer u(«) —0 or = 3 and 
odd such that if u(a) =£ 0 then a) 1;4,2;---;a,u(%) are in A 
but not a, u(«) + 1; and, if u(«) — 0, then there is no sequence 
of À with « as lower segment, i. e., of the form g, PusDnig’ © * Park 


(Note: If u(a) — 0 we call « a terminal sequence.) 


THEOREM 8.4-1. Given a tree T, a curve C of T, and a direction on C, | 
then there exist two unique allowable collections of finite sequences, A, A*, 
such that there is a 1-1 correspondence between the curves of T and the signed 
sequences A |) A* (except for + 0 being assigned to C), and such that there 
is further a 1-1 correspondence between the endpoints of the curves of T and 
those signed sequences which are not terminal of the collection A |] A*, these 
correspondences being as described above and having in particular the 
properties : 
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(1) If C(a) is any curve of T, then C(+ 0), O (a2), © ©, C(ana), 
C (a) is the chain from the base curve to O(a). 


(2) O(a, k) has the endpoint b(a) in common with the lower order 
curve C(a) and, if a, k is not a terminal sequence, the endpoint b(a, k) at 
the opposite end. | 


(8) O(a), C(B) of the same order n are clockwise [counterclockwise] 
adjacent if and only if Qna = nı and «= an, k; B— Bu, k +1 
[8 = br k— 1]. C(a), C(B) of different order are clockwise [counter- 
clockwise] adjacent if and only if B = &,1 [B—«,u(a)]. 


It is obvious but tedious to prove that maximal chains, the set 8*(C +), 
(C +) and so on are numbered by sequences with certain characteristic 
properties. We shall not develop this aspect, but shall state one or two 
important properties of the numbering below: 


THEOREM 3.4-2. Two trees T on w and T’ on xw are homeomorphic - 
under a homeomorphism which may be extended to all of x if and only if 
we may choose and direct a base curve from each tree and ortent the image 
plane so that the numberings of the two trees are then identical. 


Proof. If the two trees are homeomorphic under such a homeomorphism, 
then it is clear that for any directed curve C of T as base curve we may choose 
the homeomorph ©” of C as base curve in T’, giving it the direction induced 
by C, and using the orientation in 7 induced by the orientation in r, we will 
get precisely the same numbering for each tree. 


On the other hand let T, T” be two trees with identical numberings. We 
first show that they are homeomorphic. We let f(a@):C(a) > C’(a) be any 
homeomorphism of C(«) onto C’(a) such that b(a,_.) maps onto b’ (1) or, 
if æ = 0, so that 6(0 +) maps onto b’ (0 + ), then f(a) coincides with f (an~) 
at B(on-1), the only point where their domains overlap. The map f:7— 7” 
defined by f(z) —f(a)#, for « such that xe C (a), is 1-1, and is continuous 
on each of a family of closed sets covering T. Now let x, be any sequence 
of points on T such that 4, —æxeT, then by property (4) of trees, for 
n = N, x, will lie on Cz or St(x), the latter if & is a branch point. From 
the continuity of f on Cs and St(x) for every seT, it follows that 
f(tr)— f(x). Hence, since x, was any sequence and x any point, f is con- 
tinuous on T. It follows in the same manner that f+ is continuous on T’. 
Thus f is a homeomorphism from T to T”. 

Now in view of the fact that for every branch point b of T, the sense in 
St(b) must be preserved by f as defined above, by virtue of our earlier slight 
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modification of the theorem of Adkisson and MacLane, it follows that f can be 
extended to a homeomorphism on all of v. 

We now remark that this theorem makes it possible to construct a 
rectilinear model of any tree T on the zy-plane, and assures us that there 
will be a homeomorphism of + onto the zy-plane carrying T onto this model. 
The model is constructed by considering any numbering A |J A* of T, and, 
Using line segments of length = 1 as our elements, building up the model 
piece by piece: We begin with a base element corresponding to the sequence 
+ 0, add segments corresponding to the 2nd order sequences, 3rd order, ete., 
each time moving further out from our base segment so that its distance 
from any n-zh order segment approaches infinity with n. In this process it is 
clearly possiole to construct the model so that the image of any one particular 
chain is a straight line, e. g., the z-axis. (See Figure 3.) 


3.5. r-sets and cross-sections. For an arc pg, lying on an adjacent 
chain of curves C,,: `, On, it is possible to get a serviceable analog of the 
r-neighborhood of an are on a regular curve (cf. Theorem 1. 2-2). By suitably 
directing C:, we have both pq and C,,---,C, as arcs on C;*. By an 
r-set of pq will be meant any closed set U C D*(C,*) together with a 
homeomorpaism g of U onto the rectangle R, of the zy-plane, where 
Ri = {(e,4)| —1S251,0Sy <1}, with g having the properties: 


(1) g carries F[U] onto the lines y = constant in R,. 


(2) g*(x) are cross-sections, where À, i= 1,2 are, respectively, that 
part of the lines z == — 1 and & = + 1 in R. 


(3) pq is mapped into the set {(x,y)|y—0,—1<ær<1}. 


U(pq) contains no branch points except those on C,* itself and lies 
entirely in D*(C,*)U C:*, which contains no points of Ta, except those 
on C,*. (See Figure 4.) In the event that pq lies on a single curve C,, then 
two r-sets which coincide along C, but lie on different sides of C, will 
together fcrm an r-neighborhood of C,. We shall find it convenient to refer 
to an r-set of a single point p, by which we shall mean one side of a regular 
neighborhcod of p if p is a regular point and one sector of an admissible 
neighborhood if p is a branch point. We now prove an analog of part of 
Theorem =. 2-2. 


THEOREM 3. 5-1. Given any arc pq on an adjacent chain of curves 
Ci: -,Cn n>1 and any «> 0, there exists an r-set of pq which lies 
inside the e-neighborhood of pq and in that complementary domain of T 
whose boundary is the maximal chain containing the given adjacent chain. 
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Proof. Let C, be directed so that C,* contains the chain C,,- - -, Cn. 
We leave F unchanged in D*(C,*), the complementary domain of To, in . 
which U is to lie, but we alter F in the remainder of the plane by mapping 
the lines y = constant of the lower half-plane, including the z-axis onto 
C,* U D#(C:*) in such a manner that the z-axis is mapped onto C,*. Then 





FIGURE 4 AN R-SET 


by Theorem 1. 2-3 this new family is regular at all points of C,* and agrees 
with Fin C,* U D*(C,*). Hence by Theorem 1. 2-2, there is an arbitrarily 
small r-neighborhood of pq, call it V. Then U(pg) = V N [C:* U D*(Ci*)] 
will be our desired r-set. 


THEOREM 3.5-2. Let a sequence of points qn on distinct curves Cy 
approach the point q, where q is a regular point or a branch point, then 
there is a curve O which may be so directed that q lies on C* and an infinite 
subsequence qm Of qn lies in D*(C*). Moreover, if p is any point on C*, 
then there is a sequence of points pm in D*(C*) such that pm— p’, and such 
that for m > M the curves Cpm and Cam are identical. 


Proof. Let T be the tree of F which contains g, then there are at most a 
finite number of complementary domains of T on whose boundary g lies, and 
since the g, lie on distinct curves, there must be a subsequence gm of these 
points lying in one of these complementary domains. The maximal chain 
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which bounés this domain, can, for some suitably directed C be given as 
D*(C*). Now let p be any other point on C*. We may take an r-set U (pq) 
of pg in D*(C*) and, if f denotes the homeomorphism f:U(pq) — Ri, 
then the curves Om containing qm map onto lines y = km for m= M. If 
f(p) = (x, G), then the points pm = f> (x, km) will be the desired sequence. 


o  THEOREM 3. 5-3. An arc pgr is a cross-section of F if and only if (1) 
it contains no branch points, (2) one of the domains D*(Cq), D#(Cy) 
contains p, the other r, and (3) pq and qr are each cross-sections. 


Proof. We first assume that the arc pgr is a cross-section through q. 
Then (1) ard (8) follow by definition of cross-section. By the Lemma stated 
in [IV, p. 158] there is an r-neighborhood of q, V(q), such that the image 
of pqr in R» is the y-axis. Every curve crossing V (q) crosses pqr; hence, 
no curve has more than one line y = constant as image in Ry. The point q 
itself maps on (0,0) and C, on the z-axis; hence, V —C, splits into two 
domains, one containing p, whose image in À, is (0,1), and the other r, 
whose imag? in Ry is (0,— 1). Moreover, one of these domains lies in 
D*(C) and the other in D#(C,), for g is a point on the common boundary 
of these twc domains and hence every neighborhood of g contains points of 
each domain. 


Now, if we assume that pgr is an arc with the properties (1), (2) and 
(3), we may show that it is a cross-section by showing that it intersects any 
set Zo at most once. This is clear at once if we remember that a set To 
cannot have points in each of the domains D*(C,) and D#(C,) so that if 
pqr had more than one point in common with To, each such common point 
would have to lie in the same domain, i. e., both on pg, or both on gr. This 
is impossibla, however, since both of these arcs are cross-sections. It follows 
that pgr is 2 cross-section. | 


The folowing corollary is immediate: 


COROLLARY 1. If C, © both intersect a cross-section pq, and each is 
directed to cross pq in the same direction, then either D*(C) D D*(C’) 
or D#(C) C DFC’). 

COROLLARY 2. If an arc is such that any point on it is interior to a 


subarc which is a cross-section, then tt is a cross-section. 


Proof. Let pg be such an arc; then we may cover pq with a finite 
number of r-neighborhoods which overlap. Then, applying the theorem 
repeatedly a finite number of times gives the result desired. 
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4. The Family F as the Level Curves of a Continuous Function. 


In this section it will be shown that there is a continuous function f(s, y) 
whose level curves are exactly the family F. The proof of this statement 
will depend on our ability to remove certain branched curves of F together 
with their endpoints so as to leave a subset R* of the plane x, which is open, 
connected, and simply connected and is such that F* = F[R*] is a regular, 
curve family filling R*. It will then follow from [IV] that there is a con- 
tinuous function f*(z,y) defined on R* and having the family F* as level 
curves. Finally, it is shown that f*(x, y) may be extended to a continuous 
function on all of the plane with the curves of F as level curves. In this and 
the next section we will restrict the use of the term free to those sets To 
containing singular curves, i.e. the term will not be used to include a regular 
curve. 


4.1. The numbering of the trees of F. 


THEOREM 4.1-1. If K is any compact subset of w, then there are at 
most a finite number of distinct trees of F which intersect K on more than 
one curve of the tree. Moreover, no more than a finite number of curves 
from any one tree can intersect K. 


Proof. The second part of the theorem is an immediate consequence of 
the fact that any point p which is a limit of a sequence of points pr of a 
tree must be a point of the tree and, in addition to this, for n= N, must 
lie in St(p) if p is a branch point, or on Cp if p is a regular point. If an 
infinite sequence of curves of a single tree intersected K, we could, by com- 
pactness of K, choose a sequence of points on distinct curves of this tree such 
that the sequence would have a limit point, and hence could not conform to 
the requirements above. 


We prove tbe first part of the theorem by assuming it false and arriving 
at a contradiction. Let T; (i= 1,2,: + +) be an infinite collection of trees, 
each intersecting the compact set K on at least the two curves Ci, C/. Using 
the compactness of K we may choose an infinite subsequence from this collec- 
tion of trees together with points p; € C: ) K and qie C? N K on each tree T; 
of the subsequence such that pi — p and gi g. We then throw away all trees 
except those of our subsequence and renumber. We may assume p is a 
regular point lying on a curve C and that the p; all lie in a single comple- 
mentary domain of Te, i.e. in D*(C). If this is not the case, using 
Theorem 3. 5-2 we may rechoose p and p; so that they satisfy these conditions. 
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This may move them out of K, but this causes no difficulty later. We still 
have pie C; Z Ti. In this process, to get the p; all in a single complementary 
domain of To, it may be necessary to choose a subsequence. If so we throw 
out the trees T; containing the points p; which we remove to get our sub- 
sequence, than we renumber. That is, we simultaneously pass to subsequences 
of p; and of g; which correspond, so that we still have me Cn qie C/ and 
“and Ci, Cf = Ti after renumbering. This method is followed whenever it is 
necessary to select a subsequence of either p; or qi and renumber. Now we 
may similarly assume g is a regular point on a curve C” and that the q; lie 
in D*(C’), or else use Theorem 3. 5-2 as above, and again choose a sub- 
sequence. When this process is finished we may be sure that pÆ q, for if 
this were not the case, choosing an r-heighborhood of p= q, we would find 
it crossed by curves Ci, C/ of the same tree Ti, and this is impossible since 
it would imply that a cross-section crossed T; twice. 

Now a brief consideration of the image in Rọ of non-intersecting r-neigh- 
borhoods U(p) and U(q) and the images of p; and q; which lie in these 
neighborhocds for i > N, makes it obvious that we may choose three trees 
from our sequence of trees: Ta, Ti» Ti, which are such that Pa, pi, pi, lie in 
U(p) and may be connected in that order by a cross-section y running from 
pi, through pi, to py; and at the same time qu, Yi» Qis lie in U (q) and similarly 
may be connected by a cross-section ÿ running from qi, through qi, to qu 
(reference to Figure 5 will make the procedure here more easily followed). 
Then, denoting by c; the chain c(Cj,, Ci/) in Ta, 7 = 1, 2, 8, we may define 
the following three arcs, À, Ài» Ai, having only their endpoints Ppa and qi, in 
common: À; is the are Pipa on y plus the arc Pugu on c, plus the are Puglia 
on y. Ai, is similarly defined with 1 replaced by 3 in the subscripts above, 
and finally À, is the arc Pigi, on Co. Two of these arcs, say Aj,, Aj, must form 
a simple closed curve T containing the third À, in its interior. But this is 
impossible, since each arc contains a branch point; in particular the are Aj 
thus enclosed in the interior (in our example) would contain a branch point; 
and from tais branch point issues a chain of curves of Ti all distinct from À4, 
which must leave T at some point r. This point r cannot be on T; or Tj, 
since two trees cannot intersect, nor can it be on y or y” since then this cross- 
section would have two points on the same tree, which is ruled out by 
Theorem 3. 3-1. Hence, we conclude that our initial assumption is impossible 
and that the theorem must be true. 

This theorem will be used to give a method of numbering all non-trivial 
trees, i. e., trees containing singular curves. We choose any regular point p 
. on w and let K, designate the circle (with its interior) of center p and 
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radius n. Now the number of trees cutting K, is, of course, denumerable 
and we number them in any order as Tis Tye, Tia, * © + and choose from each 
a curve Ci, Cie, Crs, respectively, which itself intersects K}. By the above 
theorem these choices of curves will be unique for all except a finite number 
of the trees, and for these Ci; is chosen at random from any one of the finite 
number of curves of the tree cutting Kı. Next we number the trees which 





FIGURE 5 


intersect K but not K, as Toi, T22, Tes, - - ete, and let C2, Coo, Cos, © 

respectively be curves of these trees which themselves intersect K:. Proceeding 
with this process we number the trees cutting Ka but not Kn. as Lng, Tue, 
Tas; © + etc., and choose from each curves Cu, Cm, * + cutting Ka. This 
process will clearly number all the trees of F, and we choose the curves Ci 
as base curves of the trees, hence determining within each tree Ty a numbering 
of its curves by sets of finite sequences Ay |) Aij* as described in 3.4. Our 
method of numbering the trees guarantees that for m > n no tree Tmj inter- 
sects K, and, moreover, for each n, there are at most a finite number of curves 
of the set (J (Zmj—Cnj) which intersect K,. For future reference we 


m,i m&n 
shall call the above method of numbering trees a standard numbering of the 
trees of F. 
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With these preliminaries we are able to define the curves which we are 
going to remove from each tree in order to make the multiply connected region 
R==2—-B simply connected. Let T be any tree, then it is numbered say 
as Ty in a standard numbering as described above, and the choice of base 
curve Cay included in the standard numbering determines a numbering of 
the curves of T—Ty. Let b(a) be any branch point of this tree with 
“sequence & = 60%" + + ky skey With kn 541 (where e denotes the sign + or —). 
Any such b(«) will be called the initial point of a cut, and the cut, A(b), 
will consist of all curves C («, 1), C(«, 1,1), O(a, 1,1,1),: - and so on ad 
infinitum, or until a terminal sequence g, 1, 1, + :,1 is reached, i.e., each 
cut is a chain of adjacent curves extending from b(a) to infinity. We assume 
endpoints of the curves included, of course, as part of the cut; thus each cut 
is of the form 8*[C(a«)-+] or 8#[C(«)—], the former if b(a) is the positive 
endpoint of C(a) and the latter if it is the negative (see heavy lines in 
Figure 3). Hach À(b) is, again, an arc from b(«) to infinity and includes 
all branch points numbered by sequences of the form @,1,1,:-:,1. It is 
clear from zhe definition of the cuts and the properties of the numbering that 
every branch point of the tree is on one and only one cut A(b) and that no two 
cuts intersect at any point. We denote the collection of all the half-open arcs 
A(b) on T by Ŭ, and by F the sum of the sets T over all the trees of F. The set 
R* = R— contains no branch points and is a union of curves of F. Let 
F* denote the family F[R*] filling R*. 


THEOREM 4. 1-2. R* is an open, arcwise connected, and simply connected 
domain, and F* is regular in R*, 


Proof. Let q be any point of R* and let K, be the first circle ‘with 
center at p (in the standard numbering scheme) which contains g in its 
interior. Now consider how much of K, is removed when J is subtracted 
from r. None of the base curves Ci; is in F since none of them is in a set 
A(b) for these curves are assigned the sequence + 0 in the numbering, which 
sequence is not of the form @,1,---,1. And by Theorem 4.1-1 there can 
then be at most a finite number of other curves (than base curves) of any Ty 
in Ka. Hence there is surely an r-neighborhood of q in K,— Ÿ and R* is 
therefore open and F* regular. 

We wish to show that R* is arewise connected. Since every point has an 
r-neighborhood in &*, it is clear that R* is locally-connected. Hence, if it is 
connected, it is arcwise connected. Now since each cut A(b) is an are, 
extending from a point 6 to infinity, the set F Uœ on the extended plane 7 
can clearly be deformed continuously along itself to a single point, the point 
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at infinity. It follows from Hilenberg [III, Theorem 6, p. 77], that R* is 
connected. 

Finally, if K is any closed curve in R* containing a point q of J, 
then q lies on a cut A(b) which extends to infinity from b and hence must 
intersect K, contrary to the assumption that K is in R*. Thus R* is simply 


connected. . 


THEOREM 4.1-3. Let B’C B be the set of all initial points of cuts (6), 
then we may define a collection of disjoint, open sets {Vy}, one for each b e B’, 
each containing the corresponding À(b). 


Proof. Referring to the closed circular discs K, of our standard 
numbering of the trees of F, we have noted already that only a finite number 
of the cuts A(b) intersect any Ka. We denote by B,’ = {b;"} the finite 
subset of B’ whose elements b,” are for j = 1,: > -, 4, those initial points of 
cuts which intersect K, but not Kn- Now, using the normality of x 
we are able to find disjoint open sets covering the disjoint closed sets 
(b) =A (b) Ki. We define V,(b;*) as the intersection of the so chosen 
open sets covering A,(0;1) with the interior of K,. Then we find disjoint 
open sets covering each of the closed sets A2(bj#) = A (bj) N [K:— int Ky], 
i = 1,2 and such, moreover, that the open sets covering A:(b;°) do not inter- 
sect Kı. Finally, we define V,(b;î), t = 1, 2 as the intersections of these open 
sets with the interior of Kə. Then the sets V2.(d,?) and Vi(bx') U V:(bxt) 
are non-intersecting open sets lying in the interior of K, and covering 
d(b;*) 1 int(K2), for all bs in BY or By. This process is continued 
indefinitely, covering, for each A(b), its intersection with every Ka and in 
such a manner that none of the open sets covering one cut has a common 
point with those covering another cut. Then, given any b¢B it will be in 
B,’ for some n, hence will be of the form b;", and the cut A(6,") with it as 


initial point is covered by V(b”) = U V;(b:"). 
jan 
THEOREM 4.1-4. Let F be a branched regular curve family filling the 
plane r. Then there exists a function f (p) such that: 
(1) f(p) is defined and continuous for all p in m. Å 


(2) for every real number k the locus f (p) = k, if not empty, consists 
of a finite or an at most coumtably infinite collection of trees (including 
regular curves) of F. 

(3) in every neighborhood of any point p in x there are points q for 
which f(q) > f(p) and points r for which f(r) < f (p). 
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Proof. We assume a standard numbering of the non-trivial trees of F 
and that thts the cuts A(b) and the sets J and R*, etc., are determined. Now 
this theorem was proved in [IV] by W. Kaplan for curve families regular 
throughout an open, simply connected domain; thus we may assume that 
there is a function f*(p) defined and continuous in R* and with the properties 
above. We must show that this function can be extended to a function f(p) 
“vith properties (1)-(3) above. The proof, which follows, is divided into 
three sections, A, B, and C. 


(A) First it is necessary to prove that, given any tree T of F, the value 
of f* is the same on each curve of T[R*], i. e., on all curves of T which lie in 
R*. Let O(= 0) be the base curve of T in the numbering; we shall proceed 
by inducticn on the order of the curves of T. If C(+ 0) has no endpoint, 
then it is a regular curve, lies entirely in R* and the result is trivial. 
Assume it has a positive endpoint b(+ 0). Then C(-+ 01) is in A(b(+ 0)) 
and hence not in &* or T[R*], but the other curves of St(6(-+ 0)) are all 
in T[R*]. To prove that f*(p) has the same value on each of these it is 
only necessary to prove that it has the same value on each pair of adjacent 
curves among them, for then the. value of f* on C(+ 02) is the same as that 
on C(-+ 03) and so on until finally we have the value of C(-+ 0u(+ 0)) 
the same as that on O (+ 0). It is quite obvious that this must be so, however, 
for if O, C are adjacent curves of T[R*] and pe C, qe C”, then there is an 
r-set U(pq) in R*; and, if pre U is a sequence of points approaching p, 
then there is a sequence 9, € Cp, with qn £ U and gn approaching q. But, since 
q» € Cp, We have f* (qn) = f” (pn) and hence f* (g) + lim f* (qn) == lim f# (pn) 
==f*(p). This same procedure actually tells us even more, i.e., that if 
Cu’ © °, Cn is any chain of adjacent curves with both Ci,C, C R*, then f* 
must have the same value on Ci, Cy. 

Now let O(a, k) be a curve of T[R*] whose sequence is positive and of 
order n + 1, and assume that f* has the same value on each curve of T[R*] 
numbered by a positive sequence of order n or less. The sequence æ is of 
the form «== 0%: + +knskn; and we consider two cases: (1) k,-£1 and 
(2) ka = 1; in either event k 1 since C (æ, k) is in R*. In case (1) b(a) 
is the initial point of a cut, hence C(«,1) is the only curve of St(b(a)) in 
the cut, and thus the only curve of S#(b(«)) not in R*. Moreover, St(b(a)) 
contains the curve O(a) of order n. It follows by precisely the same argu- 
ment as bove that f* has the same value on each of the curves of St(b(«)) 
in R* and, in particular on C(a,k), as it has on the n-th order curve C(a) 
and henes that it has on C(+ 0). In case (2) both the curves C(«) and 
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C(a,1) of St(b(a)) are in a cut, i. e. not in R*. But the curves C(an, 2), 
C(Gn1,1) =C (a), and C(a,u(a)) form an adjacent chain with the first 
and last curves in R*. On the first curve f* has the same value as on C( 0) 
since it is of order n, hence it has this value also on the last, C (a, w(a)). Now, 
by going from adjacent curve to adjacent curve, we see that this must be the 
value of f* on each curve of St(b(a)) in R* and in particular on C(a, k). 
This completes the first step in the proof. a 


(B) Next we define f (p) at every point of x as follows: f (p) == f* (p) 
for pe R*, and f(p) = value of f* on T[R*] for peT. The single-valued 
function f(p) will then be continuous at each point of R* (since R* is an 
open subset of + and thus the extension cannot affect the continuity of f in 
that domain), and will have the same value at every point of any tree. Now 
every point of J = ~r — R* lies on a cut (6), which in turn lies in a neigh- 
borhood V(A(b)) not containing points of any other cut. What must be | 
shown is that f(p) is continuous at an arbitrary point q of an arbitrary cut 
(6). Now let gn be any sequence of points approaching the point g of A(b) ; 
it must be shown that f(q,) >f(q). We shall denote by T the tree con- 
taining q; then since f(p) is constant on F, we shall assume that each gn 
lies on a distinct curve and none of them is in T. This involves no loss of 
generality since the result is trivial otherwise. Moreover, we may restrict 
ourselves to sequences lying in a single complementary domain of T, the 
reason being that since the number of complementary domains of T with q 
as a boundary point is finite, any such sequence gn, with qag T, can be 
decomposed into a finite number of distinct subsequences, containing all the 
terms of g,, but no two having a term in common, and each consisting of 
points from only one complementary domain; and, finally, if for each of these 
subsequences we have f(qn,) — f (q), then f(q.) ~f(q). Thus we need now 
to consider only a sequence g,—> q such that for some C* D q, que D*(C*) 
for all n. C* is then in T, and since no cut separates a, there is a curve O” 
on C* which is in R*. Let p be any point of C’ and’ U(qp) an r-set of gp 
in D*(C*). Then, by Theorem 8. 5-2 there is in U a sequence pn —> p with 
Cy, = Cy, and hence f(pn) =f(qn). But p is in R* and f(p) is continuous 
in R*, therefore lim f(q,) = lim f (pa) = f (p). But this is exactly what is 
needed, for p, q are both on T and hence f(p) = f(q), so f is continuous at q. 
This establishes property (1) of the theorem. 

Property (2) of the theorem is trivial for f(p), since it is satisfied by f* 
in R* and we have added only a denumerable number of curves to the domain 
of f* to get the domain of f. 
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(C) Finally we must prove property (3), i. e., that f(p) has no weak 
relative extrema. This is clearly equivalent to the following, at least for 
regular points: if p is a regular point, then f takes a different value on every 
curve of every r-neighborhod of p, or again equivalently, is monotone on every 
cross-section. Then, since any are pg on a curve C has an r-neighborhood, a 
function satisfies property (3) at every point of a curve or no point of a 
Curve. : As to branch points, we can show at once that the condition is satisfied 
there, for there is always a curve of St(b) in R*, hence in any neighborhood 
of b we may find a point q of a curve of R* and a neighborhood of this point 
q inside that of b. Now f(q) —f(b) and in this neighborhood of q there 
will be points qı, gz such that f(qi) < F(q) < f(q2), since we are in Æ*, 
where we know f to have property (8). Since qı, q2 are in the given neighbor- 
hood of b, we have proved our contention for the case of branch points. 

Now we wish to show that if f has property (3) on every curve of St(b) 
except one, C, where b is any branch point, then f has property (8) on C'also. 
Let the cuzves of St(b) be numbered counterclockwise C = (1, Ca, * +, Com, 
m being tke order of the branch point b. In U(b), an admissible neighbor- 
hood, we shall let s; denote any arc into the sector bounded by Ci, Ci, such 
that s; without b, its endpoint, is a cross-section, e. g., in the image of U on 
| 2 | <1 we could take for s; radii into the respective sectors. Then we 
indicate by s;* that f increases as we move from b on s; by sy that f decreases. 
Clearly C; has property (3) if and only if s;_,* implies s; and si~ implies s;*. 
Hence if we have s,~, then we have by induction s;* for even j, and in particular ` 
Som*, Whence C, has property (3); similarly for s,+. 

Now let the curves of any cut A(b) be numbered Cy, C2,- - - beginning 
with the initial curve and proceeding out from b. C, is the only curve of 
St(b) not in R*, and hence it must have property (3). If the n-th curve 
On has property (3) then Cas is the only curve of St(C, ( Cnn) not having 
this property since the other curves (than C,) are in R*, thus Ons also must 
have the cesired property. This proves by induction that every curve of every 
cut has property (3) and hence so has f(p) for all points of v. 

A regular curve family F will be said to be orientable if its curves may 
be directed so that every regular point has an r-neighborhood in which the 
image of each curve in Ry is directed toward increasing +. Then we have 
at once: 


CORCLLARY. . The branched regular curve family F is orientable as a 
regular curve family in R =r — B. 


Proof. Exactly as in W. Kaplan [IV, Remark 2, p. 184-5]. 
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ON TOTAL NILPOTENT ALGEBRAS.* 


By Roy DusiscH and Sam PERLIS. 


° 
Introduction. A total nilpotent algebra of degree n over %, denoted by 


$%), is defined to be any isomorphic copy of the algebra of n X n matrices 
over § with zeros on and above the diagonal. Interest in this class of algebras 
stems from the following fact (proved in Section 1). 


THEorsM 1. The total nilpotent algebras together with their subalgebras 
constitute the totality of (associative) nilpotent algebras. 


The quantities of 3 may be regarded as linear transformations on the 
n-dimensional vector space V over $. Then (Theorem 2) §™ is charac- 
terized isomorphically as a maximal algebra of nilpotent linear transformations 
on V/§. 

The main theme of our investigation of §™ is the explicit determina- 
tion of all its automorphisms and ideals. The automorphism group © is 
found to have the form © — DM, where M is a normal subgroup which is 
“almost all” of ©, and DN M=. Also, M—& XM where Y is the 
group of inner automorphisms (Section 2) and the group N consists of all 
automorph:sms carrying every absolute right or left divisor of zero into itself. 

After the ideals are determined (Section 7), attention is turned to the 
characteriszic ideals—those which are carried into themselves by every automor- 
phism of @—and all of these are determined. Certain of the characteristic 
ideals form a class of algebras which, taken abstractly, are called elementary 
nilpotent algebras. All total nilpotent algebras are elementary. The final 
section begins the study of elementary nilpotent algebras. 


1. Maximality properties. A total nilpotent algebra %™ has a basis 
of matric units ey with 1 Sj < 1i S n and is generated by those e which lie 
in Y= %™ but not* in M’, namely the quantities 


(1) Cars €32,° * > En,n-1- 

Thus, ey = éiiatiass" © “jus, The product of the n—1 quantities (1) 
* Receïved February 14, 1950; presented to the American Mathematical Society, 

August 31, 1949. ý 


t The reader can verify that e,, lies in % if and only if i—j z= k. Hence e;; lies 
in 2 but vot in YW if and only if i— j = k, 
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in reverse order is en; £0, but every product of n factors chosen from the list 
(1) is zero. It follows that U1 > Y” = 0, that is, §™ is nilpotent of 
index n. To complete the proof of Theorem 1, let 8 be any nilpotent algebra 
of order n— 1 and let B, denote the algebra (1,8) obtained by adjunction 
of a unity to B. The regular representation of 8, contains a subalgebra Bo 
isomorphic to 8. If in obtaining the regular representation we use a 
normalized basis? of %, we find è that the matrices in B, belong to §™. , 


THEOREM 2. For every nilpotent sub-algebra N of the total matric 
algebra Yn of degree n over & there is an automorphism T of $n/% carrying 
N into NT = FM). 


Proof. The algebra Jt defines an algebra Q, isomorphic to N, of linear 
transformations on the n-dimensional vector space V over.%, and Jt represents 
© relative to the basis ¢,,- * : ,e, where e; is the vector whose i-th coordinate 
is 1 and whose other coordinates are 0. Thus if N = (viz) EN, N — L where 
ex” = Sve; The images v? (ve V,LeR) span a vector space VR‘ and 
V (= V2) > VR >- -> V& > VR’ =0 where v is the index of nil- 
potency of 2. For, the fact that 21540 implies that VQ77-40. If 
Vi = VR" for i< v, it follows that VQi— VQit—---—'VQR"—0, a 
contradiction. Now we choose representatives of the classes constituting any 
basis of VQ- — VQ’, then of VR”? — VR”, ete., and finally of V — VX, 
and number these quantities vı, V2,* * :,% in the order of choice. The 
quantities v1,- - +, Un so obtained form a basis of V. Relative to this basis 
each linear transformation T is represented by a matrix (a) defined by the 
equation v;7 = Sa;jv; and if T is in Q, the construction shows that aj = 0 
for 72%. Thus 3™ contains the algebra Yt, of the (aj). Since N, and N 
represent © relative to different bases of V, it is known that Ne = PNP 
where P is a non-singular matrix of nr- 


This result characterizes §) as a maximal algebra of nilpotent * linear 
transformations on the n-dimensional vector space over %. There is no such 
algebra of larger dimension and any other of the same dimension is isomorphic 
to DM). 


2 A basis U,- - -, Un- Such that each product ww, is a linear combination of those 
ux with k greater than à and j. Cf. L. E. Dickson, Algebras and their Arithmetics, 
Chicago, 1923, pp. 175f. 

2 Theorem 1 is clearly a corollary of Theorem 2. The separate proof of Theorem 1 
is given both for its simplicity and for the notations and preliminary properties which 
it introduces. 

4 For an algebra %, nilpotency of all the quantities of À is equivalent to the nil- 
potency of A. 
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2. Monic and inner automorphisms. If 9 is an arbitrary (associative) 
ring, an automorphism T of Y is called “ monic ” in case z7? — x lies in Wr** 
whenever z lies in W”. This concept is trivial if À possesses a unity but 
otherwise the concept is significant. 

Let T and U be monic and consider the equation æU — g = (fU — g?) 
+ (zT — zx). Since #7 lies in Ur if æ does, both quantities in parentheses 
fie in A=, so that TU is monic. Also 


rT — g =y e A, az ye YM", 


so that T-t is monic. Hence the monic automorphisms form a group, We. 

This group :s always a normal subgroup of the automorphism group © of M. 

For, let us take Me M, Ge@, sewr. Then zê eA", OM — g? — y e Yr, 
OMG — gy = yO g Yrer, 

Thus GMG-* is monic. 


THEOoRaM 3. The monic automorphisms of any associative ring® À 
form a normal subgroup Mt of the automorphism group of X. If A is 
nilpotent, the group W is nilpotent. 


To preve the latter statement, let W; be the subset of automorphisms 
Me such that +! —a==a;e%*. TE is easily verified that Wh is a sub- 
group and that M == M: = Me Z: ZM, =I, where W >W —0. Then 
WM is nilpotent $ if each commutator (M, Mi) 1s contained in M, Using 
the convention that a subscript j on a quantity of indicates that the quantity 
belongs to A, we have for each L e M; and each Me W: 


MLM c (g L DM = (T + te H n) =e aM gi + tin 
= {g + t + Bi) + (in — to), 
MEET sez (m A- Ba) + (Tiss — Ta) = g F Gs + Bins — Te + Yin =H ia 


This completes the proof. 

Inner automorphisms may be defined in any ring W. An element ae 
is called quasi-regular if there is a be X such that a + b + ab = a + b + ba 
=0. Then an “inner” automorphism J of A is defined by the formula 


(2) al = g + be + za + baa. 


Proof thas (2) gives an automorphism is obtained by considering a ring 8 


€ This tueorem and its proof remain valid if % is an algebra over Š and the auto- 
morphisms considered are over &%. 
SH. Zassenhaus, The Theory of Groups, New York, 1949, pp. 125 f. 
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containing Y and a unity element 1. Then 1 +a is regular with 1 +- b as its 
inverse in 8. The inner automorphism y—> (1 + b)y(1 + a) =y" carries 
each ze% into a quantity 27 eM given by (2). These images x vary over 
every quantity we Ÿ since s = (1 + a)u(1 +b) is in À and s’ =u. Thus 
J induces an automorphism in Ÿ. 

The totality of automorphisms J = Ja given by (2) as a varies over the 
quasi-regular elements of Y form a group $ and, from (2), it is evident that 
each J is monic, SEM. If G is any automorphism of Y, 


LONG og + big + raf + bras 


which is the same as (2) with aë and bG in place of a and b. But a® is 
quasi-regular with bC as its quasi-inverse, so that GJG is again an inner 
automorphism. In summary: The inner automorphisms of any associative 
ting Ÿ are all monic and form a normal subgroup of the automorphism 
group of M. 


8. Certain characteristic ideals. A subalgebra € of an algebra Y over 
& is called “characteristic” if every automorphism T of W over § induces 
an automorphism in ©. The powers Y* are characteristic ideals. The 
knowledge that x lies in a particular characteristic ideal of 9 is a clue to 
the possible quantities 7. We shall begin to track down the automorphisms 
T of U=—F™ by finding for each matric unit ex in À certain characteristic 
ideals containing eij 

Define ©; to be the totality of matrices in $ whose columns beyond 
the l-th are zero. Then ©, is an ideal of §™. Likewise, an ideal is given 
by the set Ry of all matrices in $% whose first # — 1 rows are zero.’ We 
shall see” that ©; and Ry are characteristic. 

The algebra W? consists (see footnote 1) of all n X n matrices with zeros 
everywhere except for an area in the lower left hand corner which may be 
described as a right triangle with both legs having length n — I units. The 
elements in this area are completely arbitrary. It follows quickly that ©; is 
precisely the totality of quantities ce §™ == M such that cW? — 0, that is, 
Œ: is the left annihilator of W? in W. Then for each ce Cr, eM, and 
automorphism T of N, we have cm == 0 == (cx)? == 747, and since g? varies 
over all of A? as æ does, cW? == 0, so cle: Thus ©; is a characteristic 
ideal of N. 

The ideal R; can be described as the totality of quantities r e A — (7) 
such that @x:1r—0 (the right annihilator of ©... in W). Since ©. is 


7 We are indebted to the referee for simplifications in the proofs of Theorems 4 and 7. 


ON TOTAL NILPOTENT ALGEBRAS. 443 


characteristic, the final argument above may be paraphrased to show that 
Rz is characteristic. 


THEOREM 4. The ideals ©; and Ry of §™ are characteristic. For each 
automorphism T of §™ and each matric unit exre%™, eer? lies in Cı N Rr- 


Thus, in particular, 
i<k 


°, 
(3) ; Cra? = & Bi ei (By™ eF). 


The “corner ” coefficient 


ù 


Brra™ = ag 


cannot be zero for otherwise ex x-1” would lie in the square of %) whence 
so would ¢;,%-1, contrary to fact. Moreover, if T is monic, each a; = 1; the 
converse can be verified easily from the fact that §™ is generated by the 
quantities ¢;,,%-1. 


4, Diagonal automorphisms. The set &, of all matrices in n with 
zeros above the diagonal is an algebra whose radical is §™. The radical of 
any algebra is characteristic and we shall be interested in the automorphisms 
induced in 3™ by certain inner automorphisms of Ya. ; 

Each diagonal non-singular matrix, d = Sôe; (ĉe), determines an 
automorphism g? = dad of Za, and the automorphism which D induces in 
%™ is called a “diagonal” automorphism of §™. We have 


(4) Ork? = QkÊk,k-1 
and í : 
(5) em? = Arte; Ont = Opa * * Alar, 


where the az; are non-zero scalars. Conversely, arbitrary non-zero scalars 
G2,° * *,%, and equations (4) and (5) determine a diagonal automorphism 
given by d= 611 + Go629 + +++ (eo * - On)enn Hach diagonal D is 
obtained precisely once in the form x? = dzd where d = 631 + 8652 +: : 
+ nenn, and, consequently, the group D of all diagonal automorphisms of 3 
is isomorphic to the multiplicative group of non-singular diagonal matrices 
In n- 

Next we find that from each automorphism T a unique diagonal factor 
D may be removed so that D-T is monic. 


~ 


THEOREM 5. The automorphism group of &™ has the structure 
G = MD = DM where D is the group of diagonal automorphisms, M the 
group of monic automorphisms, and D N M =I. 
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In (3) and the remarks after (3) it appeared that certain “corner 
coefficients ” ar = Bx,x1) cannot be zero. By multiplying equations like 
(3) for the quantities 6,247," © `, &uiT we find that 


ist 
Cx? = > Hizey 
tZk 
with corner coefficient ayı = @x@x1* * * Qua The quantities ax, ou thus fulfiñ 


the conditions in (5). so that the correspondence ex: — ame generates a 
diagonal automorphism D. Then DT = T, and TD1=T, are auto- 
morphisms whose corner coefficients are all unity and this implies that 7, - 
and T, are monie. : 

That Df) M — TI is evident from (4) and (5). Thus in any expression 
T = DM = MD, the factors are unique and, actually, D, — D since W is 
normal in ©. : 

The idea of inner automorphisms of Section 2 may be applied to Y= He), 
Here every ae Y is quasi-regular-with quasi-inverse b = — à + a? —: -. 
+ (—1)tat (a** = 0). With the aid of the unity in ©, we may ‘write 
g = 1 +- a = 1 4 Sue; 9293' °° Gn, Where 


4-1 
(6). Gm 1 + X tyty = 1 + a 
Then g7 == 1 — a; and ; 


(7) al == gag = Ja t * gogo: © * In J == Ja m= do Ja 


1° 


These properties will be needed soon. 


5. Nil automorphisms. A quantity we A is an absolute right (left) 
divisor of zero if œu—0 (us= 0) for every vew. For Y ==% these 
are the quantities eni, Cno,’ °°, @nn-t (21, 631° ° ‘> Em) and their linear 
combinations. 

An automorphism N of N is called “nil” if u == u for every absolute 
right or left divisor of zero. It is clear that the totality of nil automorphisms 
of any ring form a group % which is actually a normal subgroup of the full 
automorphism group. 


THEOREM 6. All nil automorphisms of §™ are generated by 


(8) Creer = Cnr F Ykm (k= 2, .,n): 


where ys = yn = 0 and the remaining yy are arbitrary scalars. 


From (8) it follows that er == ex; for j < k— 1, whence eri = er and 
Enj == enz S0 that N is nil. Conversely, let N be nil. By Theorem 5 N — DM, 


Cheer? = Okek, has ne = plk- F Ck 
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with cpe A. Then «a — 1 and c: = 0. Ii k > 2, 
êk = Cnr = (Er,k-16k-1,1) Y = ee Meg 1 == (Aker, k-1 + Cr) Ck-1,1 
== Gps + Ckêk-1,1 


80 ax = 1 and Crer-1 = 0. By the first of these facts, D — I and N is monic. 
By the second the (4 — 1)-st column of the matrix cx is 0. For 1 <j < k — 1, 


O — (ren) = (Cinna + Cu) 6j = Crez 
so that the j-th column of cz is 0 for all j > 1. Forn>j>k, 
0 = (entra )N = enj r,r- = Enj (0r, + Ce) = CnjCe 
. 80 the j-th row of cy is 0, j—k+1,::-,n—1. Also 
(nnn) Y = en,- = Op = Cnn (Cn,x-1 + Ch) == Cn,k-1 + EnxCk, Cnr = 0 
so that the k-th row of cz is also 0, Ce = Yren, and this gives (8). 
THEOREM 7. The group of monic automor rphisms of %™ has the struc- 


ture M =N X BY, where N is the group fa nil automorphisms and X the 
group of inner automorphisms. 


To prove that M— NY it suffices to find for each Me Mt an auto- 
morphism J ¢% such that MJ = N e N, whence M = NJ. We have 


Cx! == ep + D pre (k= 2,---+,n—1). 
| p>k 
The scalars a, are thus defined for n= p > k > 1, and 


en = en + È 10200 papke = (1 + 4) ea = (1 + a)en(1 + a)”, 
p>a> 


a= SY app ` 
p>4>1 


The inner automorphism 22 —g eg, g—1+4, has the property that 
M, = MJ, fixes each element e,. Since M, is monic, ea, = enx + D Brang 
a<k 


and for all p such that 1 < p < k we have engepı = 0 = (€nn€p1)* = entep 
== À Bratngëm = Brpem. It follows that the coefficients By, are zero except 
ack 


possibly for Bri = Br (k = 2, - -,n—1) so 


n-L 


En = eng + Bren = Ent + enk D Bjen 
je 


n-i 
= en (1 + 5), b = X Bien. 
įj=2 
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Then the inner automorphism g= (1 + b)x(1-+b)+ has the properties 
nx Mal? = enr, (k—1,; "-,n—1), 
Gate = eg = (1 4 b) em (1 + €) = em. 


Thus M,J, = MJJ is nil This proves M = NS. 

Since N and X are normal subgroups of M, the product RS is the direct 
product N X X if and only if the intersection N N X is the identity. Let J 
be in this intersection: g” == (1 + a) 1x(1+ a). Since J also lies in K, 
tx? = ep (1 + @) @m = em (1 + a) whence aer = epa = 0. The matrix a 
thus has all columns zero except possibly its first column. Similarly, J fixes 
each enr, O == Geng == engh, and @ has only zero rows except perhaps for row n. 
Thus a = dem, GE %, 


(1+a) = 1 — een, z = (1 — aem) (1 + Gen) = T. 
This proves J == I and completes the proof of the theorem. 


6. The automorphism group of T, Each diagonal automorphism 
x? = dad and each inner automorphism 27 = (1+ a)“w(1-+-a) of §™ 
may be extended to %, over & simply by letting z vary over Za. The theorem 
below implies that the automorphisms DJ of § are the only ones extendable 
to Z, and it determines all extensions of these. 


THEOREM 8. The group € of automorphisms of %,/& inducing the 
identity on 3 is given by sE = gag = (1 — aen;)z(1-+ ae) where g 
is an arbitrary scalar. All automorphisms of Za/ are inner and the group 
they induce in 3™ is DS. 


Since each automorphism T of &,/# maps the ex into a set of mutually 
orthogonal idempotents whose sum is 1, it can be shown that 


(9) erk? = Ciri F x 
where by is in Ẹ™ and k — ÿ, is a permutation of 1, 2,: : :,n; and 
(10) enr + bklh + On? = br, 
n ee} 
(11) È - 


To show that the nil automorphisms W are not extendable to &, unless 
N =I, let T induce N on X = G™. Then by Theorem 6, 


(ekkerr) T e ek k-i + ken = (ei + br) (ez,r-1 + Aken) 


= Cj,jn0k,k-1 T Ck (cx € W, k = 2, pn), 
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SO Cjyj,0k,k-1 = Chk-ty Je = b (k =2,- + -,n) whence also jı — 1 and 


Cnn = ekr + Ox (k—1,:::,n). 
Also 
(€x,%-1€%-1,-1) T = Cx,k-1 + rem = (er, k-1 + kêni) (er-1,k-1 + br-1) 


= CK, k-1 + (x,%-10%-1 + Saren) | (k =À,"":, n), 


where 8 — 0 unless k— 1 = 1. Then the quantity in parenthesis must equal 
Gen If T is not the identity on %™, there is a value of k such that 
n>k>2 and a0 (Theorem 6). Choosing this k we find è= 0, 
er,k-1br-1 = Apên = 0, which is impossible since the n-th row of the left side 
is 0. This proves that nil automorphisms J are not extendable, so ae only 
extendable automorphisms are those of DS. 

If T is any automorphism of %,, it induces an automorphism DJ in 
(M), and the latter is clearly extendable to an inner automorphism § of Ya 
such that TS- = F is the identity on §™. It remains only to show that- 
each automorphism Æ inducing the identity in 3 is inner and obeys the 
formula of Theorem 8. Then T = HS will be inner. 

For i < k = 2,: - +,n we have, by (9), (nxexi)™ = eri = (Cf, + br) exis 
whence jy = k and bye 3 has k-th column zero. Then brege = 0 and (10) 
yields 


e 


(12) by = Crude + br? (k =2,- . n). 
On squaring both sides we find 
(13) bi? = errbr + brt 


which implies that bz? lies in 2°, Y— HF. When this fact is employed on 
the right side of (13) it turns out that b? lies in M4 and, similarily, b? 
lies in At, t = 8,4,---. But then b? = 0 and (12) reduces to by = erkbr, 
that is, by is zero except possibly for its k-th row (k —2,- - -,n). A parallel 
proof shows that by is 0 except possibly for its k-th column (k = 1, 


n— 1). It follows that b =: : : = bn- = 0 and, from (11), bı = — bn. 
But b, has only a first column, 6, only an n-th row, so bn = Qeni, D1 = — Qem. 
Thus eyf = ey except for ei” = b11 — ep, Enn? = Cnn + Ten, and this is 


the automorphism # given in Theorem 8. 


7. Ideals. A set of r matric units fi— enr, € &(*) will be called a 
“set of corners” if r < n and k, < ka <<: <k,,h << <°::<1,. Each 
corner may be represented by the point in an n X n matrix where its only 
non-zero coordinate occurs, and these points determine a “staircase” as 
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follows. Regard the matrix as a square array of n? points, and draw.a line 
in row k, extending from the left boundary of the square to the corner 
fem Continue the line from this corner down to row k, then to the 
right until it reaches fẹ. In general, if à < r, the line goes from corner f; 
down to row kis, then right to corner fiz. From f, the line simply goes 
down to row n; or the line stops at f, if f, lies in row n. The open polygon 
so obtained has the appearance of a staircase in which each corner, excep 
possibly f» is at the top of a riser. We shall refer to this open polygon as 
the “ staircase” determined by the given set of corners. A matric unit ey 
is an “interior quantity” for the set of corners if its representative point 
lies below the staircase or on it but not at a corner. 


THEOREM 9. Let f,, :-,f, be any set of corners and u,-- +, Us be 
linear combinations of these corners with scalar coefficients such that each f; 
occurs in at least one u; with non-zero coefficient. Then ui, > >, us and the 
interior quantities for the set of corners span an ideal of &™ and, conversely, 
every ideal is obtained in this way. 


Proof that the space spanned is an ideal is routine. In proving that 
every ideal 3 is obtained in the manner described we first find the corners: 
Among all the e;; occurring in the expressions of the quantities of B in terms 
of matric units, let ¢ = k, denote the minimum value of à Among all the 
es occurring let j = l, be maximum. This determines f, Among all eij 
occurring with 4 > k, and j > l, (if any) let i = k, denote a minimum value 
and, for this 1, let j =— la be maximum. This determines f, and a continuation 
yields all the corners f,,---,f,, r <n. The non-zero coordinates of all 
matrices in 8 occur on or under the staircase and it will be shown that $ 
contains all the interior quantities. 

For each jf; there is a quantity u; in 8 containing f; with coefficient unity. 
Let fı = f = exı and mu. If f—em, this must be the only corner and 
8 has the form required, so we assume that en is not a corner. If 1 —1, 
B contains ezu = 6j (j =k +1, ` <, n) and if k = n, B contains ver = enm 
(m =1,: ;-, 1—1). Ifl>1 and k<n, B contains every ¢j,erm = ejm 
(j =k +1,- n; m= 1,: > -,1— 1), that is, every ejm lying below and 
to the left of f— em. Since this is true for every f not at an end of the 
staircase, B contains every interior quantity under the staircase. If any of 
the u; involve interior quantities under the staircase, these may be subtracted 
off, so it will be assumed henceforth that the u; are linear combinations of 
the corners and possibly other matric units lying on the staircase. 

If u and f= ex are as above, B contains epu = ep + v where v is a 
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linear combination of interior quantities, hence in B, so B contains ej for 
all >k. Likewise, B contains all erm, m < l, that is, B contains every 
staircase quantity to the left of or below any corner. By use of these quan- 
tities the u; may be altered so that they involve only corners. 

If x e B, subtraction of interior quantities leaves a quantity y = Safi e B. 
If y is not a linear combination of the u, it will be taken as an additional 
Guantity u. This process stops after a finite number of repetitions since all 
the quantities y and wu lie in the r-dimensional vector space spanned by the 
corners. The w now at hand, together with the interior quantities, span #. 
This completes the proof. 


8. Characteristic ideals. A subalgebra B of Y is called “ charac- 
teristic ” if BT — B for every automorphism T of W. If B is an ideal of ¥™ 
and M is a monic automorphism, W carries each ey in B or u; (Theorem 9) 
in B into the same quantity plus an interior quantity of 8, so BM — B. 
Therefore 8 is characteristic if and only if B? = $ for each diagonal auto- 
morphism D. This condition is satisfied if the corners are contained in 8 
since D merely multiplies each matric unit by a scalar. By the next theorem 
this is essentially the only case in which $ is a characteristic ideal. 


THEOREM 10. If 3 contains only two elements, every ideal of &™ is 
characteristic. Otherwise, an ideal B of &™ is characteristic if and only if 
B contains its corners. | 


The proof of the first statement is the observation that every diagonal 
automorphism is the identity. 


Lemma 1. If fi,-+-,fr are a set of corners and d:,:* -,@, are 
arbitrary non-zero scalars, there is a diagonal automorphism D such that 


fP = pif (t=1,: ` ",1). 
First we construct D == D, such that 


(14) fa? = pafu f? =fi (isa), 


by finding a suitable diagonal matrix d= 8,e,,-+-- ++ nenn to use for 
z? = dad. Let fo = f = em sol < k and fP = 8,8,“f. Then the definitions 
ôr = Pay 8; = 1 for 7 < k, yield (14) for i—1,---,a. Let.f;= er; for 
a = j< Tr and assume that 6,,- - -, ôr have been defined so that (14) holds 
for i= 1,---,7 and that for h > k; & is still undefined. If fis = epg 
then fi? = 8,87 fj and 8 is still undefined. If 8, is among the 8s already 
defined, we take 6, —8,, and 8, —1 for k; << h< p. If 84 is undefined, 
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we take à, = 1 for kj << hS p. Then fy.” = fja, whence the induction is 
completed. The D of the lemma is given by D—D,D,- - - Dp 

Now let % contain more than two elements: The sufficiency has been 
noted above, so it remains to show that a characteristic ideal G contains its 
corners. The u; of Theorem 9 may be taken to be linearly independent, so 
$<Sr and the equations 


u= À Bufi (i=1,:::,s) 


define an s Xr matrix B= (y) of rank s. Since $ is characteristic it 
contains 


(15) MP = © Bul (il, < -,8) 


for all non-zero be S (Lemma 1). But if u;? is in 8 it must be of the 
form Yéyur, which implies that 


z Bibifs = > EnBrif; (Gi—1,:::,s) 


or, in matrix form, 
(16) ` BÖ = EB, 


where Z == (éx) is an sX s matrix depending on the diagonal matrix ® 
whose diagonal elements are d:,- + -,¢,. Since B is s X r of rank s it has 
a right inverse A, that is, an r X s matrix A such that BA = J,, the s-rowed 
identity. Therefore Z — BA and (16) implies that 


(17) BH—0, H= (mj) =I ,— AB. 


Note that H is independent of ® and that (17) is true for all choices of ©. 
Taking ¢;=-1 for 74a we find that the element in the (i,1) place in 
(17) is 
(18) Biahanar +È Bimi == 0 

jiza 


for all choices of ġa 5&0. Thus (18) is a linear equation in ġe with more 
than one solution (note the hypothesis on F!)—a contradiction unless every 
Biaqar = 0. For each value of a there is a value of i such that ia 7&0 
(each fa occurs in some u;). Therefore, every qu = 0, H = 0, and AB = I, 
Since AB cannot have higher rank than B, the matrix B must have rank r. 
Hence s==r. Since the space (f1,- : -,f;) of dimension r has a subspace 
(u,'**,U,) Of the same dimension, the two coincide, whence all the f: 
lie in 8. 
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COROLLARY. If % is not of characteristic two, the number of charac- 
obi . 1f 3n 

teristic ideals of %™ is = + 

The proof of this fact, which was kindly supplied us by G. Szekeres, 
will be omitted here. 
e 

9. Elementary nilpotent algebras. An ideal with a single corner 
f == em is the intersection Ou == Ry ( ©: of the characteristic ideals Ry 
and ©; defined in Section 3 and, therefore, every characteristic ideal is a join 
of such intersections Dy This is one of several facts lending interest to 
the ideals ©; == €, as a class of abstract algebras. It is unnecessary to 
study also the algebras MX since k= n— l+ 1 for an appropriate 7 and 
Rater = © under the correspondence Enjin- —> biz The algebras Dy: are 
of no structural interest since they are zero algebras. 

Any algebra over § isomorphic to ©, will be called an elementary 
nilpotent algebra. Note that 3 —€,.1™ so that §” is elementary. 
By direct computation, the index of ©, is found to be 7-+-1. 


` THEOREM 11. Two elementary nilpotent algebras are isomorphic if and 
only if they have the same values of l and of n. The invariant | is equal to 
v— 1 where v is the index of nilpotency. 


The sufficiency is evident. Suppose, conversely, that Cy) ce Gun), 
The common index of nilpotency of these algebras is k + 1—1-+1, whence 
k==1, The. common order is I[n— (1+ 1)/2] =i[m— (1+1)/2], so 


n= M. | 
THEOREM 12. ©, is indecomposable unless l= 1. 


Since ©, is a zero algebra, it is the direct sum of n— 1 ideals of 
order one. Now let I be greater than 1 and suppose that ©, — UDB. 
Then one of À and B, say N, contains an element of the form 


(19) a = la, + D Gijéis (aj € 3) 
if2 


whence Ÿ contains every epa == ej (1—38,: * -,n). If B contained an 
element (19) it would also contain en, contrary to the fact that A N B = 0. 
Hence every non-zero be% has the form b = SBije;; with Ba —0. Then if 
all 8y = 0 for j > 1, b would lie in Y, b = 0, a contradiction implying that 
some Bpg0 forg>1. Then % contains beg == SBioen 0 and beg is a 
linear combination of es,” ` *, 6m. Hence beg is in AAB. This contra- 
diction shows that B has no quantities b 34 0. 
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The center of any nilpotent algebra N of index v contains the highest 
non-zero power N” of the algebra and the center is “minimal” if it equals 
this power. The center of ©, (hence, also, of §%) is minimal. A more 
inclusive result is given now. 


THEOREM 18. Let Y= Cı. Then the difference algebras A — X* 
(h— 2,8," : -,1+ 1) have minimal centers W= — W’. ° 


First it should be noted that 2 is generated by the matric units on 
its “right border,” that is, by eos, €39" * +, Ctei,t Elop" °°, en Also the 
successive powers of À are obtained by removing successive lines along the 
right border. 

The theorem is true for h = 2 since À — A’? is a zero algebrra. Assuming 
the result for &—M* (h LI+1) we now let ce—ze lie in YU" for 
every æ of Y and wish to prove c in Y”. Since cz— ve is always in W, 
c must be in %, c= Co + d where co is in A! and 


l-ħ+1 n 


(20) d= J, h-t jeh- F = On, l-h+28k, lhe 2+ 
gat k=l+1 


It suffices to prove d—0. From d—c— c it follows that de — xd e An 
for every x. Hence Mf? contains the quantities = dés: — liid 
(i—2,:::,1). The non-zero elements of the matrix b— des; lie in 
the (2—1)-st column and those of c: = eid lie to the left of this column. 
Then the fact that a; lies in M1 implies that b; and c; also lie in N#1, But 
i= Grains (i= 2, *,l—h +1), which is in W# only if every 
Gi 0. That the first summation in (20) is zero now follows from 
Chat = Chu, = Ona, Which is in MH only if an — 0. Since "++ contains 


n 
Dino = È, Oh, l-h+2êk,1-ħ+1 
k=ł+1 


it follows that every coefficient @y,1-n4 is O and thus that d = 0. 
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A THEORY OF SUBINVARIANT LIE ALGEBRAS.* 


By EUGENE SCHENKMAN.** 


o 
A theory of subinvariant subgroups has been developed by Wielandt [7]* 


who proved by way of application of the theory that the tower of auto- 
morphisms of a finite group with no center ends finitely. A similar study 
of subinvariant Lie algebras is presented here. 

A subalgebra of a Lie algebra L is said to be subinvariant in £L if it is a 
member of a sequence of subalgebras ending with L, each an ideal in the 
following. Some of the elementary properties of subinvariant subalgebras 
are given in Section 2. It is shown there that the intersection of two sub- 
invariant subalgebras is subinvariant and that the property of subinvariance 
is preserved under homomorphisms; namely, if A is subinvariant in L, then 
Av = À is subinvariant in £ == Ly, where y is a homomorphism, Furthermore, 
if A is subinvariant in Z and if A is the complete inverse image of A under v, 
then A is subinvariant in L. We then show that if A and B are subinvariant 
in L, the composition factors from B to A [| B occur among those from L to A. 

In Section 3 we prove that a subinvariant subalgebra is the-sum of an 
ideal and a nilpotent algebra. This is done by proving that if A is sub- 


invariant in L then the intersection AY = () ne Ak of all the power algebras 
of A is an ideal of L, and then by showing that an arbitrary algebra A is the 
sum of the ideal A” and a nilpotent algebra. These results are true for 
arbitrary base fields. ' 

In Sections 4 through 7 we require that the base field be of characteristic 
zero. Section 4 is devoted to showing that the radical and nil radical of a 
subinvariant subalgebra are the intersections, respectively, of the subalgebra 
with the radical and nil radical of the containing algebra. The proof given 
is based on Cartan’s decomposition theorem for a semisimple Lie algebra by 
means of which is is shown that the radical and nil radical are characteristic 
. ideals. 

In Section 5 it is shown that the algebra {4, B}, generated by two 
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subinvariant subalgebras A and B of L, is subinvariant in L; and that the 
different composition factors in a composition series from {A,B} to A occur, 
not counting multiplicities of one dimensional factors, among those in a 
composition series from B to A f) B. To show this last fact we prove that 
Lie algebra L can be expressed as the sum of its radical and the ideal 


Le) = MaL, the intersection of all the derived algebras of D. « 

The problem of finding the smallest subinvariant subalgebra containing 
a given element of a Lie algebra L is considered in Section 6. It is shown 
that this subalgebra is the sum of an ideal and the one-dimensional algebra 
determined by the element itself, 

In Section 7 we give several results relating an arbitrary subalgebra V 
of L to the greatest subinvariant subalgebra of L contained in V, and to the 
smallest subinvariant subalgebra of L containing V. 

The last two section are concerned with an application of the theory to 
arbitrary Lie algebras. We show first in Section 8 that if A is a subinvariant 


subalgebra of L, and if 4° = Midt has a centralizer not contained in 49, 
then A has a non-zero centralizer in DL. With this result we prove in 
Section 9 that the tower of derivation algebras, L = Do, Dit + -, D, °° 
of a Lie algebra with no center over an arbitrary field ends finitely with 


dim D, = d + c, where c is the dimension of the center of Le = Mia Lt, and 
d is the dimension of the derivation algebra of Le. As an immediate con- 
sequence of our tower theorem we have Chevalley’s result [2] for charac- 
teristic zero that there exists an n such that D, has only inner derivations. 

© It is of interest to contrast the theory of subinvariant Lie algebras with 
the theory of subinvariant groups. Almost without exception Wielandt’s 
results [7] have analogues for Lie algebras; but there are important differ- 
ences between the methods of the two theories. In the first place one has 
the concept of conjugate subgroups which is frequently used throughout the 
theory of subinvariant subgroups. This concept is available for nilpotent 
subinvariant subalgebras over fields of characteristic zero or for arbitrary 
subalgebras over the fields of real or complex numbers, but not in general. 
On the other hand the useful fact that if À is a subinvariant subalgebra of L, 


then A? = Nradt is an ideal of L, does not have an analogue for. groups. | 
Neither is there any analogue in group theory to Cartan’s decomposition 
theorem for a semisimple Lie algebra which enables one to give the form of 
the minimal subinvariant subalgebra determined by a single element. 
Before developing the theory I wish to express my sincere appreciation 
to Professor Nathan Jacobson for suggesting this research and for his constant 
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interest and stimulating discussions during the course of its progress. I should 
also like to thank Professors Shizuo Kakutani and C. E. Rickart, and Mr. 
Charles Curtis for reading portions of the manuscript. 


1. Preliminaries. We recall that L is a Lie algebra over a field & 
ij L is a vector space over ® in which the composition is defined such that 
for l, m, ne L, ae® 


(1) [1,1] =0 
and 


(2) LE, mj, n] + [[m, n], 1] + [Cn, 1], m] = 0 
in addition to the usual relations | 


(1, m+n]=— [i m] ae LE, n] > E +m, n] = [], nj + [m, n] 
and 
a[l, m] = [al, m] = [l am]. 


We are concerned only with finite-dimensional algebras. 

If A is a subspace of L and if [a,1] £ À for every ae À, le L, then 
A is an ideal or invariant subalgebra of L. It will be convenient to denote 
this by À <L or LDA. A is a maximal ideal of L if and only if the 
difference alegbra L— À is simple. A normal series: of L is a series of 
algebras starting with (0) and ending with L, each an ideal in the following. 
If À and B are members of a normal series of L, A contained in B, then 
by a normal series from A to B we mean a series of algebras starting with 
A and ending with B, each an ideal of the following. Any normal series of 
L can be refined by addition of terms to be a composition series of L, that is, 
a normal series in which each algebra is a maximal ideal in the following. 
A composition series from A to B is similarly defined. The difference algebras 
of a normal series of L are called the factors of the normal series; those of a 
composition series of L are called composition factors or simple factors of L. 
From the Jordan-Holder theorem ? we know that the factors in a composition 
series from A to B are determined up to isomorphism. 

‘If A and B are subspaces of L, then for ae A, be B, [A, B] denotes the 
spaces spanned by the products [a,b]. It is immediate from (1) and (2) 
that if A and B are ideals, then [A,B] is an ideal. In particular the terms 
of the sequences 


BOLD D E = [L,I] D I = [ID 


? See for instance Zassenhaus [8], p. 14. 
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and 
L =) E — [Z, L] =) Ef = LE, r] D L® Peth [zL”, r] 2 se "2 


are ideals of Z. The first of these is called the power sequence of L; the 
second, the sequence of derived algebras of L. If the power sequence ends 
with (0), the algebra is nilpotent. If the sequence of derived algebras ends 
with (0), the algebra is solvable. L™ C L” for n= 1,%,: -+ and hence™ 
nilpotent algebra is always solvable. The composition factors of a Lie algebra 
are all one-dimensional if and only if the algebra is solvable. Subalgebras 
and difference algebras of solvable or nilpotent Lie algebras are solvable or 
nilpotent respectively. 

It is well known that the join of two solvable ideals is a solvable ideal; 
and the join of two nilpotent ideals is a nilpotent ideal. Therefore every Lie 
algebra has a unique maximal solvable ideal called the radical and a unique 
maximal nilpotent ideal, the nil radical. An algebra with zero radical is said 
to be semisimple. 

A Lie algebra L is Abelian if L’ == [L, L] = (0); hence an Abelian 
algebra is always solvable. The center of a Lie algebra L is the subalgebra 
consisting of all elements x such that [7,2] = (0). The centralizer of a 
set of elements A of L is the set Z(A) of elements 2 of L such that 
[z, A] = (0). It is easy to check that Z(A) is always an algebra and that 
if A is an ideal of Z then so also is Z(A). It follows that the center of 
a Lie algebra L is always an ideal. Any nilpotent Lie algebra has a non- 
zero center. 

If L is a Lie algebra, a linear transformation À acting on L is a 
derivation if for a, be L, à 


(3) [as byh = [ah, b] + Ca, bh]. 


It is to be noted that the derivations of L form a Lie algebra if commutation 
[hi he] is defined to be the linear transformation Añ2— ho. For it is 
easy to verify that this mapping is a derivation. The algebra of all deriva- 
tions of L will be denoted by D(L). 

If k is an element of L, then it follows from (1) and (2) that the 
adjoint mapping which maps a into [a, k] for all ae L is a derivation; this 
will be called an inner derivation and will be denoted by adk or &. By 
(1) and (2) 


La, Ce, 21] = [Le k], 1] 4- [k [a 1] = a (T —Th) 


for a, k, Le L and therefore the inner derivations form a subalgebra of D(L). 
The mapping k into Ẹ is a representation of L since it is a homomorphism 
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of L into an algebra of linear transformations; it is called the adjoint 
representation of L. Obviously the kernel of the adjoint representation is 
the center of L. If L has no center then the adjoint representation is an 
isomorphism of Z onto the algebra of inner derivations of L. 
The mapping Tis nilpotent in L if LĪ» — (0) for some m. If7—adl 
is nilpotent in L for every Je L, then by Engels theorem? L is nilpotent. 
L is a solvable Lie algebra over a field of characteristic zero then Lie’s 
theorem * states that I’ = [L, L] is nilpotent. Finally if L is a semisimple 
Lie algebra over a field of characteristic zero then by Cartan’s theorem * 
L=M,@---@®@M,, where for i= 1,: --,r, M; is a simple non-Abelian 
algebra which is an ideal of L. 


2. Elementary properties of subinvariant subalgebras. 


Definition. A is a subinvariant subalgebra of a Lie algebra L (or A is 
subinvariant in L) if there exist subalgebras A; of L, i == 0,1,2,: - -,7, such 
that A = A,, L= Ao, and A; is an ideal of Aj. 

If A is subinvariant in L we write À << Lor L Dp A. It is obvious 
that a subalgebra is subinvariant if and only if it is a member of a normal 
series of L. 

Some easy consequences of the definition of subinvariance are given in 


THEOREM 1. Let À and B be subinvariant in L, O subinvariant in A 
and let L* be any subalgebra of L. Then 

(a) C is subinvariant in I. | 

(b) 4 N L* is subinvariant in L*. 

(c) If ACL*, then A is subinvariant in L*. 

(d) A) B is subinvariant in L. 

(e) If vis a homomorphism of L onto L, then Av == A is subinvariant 
in L. 

(f) Conversely, if F is subinvariant in L, and if F is the complete 
inverse image of F under v, then F is subinvariant in L. 

(g) If L ts nilpotent, then L* is subinvariant in L. 

Proof. (a) follows directly from the definition of subinvariant sub- 


algebra; for C = Cs O1 * + < 01d 4 = 4,4: : : Aa DL. To prove 


3 See Jacobson [4], p. 881. 
4 Ibid., p. 880. 
5 See Cartan [1], p. 53; or Weyl [6], pp. 363 ff. 


“415 
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(b) we have L= 40 DAT: - DA= A and we let (L* N 4) = Ai 
for +=0,1,2, --,7. Then since A; © Am it follows that Aj® D> Am”, 
j—=0,1,::-,1—1 For if ae A;*, am” e 4j", then [aj*, a] © Aja” 
= (L# (Aya). Therefore L* = AD A,)* >: ++ D A= (ALI), 
proving (b). Also, (c) follows immediately from (b); and (d) follows 
from (c) with (a). à 

To prove (e) we have L= 4D A: D Ar= A. If for i— 0,1, 
2, <>, T, Aw is denoted by Aj, then A; D Ais. For if d;e À;, where j =i, 
i +1, then ã&= ap for some aje A; and [ã; din] = [amur] £ A; since 
[ais Gui] eA; It follows that E= £, A5: :- D Ar= A. Conversely, 
to prove (£), if E = FD F, >--- D> F, == Ë, let F; be the complete inverse 
image of F, for i—0,1,: : -,r, and let fie Fi Then since [fi fin lv 
= fiv, fuw] £ Fin, it follows that [fi fur] € Pur and consequently Fia < Fi. 
Then L= F, > Fi >: D F, =F and F< <L, as was to be proved. 

Finally, to prove (g), let L be nilpotent. Then Z*=-0 for some k. 
Consequently L* 9 L* + D gq L* -p DT? q--- qi*+L=—L, and 
L* < <2. This completes the proof of all parts of the theorem. 


Lemma 1. If M is a maximal ideal of L and if A is subinvariant in L, 
then either AC M or A N) M is a maximal ideal of A and A — (Al M) 
= L— M. (Here = stands for isomorphic, ~ for homomorphic onto.) 


Proof. Let F=L—M. Then L~F, where F is simple. Since 
composition series map into composition series under homomorphism, either 
A maps into (0), in which case AC M, or A maps onto F and then 
(A+M)—M=F=L—M. It follows from the Second Isomorphism 
Theorem ° that A — (A N M) = L— M, proving the lemma. 

As a consequence we have 


THEOREM 2. If À and B are subinvariant subalgebras of L, then the 
factors in a composition series from B to A {|B appear among those in a 
composition series from L to À. 


Proof. L == Ao œ 4>: Dœ Ar=A, where for t= 1,2,- - 


“ST, 
A, is a maximal ideal of Arı. Hence B = (B N Ao) > (B N 4 
(B N 4,) = (B N À) and the theorem is obvious. E = 


3. À subinvariant subalgebra as the sum of an ideal and a nilpotent 
algebra. A key result that will be used throughout our theory of sub- 
invariant Lie algebras is stated in 


ê See Zassenhaus [8], p. 12. 
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THEOREM 8. If A is a subinvariant subalgebra of a Lie algebra L, then 
AY = Nad? is an ideal of L. 


Proof. A® A? for some integer p because of the finite dimensionality 
of L. It must be shown that A? < L. We know that [Z, A?] C [[Z, A], 4] 
by (1) and (2), and we proceed by induction. If we assume for every 
subspace B of L that 

ÿ k times 
—_------> 
[B, AF] € Fe k -[[B, A], A], Pure A] 

then it follows that 


k factors k factors i 
G [+ - [[B, 4], 41,:--,41+ LE [B, A],- -:, AJA] 
k+1 factors 


CB À 


Hence for all n, 
n factors 


[L, Ar] ET: ee [L, A],° . -, A]. 


If n is chosen equal to p + q, where q is the number of factors in a com- 
position series from Z to A, then the theorem is proved. 


COROLLARY 1. If A is a subinvariant subalgebra of L such that A = A’, 
then A is an ideal of L. 


+ 


Remark. The following argument shows that the analogous statement 
is not true for finite groups. 

Let A and B be isomorphic finite groups and consider the direct product 
G of A and B. Then the elements of G can be written uniquely in the form 
a;b; where ae À, bje B. If a; and b; are corresponding elements under the 
isomorphism between A and B then the mapping a,b;-—> a,b; determines an 
automorphism of @ which we will denote by o. Obviously o is of order 2 
and if we form the subgroup A of the holomorph generated by o and G, then 
G is of index 2 in H and hence is normal in H. Then it is clear that o 
transforms A into B. That is, A is not normal in H. On the other hand A 
is normal in G and G is normal in H. Hence A is subinvariant but not 
invariant in H. This construction is available for an arbitrary group, in 
particular if the group A = [4, A], where [A, A] is the commutator sub- 
group of A, and hence we see that the analogue to Corollary 1 is not valid 
for finite groups. 
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We return to the theory of Lie algebras. 

Our next task is to obtain an expression for an arbitrary subinvariant 
subalgebra as the sum of an ideal and a nilpotent subalgebra. To do so we 
first review briefly some general concepts. 

If L is a vector space and À an arbitrary linear transformation on D, 


we put C = Nea Lht and let B = UB, where B, = {2 | tht — 0} is tie 
linear subspace of L consisting of all elements x such that shi —0. Then 
C=Ch, Bh*—0 for some n because of the finite dimensionality, and 
L=B-+0C." The spaces C and B will be called the preserved space and nil 
space, respectively, of L relative to h, or briefly of h if there is no danger 
of ambiguity. If in particular L is a Lie algebra and h a derivation, then 
the nil space B of À is an algebra. For if be B for i= 1,2, then bhs — 0 
for some s It follows from Leibniz’s rule that 
[bn ba] herten = = e -+ . — *} [fr bahertss-1-t] — 0 
since either t = sı or 8 + s2 —1— tZ s, Hence [bı, b2] e B and B is an 
algebra as asserted. B is called the nil algebra of L relative to h, or briefly, 
of h. 
It is now possible to prove 


THEOREM 4. If L is a Lie algebra, then L= Le + H, where H is a 
nilpotent algebra and L° = Mali. 


Proof. Let n be the dimension of L and assume the theorem true for 
algebras of dimension less than n. If Lin — 0 for all le L, where T— ad 4 
then L is nilpotent by Engels theorem, and there is nothing to prove. 

Otherwise there is some l£ L such that J) is not nilpotent in L. By 
the above remarks L = B + C, where C is the nil algebra of lọ with dimension 
less than n and B is the preserved space. Since Bl, == B, it follows that 
BC I”. On the other hand by the induction assumption C == C® + H, 
where H is a nilpotent algebra. But C° Œ Le. Therefore L—B+C 
= B + Co + H = Le + H because B + Ce C I, and the theorem is proved. 

Combining the two previous theorems we have the desired result. 


THEOREM 5. If A is a subinvariant subalgebra of a Ine algebra L, then 
A = A? + H, where Ac = Miadi is an ideal of L, and H is a nilpotent 


algebra. 


7 See Jacobson [5], p. 9. 
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We could now pass immediately to Sections 8 and 9 and prove the tower 
theorem. Before doing so, however, we will first complete the general theory. 


4, The radical and nil radical of a subinvariant subalgebra. This and 
the following three sections will deal with Lie algebras over a field of 
gharacteristic zero. 


Lemma 2. A solvable subinvariant subalgebra of a Lie algebra over a 
field of characteristic zero is contained in the radical of the algebra. 


Proof, Let L be the Lie algebra with radical Æ and solvable subinvariant 
subalgebra S. If L= L— R, then L is semisimple and by Cartan’s theorem 
L= uD: O Mn, where for i~1,---,n, M is a simple non-Abelian 
ideal of Z. It follows from the form of Z that as a subinvariant subalgebra 
of D, S—=(S+R)—R= MD OM, SaS Kin But 
S is solvable and has no non-Abelian factors. Therefore == 0 and SCR 
as the lemma asserts. 

The next lemma gives results which are well known,® but the proof is 
inserted here for completeness. 


Lemma 8. The radical R and nil radical N of a Lie algebra L over a 
field of characteristic zero are left invariant by every derivation d of L; and 
in fact Rd CN. 


Proof. Let d be a derivation of L and form the Lie algebra L = L + à 
where multiplication between d and le L is defined to be [1,4] = lå. From 
this it is obvious that L < L. Let À be the radical of Z. Then RCN L; 
for RCL, and by the preceding lemma RC À since RJ L<L. On the 
other hand À N L is an ideal of Z since both À and L are ideals of L. 
It follows that È fN L is an ideal of Z. Since R is solvable, À N L is a 
solvable ideal of L and NLC R. Hence R=R fA L. As we have seen, 
this implies that R is an ideal of Z and therefore Rd CR; and thus the 
radical is invariant under every derivation d of L, as the first part of the 
lemma asserts. i 

To show that the nil radical N is invariant with respect to the derivation 
d we consider the subalgebra R, = R + d of L+d—Z. This is a sub- 
algebra since it has already been shown that Rd CR. It follows that R, 
is solvable and consequently by Lie’s theorem R’ = [R,, R,] is nilpotent. 


8 The proof given here was presented by Professor N. Jacobson to his class in non- 
associative algebras at Yale University. See also Hochschild [3], p. 62. 


462 EUGENE SCHENKMAN. 


But R; < R,; hence R’ < R since R’ C R. Then as a nilpotent ideal of R, 
Ry C Na, the nil radical of R. Hence Rd CRY C Np. By taking d to be 
an inner derivation determined by the element ! of L we have [R,1] C Npr. 
Since this is true for all JeZ, [R,L] C Nr. Hence [Nr L] C Ne and 
Nr is a nilpotent ideal of L. Then by the definition of nil radical Nr G N. 
Obviously Ng dN and thus N = Npr. But we had Ra CNr Heng 
Rd C N and consequently also Nd C N, completing the proof of the lemma. 


Lemma 4. If M is a nilpotent subinvariant subalgebra of L, a Lie 
algebra over a field of characteristic zero, then: M is contained in N, the nil 
radical of L. 


Proof. M < <j Land therefore M À Mı 4 M: < -0o < Ma = L. For 
j—=1,:::,n, let N; be the nil radical of M; and let mje M; Then 
M CN, since M is a nilpotent ideal of M,. But for 4—1,: : -,n—1, 
LM, mui] C M; and therefore mi, defines a derivation m4 in M; It 
follows from the preceding lemma that Nitin, C Ni, whence N; S Min and 
consequently N; C Nane Then MEN CN, G. -e G Na =N, proving the 
lemma. : 

We can now prove the main result ‘of this section. 


THEOREM 6. Let L be a Lie algebra over a field of characteristic zero, 
with radical R and nil radical N. Let A be a subinvariant subalgebra of L 
with radical Ra and nil radical Na. Then Ra = A ) R and Na—=ANN. 


Proof. Af) R is a solvable ideal of A since R < L and hence A NM RC Ra. 
On the other hand R C A and, by Lemma 2, Ra CR. Hence Ra CAR 
and R4— A [)] R. In like manner Lemma 4 gives that Na — Af] N and 
the proof is complete. 


5. The sum theorems. 


THEOREM 7. Let À and B be subinvariant subalgebras of L, a Lie 
algebra over a field of characteristic zero. If {A,B} denotes the algebra 
generated by À and B, then {A, B} is subinvariant in L. 


Proof. If both A and B are nilpotent then, by Lemma 4, A, B and 
consequently {A,B} are contained in the nil radical N of L. Then by 
Theorem 1 (g), {A,B} is subinvariant in W and therefore in L. Thus in 
this case the theorem is true. 3 

In a general case we have (0) -< 4° or (0) 4B°. Therefore, by 
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Theorem 3; { 4%, B*} is a non zero ideal of L. Let À — (A + {A*+ B*}) 
— {A°, Be}, B — (B + {Av,Bv}) — {Av, Be}. Then À and Ë are nilpotent 
in £—L— {A®, Be} and by the first part of the proof {4, B} < qi. But 
(4, B} = {4, B} where {A, B} = {A, B} — {A*%, Be}. For if C; stands for 
A or B, then {A, B} = S[-- - [Gi G2], - +, Gn] = SI - - [Ou Gel, - *, Ca] 
== {A,B}. Hence {4,B}— {4, B} and by the above {4,B} 4 QE. It 
follows from Theorem 1 (f) that {A,B} < < L and the proof is complete. 
In like manner we prove the following result. | 








THEOREM 8. Let À be subinvariant in L, a Lie algebra over a field of 
characteristic zero. Let b be any element of L and let A* be the smallest 
algebra containing A such that [A*,b] C A*. Then A* is subinvariant in D. 


Proof. We first note that A* = {9%40#}. For certainly {5.040} 
contains A and is invariant relative to à since the space spanned by Shao Abt 
is left invariant by 6. Hence (Die AD} D A*. On the other hand A* D A 
and since [A*, b] C A*, A* D A for all k. It follows that A* D {3 p04b"}. 


Consequently A* = (Sper b*}. 

If now A is nilpotent then A CN, the nil radical of Z. But N is an 
ideal of L and therefore by its form A* C N and consequently A* is sub- 
invariant in L. If A is not nilpotent then À is a non zero ideal of L. 
Let L—L— Av, À — A Av, A* = A*— Av, and b=b+ 4%. Then 
AF = (Syed b*} = (Sibt), But A is in the nil radical of Z and hence 
so also is (35-461) = A*, Jt follows that A* <j < Z and hence A* <q] < L, 
proving the theorem. 

From Theorem 2 we know that if A and B are subinvariant then the 
factors in a composition series between A and (4 A B) occur among those 
in a composition series between {A,B} and B. The converse of this, namely 
that the factors in a composition series from {A,B} to B occur among those 
in a composition series from A to (A [] B) is true if we add the qualifying 
statement “not counting multiplicities of one-dimensional factors,” and if 
we assume that the base field has characteristic zero. To show this we need 
the following result. 


Lemma 5. If Lis a Lie algebra over a field of characteristic zero, then 
D = L” LR, where LO) = Niel and R is the radical of L. 
Proof. L— R is semisimple. Therefore L—R—[L—R&,L— R] 
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= + :æ(L—R)® and L—R—(L(® +R)—R. Consequently 
== L(®) +. R as was to be shown. 

It is interesting to contrast this lemma with Theorem 5. If A is sub- 
invariant in L, and if Ra is the radical of A, then the lemma tells us that 
A is the sum of two algebras which are subinvariant in Z. On the other 
hand if the properties of A alone are being considered, then the expression 
A” + H given by Theorem 5 is useful because of the nilpotency of H. 


We will now prove the partial converse of Theorem 2. 


THEOREM 9. If A and B are subinvariant in L, a Lie algebra over a 
field of characteristic zero, then the factors in a composition series from 
{A, B} to A occur among those in a composition series from B to (A N B), 
not counting multiplicities of one-dimensional factors. 


Proof. We observe first that the composition factors are never one- 
dimensional or Abelian between a Lie algebra and its radical and are always 
one-dimensional for a solvable algebra. Now by the corollary to Theorem 3, 


AM —Yind® ig an ideal of L. Let L—=L—A), A= A—A, 
B = (B + A“) —A), {4, B} = {A, B} —A™), and (4 f) B) = ((A N B) 
+ A@)) — A), We note that, as in the proof of Theorem 7, {A,B} = {4, B} 
and (A [] B) =A N B. Then it is well known that the composition factors 
from {A,B} to A are the same as those from {A,B} to A. Also the factors 
between B and (A [] B) occur among those between B and A f B. Hence 
it is sufficient to prove the theorem for À, B in Z. 

In this case À and consequently (4 ( B) are solvable. By the preceding 


lemma B = Bw) + Ry where Ry is the radical of B and BO) — NB. 
Then Rp and À are contained in À, the radical of Z. Hence {A, B} = (4, B} 
= (4, BO, Be} G {B0 À} = Bw) + Ë since each of the latter algebras 
is an ideal of Z. Now the non-Abelian composition factors of B + & are 
the same as those of (B + &) — È, and consequently are contained in Bo ` 
since (B + 8) — Ř is a homomorphic image of B, It follows that the 
non-Abelian composition factors of {A,B} must occur among those of BY), 
consequently in B; and hence between B and (Af) B), since (4 NB) is 
solvable, and therefore in Rp. 

There are two possible cases in considering the one-dimensional factors. 
First there may be one or more one-dimensional factors between B and 
(Aj B) ; in this case the theorem is obviously true. On the other hand, if 
none of the factors from B to (4 N B) is one-dimensional then Žr = (4 N B), 
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since the latter is solvable and subinvariant and hence contained in Rs. 
In this case, {4, B} — {4, BU), Bp} = (A, B9} = À + Be), since BY) 
is an ideal of Ë. Then À is the radical of À + B). For certainly À is 
contained in $, the radical of À +B). On the other hand, if 5e 5, then 
Sum G+ 5, where de À, be BW), But then since äeð, beð and be Ës GA; 

hence S C A. It follows that À is the radical of À + Be) = {A, B} anid 
the factors from {À, B} to A are non-Abelian. This completes the proof of 
the theorem. 


6. The minimal subinvariant subalgebra determined by a single 
element. It is clear that there is a unique minimal subinvariant subalgebra 
determined by an arbitrary element of a Lie algebra because of the finite 
dimensionality and because the intersection of two subinvariant algebras is 
subinvariant. 

We shall consider first the minimal subinvariant subalgebra determined 
by an element of the radical. For this we need the following result. 


Lemma 6. Let a-be an element of the Lie algebra L over an arbitrary 


field, and let L, be the preserved space of &. If ae A, A subinvariant in L, 
then L is contained in A. 


Proof. L, == Lã, which for k large enough is in A, since ae A, and 
A is subinvariant in L. 
We can now prove the following theorem. 


THEOREM 10. Let R be the radical of L, a Lie algebra over a field of 
characteristic zero, and let L, be the preserved space in L of the derivation à 
determined by an element a in R. Let La be the algebra generated by Ly, 
and let La-+ (a) =A. Then A is the minimal subinvariant subalgebra 
of L containing a, and La is an ideal of L. La will be called the associated 
ideal to a. 


Proof. In order to prove that A is an algebra it is sufficient to observe 
that if dada, then L, = L, and consequently Z4 CL, We observe 
next that Lı = Lã C R, since ae R and R is an ideal. It follows that 
L = L&C BR’ CN, the nil radical of L, and consequently La CN. Then 
for all s, [N*, La] CN. Let? = Ny, @ Nis where No is the nil space, 
N:,s the preserved space of NS relative to 4 Then Nis C L, Cl, and 
Most = 0 for k, depending on s. If N*—0 we have 


La (a) =A I A + Nor JA + Mopar? 


d'A + Nop A + NE GAL NH Nos airs 
qd J4+N<RAL 
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where each step is true because of the facts that À = Le + (a), [W*, Le] C Ne", 
and [No t-rã 2r, a] = No, trâ ort for 0 <r < t and 0 < pr < ktr This 
proves that A is subinvariant in L. A is the minimal subinvariant subalgebra 
containing a by the previous lemma. 


To show that La is an ideal of L we show that La = Madi, as follows. 
La D Mindt; for Ia D 4?, since A= La + (a) and LCL, On the 


other hand, L, = L&C Nidi and consequently Le C De since La is 
the algebra generated by Lı. Then by Theorem 3, La is an ideal of L, and 
the proof of the theorem is complete. 

We observe that if ae N, then L, = 0, A = (a) and the theorem is true 
by virtue of Theorem 1 (g). 

The next task is to study the subinvariant subalgebras which map onto 
the simple components of a Lie algebra modulo its radical. The result that 
we shall need is contained in the following theorem. 


THEOREM 11. Let L be a Lie algebra over a field of characteristic zero 


n 
with radical R; and let L= L — R = Xin Mi, where for i—1,:::,n, 
Ñ, is a simple algebra and an ideal of L. If v is the natural mapping 
of L onto È, let T; be the complete inverse image under v of Mi Then 


Tito) = ral: is an ideal of L such that T: v = M, and T;,™ is con- 
tained in every subvariant subalgebra of L which maps under v onto My. 


Proof. Since M; is an ideal of Z, it follows that T; and consequently 
T,™ are ideals of L. Now, T; contains # and R is the radical of T;. By 
its definition T; — R = M;, and therefore in a composition series of T; there 
is only one simple non-Abelian factor, and this factor is isomorphic to fi. 
It follows that if A; is any subinvariant subalgebra of T, then a simple 
non-Abelian factor must occur either in a composition series from T; to A; 
or in that of Aj, but not in both series. In the former case À; is solvable 
and hence is contained in R; in the latter case A; is not solvable and Ay = Mj. 

Suppose now that A; and B; are subinvariant subalgebras of L which 
map under yv onto if; Then A; and B; are contained in Ti, since Ti is the 
complete inverse image of M;; and the simple factors between T; and A; 
and between T, and B; are all one-dimensional, since Ai = Bw = M, By 
Theorem 2 it follows that the simple factors between A; and (4; N Bi) are 
one-dimensional and hence the same result holds for the simple factors 
between T; and (A;{)B;). It follows that (4; N Bir— Ms From this 
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together with the facts that (4: N B;) is subinvariant in L and that L is 
finite-dimensional we know that there exists a subinvariant subalgebra V, 
of L such that Vi = M, and such that V; C A; if A; is any subinvariant 
subalgebra of L whose image under v is M, Now, Tiy = Ñ, since the 
simple factors between T; and T;(® are one-dimensional and T;(#) is sub- 
invariant, in fact, an ideal of L. Hence T: D V; But then the factors 
between 7,(“) and V; are one-dimensional since Tv = Vi = M, This 
implies that T; — V; and the theorem is proved. 


We note that (SiaTs)y—= SiaM;—L and hence the composition 


factors between L and UIC) are all one-dimensional. It follows that 
LE) Cia). On the other hand (Xiali Y = Di T: and hence 


Le) — ali. Then from Lemma 5 we also have that L — D Tito) +R. 
If now 7 is arbitrary in L, let Iv = Sjermj, where J = (i : : ,i) and 
‘where mje Mj, m;540. It is possible to choose be ®je T; such that 
by = lv, since Dyes; maps onto Xjes Tj. Hence !—b—aeR and we 
let Z, be the associated ideal of a. The characterization of the minimal sub- 
invariant subalgebra determined by Z is then given in the following theorem. 


THEOREM 12. Let L be a Ine algebra satisfying the hypotheses of the 
preceding theorem. Let A be the minimal subinvariant subalgebra deter- 
mined by an arbitrary element l of L. Then in the notation above, 


A = DjesT i + La + (a). 


Proof. Av contains ly = Des, where m;540. Hence Ay contains 
Der M ;, since the only ideals and therefore the only subinvariant subalgebras 
of a semisimple algebra are sums of the simple components. It follows 
from Theorem 11 that A contains Sjes7;). Then be A and consequently 
I—b—aeA. Then by Theorem 10, Z € A. Therefore À D DjesT;™ 
+ La + (a). But the latter expression represents a subinvariant algebra 
containing l. For La + (a) is subinvariant by Theorem 10; and Sjey T; 
is an ideal. Hence by the minimality of A, A = SjeyTj; + La + (a), and 
the theorem is proved. 


7. The greatest subinvariant subalgebra contained in, and the least 
subinvariant subalgebra containing, an arbitrary algebra. If U is an arbi- 
trary subalgebra of a Lie algebra L, let U,, denote the algebra generated by 
all the subinvariant subalgebras of L contained in U; and let U* denote the 
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intersection of all the subinvariant subalgebras of L containing U. Then by 
Theorem 1 (d), U* is minimal such that U* <3 < L and U* DU. If the 
base field of the algebra is of characteristic zero, then by Theorem 7, Ug is 
maximal such that U, 4 < L and U, CU. We observe that U} CU G U*. 


The following results analogous to those for finite groups are then valid. 


3 
Lemma 7. If U is any subalgebra of a Lie algebra L over a field of 
characteristic zero, then U, is an ideal of U. 


Proof. Let b be any element of U. If U, is the minimal algebra such 
that 0, U, and [Ui,6] CU, then it follows from Theorem 8 that U, 
is subinvariant in L. Obviously U, C U and therefore U, C U,. It follows 
that [U,, 0] CU, for all be U and therefore U is an ideal of U. 


THEOREM 18. If U and V are subalgebras of a Lie algebra L over an 
arbitrary field and if {U, YV} =U + Y, then {U*, V*} = U* + V*, 


Proof. It will be sufficient to show that U* = U + U*v and V* == V+ pre, 
since U*® and V*® are ideals of L. Obviously U* D U + U**, On the 
other hand, (U + U*#) —U** is a subalgebra of the nilpotent algebra 
U* —U**, Hence by Theorem 1 (g), (U + U**) — U* is subinvariant 
in U*— U**, which by Theorem 1 (e) is subinvariant in L—U*v, Then 
by Theorem 1 (£), U + U*® is subinvariant in L and therefore U + U** 2 U*, 
It follows that U*— U + U**, Likewise V* = V + V** and the proof is 
complete. 

The following example shows that {U,V} = U + V need not imply that 
{U,,Vx}=U,+V,. Let L—S@N where § is semisimple and N is 
the nilpotent algebra with basis x,y,z such that [x, y] =z, [x,2] = [y, z] 
== 0; and let N and g be ideals of L. Then if s is an element of S, consider 
the subalgebras U = {s,s}, V = {y,s—z}. Then {U, V} = {s, 2, y, 8s — z} 
Ss (z, Y, 2,8) =U +V. But U; = (£), V = (y); and {Ux Va} = {2,9} 
= (2, 9,2) Un + Vi 

We now give a generalization of Theorem 7 to the case where one of the 
algebras need not be subinvariant. 


THEOREM 14. Let A be subinvariant in a Lie algebra over a field of 
characteristic zero. Det V be any subalgebra of L, and let K = {4, V}. 
Then the composition factors from K* to K, are a part of those from V* to Vy. 


Proof. By Lemma Y, K, is an ideal of K. Therefore since Y G K, 
{K,, V} =K 4+ V. Then by the preceding theorem {K}, V*} = K, + V*. 
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It follows that the composition factors from K- V* to Kẹ are the same 
as those from V* to V*(] Ką. For by Theorem 2 the composition factors 
from V* to V* () Ky occur those from K, + V* to K,. On the other hand 
if two algebras of a series from Kẹ + V* to K, have the same intersections 
with V*, then by their forms they must be the same algebras and hence 
there is a one-to-one correspondence between the composition factors of the 
two series, Kẹ + V* to K,, and V* to V* N Ky. 

Now V CK and therefore V, C V* N Ka. Also AC Ka VC V*; 
consequently K = {A, V} C {K}, V*} =K, + V* and K* CK, + V*. We 
then have that Va C V* Q K CV* and K, CK* CK, + V* and it is 
easy to check that the theorem follows. 

Now let k be any element of a Lie algebra L and denote the nil algebra 
determined by the derivation & by K. We recall that k is called a regular 
element if dim K is minimal for all the elements k of L; and in this case K 
is called a Cartan subalgebra. The theory of these subalgebras is funda- 
mental in the general structure theory of Lie algebras. The following result 
may therefore be of interest. 


THEOREM 15. If K ts a Cartan subalgebra of a Ine algebra L over an 
arbitrary field, then (1) K* =L. (2) K, need not be an ideal of L? 


Proof. Let K be the nil algebra of k. Then L = K @ In, where Ly, is 
the preserved space of & By Lemma 6, K* D L,. Hence K* DL,+K—L 
and K*= L, proving (1). To prove (2) we construct the algebra 
A = {a, d2, b, k} for which a partial multiplication table is defined to be 
Cars a2] = 0, [a,b] = 0, Car, 6] =a, [a2,b] =a, [a2, k] = de, [6, k] = 0; 
the other products are defined in the obvious way and it is easy to 
see that A is an algebra. The subalgebra K = {b, k} — (b, k) is the nil 
algebra of & and is a Cartan subalgebra. For otherwise there would be an 
element whose adjoint mapping determines a one-dimensional nil algebra 
and hence a preserved space of dimension three. But this is impossible since 
A’ = [A, A] = (t, &2) is of dimension two. Therefore K is a Cartan sub- 
algebra as asserted. Now K., cannot contain k, else by Lemma 6 Kẹ would 
contain the preserved space of &, which is (a:,@2). On the other hand 
B= (b) < {b,a} < {b, a, a2} < A, and therefore B—K,. But B is not 
an ideal of A, for [b, a2] = — a, £ B; and the proof is complete. 


The above algebra A also illustrates that the centralizer of a subinvariant 


° Compare Wielandt’s result [7], p. 229. If Ş is a Sylow subgroup of a finite 
group G, then S* and S, are normal subgroups of G. 
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need not be subinvariant. For if Z is the centralizer of B, then Z == (a, b, k). 
But [az k] = a, and therefore Z is not subinvariant in A. 


8. The centralizer of a subinvariant subalgebra. The object of this 
and the following sections will be to prove the tower theorem for Lie algebras. 
The results depend only on those of Section 1 through 3 and are valid fpr 
an arbitrary base field. 


We begin with two lemmas. 


Lemma 8. If H is a nilpotent Lie algebra with center Q, and if P (0) 
is an ideal of H, then (P N Q) = (0). 


Proof. For some n, 


| n-i times n times 
D e L, H], g H] <4 (0), f ap [P, H], E gabe | FF (0), 
n-1 times 
. . s tonnes 
since H is nilpotent. Therefore [---[P,H],---,H]CQ. But 
n-1 times l 

[ :-[P,4],:--,H]CP since P is an ideal. Therefore P N Q (0) 
as was asserted. 


Lexma 9. Let A be a Lie algebra over an arbitrary field and let 


AY = Nin d®. If Z is the centralizer of A? in A, and if Z is not contained 
in A’, then A has a center not equal to zero. 


Proof. A” is an ideal of A and consequently so also is Z. By Theorem 4, 
A = A” + H, where H is a nilpotent algebra, Let 4, = Z + H. Then A, 
is an algebra, since Z is an ideal and H is an algebra. Hence A, = A,“ + Ay, 
where H, is a nilpotent algebra. But 4,°— (Z + H)” CZ by the nilpotency 
of H and because Z is an ideal. If Z CA,%, then Z G Ae, since A,” C A. 
But this contradicts the hypothesis that Z Œ A”. It follows that there is a 
eZ, 2, 6A. We shall write zı == a + hı, where a,c A,” and h,e Ay. 
This is permissible since Z C A,“ + Hy. Now h, £0, else z, € A,”, contrary 
to the choice of z. Hence h, == 2,—a,"eZ, since z, eZ and ae 4,0 CZ. 
It follows that H, N Z = (0). 


Now H,{)Z is an ideal of H,, since Z is an ideal of A. H, has a 
center Q = 0, since HM, is nilpotent. Consequently by the previous lemma 
P=(Hi11Z)11Q0. Finally, P is in the center of A. For A = A*%+ dH, 
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where H C A,“-+ H,; and hence H C 4e + Hy, since 4,2 O 4%. Conse- 
quently A = A? + H,. But P is in the centralizer of A® since P CZ, and 
P is in the center of H, since PC Q. Therefore P is in the center of A, 
proving the lemma. 


We can now prove the following theorem. 


THEOREM 16. Let L be a Lie algebra over an arbitrary field. If A is 
subinvariant in L and if A has centralizer (0), then the centralizer Z of 


A® =f) na Ak is contained in A®. 


Proof. A) Z is contained in A® for if not, then by the previous lemma, 
A would have a center not equal to zero, contrary to hypothesis. Suppose Z 
is not contained in A”; then by the above remark Z is not contained in A. 
Now A® is an ideal of L and consequently so also is Z. It follows that 
A+Z-=K is an algebra, and ASK since Z Œ A. Then since A < < L, 
À < A, < < K, where A, AA. Let a, be an element of Ai, a, fA. By the 
form of K, a, =a-+%, where ae A, eZ, and zg A since m gA. Let 


B= A + (4). B is an algebra since A is an ideal of 4,. Let Be = Nia B. 
Then B® == Av. For B*D At for all k since BD A. On the other hand, 
[4, 1] € 4 NZ since A is an ideal of A, and Z is an ideal of L. But 
ANZA”, and hence B* C A# for all 4 > 1. Then since z, £ A”, by the 
previous lemma we know that B has a center and consequently A has a non- 
zero centralizer in Z. But this is contrary to hypothesis and hence Z must 
be contained in A”, as the theorem asserts. 


9. The Tower theorem. Before we state the tower theorem it is con- 
venient to have the following lemma. 


Lemma 10. Let L be a Lie algebra with center zero, and let D, be the 
derivation algebra of L, D the algebra of all inner derivations of L. Then 
(1) L is isomorphic to Do; (2) D, is an ideal of Dı; (8) the centralizer of 
D, in D, is zero. 


Proof. Since L has center zero, it is evident that the representation of 

L by D, is an isomorphism, proving (1). To show that D, is an ideal 

of Dı, we let de Do correspond to de L; that is, for ve L, ad = [z, d]. 

Then for arbitrary de D, a[ ds, ä] = «(dd — dd;) = Leds, d] — [x, d] dy 

= [zd d] — [rd, d] — [2, dd] =— |7, dd]. Hence [d, d| is an inner 
derivation, which means that D, is an ideal of D,, proving (2). 
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_ Finally, if å, is in the centralizer of D, in D,, then [d:,d] == 0 for all 
de Do; whence by the above calculation [æ, dd] 0 for all s. But L has 
center zero. Therefore dd,—0 for all de L. Hence d, = 0, proving the 
last statement of the lemma. 

It follows from the lemma that if L has center zero, then L = Dp, 


D(L) has no center, and L < D(L). Accordingly we can make the followigg 
definition. 


Definition. If Lis a Lie algebra with center zero, let D, = L, D, = D(L), 
the derivation algebra of L,:--,D,—D(Dy:),:::, then the series of 
algebras Do, Di, D2, - - is called the tower of derivation algebras of D. 


We wish to find a bound for the dimensions of the algebras Dr, 
k==1,2,---, of the tower of derivation algebras of an arbitrary Lie 
algebra with center zero. The result is given in the following theorem. 


THEOREM 17. Let L be a Lie algebra over an arbitrary field and let 
the center of L be zero, so that L= De. Then Do, D;,: © +, Dn, the tower 
of derivation algebras of L, ends finitely, and dim D, S d + c, where d is 


the dimension of the derivation algebra of LY = Fate and c is the 
dimension of the center of Le. 


Two lemmas are needed in the proof. 


Lemma 11. If À is an ideal of L and Z is the centralizer of À in L, 
then dim L = dim Z + d, where d — dim D(A), the derivation algebra of A. 


Proof. For leZ, [4,1] CA, since A is an ideal of L. It follows 
that T= ad? acting in A is a derivation of A. Consequently there are at 
most d linearly independent derivations ,:--,1,, where r = d. Then the 
mapping of L onto the space (1,,---,1-) has Z for its kernel. Therefore, 
dim L = dim Z +-r. But rd, and the lemma follows. 


Lemma 12. If A <A, < <L, if the centralizer of A in À: is zero, 
and if the centraliser of A, in L is zero, then the centralizer of A in L is zero. 


Proof. We will suppose on the contrary that A has centralizer Z 4 (0) 
in L. Then Z{) A, = (0) by hypothesis. Consequently P = {41,7} A 41. 
Now A < A, and [A,Z] = (0). Therefore A <P and hence Z <P. It 
follows that P = 4,17. But A, <j) <L. Therefore À, 4 < P 4 A, and 
Ay <å: Q AP, 4232 Ax. Choose @z€ As, af 41 By the form of P, 
aa = On + 2, € A1, 2e Z, where z£0 since a2#A,. Then [z,4,] CA, 1) 2 
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since A, is an ideal of A, and Z an ideal of P. But 4, N Z= (0) and 
therefore z+40 is in the centralizer of A;, contradicting the hypothesis that 
A, had centralizer zero in L. Thus the lemma is established. 


The proof of Theorem 17 will now be given. By Lemma 10, 
L =D, dD, 4 D: 4: > +< Da A Daw <: where, for all 1, Di, has zero 
` cemtralizer in D, Suppose that D,, has zero centralizer in Da. Then it 
follows from Lemma 12 that D, (y) has zero centralizer in D,. Since the 
statement is true for p= 1 by Lemma 10, it is true for all p; in particular, 
for p= n, whence Dpn—D,=L has zero centralizer in D, It follows 
from Theorem 16 that the centralizer of Le in D, is contained in L* and 
hence has dimension c. Furthermore, LY’ is an ideal of D, and hence by 
Lemma 11, dim D, = d + c, as the theorem asserts. 

Since D, has center zero for all n, the dimension of D, is non-decreasing 
as a function of n, and it is immediate from the theorem that for some n 
all the derivations of D, are inner. This result was announced by C. Chevalley 
[2] for Lie algebras of characteristic zero. 


As a corollary of the Tower Theorem we have the following result. 


THEOREM 18. Let L be a Lie algebra with zero center over an arbitrary 
field. If L is isomorphic to an ideal K of the holomorph of L® such that K 
contains L, then dim D(L) =d + c, where again d = dim D(L®) and c 
ts the dimension of the center of L*. It follows that D(L) has only inner 
derivations. 


Proof. We recall that the holomorph of Le is the semi-direct sum 
H = L* + D(L*), where for le Le, de D(Lv), [l, d] is defined to be Id. 
It is then obvious that Le is an ideal of H and hence of K. We have thus 
that Led K < H. 

Now there are d linearly independent elements of H which determine 
linearly independent derivations of L® and hence of K. Furthermore, there 
are c linearly independent elements of H which are in the center of LY’ and 
hence are in K. But K is isomorphic to L and hence has no center. There- 
fore these c elements determine linearly independent derivations of K which 
are independent of the d elements above since they map L* into zero. Hence 
dim D(K) =d+ c and consequently dim D(L) =d-+c. But from the 
Tower Theorem we know dim D(L) S d + c, and hence dim D(L) =d + 0, 
as asserted. Again it follows from the Tower Theorem that all the derivations 
of D(L) are inner, and the proof is complete. 


16 
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For the particular case where L — I’, the above result was proved by 
Zassenhaus.1° | 

The following special case of the preceding theorem may also be of 
interest. 


COROLLARY. All the derivations of the holomorph of an Abelian Lie 
algebra are inner. ii 


Proof. Let A be an Abelian Lie algebra. Let H — À + D(A) be the 
holomorph of A. Consider the subalgebra L = À + (7); where j is the 
identity derivation of A; that is, aj =a for all ae A. Then L has no center. 
Furthermore it is easy to verify that (i, d]— 0 for all de D(A), and hence 
L is an ideal of H. Finally, we note that L®— A and hence the previous 
theorem applies. Therefore dim D(L) =d + c, where d = dim D(A), and 
c = dim À since À is Abelian. But dim H = d + c, and since the centralizer 
of L in H is (0), it follows that D(L) = H, and the corollary follows. 


LOUISIANA STATE UNIVERSITY. 
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HOMOMORPHISMS OF A SEMIGROUP ONTO A GROUP.* 
By R. R. STOLL. 


* Among the homomorphie images of a semigroup S (= a set closed with 
respect to an associative binary operation) there is at least one group, namely 
the unit group J. The question arises as to the existence of maximal group 
images of some sort for a given S. The answer is trivial if § contains a zero 
element, i.e. an element 0 such that 02 = 20 == 0 for all xe S, since then J 
is the only group image. In such cases the question has a broader scope if 
asked in connection with images of the form, a group with a zero element 
adjoined. These images exist if and only if S contain a prime ideal, according 
to Theorem 1. 

In the present paper the notions of a maximal group image and maximal 
group with zero image are formulated for a semigroup S and the construction 
of such images is discussed in terms of “normal” subsystems (generaliza- 
tions of a normal subgroup in the group case) of S, using a method devised - 
by Dubreil [2]. A set of independent defining conditions for these normal 
subsystems is obtained. Finally, several well known semigroups which have 
unique maximal images of the types under considerations are discussed. 

The most interesting examples are two classes of semigroups (regular 
sets of partial transformations of a set, and completely simple semigroups 
without zero) studied by Rees in [7] and [5] respectively, and one (semi- 
groups having zeroid elements) studied by Clifford and Miller in [1]. 

For the first class, the group image discussed by Rees is shown to be 
maximal. For the second class, the maximal group image can be described 
in terms of a homomorphic image of the basis group for the semigroup. For 
the third class, the group of zeroid elements is found to be the maximal 


group image. 


1. Group with zero images of a semigroup. The symbol G* will be 
used to denote the group G with a zero element adjoined. In order to charac- 
terize those semigroups which admit some G* as image, a definition is needed. 
By an ideal of a semigroup S is meant a subset P such that SP, PS CP. 
If, moreover, ab e P implies that at least one factor is in P, it is a prime ideal. 


* Received March 8, 1950; presented to the American Mathematical Society, 
September 7, 1948, í ; 


475 


476 R. R. STOLL. 


THEOREM 1. A semigroup S admits a group with zero as image if and 
only if it contains a prime ideal. 


Proof. Given «a: 8 — G*, it is easily verified that o*(0), where 0 is the 
zero element of G*, is a prime ideal. Conversely, if S contains the prime 
ideal P, © can be mapped onto J*, where J is the unit group, as follows: 
S—P71I,P->0. . 


In view of this result, we restrict our attention in this section to semi- 
groups $ with a prime ideal. A homomorphism of $ onto G* is characterized 
by a pair (G*, «) where « is the mapping function. For these pairs we make 


Definition 1. (Gi*, a1) —(G@:*,@) if and only if P(a,.) =P (æ) 
where P(a,) is the partition of S defined by the homomorphism «4. 


Equality of the above pair implies that G,* and G,* are isomorphic. 
As a representative of a class of equal pairs we may take the group with 
zero formed by the blocks of the common partition together with the homo- 
morphism of inclusion. Henceforth (@*,«) will denote such a pair. 

In order to determine the possible distinct pairs (@*,a) accompanying 
a given S, we use Dubreil’s results [2] which we now describe. His basic 
notion is that of the right quotient of a complex H C $ by an element acS: 


(H:a) = {te8 | ave H}. 


The principal right equivalence Ew induced in S by H is defined by 
a= b(mod Ey) if and only if (H:a) = (H:b). The right residue Ry is 
the set of all veg for which (H:s) is empty; Ry is a class mod Eg. The 
definitions of the principal left equivalence wE and left residue gẹ are clear. 
In the event Ey = gE and Ry = gR, i.e. H is symmetric, the common equi- 
valence relation € is a congruence relation, hence defines a homomorphic 
image S/€ of S where the correspondence is that of inclusion. Those Hs 
for which simultaneously S/€ is a group with zero and with which any given 
homomorphism (G*,@) can be duplicated, Dubreil calls the pseudo-normal 
and unitary subsemigroups N* of S. His results in this connection are 
summarized in 


THEOREM 2. The correspondence (G*,a) >N* —a4(e), where e is 
the unit element of G, is a one-one correspondence between the set © of 
distinct elements (G*,a) and the set N of pseudo-normal and unitary sub- 
semigroups N* of 8. Moreover, in the correspondence a:S—>G*, the 
residue R (a prime ideal) of N* is a@*(0) where 0 ts the zero element of G*. 


For the complexes N* it is possible to deduce from Dubreil’s paper the 
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following set of independent defining conditions: (i) N* is a subsemigroup, 
(ii) a,b 8, and abe N* imply bas N*, (iii) a,be S and a and ab in N* 
imply be N*, (iv) the residue Rye is non-empty. Since the conditions 
(i)-(iii) imply that N* is symmetric it is permissible to speak of the residue 
in (iv). 


THEOREM 3. The condition (ii) and (iii) above on a subsemigroup N* 
of S are equivalent to the condition 


(v) a,b,ceS and abc and ac in N* imply be NY. 


Proof. Assume that (v) holds. Then ab e N* implies (ab)? == a(ba)b e N*, 
implies ba e N*, so that (ii) holds. Next, a, ab € N* imply aba, a? e N*, hence 
be N* and (iii) holds. Conversely, if (ii) and (iii) hold, abc, ac e N* imply 
bca, cae N*, hence be N*. | 


Definition 2. In ©, call (G*,a) < (G:*, %2) if and only if the 
partition P(«) is a refinement of P(a,). 


THEOREM 4 (G,*,a,) < (G2*,a2) if and only if N:* D N* and 
R, = R., where R; is the residue of N;*, which in turn is the correspondent 
of (G;*, 0) in accordance with Theorem 2. 


Proof. If (Gi*, %1) < (Go*, a2) then N:* C N,” and R, C R,. But 
by the definition of the residue, xe R, implies xe Rs, so that R, C Re and 
equality follows. 


Conversely, if N,*C N,* and R, = R, we shall prove that a = b(mod Ey,+) 
implies a == b (mod Ex). By assumption this is true for elements in the 
residue, so suppose that (N2*:a)540. If ce(N.*:a) then ac and bc lie in 
N,*, and hence in N,*. If now ax e N,*, we use the foregoing conditions (i), 
| (v), (iii) for pseudo-normal and unitary subsemigroups in turn, to conclude 
that since aw- be —a(ab)e and ac lie in N, so does xb, hence bx. Thus 
(Ni*:a) C (N,*:b). The reverse inequality is established similarly and 
equality holds; this means a==6(mod €y,-). 

The set N is the sum of the disjoint subsets Nre =— {N* eN | R is the 
residue of N*}. This decomposition of 9t defines a decomposition of G into 
disjoint classes Gr. If Mr is partially ordered by set inclusion and Gp is 
partially ordered by Definition 2, Theorem 4 implies 


THEOREM 5. The one-one correspondence (G*, a) — N* of the partially 
ordered sets Gr and Nr is an anti-isomorphism. 


Definition 3. By a maximal image of S of the type, a group with zero 
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element adjoined, is meant a maximal element in @ when partially ordered 
by Definition 2. 


In view of the disjunction of @ into the classes Gz and Theorems 4 
and 5, the problem of finding maximal (G*, «)’s is that of finding minimal 


N*’s in Sr for each of the residues R, i.e. each of the prime ideals in 8S. 
2 


2. Group images of asemigroup. The preceding section can be 
modified to the case of group images of a semigroup S (with or without a 
zero element), by omitting *’s and the notion of residues. The complexes 
N which generate group images of 8, Dubreil calls the normal and unitary 
subsemigroups of ©. They are characterized by (i), (ii), (iil) and (iv) 
(the negation of (iv)), or alternatively by (i), (iv) and (v). The latter 
is a set of independent defining conditions which can be extxracted from the 
redundant set devised by Levi [8,4] for defining his “complete and normal 
subsemigroups ” in connection with the problem of determining all group 
images of a semigroup. 


8. Examples of maximal group with zero images. We now obtain the 
maximal images of the form, a group with zero, for several semigroups. 


Example 1. The semigroup M of all n X n matrices over a field. It is 
a routine matter to conclude that the only ideals of M, apart from M, are 
the sets M, consisting of all matrices of rank Sr, r —0,1,: -,n— 1 and 
that among these only M,: is a prime ideal. Associated with this unique 
residue is a unique minimal pseudo-normal and unitary subsemigroup, namely 
the unit matrix J. The corresponding maximal group with zero image is, 
of course, the group of non-singular matrices with zero adjoined. The only 
interest in this obvious result is the uniqueness of the maximal image. 


Example 2. The semigroup of all correspondences of a finite set C onto 
subsets of O. The map of C onto the empty subset is the zero element. 
An analysis along the lines of Example 1 yields the group of al permu- 
tations of O together with zero as the unique maximal image. The same 
conclusion holds for 


Example 3. The semigroup of all partial transformation of a finite set 
C. Rees [7] has defined a partial transformation «:s— va of a set C as a 
one-one correspondence of a subset C onto a subset of C. If A(a) denotes 
the set of elements for which æ is defined and V(a) the set of image elements, 
the product a8 of two partial transformations is defined by iteration over 
V(a) (| A(B). The zero element ¢ is the partial transformation with both 
V(t) and A(£) the empty set; «8 = € if and only if V(a) N A(B) is empty. 
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4, Examples of maximal group images. 


Example 4. A regular set of partial transformations of a set C. This 
is a motion introduced by Rees [7]. He assumes that the product of the 
transformations «, 8 is defined only if V(«) {1 4(8) is non-empty and calls 
a set 3 of partial transformations regular if (a) a, Be 3 imply a£ is defined 
afd in 3, and (b) we X implies a 3, where a is the transformation sa — £. 
A regular set X is a semigroup which may or may not have a zero element. 
Rees obtains a group image for X as follows. If for a, o’ 23, A(w) C A(a) 
and for all ze A (g), zo’ == va, « is a subtransformation of « The relation 
R:a=B(mod R ) if and only if « and B have a common subtransformation 
in $ is a congruence relation over $ and the quotient 3/R of 3% by R is a 
group homomorphic to 3. 

We now show that 3/@ is the unique maximal group image of 3. If 
@e%, so is the identity transformation e— «a, Thus the unit residue 
class U mod & consists of all elements having a subtransformation in common 
with any one fixed identity transformation. If on the other hand N is any 
normal and unitary subsemigroup in 3, it satisfies (i), (ii), (iii), (iv) and 
(v) of §1. From these conditions we conclude: 


(1) If aeN, so is a; thus N contains an identity e= «a. For 
along with « == aaa, N contains aw by (i), hence a? by (v). 

(2) If 8 has yeN as a subtransformation then BeN. For yy*, 
(yy2)B=yeN imply BeN by (iii). 

(3) Nit B and the identity e have a common subtransformation ye % 
then Be N. For y, as a subtransformation of e is idempotent and hence in N. 
The assertion then follows from (2). 


Thus every normal and unitary W contains the above U and the unique- 
ness of U as the minimal normal and unitary subsemigroup is established. 


Example 5. A completely simple semigroup without zero. Rees [5,6] 
has defined such a semigroup S by the conditions, (a) the only ideal in S 
is S itself, (b) S contains a primitive idempotent, i.e. an idempotent e such 
that there is no idempotent f =£ e for which ef — fe —f. Such a semigroup 
ean be described as the set of all triplets 


(a; a, B) ae H, ae À, BeB, 


where H is a group, the basis group for 8, and A and B are two sets of 
indices. To each pair a, 8 of indices («ce À, Be B) there is assigned some 
fixed element ps H and multiplication is defined by (a; «, 8) (0; 2’, B’) 
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= (apga'b; &, 8’). We shall call the pga the constants of S. It is possible 
to alter these constants somewhat without changing S. For example, if 1 
is taken to be a member of both sets A,B of indices, we may choose 
Par = Pig = £, the unit element in H, for all ae A,BeB. We assume this 
is done. The idempotents of S are the elements eag = (p%a;%, 8). The 
set of elements (a; «, 8) where a varies over H and «, B are fixed, forma 
group isomorphic to H, so that g is the sum of disjoint groups, each isomorphic 
to H. 


THEOREM 6. Let S denote a completely simple semigroup without zero, 
with basis group H, index sets A,B and constants pga. Let P denote the 
(unique) minimal normal subgroup of H containing the pga. Then § contains 
a unique minimal normal and unitary subsemigroup N = Za 3a, B),. 

CA, pe. 


where (P;a,B) is the totality of elements (p; a, B) with peP. Thus S 
has a unique maximal group image. This group is isomorphic to H/P. 


Proof. We first show that a normal and unitary subsemigroup M of 
S must contain N, using the conditions in § 1. Since M must contain 
the idempotents eg of S, it contains egea = (pga31,1). Moreover 
(Ppa; 1,1) (pect; 1,1) =en € M, hence by (iii) (pgot31,1)eM. The 
equations 


(2%; 1,1) (#3 1,1) =ée,eM, (2* 51,1) (wpgae* 31,1) (£; 1,1) e M 


and (v) imply that (wpgav*; 1,1) e M; similarly for (æpsga tt t;1,1). Since 
M is closed, it follows that (P;1,1) C M. Finally, the equations 


C1111 = 611 E M, er (3%, Bleu = (p;1,1)eM for peP, 
and (v) imply that (p;4,8)eM. Thus MON. 


___ To show that N is normal and unitary it suffices to verify that (i), 
(iv) and (v) hold. Clearly N is closed. As for (iv), multiplication on the 
right of an element (a; a, B) eS by ((pasappy)*; y, 8) gives ease N. Finally, 
suppose that the products (a; a, B)(b;y,8)(c; A, u) and (a; a, B)(c;A,n) 
are in N. These products then have the form (p:;œm) and (P2; @%, m) 
respectively, where p;e P. If one calculates a*p,p.7a it is immediately seen 
that be P, hence that (b;y,8)eN. Thus (v) holds. 

The proof of the isomorphism of S/€y and H/P is immediate. One 
finds that the cosets of P in H describe the equivalence classes in S mod €y, 


i.e. an equivalence class in S mod Ey has the form À se æ, B). The 
acA,Be 


correspondence of this class with the coset hP of P in H establishes the 
isomorphism. 
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Example 6. Semigroups having zeroid elements. Clifford and Miller 
[1] ‘have defined an element u of a semigroup S as a zeroid element if, for 
eachYelement a of S, there exist and y in S such that ag = ya = u. If the 
set of all zeroid elements in § is non-empty, U is a group and a homomorph 
of 4 under the correspondence £:æ—> 22 where z is the unit element of U. 
Thé set J = £1(z) has been characterized by Clifford and Miller as the set 
of all elements in & for which z is a zero element. 

We shall prove that U is the unique maximal group image of S by 
verifying that if N is any normal and unitary subsemigroup in § then N 2 J. 
By (iv), for an element a e J, there exists an æ eg such that ave N. As an 
idempotent, ze N, hence zag = zve N by (i). But z and zx in N imply 
æeN by (ili), Finally, z and ave N imply ae N by (iii). Thus JGN. 
Moreover the map S — S/E; (where the homomorphism is that of inclusion) 
is the map ¢: z — xz. 


5. Remarks. In contrast to the foregoing examples, the additive semi- 
group P of positive integers is an instance of a semigroup having no maximal 
group images. For clearly the group images of P are precisely the totality 
of finite multiplicative cyclic groups and among these there is no maximal 
group. 

The problem of finding useful reformulations of the condition obtained 
earlier (namely the existence of a minimal normal and unitary subsemigroup) 
for the existence of a maximal group image appears to be difficult. The 
same is true for the problem of determining when a given semigroup has a 
unique maximal group image. These matters will be discussed elsewhere. 
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A NOTE ON A FUNCTIONAL EQUATION.* 
By H. P. THIELMAN. | 

» 


We consider the functional equation 


(1) PP (a, y)] = (x) + (y) 


and determine the conditions on a polynomial F(s, y) in order that (1) can 
have a continuous strictly monotone (say increasing) solution. If F(s, y) 
is a + y or sy, we have the classical cases of Cauchy’s functional equations. 
The cases when F(x,y) is a general linear function,’ and also the case when 
it is v + y + nay, have been treated.? In this paper the case when F(x, y) 
is a polynomial of degree greater than unity is settled, as follows: 


THEOREM. If F(x,y) is a polynomial of degree greater than unity for 
which (1) has a continuous monotone increasing solution, then F(a, y) must 
be of the form 


F(x,y) = { (ax + b) (ay + b) —b}/a, a> 0. 


Proof. By hypothesis, equation (1) has a strictly monotone increasing, 
continuous solution (x). Hence the inverse p(s) will exist and we can 
write (1) as 


(2) F(a,y) = $7[4(2) + $(9)]. 


In order to simplify the notation we shall denote F(x, y) by soy. This can 
be interpreted as an operation which, because of (2), has the following 
properties: (i) woy—you, commutativity; (ii) vo (yoz) = (roy) og, 
associativity; (ili) æ'oy > æogy if & > x, strict monotony; (iv) continuity. 
[From (iii) and (i) it follows that coy’ > voyify > y,roæ<zoy<yoy 
if æ <y. Aczél has shown that any operation satisfying the above conditions 
can be written in form (2) ]. 1 
Let æoy be a polynomial of degree n in z, and m in y. Then, because 
of (i), n=m. Because of (ii), (voy)oz2—#æxo(yoz). The left hand 
side of this equation is a polynomial of degree n in z, the right hand side a 


* Received July 8, 1949. 
1J. Aczél, Comm. Math. Helvetici, vol. 21 (1948), pp. 247-252. 
2H. P. Thielman, American Mathematical Monthly, vol. 56 (1949), pp. 452-457. 
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omial of degree n? in z. Hence #—1. Thus toy is a symmetric 
omial of degree 2 in æ and y combined. It can be written as 
Bzy + C(z + y) + D. 

et us denote «ox, which is of degree 2, by P, (x), and zo (xos), which 
is offdegree 3, by P(x). By (ii), [ro £] o [z o (coz)] = [x0 (xo 2)] o (z 0 z), 
wytch states that P,(x) and P(x) are commutative. But it is easily proved, 
by equating coefficients, that if a quadratic polynomial commutes with a cubic 
one, then it must be of the form A“[A?(x)] or A[cos 2 arc cos A(x) ], where 
A(z) is linear, say ax + b, and A(x) is its inverse. Thus either 


a) vogs= Br’ + 20r + D = { (as + b)?—b}/a 
or ag | 
b) som Ba? + 20x + D = {2 (as + b)? —1—b}/a. 


“We first consider the identity a). It implies that B—a, C =b, 

D = (b? —b)/a, and F(z, y) = {(ax + b)(ay + b) —b}/a. It is easily 

seen that conditions (i), (ii), (iii), (iv) are satisfied if v > — b/a, y > —b/a, 

a>0. If we let (x) = log(ax + b), then F(z, y) = 67 [¢(x) + ¢(y)], or 
pI (a + b) (ay +b) — b}/a = o(x) + $(y). 


[By a method similar to the one used loc. cit? it can be shown that 
every continuous solution of this last functional equation is of the form 
k log(ax + 6), where k is an arbitrary constant. ] | 

We next consider the identity b). It can be written as Br? + 20x + D 
= ĝar? + 4bx + (2b? —1— b)/a, from which it follows that 


toy = F(x, y) = 2ary + 2b(e + y) + (20° —1—b)/a. 


Condition (ii) is not satisfied for (gog) oz wo (soz), as can be easily 
verified. Hence this case is eliminated and the theorem is proved. 

The theorem could be stated in the terminology of the literature ® 
dealing with operations as follows: Every rational, integral, associative and 
commutative operation which is of degree greater than unity is of the form 
ATA(&)A (y) ], where A(x) is a linear function. 


Coronary. Every associative and commutative operation soy which 
for x == y reduces to a polynomial of degree greater than unity must be such 
that either z omw —=A*[A?(x)] or woe = À [cos 2 are cos A(z) |. 


The proof of this corollary was given in the process of proving the 
theorem. 


SJ. Aczél, Bulletin of the American Mathematical Society, vol. 54 (1948), pp. 392- 
400. 
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That there exist algebraic associative, commutative and. ‘incre sing 
. operations which are not integral is shown by the example ia 


z o y = {(ax + b)(ay + b) — [1 — (aw + b)*]§[1— (ay + =o a, 
which can be written as 
x o y = {cos[are cos (az + b) + arc cos(ay + b)] —b}/a: 


In the interval — b/a = v, y = (1—6)/a, (a >o), this function satisfies 

-all the conditions (i), (ii), (iii), (iv), and it also illustrates the cofollary. 
Obviously this last function can serve in the functional equation (1), whose 
continuous solutions then are all of the form ¢ (x) = k arc cos(ax + b), where 
k is any constant. But since xoy in this case is not a polynomial we shall 
not concern ourselves with it in this paper. It might be of interest to note 
that every associative and commutative operation æ o y which for s = y reduces 
to a polynomial of degree greater than unity will generate an “entire set of : 
commutative polynomials ” + which must be either linear transforms of powers 
of x or of the trigonometric polynomials cos n arc cos x. By a linear trans- 
form of a function f(x) is meant the function A*[f(A(#))], where A(x) is 
any linear function ax + b, a540. To generate these polynomials we need 
to iterate «oa with itself. It should be mentioned that if we had replaced 
“monotone increasing ” by “monotone decreasing,” the results would still be 
true but for intervals different from those indicated above. 


Iowa STATE COLLEGE. 


4B. Vinograde, American Mathematical Monthly, vol. 56 (1949), pp. 377-379. 
5 This follows from the results of J. F. Ritt, Transactions of the American Mathe- 
matical Society, vol. 25 (1923), pp. 339-448. 





A HHEORY OF DEGREE OF MAPPING BASED ON 
* | "7 ,° INFINITESIMAL ANALYSIS.* 





By Mirio Nacumo. 





1. Introduction. This paper establishes a theory of degree of mapping 
for open sets in a Euclidean space of finite dimension, based on the theory 
of infinitesimal analysis, which is free from the notion of simplicial mapping. 
Although the results are not new, I hope in this way to make it possible to 
incorpoïate the theory of degree of mapping into a course in infinitesimal 
analysis. 

A mapping a’ = f(a) = {fi(2)| i= 1,- +, m} (£= (ay - ym) of 
a bounded open set G of an m-dimensional Euclidean space #” into E” is 
called regular on G, if each f;(x) is continuously differentiable on the closure 
G ot G. We write ôxif or af for ôf/ðzy and by D (fu ``, fm/£u' * Em), 
or more concisely by D(f/x), we denote the functional determinant 
det (0.f;):,j-1,...m- We call the point +, for which D (f/x) vanishes, a critical 
point of f; and the image of the set of all critical points (of f) by f will be 
called the crease of f on G. The expression a E€ À means “a does not belong 
to A.” 

Now let a be a point of Z” which lies neither on f(@— G@) (the image 
of the boundary of G) nor on the crease of f. Then, by a theorem on 
implicit functions, there exist at most a finite number of points æ in G 
such that f(x) =a. Let the number of those points for which D(f/z)> 0 


‘be p, and the number of those for which D(f/z)< 0 be g. Then we call 


the integer p — q the degrees of mapping of G at a by f, and denote it by 
Ala,6, f1(= p — 9). | 
We have the following properties of the degree of mapping: 
i) Iff is the identical mapping f(x) — x, then 
Ala, G, f] =1 when ae G, Alfa, G,f] —0 when a EG. 


ii) If Ala,G,f] 0 and has a meaning, then there exists a point 
we G, such that f(x) =a. 


* Received March 6, 1950; revised September 4, 1950. 

Essentially the same treatise by the author was published in a brochure in the 
Japanese language with examples and applications, in which (following Leray and 
Schauder) the ‘theory is extended to a class of mappings in Banach space. 
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iii) If G is divided into open sets G, (i—1, - :,k) ufthout 
, common points, i. e, GDG U G U-:-UG, €=G4U &@U--- Uf and 
Gi N G;—O (empty set) (tj), then 


k 
Afa, G, f] = > Ala Gi, fl: 
if every term has a meaning. 


iv) If fi(x) is a continuous function of (t,æ) for OS tS, seĝ, 
and a(t) (e E™) is continuous and a(t)Efi(G — G) for all t in 0StS1, 
then A[a(t), G, fi] is constant for OS ¢S1. 


The propositions i), ii), and iii) are obvious; but for the proof of iv) 
we need considerable preparation. In $2 we shall give auxiliary theorems 
for the proof of iv) which will be carried out in §3. In §4 the definition 
of degree of mapping will be extended to any continuous mapping of an 
open set Gin #™, In $5 a product theorem of degree of mapping, con- 
cerning the composition of two mappings, will be proved. 


2. Auxiliary theorems. 


THEOREM 1: Let x — f(x) be a regular mapping of an open set G 
in Em. Then the crease of f is a set of (m-dimensional Lebesgue) measure 
zero in B”. 


Proof. We divide G into an enumerable set of closed cubes Q: 
|zi— a| S1 (i—1,2,:::,m). Then it is sufficient to prove that the 
measure of the crease of f on Q is zero. For any e > 0, there exists a natural 
number n such that Q can be divided into n” equal small closed cubes Q, 
(v=1,:::,n") in each of which we have 


fol) = fila) + È bhla) (as — a) + ma), 
where Sr <(e/n)? and a is an arbitrary point in Qs. Let Â, be the image 
of Q, under the linear transformation 2’; = f;(«) + Sayfa) (z;— aj). The 
diameter of Q, is not greater than 2L1/n, where L = Maxo (> (file) }2)#. 
If Q, contains a critical point, we take it as « Then Q, is Ha in an 


1 This is the simplest special case of a theorem of A. Sard, Bulletin of the American 
Mathematical Society, vol. 48 (1942), pp. 883-890. 
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(m 1)-diensional linear manifold, and f(Q,) lies in the e/n-neighborhood 
of Ô$ Therefore the measure of f(Q,) is smaller than {2n-1(Li + e) pent, 
Consdquently the measure of the crease in f(Q) is smaller tkan 2» (Ll -+ «)""*«, 
and gince e is arbitrary small, it must be zero. 
As an application of Theorem 1 we obtain immediately : 


THeorem 2. Let M be any set of points in B” which can be represented 
by the equations 


Ey = Pa (S° * * 5 81) (u=1,-+-+,m), O<I<m, 


where bass, * * *, 81) are continuously differentiable in an open domain of 
an 1(< m)-dimensional Euclidean space. Then M is a set of (m-dimensional 
Lebesgue) measure zero in Er. 


TurorEm 3. Let G be a bounded open set in E™ and x = F(x) be a 
regular mapping of G into E”. Then for any point ae E”, neither on 
F(G— G) nor on the crease of F, there exists a positive number € with the 

sfollowing property: 

For any regular mapping w’=f(x) of G into E" such thai 
| f(z) — F(x)| <e? for ze G and | df (x) —8,F(x)| <e (j= 1,---+,m) 
for ze Ge, where Ge = Gf) {x | dist(x, 4 — G) > «}, the equality Ala, G, f] 
= A[a, G, F] holds. 


Proof. There are only a finite number of points v of G@ such that 
F(z) =a. Let p',- ++, pY be all such points. Let K be the set of critical 
points of F, and put 


A = Min{| p*—p"| (wav), dist(p', K U(G—@))}; 


then A>0. Let a be a positive number such that a < A/2, and Ua(p”) 
be the «-neighborhood of p”, and put 


Ma = Min{| F(z) — a | |zeG—U Ualz”)}; 


then Ua(p”) C Ga, where G = G (){x | dist (x, Gd —G)> a}, and Ma > 0. 
Since det (sF (x) }=£ 0 for ce Üa(p”), there exists an # > 0 such that 
det (3af (x) )=4 0 holds for any regular mapping f of Ua(p”) into Zn provided 
that | 3f (2) —aP(2)| < € (j=1::-,m). 
Now let f be any regular mapping of G into #™ such that | f(x) — F(x)] 


m, 
2 By | p— q | we denote the distance ( $ (pı — g:)°) 2 of two points p and q in Er. 
i=l 
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< M, for reĝ and |4f(x) —0,F(x)| < (j=1,---+,m) for de Ga. 
We put fi(x) = (1— t)F (x) + tf(x). Then we have 


det (dof:(z)) 0 for OS tS 1, ze Uap’), 


N 
and all roots of f;(x) =a lie in U Ua(p’). 
p= 


Let + be any value of ¢ from 0S t& 1 and pe be a point of G such 
that f;(po) =a. Then po belongs to a Ua(p”) and by the theory of implicit 
functions there exists a neighborhood of t= v-r such that the equation 
fi(%) =a has exactly one solution «= p(t) in a sufficiently small neighbor- 
hood of po This solution p(t) depends on ¢ continuously and can be pro- 
longated for the whole interval OS t1. In fact, let p(t) be continuous 
and p(t) e Ua(p”) for 7 St <T, and p* be any accumulation point of p(t) 
for t—>T. Then p*e Ua(p”) and fr(p*) =a. Since det(@.fr(p*)) 54 0, 
then by the theory of implicit functions there exists a unique solution 
s= p*(t) of f(x) =a in a sufficiently small neighborhood of p* for t 
sufficiently near to T. As p*(¢) is continuous and the solution of fi(£) = «a 
is unique in a small neighborhood of p*, it must coincide with p(t) for 
t< T sufficiently near to T. Thus p(t) is continuous for rStST and 
can be prolongated beyond T if 7 <1. This and a similar consideration 
for ¿Sr show that p(t) can be prolongated for 0 StS 1, where it is 
continuous. Since the solutions of f;(x) =— a are isolated and continuous for 
0 StS1, the number of the solutions of f(z) ==a is constant in each 
Ua(p”) for OS ¢tS1. Hence f:(x) =a has exactly one solution in each 
Ua(p”) and det(9,f+) keeps the same sign in each Ua(p”) for 0 StS1, Then 
Ala, G, fi] is constant for 0¢1. The proof is thus established, if we 
take «e = Min{a, Ma, e}. 

THEOREM 4. Let G be a bounded open set in B”, a’ = F(x) a regular 
mapping of G into Em, a(t) e E" continuously differentiable in OStS1, 
and a(t)EF(G—G). Then there exists for any «e>0 such that 
e < dist(a(t), F(@— G)) a regular mapping x — f(x) of G into E" with 
the following properties: 

i) f(x) —F(x)| <e for ze G and | df(«) —0;F(x)| <e G=1, 

-+,m) for te Ge? 

ii) For every x such that f(x) —a(t) (0OStS1), there holds the 

inequality 
Rank of (4,f(¢))= m—1, where (@cf) == (O;f1) 4 je1,...m- 


2G, = EN {a | dist (w, Ê—G)>e. 


ra 
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iii) For any fixed t the set of points x such that f(x) = a(t) has no 
accukulation point in G. 


Proof. We can find a regular mapping + = (x) of G into Æ", such 
that (z) is 3 times continuously differentiable in G, | pis) — F (s)| < e/2 
forge G and |p (£) — F (T) | < 6/2 for se Ge. We put 


(1) fila) = pue) Ha + È (Bist + non). 


Then we can find ô > 0, such that f(x) defined by (1) satisfies the statement 
i) if the conditions | & | < 8, | Bi» | < 8, | ya» | < 8 are satisfied. 

Let us prove that the set of (æ, 8, y) such that f(x) defined by (1) 
does not satisfy ii) has the measure zero in Eia gp, (q= m+ 2m?), If 
ii) does not hold, then there exists a point æ and a value of ¢ for which 
f(z) =a(t) and certain 1 = 2 columns of the matrix (sf) are linear com- 
binations of the other m7 columns. Let us suppose that these are the 
last Z columns. Then there exist 1(m—J1) numbers A, (n=1,°°-,1, 
v=1,--+,m—l1) such that 


m-l 
Om—teuf't = Z Arbo (i =1;"::, m) s 
p=. 
Then by (1): 


m-l 
Rime = ZM (Biv + spilt) + Yi vtr) 


irez On-trupbi(T) — Yi,m-leu@m-leps 


‘ and 


Pere meee ae > (Birt + yirt). 


This shows that (a, 8,y) can be represented by continuously differentiable 
functions of m + 2m? — 1? +1 < q arguments t, Tj, Aum Bin yiv (J = 1, 
-c m p= l, l, v= 1, < -,m— 1). Thus by Theorem 2 the set of 
points (a, B, y) such that f(x) does not satisfy ii) has the measure zero in 
Esap), Since there are only a finite number of ways to choose / = 2 columns 
from (8f). 

Next we shall prove that the set of (a, 8,y) for which the statement ii) 
holds, but not ili), has also the measure zero in H%qag). Suppose that this 
occurs for t == t* and put a(t*) =a. Then the equation f(x) =a has an 
infinite number of roots s == p” = (p;",: * `, Pm"), which converges to a 
point p = (Pı, ` * ‘,Pm)e @. By ii) there exist m — 1 components of f(z), 
say fi, °°» fea, fun *,fm, such that D(fi,- + -, fas fear’ t +s fm/t. 
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tsm) 0 for &—p. If we put y—fi(x) for i Ak and y, = Em, 
then D(y/£) ap = + D (fo ` +5 fats fasts © `, fm/#1,* * ` Ema) 7€ 0, ahd by 
a theorem of implicit functions, a neighborhood of p in E(2)” corresponds . 
homeomorphically to a neighborhood of (d1,° ` +, Gia Dm; Akr’ ° `> Am) in 
Ew”. Let æ—w(y) be the inverse mapping (8 times continuously differ- 
entiable) and put Pm” = Sn, Pm == 0, Yalli ` `, Ua, S Arry °° Om) = AN3) 


(y ey ae ie Then we have lim s, = O, Pa” = hu(Sn), Pr = ha(o) and 
fi(h(Sn)) = fi(h(o)) =a Thus, if we put Walo) = Ap and halo) = N p 
we have | à 
d m 
(2) Gs OS) eo = D Ao (Of) ap = 0, 
and 
a m, : a 
(3) ae fils) ) exo = > An (3 pofi) zap + >> Na (Bp ey =) 
vzal pe 


But by definition we have h»(s) =s. Thus we get Am == Hm(o) = 1 and 
Nm = hm(o) —0. Hence from (1) and (3) we obtain 


m-l m-l 


Yim = — =f 2 Aado” a, vpi (p) + Aud umbi(p) 
+ dayin +n (Ondi(P) + Bin + viuPn)} — Pmmbi(p). 
And by (1) and (2) we get 


Bim = — Za (upil P) + Bin + YinPa). — YimPm — mp: (p). 


Thus (æ, 8, y) can be represented by continuously differentiable functions ot 
m + 2m? —1 = q— 1 arguments t, p;, àp Ma, Bin Yin (47 =1,: m, 
u= 1,: ::,m— 1). Therefore by Theorem 2 the set of points (a, ß,y) 
such that ii) holds but not iii) has measure zero in Æ44,p,4). 

In conclusion we have that, under the conditions | & | < 8, | Bia | <8, 
| yin | < 8, except for a set of points (a, 8, y) of measure zero the statements 
ii) and iii) are satisfied by f(x) defined by (1). 


3. Proof of the continuity of the degree of mapping. 


rd 


THEOREM 5. Let à — F(s) be a regular mapping of a bounded open 
set G in E» into E" and Fi(x) be a continuous function of (t,£) for 
OSS, ceG. If a(t) (€ E”) is continuous and a(t) EF,(G—G) for 
OSES, then Ala(t), G, Fi] is constant for OS tS1 (except for those 
values of t such that a(t) is on the crease of F;). 
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Proof. For the case m = 1 the proof is not difficult, because one can 
approximate the mapping function including its derivative by a function 
which has only a finite number of critical points. Therefore we assume that 
the theorem holds for m = 1, and we suppose that m > 1. 

At first let us consider the case that F;(x) does not depend on #, and 
a(# is continuously differentiable. It is sufficient to prove A[a(0), G, F] 
= A[a(1),G,F]. Let eo be the distance between the curve «= a(t) and 
F(G—G). Then by Theorem 3 and Theorem 4 there exists a regular 
mapping v’ = f(x) of G into #” with the following properties: 

i) |f(z)—F(x)| < «o for ve G. 

ii) Afa(i),G,f]— Ala(i), GF] (i—0,1). 

ili) Rank of (sf) = m—1 for any g such that f(x) — a(t) (0 S t S 1). 

iv) For any fixed ¢ in 0S¢tX1 the set of the roots of f(x) = u(t) 


has no accumulation point in G. 


Now we take any fixed value of ¢ in 0 S t & 1 and put a(t) =a. Then 
from i) and the definition of « we have a@f(@—@). And from iv) the 
equation f(x) =a has only a finite number of roots ct, +, cœ. We can 
find a positive number A such that, if U, is any neighborhood of €” with 
diameter smaller than A, the U, all lie in G and have no common points ` 


with one another. Since a& f(@—U,—- : -—JU;,), all roots of f(x) =a’ 
lie in U, U---U Up for any point a’ with 
(1j lao’ | distle (GU, > +p =e 
and 
. k 
(2) Ale, G, f] = BAL, Un fl, 


if g’ is not on the crease of f. 


Let us consider each A[a’, U,, f] separately. From iii) there exist m — 1 


components of f, say fi,- * +, fra fua’ * *, fm, such that 

Dis + +s furs fas? os fm/Pi* © +> Ema) KO at s= o. 
If we put 
(3) Yı = fi(x) for iA] and Yı = Tm, 


then D(y/x) 0 at c—c’. By a theorem of implicit functions we can 
find a positive number 8, such that the neighborhood V, of the point 
(a1, "ty Gras Cm", Gna,’ * 5 dm) in E” defined by 


Vp: HEY < Bi (i= 1,: m), 
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where œ = a — ô, Bi—a+8 for 1541 and a — Cm” — ô, Bi Cm” + à, 
corresponds homeomorphically to a neighborhood U, of €’ in Et" whose 
diameter is smaller than A. Let us denote its inverse mapping by æ = (y), 
and put f(¢(y)) —g(y). We can suppose that the correspondence is con- 
tinuous on the boundary U, — U, = #p(V,— V») and that D(¢/y) #0 in 
V,. If we put sign{D(¢/y)} = e,, which is constant in V,, we have bythe 
definition of the degree of mapping 


(4) Ale, Un f] = e,A[a, Fr g]. 


From a’ == f(x) = g(y) and (3) we have gi(y) — y: for i341. Therefore 
D(g/y) = digi(y). Consequently we get 


(5) Ale, V, g] = Afa, (%, Bi), Jnn 
where the right-hand side means the degree of mapping by the one-dimensional 
transformation ^: == 9:(@'1,° °°, Ut- Yu d'un © Cm) = Guy) (Yi). Let a” 


be any point in | a’—a|< A’ not on the crease of f; then the segment 
a(s) = (1 — s) + sa” (OSsS1) lies in U, and a(s) Eg(V,— V,). 
Therefore by the hypothesis A[a(s), (a, 81), 91.ts1] is constant for 0 Ss S 1, 
where g, ts} means the one-dimensional transformation 2’; = gia(s)) (Y1). Thus 
by (5) we have 


(6) Ale, Vs, g] = Ala”, Vy, g]. 
From (2), (4), and (6) we get 

A[a’, G, f] = Alo”, G, f]. 
This shows that A[a’, G, f] does not depend on a’, when a’ is sufficiently near 
a point of the curve t =a(t) (OStS1). By using Borel’s covering 
theorem for the curve —a(t) we obtain A[a(0), Œ, f] = A [a(1), &, f]. 
And by ii) we get A[la(0), G, F] = A[a(1), @, F]. This completes the first 
part of the proof. 

Now we shall consider the case that F(x) depends on ¢. Let r be any 
value of t in 0<#<1 and put dist[a(r), F,(G@—G)]—A. Then there 
exists a è > 0, such that for | —r | < ô, ce G, the inequalities 

| F(z) —F,(«)| < A/2 and | a(t) —a(r)| < 4/2 
hold. Let to, t, be any two values of t in | t—7 | <8 and put 
afs] = (1 — s)a (to) + sa(ti), Fe(s) = (1 — s) Falt) + sFa (2). 


Then we have afs] E Fi (G— G) for O0Ss1. Let H be the open set in 
Esa” defined by —e<s<ite (e>0), eG, and (s’,2’) =0(s, 2) 


~ 
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be the transformation in Es" defined by s = s, & = Fia (s). Then & 
is a regular mapping of H into (ss), and a*(¢) = (t,a[¢]) does not 
touch #( A — H) for 0St1. Therefore A™*[a*(¢),H,%] is constant 
for 0=t=1 by the first part of the proof. The superscript of A denotes 
the dimension of the space in which the mapping is considered. But one 
eth easily prove also that 


Ane [a* (¢), H, &] Ta A”Taft], G, Fo]. 


Thus we get A[a(to), G, Fa] = A[a (t), G, Fn]. As to and t, are arbitrary 
values in | $-—7| < 8(r) and r in 0 S¢ <1, then by the covering theorem 
of Borel we obtain the constancy of A[a(¢), G, Fi} for OS ¢S1. Thus the 
proof is complete. 


Remark. Let x’ = F(x) be a regular mapping of a bounded open set G in 
E” and a, and a, be any two points such that | a,—a| < dist[a, F(G— G@)].. 
Then Alu, G, F] = Aa, G, F], if a, and a, are not on the crease of F. 
From this we can define A[a, G, F], even when a is on the crease of F, 
only provided a is not in F(G@—G). For, in any small neighborhood V of a 
there is a point 4 not on the crease of F; and A[a’, G, F] is independent 
of a’, when a’ is in a sufficiently small neighborhood V of a. Therefore 
Theorem 5 holds even when a(t) is on the crease of Fi 


4. The degree of mapping of continuous transformations. Now we 
shall extend the definition of degree of mapping to any continuous mapping 
of an open set in E”. First let us consider a bounded open set and a mapping 
which is continuous on its closure. Let G be a bounded open set in B”, 
v= f(x) a continuous mapping of G into E” and a a point not on 
f(@—@G@). Then Ala, G, F] has the same value for any regular mapping 
wv = F(x) of G into Em, if F satisfies the condition 


(1) | F(w) —f(2)| < distfa, f(¢—@)] for ee G. 
Thus we define the degree of mapping of G at a (by f) by 
Alfa, G, fl = Ala, G, F]. 


In order to prove that A[a, G, F] has the same value for any regular 
mapping F of G under the conidtion (1), let us take two regular mappings 
F, and F, which satisfy the condition (1), and put F(s) = (1—+t)F(x) 
+ 4F,(x). Then F;(x) satisfies the condition (1) for Gt 1, and hence 
aËF,(G— G). Thus, by Theorem 5, A[a, G, F,] is constant for 0 StS 1, 
and we obtain A[a, G, Foa] = Ala, G, F;]. 
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The degree of mapping thus defined also satisfies the properties i), i1), 
iii), and iv) in $ 1, as one can prove easily, when f(v) is continuous in G. 

Next let us consider a more general case: Let G be an open set in #™ 
and & == f(x) be a continuous mapping of G into E”. Let (f; G) be the 
set of all accumulation points of {f(pn)} where {px} is any sequence of 
points of G having no accumulation point in G. If G is bounded and fs 
continuous on Ẹ (the closure of G), then (f; G) =f(@—G@). Ifaë(f;G), 
then the set R of all roots of the equation f(z) =a in G is a bounded closed 
set in E”. Let Gi (i—1,2) be any two bounded open sets with the 
properties RC G, and G;CG. Then f is continuous on G; and it is easy to 
see that 

A[a, G, f] = Afa, Ga f]. 


Thus we define Afa, G,f] by Ala, G, f] = A[a, Guf] where G, is any 
bounded open set with the properties RC G, and GC G, where R is the 
set of all roots of f(x) =a in G. 

The properties i), ii), and iii) in §1 hold also for the degree of 
mapping of this kind, if one replaces f(Ẹ— G) by (f;@). To extend the 
statement iv) to this case, we define (fe; G,r) as follows: 

Let fi be a continuous mapping of G into E" depending on the para- 
meter t OSSI. Then (f13G,7) means the set of all accumulation 
points of {fe,(Pa)} where lim t, =r and {pn} is any sequence of points of G 
having no accumulation point in G. If G is bounded and f; is a continuous 
function of (t,£) for 0 S tS 1, we G, then we have (fr; Gr) =f,(G@—G) 
for any 0=r<]1. 

To prove the statement iv) where f.(G— G) is replaced by (ft; G,7), 
we use the following lemma which one can prove easily: 

If a&(fi;G,7), then there exists a neighborhood V of a, a positive 
number § and a bounded open set G, such that G CG and V (7) fi(G@— G) 
is empty for |t—7r| <8 © 

We can take 8 so small that a(t) e V also holds for |¢—7|< 8 Thus 
we have for | £—r| <8, 


Afa(t), Œ, fi] = Ala (t), Ga fr]. 


As G,—G,CG@—G,, we have also a(t)é fi(@ — Gi) for |t—rj| <8 
Then A[a(t), G1, ft] is constant for |t—+r| < 8. Consequently A[a(t), G, fr] 
is constant for |¢—7z| <8. By Borel’s covering theorem applied to the 
closed interval 0 S ¢ 1 we obtain statement iv), replacing a(t)é f:(G@— G) 
by a(r) E (f; Gr). 


~ 
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5. The product theorem. 


Turozem 6. Let G be an open set in E" and x — f(x) a continuous 
mapping of G into E™ Let H be an open set containing f(G) and Hi 
(i= 1,2,- - ) the components of the open set H — (f; G). Let x = p(x) 
be a continuous mapping of H into E" and a a point of E" outside of 
($f; G)U ($; H). Then we have 


(1) A[a, G, $f] = Ala, Hi, $]A[bi G, f] 
where b; is an arbitrary point of Hi. 


Proof. Alp, G,f] is constant when p varies on a domain Hi. Let Dy 
be the sum of those domains H; such that A[p,G,f] = k for pe Hi Then 
Dy is the set of all points pe H such that A[p, G, f] = k. 

Now let R be the set of all roots of ¢(2) =a. Then since R is compact 
and R{\(f;@) is empty (because aë 4(H ()(f; @)) C (of; G)), R can be 
covered by a finite number of H;. Thus we get by property iii), 


(2) 2 Ala, Hy p]A [be G, f] = Ala, De, $]. 
Therefore it suffices to prove the relation 
(3) Aa, G, $f] = È Ale Ds, 6)h. 


The relation (3) is true; if Œ and H are bounded, f and ¢ are regular 
mappings, and a is not on the crease of #f, as one can prove easily from the 
definition of the degree of mapping. 

In order to discuss the general case we first assume that G and H are 
bounded, that f and ¢ are continuous on G and À respectively and that 
f(G) CH. Let us take regular transformations f* and $* sufficiently near 
to f and & respectively such that a is not on the crease of ¢*f*: 


| f*(x) —f(«)| < distLR, f(G— @)] for seĝ, 
| #*(2) —4(2)| < dist[a, of" (G-—@)U (A —H)] for we A, 


and 
| 6*f* (x) — of (£) | < dist[a, 6f(@— @)] for se G. 


Thus, if we denote by D*, the set of all points p e H such that A[p, G, f*] = k, 
we have 


dist[a, of*(G@—G)U $CA — H)] S dist[a, ¢(2*, — D*,)]; 
(4) A [a, D* x, $*] =. Ala, D* 4] TF À [a, Dr, 4], 
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since D*, (| R= D; [| R (because A[p, G, f*] = A[p, G, f] for pe R); and 
(5) A[a, G, p*f*] = A[a, G, $f]. 


But, as we have already said, we have 

(6) Ala, G, #*f*] = I La, Dr, 0" Je. 
Thus from (4), (5), and (6) we get 

(7) Ala, G, of] = X Ala, Dr, 6]k. 


Next we discuss the general case, when G and H are not necessarily 
bounded and f and ¢ are continuous respectively on G and H. Let {G,} and 
{Hn} be sequences of bounded open sets such that GaC Ga, lim G, = Q, 
Få) CHa, EnC Han, lim H, = H, and Dy” the set of all points pe H, 
such that A[p, Gr, f] =k. Then f(G,—G,) approaches (f; G) as no, 
and lim Da» D D; (as point sets). Since Æ can be covered by a finite 
number of Dr, for example by Du,---, Di, and each D,{) R is compact, 
it follows that R can be covered by D_.",- ++, D" for a sufficiently large n. 
Thus we have ; 


Ala, Gn pf] = A[a, G, of] and A[a, Dy", p] = A[a, Dr, $] 


for a certain fixed n and all k. Therefore (7) holds for the general case. 
Thus from (2) and (7) we obtain (1). 


OSAKA UNIVERSITY, 
Osaka, JAPAN. 


EX 


DEGREE OF MAPPING IN CONVEX LINEAR TOPOLOGICAL 
| SPACES.* 


` By Mrrio Nacumo. 


J. Leray and J. Schauder have developed a theory of the degree of mapping 
for a completely continuous movement? in a Banach space (1934) [1]. 
Before this, Schauder gave a theorem on the invariance of domain under a 
one-one completely continuous movement in a weakly compact Banach space 
(1929) [6], (1982) [7]. These works contain important applications to 
the theory of partial differential equations of elliptic type. Leray also gave | 
a product theorem concerning the degree of mapping for the composition of 
completely continuous movements in general Banach spaces and extended 
the theorem of Schauder on the invariance of domain to the case of general 
Banach spaces (1935) [2]. However, the treatments [1] and [2] seem 
not to be complete in detail. In this paper, following Leray and Schauder, 
I wish to establish a theory of the degree of mapping in the case of convex 
linear topological spaces and prove a theorem on the invariance of domain 
in the case of convex linear metric complete spaces.” 

I am much obliged to the referee of this Journal for several corrections 
vf my manuscript and for references to the literature. 


1. Preliminary notions. 


1.1. First we shall explain the notion of the degree of mapping in a 
finite dimensional Euclidean space. Let @ be an open set in an m- 
dimensional Euclidean space E” and g = f(x) = {fi(x)|i—1,: -, m} 
(a = (%1," + `, 8m) ) be a continuous mapping of & (the closure of G) into 
E” such that f(x) —x is bounded’ on G. Let a be a point of E™ not in 
f(@—G@) (the image of G—G by f). Then there will be determined an 
integer A[a, G, f], called the degree of mapping of G at a by f, with the 
following properties : 


i) If f is the identical mapping f(x) =x, then 
Aa, G, f] =1 when ae G, Ala, Gf] =0 when at GS 


* Received March 6, 1950; revised September 4, 1950. 

+I, e, a transformation of the form x’ = æ + f(s), where f is completely continuous. 

2I am also informed about the work of E. Rothe on the same subject [5], but I 
must sorrily confess that I have had no chance to see it. 

‘č means the negation of e. 
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ii) If Ala, G, f] = 0, then there exists a point z e G such that f(x) = a. 


k k 
iii) If G ts divided into open sets G,,- ++, Gy, t.e. GDU G, G=U G, 
į=1 


q=1 


and Gi N G;=O (empty set) (i543), and if a= f(G,— Gi) for any à, then 


Ala, 6,f1— Š Ala, Gy fl 


iv) If fi(x) — x is a bounded continuous function of (t,x) for 
OStS1, ceG, if a(t) (e E”) is continuous, and if a(t) Ef:(G—G) for 
all tin 0 StS, then A[a(t), G, fi] is constant for OS tS 1. 


`v) Let a be a point not on f(G—G), X the set of all roots of the 
equation f(x) =a in G, and G, any open set such that XCG)CG, then 


Aa, Go, f] + Afa, G, fl. 
Remark. v) follows from ii) and iii). 


The existence and uniqueness of A[a, G,f] satisfying the above con- 
ditions can be verified, if we use simplicial mappings for approximations 
of f (at first for bounded G and then for general G). But I may refer to 
[3] in which the existence of A[a, @,f] is given, based on infinitesimal 
analysis but free from the notion of simplicial mapping. (It will be easily 
seen that f(@—G) = (f;@) and f,(@—G) = (ft; @,7) in the notation 
of [3].) 


From iv) we have 


COROLLARY. If fo and fı are continuous transformations of G into Em 
such that | fi(v) —fo(x)| < dist (a, fo(G — G@)),* then 


4] a] = (Se) for œ e E". 
ah 
Ala, G, fi] = Ala, G, fo). 
Proof. Put fi(x) = (1—t)fo(x) + tf(x) and apply iv). 


1.2. A linear topological space is a linear set on which is imposed a 
topology in such a fashion that the postulated operations of addition of 
elements and multiplication of elements by real numbers are continuous in 
the topology. Cf. [4] and [9]. It suffices to give the system U of neighbor- 
hoods of the origin. The system of neighborhoods of an arbitrary point a 
consists of the neighborhoods of the form U(a) —a+U(Uel). A linear 
topological space F is called convex, if the topology of # is defined by means 
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of a system of neighborhoods which are convex open sets, i.e. if Uel, 
a B > 0, a + 8 = 1, then «U +BU—US We assume also, without loss of 
generality, the symmetry of U,—U—U, for Ueu. Hence be U(a) is 


equivalent with ae U(b). 
In a convex linear topological space E the pseudonorm | x |u(U eM) 


is defined for every ve E as follows (cf. [4]): 
| x luo = g.1.b. of a > 0 such that ceal. 


Then | x {y has the following properties: 


(a) |x |v 20, 

(b) [e+yloS|elot+iy ls, 

(ce) lear luo= |a] ello for any real a, 
(d) || 2 llo ts a continuous function of z, 
(e) ælu <1 ts equivalent with zeU. 


In this paper we denote by E always a convex linear topological space, 
and assume U (a), U have the meanings mentioned above. 

2. Auxiliary theorems. Before we proceed to the definition of the — 
degree of mapping in F we give some auxiliary theorems. A transformation 
f of M into E is called completely continuous on M if f is continuous on M 
and the image f(M) of M is a subset of a compact set in #.° In this paper 
we denote by Tf the transformation | 


Tf(z) =s + f(z) 
for any transformation f in F. 
THrorem 1. Let M be a closed set in F, and f be completely continuous 
on M. Then Tf(M) is also closed in B. 


Proof, We have to prove that for any point a= Tf(M) there exists a 
U eU such that U (a) N Tf(M) = O. 
For any pe Ẹ there exists a Upe U such that: 


(1) U,(p}NM—0O if p£M, 
(2) Ty(p)(a—f(Up(p))) =O if pe M, 


* By 28 (a à real number) we denote the set of all points aw, where we 8, and by 


Si +8 the set of all points m, + &,, where a © Si. 
‘This definition is more restricted than the ordinary one, when M is not bounded. 


We we the term “ compact” in the sense of “ bicompact.” 
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since py£a—f(p) and f is continuous on M. The set a—f(M) is Con” 
tained in a compact set K, and there exist a finite number of points piek 
(i=1,:--,%) such that 

k 
(8) Ü Uhr) DK. 


i=l 


Then we shall have Uo (a) N Tf(M) —0, if we put 
k 

(4) Us == Q 270 pie 
i=l 


For if Uo(a)() Tf(M) 0, then there should exist a peM such that 
p + f(p) © Do(a), hence pe Uo(a—f(p)) CUo(K). Then by (3) and (4) 
there exists an i such that a—f(p) e Up (pı) and pe Up (P). Tt pe, 
then by (1) Up (p) N M—0, which contradicts pe M and pe Un (Pi) 
If meM, then by (2) Us (p) N (a — (Un (mi))) = O, which contradicts 


a—f(p)eUp,(p) and a—f(p)e (a—f(Up,(pi))). Thus the proof is 
complete. 


Tynorum 2. Let K be a compact set in E. Then for any U e U there 
exists a finite-dimensional linear manifold En in E and a continuous trans- 
formation S of K into E™ such that S(z)—zeU forzek. 


Proof. By the hypothesis there exist a finite number of points mek 
x : 
(¢—=1,---+,%) such that KC U U(p). Let E” be the linear manifold 
421 


spanned by p1,°::,p We put pi(x) = Max{(1— || £ — pi lv), 0} and 
define S by 


k k 
S(s) = ( Bes(z))™ 2 pi(2) Pe 
That S satisfies the above statement follows from the convexity of U, the 
continuity of p:(a), and the equivalence of pi(x) > 0 with se U (pi). 


THEOREM 3. Let G be an open set in an Ldimensional Euclidean Space 
Et (l finite); f a continuous transformation of G into Bt such that 
f(z) —z&—=¢(2) is bounded on G and ¢(G) CE”, where E” i8 ON m- 
dimensional linear manifold in E'(m <1); and aEf(G— G) ; ther 
Anja, Gr, f] = Ata, G, fl 
where Gm =Q N E” and the superscript of A means that thé deyu of 
mapping ta ssnaidered in the enane nf the qssiqned dimension. 


Proof. Because the degree of mapping is invariant under 2 {near 
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transformation of the coordinates, let us take the T1-AXI8, * ` *,C,-axis in 
E” so that the transformation s’ = f(x) shall be of the form 


di fi(n Em ++, a) for 1 SisSm, 


dim f;(z) for m+1SjSl. 


Let R be an open sphere with center at the origin and a sufficiently 
large radius; then, putting Goi = R [] Gi, we have by v) in §1, 


(1) A‘[a, G+, f] = Aîla, Got, f] (i=l, m). 


Let the distance between a and f(Go— G) be A, so that A > 0; and let 
fi (x) be functions with continuous partial derivatives on Gp mi that 


Sis (2) —fi(2)} <a? and f(x) —fi(z) =z; for m+1SjSl. 
Then by the Corollary in § 1, 
(2) Aa, Got, f] = At [a, Got, f*] (i=l, m). 
Using the notation of [3] we bave i 
D(fr¥,+ ee fran e, t) = D (fi, fn Un," y Em) 
Thus by the definition of A[a, G, f*] in [3] we obtain 
Atla, Gt, f*] = A” la, Go", f*], 


Since all roots of f* (s) =a are in E™(a;—=0 for j>m). From this with 


(1) and (2) the theorem follows. 


3. Definition of the degree of mapping in E. Let G be an open set 
in F and f a completely continuous transformation of G into #. Let a be a 
Point not on Tf(@— &); then by Theorem 1 there exists a Ue such that 
O(a) N Tf(G—G@) —0. By hypothesis there exists a compact set K 
Such that f(@) CK and by Theorem 2 there exist an m-dimensional linear 
manifold g" (m finite) and a continuous transformation S of K into E" 
such that ae E», S(x) —xeU for eK. Then TSf(e) — Tf(x)e U for 
te G;hence a&TSf(G—G). Since a linear topological space of finite 
dimension is linearly homeomorphic to the Euclidean space of the same 
dimension (cf. [8]), TSf transforms G” = G f) Em into Em, TSf(æ) —x 
== Sf (s) is bounded (S(XK) is compact) on &”, and aE TSf(G"—G") (for 
am — GaC G— G), it follows that A”[a, G™, TSF], as the degree of mapping 
ae 

"Df + + +, fe/Ox + +, 0y) = det (Of: /005) ajar ne 


2 
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in E”, has a definite meaning. Then we define the degree of mapping 
Ala, G, Tf] in E by 

(0) Ala, G, Tf] = A” [a, G”, TSF]. 

This definition will be legitimized by the following: 


Turorem 4 A[a, G, Tf] defined by (0) is independent of the choice 
of E” and 8. 


Proof. Let Uie U (i= 1,2) be such that 
(1) Ui(a)N THG— G) = 0. 


Let E” and E” be linear manifolds of m respectively n dimensions in F, and 
S; (i = 1,2) be continuous transformations of K into Æ such that 


(2) Sila) —aeU; force K, ae" ( En, 8,(K) C E”, 8,(K) CH". 


By Theorems 1 and 2 we can select a linear manifold F? of finite dimension l 
in H and a continuous transformation S, of K into F! such that 


(3) Ss (£) — se U, N U2 for se K and E” U ECE. 
Then, putting Gi == Gf] Ei (i=l, m,n), we get by Theorem 3 
(4) A”[a, G”, TS,f] = A'[a, Gt, TS:f]. 


If we put (1—#)TS,f + tTS3f = Fs, then by (2) and (3) 
F, (x) —Tf(x) = (1 — t) {Sif (2) —f (2) } + {Sof (e) —f(#)}- 


eU, for seĝ, (StS1. 
Thus from (1) and G? — G1 C G—G it follows that 
(5) aE F (G — QG) for 0 StS. 


Since /’;(@) — s = (1—1)S:f(x) + 8f (x) is bounded (S;(Æ) are compact) 


for we Gt, then by (5) and iv) in $ 1, A’[a, G1, Fy] is constant for 0 sts. 


Thus '[a, G! TS,f] = A'fa, GY, TS8:f]. Hence by (4) 


A™[a, a, TS:f] = Atfa, Gi, TS.f] . 
Similarly we get 
Ana, G4, T8] = A'Tu, G4 TAS]. 
nsequently - 
AnÇa, Gm, TS,f] = Ava, G*, TSF]. 


aletes the proôt. 


"~ 
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4. Fundamental properties of the degree of mapping in E. The 
fundamental properties of the degree of mapping stated in $ 1 remain valid 
also for transformations Tf in Æ. The symbols f, T, K, etc. have the same 
meaning as in §3. The validity of i) is evident. 


~ 


THEOREM 5. Property ii) in $ 1 is valid for the mapping Tf (instead 
of f) in E, if aE Tf(G—G). 


Proof. If a£ Tf(@), then aë Tf(@). Thus by Theorem 1 there exists 
a Uell such that _ 


(1) U (a) N TF(G) = 0. 


Then by Theorem 2 there exists a linear manifold of finite dimension #™ 
and a continuous transformation S of K into E” such that 


(2) S(x) —zeU for eK. 
By the hypothesis and the definition of the degree of mapping in F, 
0 ~ Ala, G, Tf] = Aa, Gr, TSF] (Gm = G N B”). 


Thus by ii) in § 1, for the mapping TSf in F”, there exists a point æ, G” 
such that a == TSf(x). But by (2), since f(a) eK, TSf(zo) — Tf (zo) 
== Sf (z0) —f (zo) € U. Then Tf(x) e U(a) which contradicts (1). 


THEOREM 6. Property iii) in $ 1 is valid for the mapping Tf (instead 


-of f) in E. 


Proof. Since ae Tf(G—G;) (i=1,::-,k), by Theorem 1 there 
exists a V eU such that 


(1) rànan VaNTTHE—@) me 0, 


k 
since G—GC |J(G—G,). By Theorem 2 there exists a finite dimensional 
1 


linear manifold #” and a continuous transformation S. of K into E” such 
that ae E” and ‘ 


(2) S(z) —zeV for ee K. 
Then by the definition of the degree of mapping for Tf in F, 


8 ae Gi, Tf] = A™[a, Gi", TSF] (i=1,- ` sm), 
(8) Ala, G, Tf] — A™[a, G", TSF]. 
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From (1) and (2) also follows 

(4) at TSF(G— G)U TSF(G — G) (i=1, m). 
Let X be the set of all roots of TSf(x) —a in G. Then X CG", because 

from TSf(x) =a follows z =a — Sf (z) e E”. From (4) and Ẹ = U G; 

we obtain XC Č GCG", Thus by v) for TSf (instead of f) in pa 


4-1 
k 
(5) An[a, G”, TSF] = A” [a, U Gi, TSF]. 
4=1 
Since G” N Gj" == O (ij), we get by ii) in §1 for TSf (instead of f) 
in Em 


(6) Ana, Ù) Ge, TSF] = Š A” [a, Gi, TS]. 
From (3), (5) and (6) we obtain 
Ala, G, Tf] = È Ala, O, Tf]. 


COROLLARY 1. Property v) in §1 is valid for Tf (instead of f) in E. 


Proof. Put G— G, = G. Then GDG.U G1, =U Gi, GB =O. 
Apply Theorem 6 and the relation A[a, Gi, Tf] = 0 (by Thoerm 5). 
Property iv) in § 1 becomes as follows : 


THEOREM ?. Let fi be a transformation of G into E such that fi(x) is 
a continuous function of (t,x) for 0S t S1, eG and is always contained 
in a compact set KS If a(t) (eE) is continuous for OStS1 and 
a(t)éTfi(@—G) for OStS1, then Ala(t), G,Tf:] is constant for 
ozizi. 


To prove this we use the following 


Lemma 1. Let K; (i= 1,2) be compact sets in E; then Kı + K,5 is 
also compact. Let K be a compact set in E; then the set K of all points tx 
such that 0S t S1, xe K, is also compact. 


Proof. K, X Kə is a compact set in F X E; then by the continuous 
mapping 2 = 2 + t2(%; € Ki), Kı X K- goes onto the compact set K, + K2 


8 This condition is weaker than that f,(æ) is completely continuous for xe @ and 
uniformly continuous in ¢ for «eG, OStS1. 
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in Æ. Similarly K X <0,1> is a compact set in Æ X E*, which is mapped 
by z’ = te onto the compact set K in F. 


Proof of Theorem Y. First we assume that a(t) is constant and put 
a(t) =a. Let r be any fixed value of ¢ from 0S¢t1. Consider the 
product space E* — H X E* (F is the 1-dimensional space —o <t<+0), 
which is also a convex linear topological space with a system of neighborhoods 
of the origin, W* = {U X(—8,8)| Ve N,8>0}. Let G* be the open set 
in E* defined by G* = G X(—co, +0). Let us define the transformation f* 
in E* by f*(s, t) = (fce (s), 0), where <i> —0 for t< 0, <b =t for . 
0StS1, <)—1 for t>1. Then f*(G*)C(K, 0) = K* (a compact set 
in F*). Since G* — G* = (G — G)X(—, +), then (a, r)ETS*(G* — G*). 
Thus by Theorem 1 there exists a U*C U* such that + 


U*(a, r) 1) Tf” (G* — G*) = 0. 
This means that there exists a 8 > 0 and a U e U such that 
(1) o U (a) N The(@—G@) = 0 for |t—7| <8. 


By Theorem 2 there exists a finite-dimensional linear manifold H” and a 
continuous transformation § of K into E” such that ae E” and S(s) —reU 
for se K. Then by (1) and the definition of the degree of mapping for Tf; 
in Ẹ, 

(2) A[a,.@, Tf] = A™[a, G”, TSf,] for | t—r | < 8. 


From (1). and Tfi(x) — TSfi(æ)eU follows a&TSf,(G"—G™) for 
|¢—7r|<8 Thus by iv) in $1, A”™[a,@™,TSf;], and hence by (2) 
Ala, @,Tf:], is constant for | t—r| <8. Then by using the covering 
theorem for the closed interval 0 & # 1 we obtain the theorem for constant 
a(t). 

The constancy of a(t) can be dropped, if we consider f;(«) —a(t) 
instead of f(x), since the set K + {—a(t)|0S¢1} is also compact by 
Lemma 1. For, A[a, G, Tf] = A[0, G, Tf—a] if aë TS(G— @).® 


COROLLARY 2. Let f be a completely continuous transformation of G 
into E, where G is an open set in E. If ais a point of E and there exists 


? This relation is valid if Æ is finite-dimensional (put F, = Tf— ta, a(t)=(1—t)e 
and apply iv) in §1). For the general case we have by definition Ala, G, Tf] 
= Aa, G”, TSf], ALO, G, Tf— a] = A”[0, G”, TSf—a], where A”, G™ and S have the 
same meaning as in §2. Hence the relation holds for general Æ. 
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a Ue such that U(a) N Tf(G—G) = O, then for every point aeU(a), 
Ala’, G, Tf] =) Ala, G, Tf]. 


Proof. Put a(t) = (1—t)a- ta’ and apply Theorem 7. 


Conortary 8. Let f,G,a and U satisfy the same condition as in 
Corolary 2. Then for every completely continuous transformation f of G 
into E such that 

f(x) — f(x) es U for seĝ, 
Ala, G, Tř] = A[a, G, Tf]. 


Proof. Put f= (i—t)f + tf and apply Theorem 7. f;(G@) is con- 
tained in a definite compact set for 0 S t S 1 by Lemma 1. 


5. Product theorem. For the composition of two transformations in a 
finite dimensional E” the following holds: 


THEOREM 8. Let G be an open set in E” and f a continuous mapping 
of G into E™ such that f(x) —x is bounded on G. Let H be an open set 
containing f(G) and A, (i=1,2,-- +) the components of the open set 
H—f(G—G). Let $ be a continuous mapping of À into E" such that 
px) — x is bounded, and a a point of E" such that a€ of(G— Q) U d(H — H). 
Then we have 

A [a, G, $f] = z A[a, H, $] . Albi, G, fl, 
where b; is an arbitrary point of Hi. 


Proof. Of. [8]. 
This theorem can also be extended to the general case of # as follows: 


THEOREM 9. Let G be an open set in E and f a completely continuous 
mapping of G into E. Let H be an open set containing Tf(G) and Hi the 
components of the open set H—Tf(G—G). Let be completely con- 
tinuous mapping of À into E and a a point of E such that 

a& Téxf(G— G)U Té(# — E), 
where 
Tof = TT: (Hf =f + + olf). 
Then we have 


Ala, G, Té*f] = È Ala, Hi, Te] Alb, G, TF], 


where b; is an arbitrary point of Hi 
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Remarks. (i) By the hypothesis there exist compact sets K, and K} 
such that f(@) CK, and $(A)CRK:. Since #*f(G) Cf(@ + o(A)CK,+ Ka 
then p*f is also completely continuous on G. 


(ii) The set of all roots of Tp(x) =a is compact (a closed subset 
of a— K). Hence there are only a finite number of H; such that 
Ala, Hi, Thl 540; thus the summation 2 is to be taken only over those à 
such that Aa, Hia Td] 560. 


(iii) Since any two points b’ and b” in the same H; can be joined by a 
polygonal line without touching Tf(@—-G), it follows that A[x, G, Tf] is 
constant in each H4 


Proof of Theorem 9. Let D, be the set of points pe H such that 
Alp, G, Tf] =k. Then we have 


(1) D,—D,C (# — H)U Tf(é—@), 
and í 
> A[a, H, To] í A[b; G, Tf] +. Z Ala, Dy, To] k. 


Thus we have to prove 


(*) Ala, G, Té*f] = Z Ala, Du Te] k. 
By the hypothesis and Theorem 1 there exists a V eU such that 
(2) V (a) 1) (T(E — H)U To*f(@—@)) — 0. 
From (1) and (2), 

(3) Y (a) N Th(Dr — Dr) = 0. 


By Theorem 2 there exists a finite-dimensional linear manifold W” and a 
continuous transformation S, of K (Remark (i)) into Æ” such that 
Si(x) — ze V for se Kə Thus 


(4) TS (2) — Té(x) e V for ce Ë. 
Then by Corollary 3 we obtain from (3) and (4) 
(5) Aa, Dr, To] = ATa, Dr, TS24). 


Now let X be the set of all roots of TS.¢(#) =a. Then X is compact 
since X Ca— S.(K2). From (2) and (4) it follows that a € TS.¢Tf(G — G@). 
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Thus X N Tf(&—G) =O. Then because X is compact and Tf(G—G) 
is closed, there exists a U e 11 such that 

(6) U(X) TF(&— G) = 0. 

By Theorem 2 there exists finite-dimensional linear manifold Æ” and a 
continuous transformation S, of K, into E” such that ae E” and 8,(%) —#xeU 
for «eK, Hencé 

(7) TS:f(x) —Tf(x) eU for ce G. 

Then by (6) and Corollary 3, 

(8) Alp, G, Tf] = A[p, G, TS:f] for pe X. 


Now let D’, be the set of points pe H such that Alp, G, TSif] = k. 
Then by (8) the set X N Dy of all roots of TS:p(x) =a in Dy coincides 
with X (] D’, that of all roots in D’,. Thus by Corollary 1, 


Aa, Dr, TS2p] = Afa, D'r, T824] (= A[a, Dr N D'r T8291). 


Then by (5) 
(9) Aa, Dr, Th] = Alfa, D'r, T824]. 

On the other hand, from (2), (4), and TF(Ẹ) CH, we get by Corollary 3, 
(10) A[a, G, Té*f] = Ala, G, (Sip) *f]. 


Now putting (1— t)f + tSıf = fe we have TS.pTfr—T (Se) *ft, where 
(Sob) *ft Fe (1 = t)f + LS: + Sob (Tfi). Thus 


(11) (Seb) *f1(@) CRs + SR) + 82(K2) = Ks, 


where K, is a compact set by Lemma 1: From (7) we get Tf:(x) — Tf(«) 
= t#(S:f(x) —f(z))eU for 0StSi. Thus by (6), pett.(G— G) for 
peX, OStS1. Hence aë T(S:p)*f:(G— G) for OSt=1. Thus by 
(11) and Theorem 7, A[a, G, T(S2¢)*f:] is constant for,0 = {= 1; hence 
Afa, G, T (Sob) *f] = Ala, G, T(S2p)*(Sif) J, and by (10), 
(12) Ala, G, To*f] = Ala, G, T(S2p)* (Sif) ]- 

Now let E? be a finite-dimensional linear manifold containing both Æ" 


. and E”. Then S.¢(G@) CE, (Sap)* (Sf) (&) C Et, and by the definition of 
the degree of mapping in Ẹ 


{ Ala, D'n Tab] = A*{a, D'rt, TS26], 


Fe Aa, G, T (Seb) * (Sif) ] — "La, G4, T (826) * (Sif) ]- 


? 


Le 
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But, since D’,' is just the set of points pe H such that At[p,G1, TSif] = k, 
we obtain by Theorem 8 
(14) A¥La, G°, T(826)*(Sif)] = X ALa, D'r’, T8ap] ' k, 


using considerations similar to those in the first part of this proof Then from 
(9), (12), (13) and (14) follows (*). 


6. Invariance of domain in complete metric E. 


Taxorexm 10. Let E be complete metric, G an open set in E, and f 
a completely continuous transformation of G into E. If Tf affords' a one-one 
correspondence between G and Tf(G), then Tf(G) is an open set in E, and 
A[6, G, Tf] = + 1 for any be Tf(G). 


To prove this theorem we shall first give two lemmas. 


Lemma 2. If K isa compact set in a complete metric E, then the 
smallest closed convex set K containing K is also compact. 


Proof. Using tlie convexity of U one can easily prove that K is totally 
bounded +°; hence the closed set K is compact (in complete metric F). 


Lemma 3.4 If f(x) is continuous on a closed set M in a separable 
complete metric E, and f(M) is contained in a compact convex set K in E, 
then f(x) can be extended to a continuous function on the whole of E in 
such a way that f(#) CK. 


Proof, Let {an} be a denumerable set dense on M. We put 
p(p, ©) = Max{ (2 — dist (p, x) /dist(p, M)),0} for pe M; 
then S 2"o(p, an) f(@n) converges uniformly on E — M,? and we define 
f*(p)'by 
f (P) = ( È 2o (p, an) ) TE 2p (p, dn) (dn) for PEM, 
= f (p) for pe M. 
Then f*(p) is an extension of f (p) as desired. 





19 For Fu Uet there exists a finite number of p, ek (i= 1,-.-+,h%) such 
that K c U(p:). 
4=1 


11 This lemma I owe to Professor S. Kakutani. 


į 
12 Because S 2%p(p,a,)f(a,)e2*4K (we assume 02K); hence for sufficiently 
nzi 


large N, $ 27g, an)f (an) U (Well is arbitrarily given) if i>, since K is compact. 
n=t í 
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Proof of Theorem 10. Let b = Tf(a) be any point of Tf(G), and let 
f(@) be contained in a compact set K. By Lemma 2 we can assume that K 
is convex. Let Fo be the smallest closed linear manifold containing K and a. 
Then #,.is a separable complete metric subspace of E. Put Ge = G N Eo 
then @ is transformed by Tf into Fo. Then we have, since b& Tf(G@—@), 
by the manner of definition of the degree of mapping, 


(1) A[b, G, Tf] = A[b, Go, Tf] in Bo. 


Now let us confine ourselves to Fo. Put Tf(G.) — M; then M is closed 
by Theorem 1. The inverse mapping (Tf)? of M onto G is also continuous, 
because every closed subset of G) corresponds to a closed subset of M by (Tf)-1 
(Theorem 1). Now put 2 —Tf(x), (Tf)7(2’) —a = p(x); then 
po(z) =— f (x), and hence ¢o(M) =—f(G)) C—K. Therefore $,(z) is 
completely continuous on M, and Teo = (Tf). Since M is closed in a 
separable complete metric Fo, and po(M) C—K (a compact convex set in 
#,), then by Lemma 3, ¢o(x) can be extended to a continuous $(x) on the 
whole of Hy in such a way that ¢(#,) C— K. 

Let H; be the components of the open set Fo — Tf(G —G). Since 
To*f (£) = Tool f(x) —x for ze Go, thenaE Th*f(Go— Go). Thus by 
Theorem 9 we obtain, since Fo — Fo = O and A[a, Go Th*f] = 1, 


(2) 1— 2 Ala, H, Tẹ] * ALi, Go, Tf], 


where b; is an arbitrary point of H; Consequently there exists an i = k such 
that 


(3) Ala, Hr, Th]: A[bx, Go, Tf] 0. 


Then by Theorem 5 there exists a bre Hy such that a—T¢(6;,) and 
bre T{(Go) CM. Thus a = Tho(bx) = (Tf)*(bx) ; hence by = Tf (a) =b. 
Since there is only one Hy, such that be Hy, we can assume &—1 and 
Ala, Hi, To]: Aldi, Go, Tf] — 0 for all > 1. Thus from (2) follows 


Ala, H., Té]- A[b, Go TF] = 1. 


Since the factors of the left side of this equation must be integers we get 
Alb, Go, Tf] = = 1. Therefore from (1), returning to F, 


Alb, G, Tf] = + 1. 


Since b ë Tf(G — G), there exists a U e U such that U (b) N Tf(@— G) — 0. 


La 
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Then by Corollary 2, Af[b’,G, Tf]— +1 for any b’eU(b). Hence by 
Theorem 5, U(b)C Tf(G). Thus the proof is complete. 


Osaka UNIVERSITY, 
OSAKA, JAPAN. 
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THE TOPOLOGY OF THE LEVEL CURVES OF HARMONIC 
FUNCTIONS WITH CRITICAL POINTS.* + 


By Wizzram M. BOOTHBY. 


Introduction. In a previous paper,’ of which this is a continuation, 
topological properties of curve families which filled the Euclidean plane v, 
or a simply connected domain in +, were investigated. The families were 
assumed regular (i.e. locally homeomorphic to parallel lines) except at a 
possibly infinite collection of isolated singularities at each of which the family 
had the structure of a multiple saddle point; such families were called 
branched regular curve families. Further investigation of these families, in 
particular their relation to harmonic functions, is the aim of this paper. 
In what follows the definitions and theorems in [I] will be assumed, and the 
same notation will be used. In particular F, G will denote branched regular 
curve families filling the plane r, B will denote the set of singular points, 
R the domain «— B in which F is regular, and so on. The Euclidean plane 
will be taken as a model for all simply connected domains. 

The principal result of [I] was to prove that any branched regular curve 
family F filling r can be given as the family of level curves of a function f(p) 
which is continuous on all of r and has no relative extrema, This generalizes 
a portion of [II] in which the same theorem is proved for a curve family 
without singularities in 7. In this paper there are two main results: the 
first, proved in Section 1, is that Fis actually homeomorphic to the level 
curves of a harmonic function; the second, proved in Section 2, asserts the 
existence of a decomposition of F into a countable collection of subfamilies 
of curves, each of which has the structure of the parallel lines y — constant 
of the upper half-plane. Such subfamilies will be called half-parallel, and 
this decomposition has consequences for the study of harmonic functions and 
analytic functions which will be mentioned below. These two results generalize 


* Received January 30, 1950. 

1 The material in this paper and the preceding paper was taken from the author’s 
Ph. D. thesis at the University of Michigan. The author wishes to express his gratitude 
to Professor Wilfred Kaplan for his guidance in this research and his advice in the 
preparation of this paper. 

2 The Topology of Regular Curve Families with Multiple Saddle Points (pp. 405-438 
of this volume). Theorems or section numbers preceded by I refer to this paper. 
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those of Kaplan [III] to curve families with singularities of the saddle point 
type. | 

The methods of proof used in [I] will also be of value here, i. e., it was 
first noted that the family F decomposes into single curves extending to 
infinity in each direction and collections of curves ending at branch points, 
where each collection forms a tree. Then it was shown that by removing 
enough curves we are left with a simply connected domain R* in which the 
remaining curves F* of F form a regular family. This allows us to use the 
theorems of Kaplan. By this method we are able to show in 1.2 that for 
any branched regular curve family F, there exists a complementary family 
G, i.e. there is a branched regular curve family G with the same singularities 
as F and such that no pair of curves of F and G intersect more than once. 
For, from Kaplan [IV] it follows that for the family F* filling R* there is 
such a family G*. Thus it remains only to modify G* (along the curves 
removed from v to give us R*) in such a fashion that the modified family 
G* becomes complementary to J’ when we replace the curves again. The 
details of this procedure are elaborated in 1. 2. 

Now given F, G complementary, by [I] there exist two functions f, g 
defined on + which have F, G as level curves. Using f and g, we may define 
a map T:r—uv-plane by T(p) =[f(p),9(p)] and since f, g have no 
extrema and have regular curve families as level curves it may easily be shown 
that T is light and interior. It follows from well known theorems that there 
is a homeomorphism h: D — r, D a simply connected domain in the æy-plane, 
such that w(x, y) = T[h(x, y)] is harmonic; but h maps the level curves 
of w onto F. This concludes in outline the proof of the first principal 
theorem. Since the converse is well known, this theorem give a charac- 
terization by local topological properties of the level curves of a function 
harmonic in a simply connected domain. We note an important but imme- 
diate corollary: F is homeomorphic to the family of solutions of a system of 
differential equations: dy/dt = p(x, y), dz/dt = q (x,y). Section 1.3 gives 
us in detail the proof outlined above. 

In Section 2 the decomposition theorem mentioned is proved, again by 
a reduction to theorems of Kaplan for families without singularities in a 
simply connected domain, in this case, as above, applied to the family F* 
filling, and regular everywhere, in the domain R* obtained by removing 
curves from F. The importance of this theorem lies in its possible applications 
to functions analytic in a simply connected domain, as follows. For example, 
let u(x, y) be the real part of an entire function. The family F of its level 
curves will then be a branched regular curve family. Now for F by the 
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decomposition theorem there exists a countable set A and a decomposition 
of F into sets Da, ae A, which are simply connected, overlap at most on their 
boundaries (and then along curves of #) and in each of which our entire 
function is 1-1. Thus the sets D, furnish a decomposition of the Riemann 
surface of the inverse function into-sheets. This is again a generalization 
of Kaplan [III] where these results were obtained for analytic functions, 
with non-vanishing derivative, defined in a simply connected domain. 


1. The Branched Regular Curve Family as the Level Curves of 


a Harmonic Function. 


1.1. Preliminary properties and definitions. In this paper a slightly 
more general definition of cross-section will be needed than in [I], as follows: 
a curve in À is a cross-section if every arc on it is a cross-section. This 
removes the restriction that a cross-section be an arc, i.e. it may extend to 
infinity in one or both directions or even be a bounded open or half-open 
curve, 

Whitney [VI] has shown that in an orientable regular curve family 
filling a region § there is a function f(p,¢) with the properties: for each p 
in § and any t in —œ < t <0, there is a unique point g—=f(p,t) lying 
on the curve C through p; f(p, t) is continuous in both variables; f(p, 0) = p 
and as ¢ increases (decreases) f(p;t) moves continuously in the positive 
(negative) direction on C. Just as in [II] we have as an immediate corollary 
to this theorem the following: 


THEOREM 1.1-1. Let y be a cross-section in F and 8(y) the set of curves 
of F crossing y. Then S(y) forms an open, simply connected set, F is regular 
in this set and, in fact there is a homeomorphism of S(y) onto (i) a strip 
0SySi, (i) a half-plane y = 0 or (ti) the xy-plane, carrying the curves 
of F in S(y) onto the lines y = constant, the case depending on whether (i) 
y is an arc, (ii) y ts a half-open curve, or (ill) y ts an open curve, respectively. 


Proof. We will prove only case (ii), the proofs of the other cases being 
similar. It is a consequence of Theorem I 1. 2-2 that S(y) is open and F 
is regular in S(y). From what follows it is clear that the domain filled 
by S(y) is simply connected, since it is homeomorphic to a half-plane. Let y 
be parametrized by 7, i.e. p(r) maps 0& r <œ% homeomorphically onto y. 
Now S(y) —y consists of two disjoint domains A and B and each curve, 
since it crosses y exactly once, has an arc in A and an arc in B. Hence the 
curve family F[S(y)] is orientable, since we may assign to each C in this 
set the direction as positive along which we pass from A into B. Then by the 
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above mentioned theorem of Whitney we have a function f(p, t) defined on S. 
Let p = ¢ (r), then the function f(¢(7), t) at once gives us, if we set y = r, 
z= t, a homeomorphism of S(y) onto the upper half plane with v = 0 the 
image of y. This is essentially the same as the situation in [II, p. 174, 
Theorem 30]. | 






FIGURE 7 


CONSTRUCTION OF 
EXTENDED R-SET 


In [1] a useful “half-neighborhood ” called an r-set was defined for 
any arc pg lying on a “ maximal curve” C*, The set was, briefly, a closed set 
in D*(C*) which abutted on pg and in which the curve family had the 
structure of the family F, of parallel lines, y == k, in a closed rectangle 
R={(x,y)||z|<10Zy<1}, the only singular points in this set 
being those on pq itself. Below we shall need a similar half-neighborhood 
for a half-open curve A(p) extending from a point p to infinity along a 
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maximal curve C*, Of course, the most important case of such a situation 
is the “cut,” A(b), from a branch point b. An extended r-set, U(A(p)), of 
A(p) on C* will then be a closed set contained in D*(C*) together with a 
definite homeomorphism k of this closed set onto À; — R, — { (1,0) }, i. e. Ry 
without its lower, left-hand corner point, where the following conditions are 
satisfied by U and k: (1) F[U] is homeomorphic to F,; (2) the inverse 
image under k of æ=—-:1} is a cross-section, which we will denote by y, 
joining p to a point q, k(p) = (--1,0) and k(q) = (—1,—1); (8) the 
inverse image of y = 1 is an arc from g to q, = k“[(1,1)] on a curve of F; 
and (4) the inverse image of s == + 1 is a half-open cross-section F from gq, 
to infinity, asymptotic to A(p); finally (5) Æ maps A(p) on the portion of 
y=0 in À. Of course, the missing corner-point (1,0) of À corresponds 
. to the point at infinity. (See Figure 1.) 


THEOREM 1.1-2. Let rA(p) be a half-open arc on C* as defined above 
and let V[A(p)] be any open set containing A(p), then there is an extended 
r-set, U(A(p)) interior to V. 


Proof. The proof will consist of two parts: the first part (A) being the 
description of the set U which is to be the extended r-set, and the second part 
(B) being the description of the homeomorphism k from U to R, (Fig. 1.) 


(A) We begin by choosing a sequence p == Po, Pas P2,'* * of regular 
points on A(p), which recede monotonely to infinity along that half-open 
curve. We shall denote the arc joining pp to Par. on A(p) merely by Papas, 
and as first step we shall choose rather carefully an r-set Un abutting on Papo 
for each n. From an examination of the discussion of r-sets in [I], it is not 
difficult to see that given an arc on a maximal chain whose two endpoints are 
regular points, if we take arbitrary cross-sections through these endpoints, 
then it is always possible to find an r-set abutting on this arc whose cross- 
sectional sides are on these chosen cross-sections. Now let us choose for each 
n a cross-section y, extending from p, into D*(C*). For each n we shall 
choose the r-set Un interior to V and complying with the following conditions: 
first, so that its cross-sectional sides are on yn and yns, and so that it lies 
within an ¢,-neighborhood of Papua, en —> 0. And second, having chosen Uy_1, 
and denoting by gp, the arc on y, which forms that one of the cross-sectional 
sides of Un. on yn, we choose Up in such a manner that its cross-sectional 
side npn along yn is contained in QnPn, i.e. Tn lies between qn and py On Yn- 
Then Una (1 Un ==Tapn by Theorem I 3. 2-2, and C,, (denoted below by Ca) 
intersects yo at some point 1”,. Of course, each Un is in D*(C*) since each 
yn is. Thirdly, we require the U, so chosen that r, is contained in a 
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&-neighborhood of p = po for a definite sequence 8, — 0. The properties of 
r-sets as developed in [I] make it obvious that these conditions on U, can 
be complied with. (Note: below we denote yo simply by y.) 

Let kn denote the homeomorphism of U, onto &,; we shall always assume 
kn so chosen that as we move from p towards infinity on A(p) the image point 
moves from left to right along the «z-axis. Then if we consider the image 
of Un in R,, we have kn(pn) = (—1,0), ka(tn) = (—1,—1), bu(potn) 
= (line à =— 1); kn (Puss) = (1, 0), bn (qua) = (1, À) and ka (fan) = (1, 0) 
where 0<a<1. Now it is clear, as noted above, from the description of 
the sets Un, that the curves C, determined by 7, and gaa, N= 1,2,° °°, 
i. e. those curves of F on which lie the arcs fagna, carried by kn onto the line 
y = + 1 in R,, will cross the cross-section pq on y at points 7’, which form 
a monotone sequence and which by our third requirement approach p. Also 
the points gq, determine an are on a curve Cy, which maps under ko on 
y=+1. It follows that S(y), the set of all curves crossing y, will contain 
all the sets Un. Now for each n let a cross-section r,r,,, be determined in Un 
as the inverse image of the straight line in R, joining k,(r,) and ken (Tas). 
If we direct each curve On so that D#(C,,) contains A(p) then rr17» will lie 
in D*(C,), except for the endpoint r, which is on Ca. Hence the ares qır, 
Gatito, QiTiT2%a,° © © are each cross-sections by Theorem I 3.5-3, and they 
approach as limit an are T from qy to infinity, which will be then a cross- 
section. The set U bounded by (1) A(p), (2) the cross-sectional are pq on y, 
(3) the arc gq, on C and (4) the cross-section T will, as will be shown below, 
be an r-set interior to V(A(p) }; i.e. we shall exhibit the homeomorphism # 
of the definition. 


(B) Now change the meaning of y slightly to let y denote only the arc 
pg on y and, as above, let S(y) denote the set of curves of F crossing y, and 
S(T) the set of curves crossing T. We see from above that S(T) U C* == S(y). 
Each of these sets is split into two domains if we remove y, and we shall let 
S(T), S (y) denote respectively the domains containing A(p). By Theorem 
1. 1-1 there is a homeomorphism k: : S’(y) > Ri”, Ri” = {(x, y) —1Z 7% <o, 
0S yS 1} and k, (y) is the line x = — 1, kı (A(p)) is the &-axis for e = — 1. 
The curve Cy on which q, qi lie will map onto the line y =1 and I”, the 
image of T, will be an are given by = (4), OS y < 1, k:(q1) = (¢2(1), 1) 
and lim ¢z2(y) ==0. 

420 


Now we let BR,’ ={(2,y)|—1S2<1,0S5y51}, ie. a rectangle 
with the right side missing. We shrink S’(y) into R,’ along the lines 
y = constant by the homeomorphism ks: 8’ (y)—> Ri’ where ka: (x, y)—> (a, y) 
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for —1=zx<0 and k,:(x,y}—(x/(æ +1),y) for OS e@< +co. Let 
«== #:(y) be the function whose graph is I”, the image of I” under hp. 
T’ will be a half-open are from the point (#:(1),1) on the line y = 1 to the 
point (1,0) as limit point, i.e. as y—>0 the point (#:(y),y) approaches 
(1,0) along I”. .The side x= — 1, the side y—0, the segment from 
(— 1,1) to (¢:(1),1) on y= 1, and finally I’ will bound the image of U 
under #,k,. Denote this portion of 2,’ by U’. Then we perform a final homeo- 
morphism kws: U’—> Ê, where ks: (a, y)—> {(2 + 2x)/(1 + ¢:(y))—1, y}. 
The combined homeomorphism k = ksk.k,: U > R is easily seen to be the 
desired homeomorphism as required in the definition of an extended r-set. 
Hence the proof of the theorem is complete. With these preliminaries com- 
pleted we can prove the existence of the family G, complementary to F. 


1.2. Complementary curve families. Given a branched regular curve 
family F filling v, we shall call another such family, G, filling x comple- 
mentary to F if (1) the singularities of G are exactly those of F and each 
is of the same type, i.e., a point b is an n-th order branch point of G if and 
only if it is an n-th order branch point of F; and (2) every curve of G is a 
cross-section of F. It follows at once from this definition and Theorem I 3. 2-4 
that if Œ is complementary to F, then F is complementary to G. Hence we 
may speak of two complementary families, F and G, filling r. They will 
have a common set of singular points, B. | 

The major result of this section is to establish that every branched regular 
curve family F has a complementary family G. In [IV] it is shown that 
this is true when the set of singular points’is empty, i.e. for a family F* 
regular throughout a simply connected domain R*, for we may by [IV] 
map F* onto a family F” filling the zy-plane and defined by differential 
equations, dx/dt == f(x, y); dy/dt= g(x,y). The orthogonal trajectories 
define a family G’ complementary to F” and the inverse image G* of @ is 
then the desired complementary family to F*. This result immediately gives 
us a family G* complementary to F* in R* = r — 1% being the cuts removed 
from ~ to make R simply connected [I]. The method we shall use to estab- 
lish the existence of a family G complementary to F will be to consider first 
F* and its complementary family G*, both defined in R* and then to modify 
G* slightly near the boundary of R*, i.e., near the cuts A(b), obtaining a 
family G* which becomes a family @ of the desired type when J, the set 
removed from x to give R*, is replaced again. Theorem I 4. 1-8 tells us that 
we may cover F with a collection {V[A(b)]} of disjoint open sets; we shall 
assume such a covering, to be fixed throughout what follows, and moreover, 
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assume that each V C U.[A(b)] an e-neighborhood of A(b) where e > 0 is 
fixed. Any modification in G* will actually take place deep inside V, i.e., 
in an open set whose closure lies in V. We shall actually discuss the 
modification for one such V and, assuming similar modifications have taken 
place in each V, we will denote by G* the modified G*. G* will then be 
shown to be such that when Ÿ is replaced, G* becomes a set Ẹ complementary 
to P. 

Restricting ourselves then to a definite A(b), and its neighborhood 
V[A(b)], as model, we proceed to define for A(d) a certain possibly infinite 
collection of closed sets Wo, Wip: - : all contained inside V[A(b)] and 
surrounding A(b). These are the sets in which G* will be modified. W is 
an extended #-set, and if the number of curves in A(b) is finite, and only 
in this case, there will be a last set Wy of this collection which is also an 
extended r-set. All the other sets W; will be r-sets in the sense of [I], which 
we shall hereafter call merely r-sets. These sets will be chosen as follows: 
First, let bo = b, bi, ba, © © + be the branch points on A(b), numbered so as 
to recede monctonely to infinity, and let the curves in R* of each S#(b;) be 
numbered with two indices,. the first being that of b; the second being given 
by a counterclockwise numbering of the S¢(6;) proceeding from the first curve 
which follows counterclockwise after a curve of St(b;) not on C* (C* D A(b)) 
to the last curve of St(b:) not on O*: Oon: © +, Com; Cin Cray? * +, Cam * * 
ete. ; let Coo denote O. (See Figure 2.) Then all numbered curves are in R*. 
Second, choose regular points s on each Cy and short cross-sections yy through 
Su, the yy being in‘ each case an arc on a curve of @* and both sy and yy 
being chosen so as to lie in V(A). Now we choose our sets W, as follows: 
Wy C V(A) is an extended r-set bounded on one side by an arc 10899 ON Yoo 
and on one side, of course, by (Sood) U A(b). Next, in the domain bounded 
by the maximal chain determined by the adjacent curves Co, Co, we choose 
an r-set W, C V(A) of the arc SoSo on these curves, with W, bounded by 
the ares Sootoo ON yoo and 71801 ON yo. Similarly, we choose Wa: + :, Wa, 
each an r-set contained in V(A) and bounded by ares on two of the yos. 
It may be that bo is the only branch point of A(b), in which case the next set 
Wu is the last and must be an extended r-set, bounded on one side by an 
AIC Sonton, OD Yon, Otherwise, we choose for Wp, an r-set of Son, bobisu, an arc 
on the adjacent chain Cin, C’, C11; C” being the curve of A(b) with endpoints 
bo, ba. The r-set Wa, is so chosen that its cross-sectional ends are arcs Sonton 
and 713811 ON yon, and yı, respectively, and that it lies in V(A). This process 
is continued until we have chosen r-sets (or extended r-sets) on both sides 
of every curve of St(b:) for all b; and hence, in particular, on both sides of 
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each curve of A(b). Then A(b) will be contained in the interior of the set 
Wy = UJ Wi. Wy is bounded by an‘open are T extending to infinity in each 
t 


direction; and T consists in one case of one infinite cross-section of F*, not 
in general a curve of G*, plus an infinite number of arcs alternately on curves 
of F* and on curves of G* (the latter of the form riysijtiy C yy); or else in 
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FIGURE 2 
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the other case, T consists of a finite number of such alternate arcs on F* and 
G* plus éwo half-open cross-sections of F* extending to infinity. The first 
case occurs when there is one extended r-set and the number of sets W; is 
infinite, the second when there are two extended r-sets and a finite collec- 
tion of sets W; comprising Wx. T lies entirely inside V(A), and Wy, which 
consists of I. plus that one of its complementary domains inside V(A), is 
a closed set. The Wys clearly intersect only on curves of F, namely on A(b) 
and on the arcs bisi; on each curve Cy of R* [) St(b:) for b; in A(b). We 
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. denote by À the set of all points which lie on the common boundary of two 
or more Ws. A point of À which is a regular point clearly lies on the inter- 
section of just two such sets, whereas each branch point b; lies on the inter- 
section of 2m, where m is the multiplicity of 6, We denote by W;* the set 
Wi-—X, and by W," the set W,—X, and finally by Va” the set V(A) —i. 
Then let G* = G*[V,*] and F* = F*[V)*], Le. we remove from V(A) all 
points on two or more sets W4. 

Now'each W, has associated with it a homeomorphism kn, of W, onto Ra 
or, if it is an extended r-set, onto À. In order that the modification of G* 
to G* which we are going to make will not destroy the relationship between 
G* and F* we will actually achieve it by a homeomorphism h of R* 


(R* = R* — U À) onto itself, which is the identity outside of each set W, 
Ac? 7 
. but which inside such a set carries each curve of F* onto itself. The need 


for this modification arises from the fact that although #*, G* are comple- 
mentary in R*, and hence in V*(A) = V(A) — À, they will not in general 
be complementary in V(A) along points of X. In fact replacing À in V* will 
not in general transform G* into a regular curve family in V(A), since after 
all those points of À on À are boundary points of the region R* filled by G*, 
. and curves of G* may have common endpoints on the boundary of the domain 
of G*, or no endpoints (i. e. may extend to co which is also a boundary point 
of R*). Our procedure is to cut the plane along each À, cutting along curves 
of F, i.e. whenever we cut a curve of G*, we cut across it: in particular in 
cutting along À — À, since this is in R*, we cut across curves of G*. Then 
keeping the curves of F fixed (not pointwise) we move the “cut ends” of 
curves of G*, with their individual points “sliding” along curves of F, into 
such positions that each regular point on À(b) becomes the endpoint of 
exactly one curve of G* from each side of À, and the branch points of multi- 
plicity m the endpoint of 2m curves, one from each sector. Then replacing À, 
. G* the modified G* becomes a regular family at every regular point of F and 
is in fact complementary to F. We shall describe this operation piecewise, 
for each W,* and, in fact, at first as a homeomorphism on the image of W,* 
in R, (or À, as the case may be), (I) for r-sets, (IT) for extended r-sets. 


(I) We begin by defining a typical homeomorphism fr in R, on the image 
under k; of F*[W.*], G*[W.*], W: an r-set. The image of W,* will be 
R,” == R, —(x-axis), and we will denote the images of the curve families as 
F,*, G,*, respectively. The former will, of course, be just the lines y = a, 
0 < a1, and the latter will be a regular curve family filling R,*, comple- 
mentary to f,*, and having among its curves the two lines z = + 1, images 


522 ` WILLIAM M. BOOTHBY. 


of arcs yij, which lie on curves of G*. It will be seen that G,* consists exactly 
of the curves whose inverse images cross C’, the inverse image of y = 1 in R.*,. 
for, if we consider any curve of G* with a point inside W4, it is clear that it 
must leave W; in each direction, there being no boundary points of R* interior 
to W;; and hence, it must either cross C’ or have two endpoints on X(b). 
It could scarcely have both endpoints on X(b), however, without crossing 
some curve of F* twice inside W;, which is impossible since the curves of G* 

are cross-sections of F*, Moreover, no curve of G* will cross C’ more than 
once, since C’ is a cross-section of G*. Thus we may define a function fr 
mapping R,” onto itself as follows: Let ¢ = f(x, y) be defined by f(x, 1) ==% 
and f(z, y) = constant on each curve of @,*, and let ÿ = g(x,y) be defined 
by g(z,y) =y. Then it follows from the above remarks and the work of 
Kaplan [II] and [III] that fr: (x, y)—>(#, ÿ) is a homeomorphism of R,* 

onto itself which takes each curve of F,* onto itself, and each curve of G,” 

onto a line z = b, — 1 S b S1, the lines s = + 1 being held pointwise fixed, 

as is the line y = 1, i.e., all of the boundary of R,* on which fr is defined 

is held pointwise fixed. h|W,* is then defined by kr'frki and if thus defined 
h maps F*[W,*] onto itself, takes G*[W;*] homeomorphically onto a new 

family G*[W,"] which is still complementary to F* and which is identical 
to G* on the boundary of 1;*. Since k; is actually a homeomorphism of all 

of W; onto R., it will now map F[W;] and G*[W;] so that the curves F* [Wi], 

G*[W,] will map onto the lines y — a and æ = b, respectively. We re-denote 
ki by ie; to emphasize that it acts on G*. Thus it is clear that every curve of 
G*[W;] has exactly one endpoint, unique to it, on À and exactly one endpoint 
unique to it on the curve of F* forming the opposite side of W: The 

regularity of G* which we have achieved at X is precisely what is needed. 

We assume a similar homeomorphism defined for every index à such that 
W; is an r-set; then k will be defined on every set of W except the one (or two) 

extended 7-set(s). 


(II) Now let us suppose that we are dealing with an extended #-set 
say Wo, with its associated homeomorphism ko onto B. Again let F,*, G,” 
denote the images of the respective families of W in R,* = À, — (z-axis), 
F,* being just the lines y = a; the line s = — 1 in R,*, but not in general 
the line z = + 1, being a curve of G,*. fr will be given as the composition 
of four homeomorphisms of R,* onto itself. Before we can describe fi, the 
first of these, we must note that there is in We at least one curve y of G*, 
distinct from the are fooSoo Où yoo (the inverse image of «== — 1), whose image 
ÿ in À, joins a point (2,0) to a point (2’,1), where — 1 <x”,4 < 0, 
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i.e, a curve of G* joining one side of W, to the other, and intersecting 
each side at a regular point of R*, in particular, on Co, not on A(b) 
(see Figure 3). That such a curve exists follows from the fact that in the 
family G*, regular in R*, the arc fooSoo on a curve of G* has an r-neighborhood 
U (by Theorem I 1. 2-2) with Ü C R*. The curves C,,, and Cry (see Figure 
2) have small arcs entirely in this neighborhod, since they are cross-sections 
of G*, and each of these will be crossed by an infinite number of curves of G* 
on each side of Sootoo, one of which will serve our purpose ; namely, one crossing 
for each of these arcs that part which is the inverse image respectively of the 





(-10) % (00) Ab (1 (-10) 
FIGURE 3 


segments (— 1,1) to (0,1) and (—1,0) to (—6 0), 1>6>0. y will 
be given by a continuous function s = yı (y), OS y £ 1, and we shall use 
it to define fı: R," —> R,* given by fi: (x, y)—(#,ÿ) where 


€ = {(1+ w(y)]e— [yaly —ve(y)]}/11 + wy] for ~1S¢S yy), 
Z= {[1—w(y)]¢— hly) — pA — QT for (y) StS +1; 
ÿ=Yy 


(where y2(y) = (2 —2”)y + x”, this being the equation of the line joining 
(x’,1) to (x”,0), the curve into which y, is mapped by fı). 

The next homeomorphism, fz: R,* > R,* will carry y into ys, the line 
` g=. fo is given by fa: (x,y) — (2,0) where: 


B= {1+ 2e + [r —yaly)]}/f1 + valy)] for —1S2< wy), 
((L—a')e + [a —valy)}}/L1 —valy)] for da(y) Se S11; 


J =y. 


Ž — 
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Each of these homeomorphisms holds the boundary curves s == + 1, 
y == 1 pointwise fixed. To describe fs we first denote by M that portion of Ry* 
which lies on or to the left of y, i. e, M = {(z,y)|—-1S¢Sv7,0SyS}}. 
M is bounded on each side by a line z — constant, i.e. s = — 1, and æ—#, 
each the image of a curve of G* under the composition of the above maps, 
and M is bounded on top and bottom by images of curves of F*, The image 
of F* in M is the family of lines y =a. Hence by precisely the same argu- 
ment as in the definition of fr for the neighborhood of type Z above, we may 
find a homeomorphism fs: M —> M which holds the boundary of M pointwise 
fixed, takes each curve y — a onto itself, and takes the image family of G* 
onto the lines c= b, —1SbS2’. We extend f; to all of R,* by defining 
it as the identity on the rest of this set. Again, fs will be a homeomorphism 
leaving the boundary curves s == + 1, y == 1, as well as the curve ys and all 
of R,* to the right of ys, pointwise fixed. 

Finally, we define a homeomorphism f,: #,* —> #,*, again by giving 
fa: (&, y) — (4, 9) as follows: 

E= (p) +1) (2 + 1)/2 +1))—1 for —1 S282, 

f= (1— yaly)) ((@—2’)/(1—2’)) +y for Sss +l; 

=y, 
where y, denotes the line z= #4(y) = (2 —1)y +1 joining (4,1) to 
(1,0), this being the image of ys under f« The image of M under f, will 
be denoted by M, and will be the trapezoid bounded by yu, the z-axis, the 
line v = — 1, and the segment from (-—1,1) to (+’,1) on the line y = 1. 
fa takes the lines y = æ onto themselves, and the lines s =b, —1 Sb S 7 
of M onto a family of nonintersecting straight lines joining the points of the 
top edge of M, to the bottom (as listed above). , f, leaves the lines s = + 1 
and y = 1 pointwise fixed. 

Now we define fu. Fat > R,* as the homeomorphism f.fsfof,, and we 
define h| W,” as ko”fiko (see Figure 3). Then h|1,* is a homeomorphism 
of Wo” =— W, —X onto itself which is pointwise fixed on the boundary of W,” 
in R*, i.e., On tooSoo, on Cr and on the extended cross-section which bounds 
one side of Wo. A also takes the curves of G*[W,*] homeomorphically onto 
a family G*, at the same time mapping each curve of F* onto itself. Now, 
if as above for k; we re-denote ky by ko then we have a homeomorphism of 
all of W, onto À, which takes X onto the æ-axis between (— 1,0) and (1,0), 
with bo mapping onto (0,0), and sw onto (—1,0), and which moreover, 
takes the curves of F onto the lines y= a and takes part of G* onto the 


LEVEL CURVES OF HARMONIC FUNCTIONS. 525 


straight lines joining the top and bottom of M, as described above, the 
remainder of G* mapping onto a regular family filling the rest of R,. The 
curve Y of G*, image of y under h| W,* divides W, into two domains, one of 
which maps onto M,, the other onto R, — M,. We shall denote the one which 
maps onto M;, together with its boundary, by Fa, the boundary consisting of 
two curves of G*, namely rooSoo and Ÿ, together with C,, and 56660 LU A(b) 
in F. It is obvious that M, CR, can be mapped onto À, by a homeomorphism 
g which holds x == — 1 and y = 0 pointwise fixed, takes each line y = a into 
itself, and finally moves the image curves of G* in M, onto the lines v = b, 
— 1 & b S 1, keeping, of course, their lower endpoints fixed, thus taking 
the line Y onto æ—1. Then gbo: Wo—> À, with F going onto the lines 
y == constant and G* onto the lines + — constant. We is then again, like W,, 
an extended r-set of A(b), but of a kind which is bounded by curves of two 
complementary families and has associated a homeomorphism gk, which maps 
the curves of the respective families onto the lines parallel to the axes in R,. 
Hereafter, we shall denote gi, merely by ko. Now if Wy is a second extended 
r-set in W, then it must be the last W; defined for A(b) and on it we define, 
in a manner entirely parallel to the above discussion, frr, h| Wy*, Wy, key, etc. 

Thus we have defined h| Wi* for all 7. Now since the W,” are over- 
‘lapping closed sets of V,* with only a finite number of the sets W; containing 
any given point, and since X is actually the identity along their overlapping 
boundaries as well as on T, the boundary of Wy, we have defined a homeo- 
morphism h of W," = W;— À onto itself. Assume that h is similarly defined 
for a set W)* C V[A(b)] for every cut A(b) contained in J, and define h 
as the identity outside the Wys. We remark that the collection of all the sets 


Wy for A(b) in F, together with the set r — U WA, is a collection of over- 
AeT 


lapping closed sets which has a locally finite character, i.e., every neighbor- 

hood of any point meets only a finite number of the closed sets. This is clear 

because the cuts, A, recede to infinity, and each Wy lies in an e-neighborhood 

of the cut A, e > 0 being fixed. Then it follows thaf h is a homeomorphism of 

R* onto itself, where by R* we mean R* — [ UA(b)]. h carries every curve 
eT 


of F* onto itself homeomorphically, and every curve of G*[R*] homeomorphi- 
cally onto a family G* which is complementary to F* in R* and which coin- 
cides with G* except in the interior of the Wys. 
It remains to prove that by adding the boundary points of R*, i.e., 
U À, the curves of G* become curves of a family Ẹ complementary to F in r. 
AeT 
To prove this we must first prove that @ is regular in R — r — B. Now if v 
is a point of R*, this is clear, since G = G* (which is homeomorphic to G*) 
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in some neighborhod of p. In fact, it is clear (from the method used in 
getting the homeomorphism fr above) that there is an arbitrarily small 
r-neighborhod of p whose closure maps onto Ry = {(+, y)| Jels ly S 
so that the lines == constant are the images of the curves of G, those lines 
y = constant. are the image curves of F. 

Now, however, suppose that p is a regular point on 1(b). Then p will 
be on the common boundary of just two of the neighborhoods W;, since p is 
not a branch point. Let Wn, Wm be the two neighborhoods. Then p is 
interior to Wa LJ Wm, and it follows from Theorem J 1. 2-3 that G[W, U Wm] 
is regular at p, since @ is regular in W, and in Wm separately, as may be seen 
from the existence of the maps En, Em onto Ry (or À; as the case may be) 
with G mapping onto the lines s = constant. Thus @ is regular at every 
point of R, so that the singularities of G are contained in the set B of singu- 
larities of F, and are thus isolated. Now each branch point is in a cut, and 
hence will be b;eA(b) for some à and some A(b). b: is on the common 
boundary of just 2m sets Wa, where m is the multiplicity of b; Then it is 
clear that there are just exactly 2m curves of G[W], exactly one in each 
of these 2m sets, which have b; as a limit point in one direction. For, if W, 
has b; on its boundary, then in the homeomorphism len: Wn — Ra the point bi 
will map onto a point (a, 0) and the inverse image of the line «a is the 
single curve of G[W,] which has b; as a limit point. It follows at once that b; 
is a branch of multipilicity 2m of G. Hence we have established that @ is a 
branched regular curve family with the same branch points as F. Again, 
just as above, it is clear that it is possible to find an arbitrarily small neigh- 
borhood U of each b; which is homeomorphic to | z | < 1, and moreover, with 
a homeomorphism k carrying F[U] onto the level curves of #(z") and G[U] 
onto the level curves of 4(2"). 

Finally, to complete the proof that @ is complementary to F, we note 
that by Corollary 2 to Theorem I 3.5-3 we have at once that every curve 
of G is a cross-section of. F. This completes the proof of the following: 


THEOREM 1. 2-1. Every branched regular curve family F has at least 
one complementary family G (= G) as described above. 


1.3. The fundamental theorem. Given any branched regular curve 
family F on x, we have shown the existence of a complementary family G; 
and also, we have shown [I] that each of these families is the level curve 
family of a continuous function (without relative extrema) f(p) and g(p) 
respectively. This enables us to define a single-valued mapping T, from the 
plane ~ to the complex w-plane as follows: T, (p) = u + iv where u=f(p) 
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and v= g(p). Ti(p) is clearly continuous, because f and g are continuous. 
Moreover, T, is locally a homeomorphism on R and is exactly m-to-1 in the 
neighborhood of an m-th-order branch point. To show this, it is sufficient 
to consider the special neighborhoods mentioned in the proof of the previous 
theorem, i.e., for every regular point we consider only a neighborhood U 
such that there is a homeomorphism of U onto the rectangle R, of the ry-plane 
such that F[U] goes onto the lines y == constant and G[U] onto the lines 
«== constant. Then T, becomes a map of R, onto a rectangle in the uv-plane 
carrying the lines y — constant onto u= constant and v = constant onto 
v = constant. It is clearly a homeomorphism since it is monotone on each 
line « = constant and each line y = constant. This is exactly as in [III]. 
It is equally easy to show that in a neighborhood V of a branch point, where 
F[V] and G[V] map onto R(z") and J(2”) respectively under a homeo- 
morphism of V onto |z| < 1, T, carries V onto an open set and is at most 
m-to-1, where m is the multiplicity of the branch point (cf. [TII]). Hence 
T is not only interior but light (since for every point there is a neighborhood 
in which f and g take on the same value only a finite number of times in the 
neighborhood). It follows from Stoilow [V, Chapter V, part IIT, §5] and 
Whyburn [VII] that T, is topologically equivalent to an analytic function 
W == p(2), i. e., there exists a homeomorphism p == A(z) of the plane m onto 
either the domain D, = {z| |z| < 1} or Da = {z| | 2] <0} of the z-plane 
such that ¢(z) = T,[h(z)] is analytic. The family F” of level curves of the 
real part of (z) are just those curves mapping onto the lines u = constant 
of the w-plane and hence are homeomorphic to P under h. It is thus proved 
that: 


THEOREM 1. 3-1. Given any branched regular curve family F there exists 
a function harmonic in either the finite plane or the unit circle whose level 
curves are homeomorphic to F. 


Since, if the function u(x, y) is harmonic in a domain D, it is differen- 
tiable in D, its level curves will satisfy the differential equations dv/dt = uy, 
dy/dt == — üs, we have at once: 


Tyrorem 1. 3-2. Given any branched regular curve family F, then there 
is a solution family of a system of differential equations to which it is 
homeomor phic, 
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2. Decomposition of F into Half-Parallel Subfamilies. 
2.1. Extended cross-sections. 


THEOREM 2.1-1. Let p be any regular point of x, Op the curve of F 
through p, and let O be a curve containing a point q such that there is a 
cross-section pg. Then there will be a cross-section from p to an arbitrary 
point q of To if and only if g e C*, where O is directed so that pe D*(C). 
Moreover, if q e C* and U(qq’) is any r-set (in D*(C)) of qq’, we may 
choose the cross-section qq’ as follows: qq’ == qrg where qr lies on pq and rq 
is in U (qg). 


Proof. Suppose q’ to lie on C* and let U (gg) be any r-set of gg. Now 
moving along pq from p, the cross-section pg lies entirely inside U (gg) from 
some point on, so we may choose some r on pg, with rg interior to U, letting 
prq now denote pg. We direct C, so that pr C D*(C,) and rg C D#(C,), 
which we can do by Theorem I 3. 5-8 since prg is a cross-section. We replace 
rq by a cross-section rg’ in U which is found as follows: U by definition is 
homeomorphie to the rectangle R, in the æy-plane, and we join in À, the 
image of r to that of q by a straight line, whose inverse image we then take 
for rg’. Since the straight line is a cross-section of the image of F, i.e., the 
lines y = k, rq’ will be also a cross-section, and will lie in the same domain 
D#(C,) as rg, since each cross the same curves in U. Hence, by Theorem 
I 3. 5-3, we know that prg’ is a cross-section. 


It remains only to prove that if C’ is any curve of To not on C*, then 
there is no cross-section to ©” from p. Now p lies in D*(C*) and O’ in 
D#(C*), hence any such cross-section, if it existed, would have to cross C* 
and thus would have two points on To, contrary to the assumption that: it is 
a cross-section. 


THEOREM 2.1-2. Let the trees of F be numbered as in [I, Section 4], 
i.e. in a standard numbering, using the concentric circles Kn of center p 
and radius n; further, let the cuts Ÿ be removed from F, leaving F* = F[R*]. 
Then, outside every circle K, lies at least one curve of F* which can be 
reached from p by a cross-section lying in R* N D* (C5). . 


Proof. Denote by {C} the collection of all curves in D*(C,) which can 
be reached by a cross-section from p lying in R* ) D*(C,). We direct each 
curve of {C} so that D*(C) CD*(C,). The existence of a cross-section from 
p to ge C makes this possible, i. e., direct C so that D#(C)D pq. {0} will 
certainly not be empty since we assume p to be a regular point. 
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Now define on the curves of {C} the positive real-valued function 
` d(C) =g.1.b. {distance from 2 to p}. We have at once that C is outside 
wel 


K, if and only if d(C) >n. Also it is clear that D*(C) DD*(C’) implies 
that d(C) < d(C’). To prove the theorem we must show that the numbers 
d(C) are unbounded. We asume that this is not so; then there is a least 
upper bound d’ of d(C) for C in {C}. To show that this is impossible we 
shall choose N > d’ and consider intersections of curves of {0} with Ky. 
Since we have assumed d(C) S d’ < N, every curve of {C} will intersect Ky, 
although by Theorem I 4. 1-1 only a finite number of these curves lie com- 
pletely inside Ky. All but a finite number of curves of {C} in fact, not only 
have both endpoints outside Ky, but are themselves the only curve of Te 
intersecting Ky. Hence, we may choose an infinite sequence of curves Cm 
of {0} such that d(C»)— d’, To, N Kw = Cm N Ky, and Cm 1 Ky contains 
neither endpoint of Cm. Having chosen such a sequence we find a subsequence 
q’n of points q’, eC, which approach a regular point q as a limit and all lie 
on one side of the image of Cg in an r-neighborhood U(q) (i. e., in the upper 
or lower half of Ro, the image of U(q)). This may be done as follows: first, 
by compactness of Ky we may find gm, € Cm, 1 Ky (a subsequence of the m’s) 
which converges to some point q’. Second, if q is a regular point, we let 
q = g and choose a subsequence g'n of the gm,’s, all of whose points lie in one 
side only of U(q). Or, if q’ is a branch point, let V(q’) be any admissible 
neighborhood cf q’; then an infinite subsequence of the gm,’s will lie in one 
sector of V. If q is any regular point on either of the adjacent curves 
bounding this sector of V, there will be a corresponding sequence of points g'n 
on the same curves C’, which contain the points gn and such that g'n —> q. The 
g'n Will lie on the same side of Cg in any r-neighborhood of q and is thus the 
desired sequence. Finally, we may choose a subsequence of gq’, which we will 
denote by r» such that if gs is a cross-section from g to s in U(q), where s 
lies on the same side of U(q) as the g'n, then the intersections Cn [] gs tend 
monotonely to q on gs (Cn denoting the curve on which r, lies). Thus we 
have d(C,)— d monotonely since D * (C, Jaar (Cn) D Og for all n We 
direct C4 so that D*(0,) D D* (CQ). 

Now choose in D#(Cq) an r-set W of qq” where q” is any point of C#, 
which is in R*. W is chosen so that its interior lies in R*, which is possible 
by Theorem I 4.1-4. Now for n= no, Ta will lie in W, and since we have 
D* (Ong) D Ch and D#(C,,) D Cp, we may extend the cross-section prn, C R* 
MN D* (Cp) to a cross-section prng” C R* M D*(C,) by merely adding to it 
that cross-section fag” in W N D*(C,,) which is the inverse image in W of 
the straight line joining the images of ra, and q” in R, the image of W. This 
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will be a cross-section by Theorem I 3.5-3. Now since q” is a regular 
point of a curve Oy if we take its direction such that C#,, == C#,, we have 
DA (Cy) DOp, Cn; and D* (Cg) C D* (Cn) for all n, whence d(Cy-) 2d’. 
Now it is easy, however, by taking an r-neighborhood of q” (which will lie 
in R*) to extend prag” to a slightly larger cross-section prng’’s, and since 
CC D* (Cy), we have at once that D* (Cy) D*(C,), where C, is directed 
as a curve of {C}, i.e. so that D*(C,) CD*(C,). Hence d(C.) > d(Cy) 
= d’. This is contrary to the assumption that d’ is a bound of d(C). Hence 
d(C) is unbounded, which is what was to be proved. 

By an extended cross-section, we shall mean any curve in R =r — B 
which meets each curve of F at most once and tends to infinity in one or both 
directions. An extended cross-section is said to tend properly to infinity in R 
in a given direction on it, if it tends to infinity in that direction in such a way 
that the curves meeting it tend uniformly to infinity with their intersection 
points with the cross-section. We shall also speak of an extended cross-section 
in R* which will be an extended cross-section as above, and lie entirely in 
R* =n — Ï, i.e it meets only curves of F*. 


THEOREM 2.1-3. If p is any regular point on a curve O of F*, then 
there is an extended cross-section in R* from p, which lies in D*(C;) and 
tends properly to infinity. 


Proof. We consider a curve C in F* and p any point on it. As before 
K, will denote a circle with center at p and radius n; and for any point s 
we shall let Q,(s) denote a circle with center at s and radius so chosen that 
Q.(s) contains K,. Now we choose a regular curve C, in D*(0,) N R* for 
which there is a cross-section pg, in D*(0,) N R* from p to gq, on Cj. 
Direct C, so that D*(C,) DD*(C,) and choose in D* (Cy) N R* a curve C, 
outside of Q:(g:) and such that a cross-section qigz in D*(0,1) N R* exists 
with gq. on Cz. Having chosen Cn and g,¢C, in this manner, we choose 
for Cr any regular curve outside of Q:(qn) for which there is a cross- 
section Qan in D*(C,)(] R* to qa on Cn. We direct Ons so that 
D* (Cn) D D* (Cnr). We continue this process indefinitely by Theorem 2. 1-2. 
Then the curves $41, P9142, Pq:deda* ` * will all be cross-sections by Theorem 
13. 4-5. They approach a curve T extending from p to infinity in D*(C,)( R* 
which is an extended cross-section extending from p to infinity in R*. The 
curves intersecting T tend uniformly to infinity with any sequence of their 
points of intersection tending to infinity on I; since if r on T is beyond gn, 
then C, lies outside Ka. Thus T is an extended cross-section tending properly 
to infinity in R*. | 
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2.2. Half-parallel subfamilies of F. We mean by a half-parallel sub- 
family of F the collection of all curves of F which intersect an extended cross- 
section P tending from a point p on a curve Cp properly to infinity. And we 
shall mean by a complete half-parallel subfamily of F the curve C,* together 
with all curves of F crossing T (Cp being so directed that D*(C,) DT). The 
first of these sets is homeomorphic to the lines y == k, k = 0 of the half-plane 
by Theorem 1. 1-1 and the same reasoning as used in the proof of that theorem 
will establish this homeomorphism for the second case, the complete half- 
parallel subfamily also. The first will be denoted by S and the second by 8*. 
Clearly S*D # and when Cp is a regular curve they are identical. Cp, is 
called the initial curve of S, C,* the initial curve of S*. 7 

. If T(q) is any half-open cross-section of F tending from a regular 
point g properly to infinity, then the boundary of S(T), S(T) being the 
collection of curves intersecting T, is best described in terms of maximal 
chains C*, C# and the sets 8(C +), 8(C —) defined in [I, Section 3]. We 
shall refer to these latter two sets as mixed maximal chains, since they consist 
‘of two subchains of maximal chains, one clockwise adjacent, the other 
counterclockwise adjacent, e. g., S(O +) == 8*(C +) U #(C +) (which may 
be empty). 8(C) will denote 8(C +) 8(C —); it is empty if and only if 
C is a regular curve. 


THEOREM 2.2-1. The boundary of S(T) is a collection of maximal 
chains C*, C# and mixed maximal chains 8(C), where 8(C) is on the boundary 
if and only if O is in S(T). From each set To of F there is either (1) no 
point, (2) exactly one maximal chain, or (3) a set 8(C) of To on the boundary 
of S(T). (1), (2) and (3) are mutually exclusive. 


Proof. Suppose Ce S(T).is a singular curve, then 8(C) is in the 
boundary of S(T), for if we consider any point q on 8(C) there exists an r-set 
U(pq) containing q and p = C (T (since C lies on an adjacent chain with 
Ca); choosing a sequence of points p,—>p, PeU NT, we can find by 
Theorem I 3. 5-2 a sequence qne U such that qa€ Cp, for all n and qn — q. 
Whence q is a limit point of points of S(T). But, if q is in 8(C), it is on a 
curve of To other than C; and C, therefore cannot intersect T. Hence Cy 
is not in S(T), and thus g is on the boundary of S(T). Moreover, no other 
curves of To can in this case be on the boundary of S(T), for S(T) is clearly 
contained in D*(C)U CU D#(C), a complementary domain of 8(C), 
whereas every other curve of Te lies in one or two other complementary 
domains of 6(C). (Note: 8(C) divides x into at most three Jordan domains. 


On the other hand, suppose that C is a curve of F on the boundary 
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of S(T). (Note: from what follows it is clear that the boundary is indeed 
a union of curves of F.) Then, directing C so that D*(C) contains the 
initial point of F, we note that if p is a point on C, limit point of a sequence 
Pn of S(T), then there is an r-set U (pq) of any are pg on C* and a sequence 
An —> q With qn € Cpu Cp,C S(T), from which we conclude that q is either 
in S(T) or on its boundary. If C* does not cross T, then q will be on the 
boundary and C* is a boundary curve of S(T). When this is the case, C* 
divides m into two domains D*(C*)D S(T) and D#(C*)D To — C*, whence 
no other points of Te other than those of C* are on the boundary of S(T). 
But, if C* crosses T at a point p on a curve C”, then we are back in the 
previous case and §(C’) = [C* LJ CË] —C” is the boundary in To of S(T). 


THEOREM 2. 2-2. Let q be a point on a curve Ca of F* = F[R*] and 
let T(q) be a cross-section tending properly to infinity in R* in each direction. 
Further, let h be any homeomorphism of R* onto the xy-plane, then k[T(q)] 
is a cross-section of the family h{F*] (filling the xy-plane) which tends. 
properly to infinity in both directions on the xy-plane. 


Proof. On the æy-plane we let Kna denote a circle of radius n, center 
h(q). We must show that for every n there are points q’n, x on IY = h[T(q) ] 
such that every curve of h(F*) intersecting I” at points outside the arc q’nt’n 
will lie outside Ka. If this is not the case, as we shall assume, we will be 
able to find a sequence of points 2’, receding to infinity on IY such that each 
Cr, intersects a fixed circle Ky of the circles Ka. Now the inverse image K of 
Ky is a simple closed curve in R* containing q in its interior. We will denote 
by C, the inverse image of Cy, and by tn the inverse image of t». Every C, 
must then intersect K and hence intersect some circle with center at q which 
contains K. But this contradicts the assumption that T(g) tended properly 
to infinity in R*, since we have a sequence tn approaching infinity on T'(q), 
but the curves C+, do not approach infinity. Hence the theorem must be true. 


W. Kaplan introduced the notion of admissible collections of finite 
sequences in order to number the half-parallel subsets of a regular curve 
family filling an open simply connected domain. The concept is so similar 
to that already considered in the numbering of curves of a tree that we shall 
be able to use the same notation as ih that section. As in Kaplan [IJ], 
we shall call a collection A of finite sequences admissible if 


(1) À contains the one-element sequence 1 and no other one-element 
sequences, and 


(2) ake A implies ak —1e À if & > 1 and implies ce À if k—1. 
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Now, if we have a regular curve family F” filling the æy-plane, and if we 
have assigned to each point (x, y) an extended cross-section T(x, y) tending 
properly to infinity in both directions, then for any fixed curve C, it was 
shown in [II] that we can decompose #”[C; U D*(C;)] into a collection of 
non-overlapping, half-parallel subfamilies S(«) which will be numbered by 
the finite sequences {a} of an allowable collection A. Each half-parallel 
family S(«) will be the set of all curves intersecting a cross-section T'(a) 
tending from an initial curve Ca to infinity and lying on some l'(x,y) as 
chosen above; Ca will be the only curve of S (a) mapped onto the a-axis in 
the homeomorphism of S(@) onto the lines y == k = 0 and the complete 
boundary of S(a@) will be, in addition to Cu, just exactly the curves Cox. 
Note that when we write Ca we mean to indicate that Ca is an initial curve 
of some S(«) in the decomposition of F’, whereas O(a) will, as in [I], 
indicate that C is the curve of a numbered tree which has been assigned the 
signed sequence a in the numbering of the tree. ee 

As a coroliary to the preceding Theorem 2. 2-2 plus the proof of the 
facts mentioned in the preceding paragraph from [II], we can immediately 
state the following theorem: š 


THEOREM 2. 2-3. Given the family F” == F[R*] and an arbitrary 
regular gurve O, of F*, we can decompose F*[C, J D*(C:)] (which is the 
same as F[O, U D*(C1) N R*]) into a collection of non-overlapping half- 
parallel subsets S(a), each S(a) being all curves intersecting a cross-section 
Ta) tending from a curve C in F* properly to infinity in R*. 


In order to study the relation between an arbitrary tree T of F and a 
given decomposition of F* into sets S(x) (ae A, as described above), it is 
convenient to adopt some new notation. A(T) will denote the subset of A 
containing all sequences « such that S(a) N 7540; and A,(T) the subset 
of all sequences of A(T) of order n. We denote by N(T) the smallest 
integer n such that A,(T) is not empty. It is clear that T(«) can have at 
most one point on T, and hence S(«){) T is a curve of F* or is empty. 
If r(«)N T is the initial point of Tr(a) we say that T(«), or S(a), begins 
at T; in this case Cp = 8 («) N T. When T(o){)T is a point of P(a) other 
than the initial point, then ['(a), or S(«) is said to straddle T. In the 
former case S(«) lies in one complementary domain of T, in the latter in 
two. Using these“hotations, we may state the following properties: 


(1) If a, B are distinct elements of A with 8e A(T), and « either an. 
element of A(T) or such that points of T lie on the boundary of S(a); 
then S(a), S(B) cannot each intersect the same complementary domain of T. 


4 
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(2a) If Aw(T), N—N(T), has one element a, then either S(q) 
straddles T, or if S(«) begins at T, then C,* N R* = S(a)NT, i. e., Ca” has 
just one curve in Æ*. $ 


(2b) If Ax(T) has more than one element, then every element of 
Ax(T) is of the form £, k for fixed 8 of order N — 1 and Cg, for £, ke Ay(T) 
are just those curves of a maximal chain C* which are in R*. 


(3) Let y be an element of Ax:x(T), then every lower segment of y 
of order = N(T) is in A(T), ie, for OS 7 Sk we have yyy £ Axy(T), 
where, as previously, yy+; is the sequence consisting of the first N + ; elements 
of the sequence y. 


(4) A necessary condition that S(a) straddle T is that ae Ay(T) and 
is the only element of Ax(T). 


First we prove (1). Let D*(C) be a complementary domain of T, 
bounded by C* on T. Suppose that S(a) and S(8) both have points in 
D*(C). Then there is a point p, on l'(&), pe on F(R), each in D*(C). 
Now since Be A(T), T'(B) has a point q, on C* and pogo, an are on l'(B), 
lies in D*(C){J C*. In either of the possibilities for œ mentioned above, 
there would be a point g, on C* which was a limit point of points q'a in 
S(a). If ae A(T) then gı and g'n may be taken on T'(a), otherwise g'n 
will consist of points in D*(C) which are in S(a) but not on l'a). It 
follows by arguments used many times above, i.e. considering an r-set of 
9192, etc., that there is a cross-section from q, on C* into D*(C), which may 
be shown to cross a curve also crossed by pegs, This curve would have to be 
in both S(a) and S(8) which is impossible since «, 8 were assumed distinct. 
The following lemma will be useful in proving properties 2-4. 


Lemma. If ae A(T) and akf A(T), then no sequence y of A(T) can 
have a, k as a lower segment. 


Proof. Ca, lies on the boundary of S(a) but is not in T, nor is any 
curve of S(a,k) in T by hypothesis. Assuming Cox directed so that 
S(a, 4) CD*(Cax), we have by Theorem 2.2-1 two possibilities: (a) the 
entire curve C#,, is on the boundary of S(a) and is all of this boundary in 
the tree T” == To, or (b) T’ intersects S(a@) on a curve C of T’, and then 
Can C8(C) where 8(C) is on the boundary of S(a) and is all of this boun- 
dary in 7’. In case (a) every curve of C#,;,{] R*, being on the boundary 
of S(a), is a curve Caw for some k. We have D#(C#x) DT, since it. 
contains S(a) which intersects T. In case (b) 8(C) =8(C +)U 8(0—) 
divides + into three domains (or two if one of the sets 8(C +) is empty); 
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one of these which we denote D, contains C and hence S(«) and T. The 
others, D, and Das, contain all other curves of T”. 8(C) is the complete 
boundary in T” of S(a), hence every curve of 8(C){] R* is a curve Caw 
for some k’. 

The remainder of the`proof depends on the fact that S(8)U S (£, k) 
is always a connected set. If there exists any sequence y = @, E, ny * + Mr 
such that y is in A(T) then, S(y) must clearly have points in D# (Ofan) 
above in case (a) or in D, in case (b), these being the domains of 7” in 


r 
which T lies, and hence, so also has the set X = LJ S(a, k, mi, me, ".* *, n). 
j=0 


Moreover, the set 3 is connected, and S(a,%) which is in this set lies in 
D*(Caxn) in case (a), and in D, or D, in case (b). Thus X has points on 
either Ofa or 5(C), the boundary curve, i. e., for a 7540 there is a curve of 
Car or (O) as the case may be in S (a, k, n, * <, nj). But each such curve 
as already pointed out is a curve Caw, which is a contradiction. 

The lemma implies in particular, that if & and æ, m,’ nre A(T) 
then @,m,:--,nje A(T), jr. Hence (3) will follow if we prove that 
every sequence of A(T) contains a lower segment in Ay(T). 

Now we turn to an examination of the possibilities for Ay(T) and 
completion of the proof of (3). Suppose that a is an element of Ay(T). 
Then either Sía): (i) straddles T, or (ii) begins at T. In the former case 
let C= S («) N T, then 8(C) is the complete boundary of S(«) in T, and 
we know that every curve in R* of 8(C) is in the collection {Ca}. Moreover, 
8(C) divides + into three (or two) domains Da, Də, (D3) of which the first 
contains 0., and of T, only the curve C. Now let y be any sequence of A(T). 


S(y) must, by (1), lie in D, or D3. But U S8(y) is a connected set con- 
4-1 


taining ©, (i. e., Ca, & = 1), hence points of D, and also points of D, or Dy. 
It must then contain a curve Ca, of 8(C), and therefore O(a), i.e, æ is a 
lower segment of y. Since this is only possible if y is of order > N we 
conclude « is the only element of Ay(T). 

In the case (ii) where S(a@) begins at T, we have C, on the boundary 
of S(8), where B is of order N— 1 and « = ß, k. In fact, C# is the com- 
plete boundary on T of S(B) (the curves of C#, [| R* are all in the set {Cow} 
for some #’ and therefore are in Ay(T)); and we have D#(C#,)D S(B), 
D*(C*,) DS(a). Now let us suppose that ye A(T), then S(y) by (1) 


cannot lie in D#(C#,), hence must lie in D*(C#,). But Ü S (yı) is connected 
4=1 
and has a point in D#(C#,), namely, any point of C,. Thus this set, has a 
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point on C#, {| R* and hence contains a curve Caw. It follows that every 
sequence of A(T) has a lower segment in Ay(T). This proves (1) and 
completes the proof of (3). 

To prove (4) we need show only that if §(a) straddles T, then no lower 
segment of a is in A(T). If a= £, k, so that £ is the lower segment a1, 
then if any lower segment of « is in A(T), £ is also by our lemma. Then 
Ca, being on the boundary of S(8), we necessarily have S(8), S(a) in 
different domains of To This is impossible unless T == To. for we would 
otherwise have points of T in two different domains of Toe But then 8(a) 
does not straddle T, for on the contrary Oa CT. 

As above we consider the branched regular curve family F with a regular 
curve O, of F and a decomposition of the corresponding F*[C, UD*(C;)] 
into sets S(«) with initial curves C(a). Then using properties 1-4, we have 
the following: 


THEOREM 2. 2-4. The complete half-parallel subfamilies 8* (a) = S (a) 
U C*a decompose F[D*(C1)U C1] into a family of half-parallel subsets 
which intersect only on a curve of their initial curves, 1. e., S*(a) (1) S*(B) = 0 
or C where C* = C*, and OË = Cfa. (See Figure 4.) 


Proof. First to prove that every curve of F[C, UD*(C;)] is included 
in this decomposition we note that every curve of F*[C, UUD*(C1)] is auto- 
matically included, being already in a set S(«) of the decomposition of that 
part of the simply connected region R* included in D*(C,). Thus we have 
only to consider curves of J ; let C be a curve of F[C, UD*(C,)] which is 
not in R* and let T denote the tree which contains it. Then no cross-section 
T'(a) has a point on C. C will be on the boundary of two distinct sets § (a) 
and S(B) in D*(C) and D#(C) respectively. They cannot coincide since 
if they did, then it would mean that S(a) = S(8) would straddle T, for 
otherwise the set S(a) lies in a single domain of T. But then, in this case, 
since the cross-section T'(a) would have points in two domains both having C 
and only C as common boundary, it would have to contain a point of C, which 
is clearly impossible if C is not in R*. 

Now, if either g or £, say a, is of order > N(T) then, since C, a curve 
of T is on the boundary of S(a), æ, k for some k isin A(T). Hence by (3), 
œ must also be in A(T). Then by (4), Ca must lie on T, whence we have 
at once that C*, = C*D C and hence C is in S*(a). Thus it remains to 
show that either « or 8 must be of order > N. Clearly each is of order 
= N — 1 since, for example, curves of T are on the boundary of Š («) hence 
either we A(T) or a, ke A(T) for some k. Assume æ is of order N — 1, 
then I'(a) does not have a point on T and by Theorem 2. 2-1 all of C* is on 
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the boundary of S(a), and every curve of C* f) R* is in the set {Cox}, and 
for each of these «,keAy(T). Now, since £, W for some # is in A(T), 
B is of order = N—1. If now £ were of order N —1, then there must be 
a B,k’eAy(T) and B,k would for some k equal a, k by property (2b), 
whence 8 == a by (1); or if 8 were of order N, then it is of the form a, k 
for some k. This latter would mean that the common boundary of the 
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domains containing S(a) and S(8) would be the curve Ca, which must then 
coincide with the curve O, contrary to assumption that C is not in R*. Hence 
B in this case must be of order > N. On the other hand, if æ is of order N, 
then either 8 is of order > N or Ca and Cg lie on the same maximal curve 
Cfa — Cf, and by (2b) in this case quite clearly, C*, and C*g could not 
have a boundary curve C in common. Hence either œ or 8 is of order > N 
and we have already shown that in this case C is in the initial eurve C*, or 
C*g of either S* (a) or S*(B) respectively. 

Next it must be shown that if C, is the initial curve of a set S(a), then 
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for any S(B) which intersects C*,, the intersection must be Cg. Let O be 
the curve of intersection, i. e., C = C#*, ) S(B). Thus, « Be A(T) where 
T is the tree containing Ca. Now S(«) and S(B) cannot have points in the 
same complementary domain of T by (1), which means in particular that 
S(B) cannot straddle T, i.e., Tr(8)N C = initial point of l'(B), since one 
complementary domain of C is D*(C*,), O lying as it does on C*,, and 
S(a) lies in this complementary domain. Hence C5 — C which was to be 
proved. From this it follows that two complete half-parallel subfamilies 
intersect only along a curve-of their initial curves, and when they do intersect 
on a curve C, one lies in D*(C) and the other in D#(C). 


THEOREM 2.2-5. The family F can be decomposed into complete half- 
parallel subfamilies which “overlap at most along thetr.initral curves. 


Proof. We merely begin with any regular curve C, and decompose both 
Ci U D*(C:) and C, U D#(C;) as above. 


We remark in conclusion that if f(p) is a function with the family F 
as level curves, and if S*(a) is a half-parallel subfamily of the decomposition, 
then clearly f(p) is strictly monotone on T'(&) and hence cannot assume the 
same value on two curves of S*(a). If F is the level curve family of the 
real part of a single-valued analytic function, then clearly. this function is 1-1 
in S(«@), i.e. as noted earlier the {9* (a), ae A} give a decomposition of the 
domain of the analytic function into domains in which it is s schlicht. 
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FINITE METABELIAN GROUPS AND THE LINES OF A 
PROJECTIVE FOUR-SPACE.* 


By H. R. BRAHANA. 


1. Introduction. This paper presents a classification of the groups 
with the following properties: i 


(1) The groups are metabelian, i.e. of class 2; 

(2) The elements are all of order p except the identity; 

(3) In each group the central and coommutator subgroups coincide; : 
(4) Each group is generated by five elements.’ 


It was shown in the second paper just cited that there is a unique group 
of order p™® satisfying the above conditions, and that every other group 
satisfying them is a quotient group of this group of maximum order. Our 
method of classification is to determine possible types of invariant subgroup 
of the maximum group. The determination of types is accomplished by means 
of properties which are invariant under a change of generators. A geometric 
representation of subgroups of the maximum group enables us to make use 
‘of geometric invariants to do this. 

Denote the maximum group by G and its generators by U1, U2, Us, U4, Us. 
The commutator subgroup C is generated by the elements cy = U;7U;7U,U;, 
i,j—=1,:--+,5. cy is the identity; cji = jt Hence, C is of order p™. 
Every element of G can be written cx where c is an element of C and 
z = U;2U.~U =U SU. The numbers z; belong to GF(p). Two elements 
cz and c’y have the same commutator as x and y, which is Tle, t< j, 
Pij = LY; — Tiy If we represent the element x by the point (a1, La, Us, Ls, Us) 
in a finite projective four-space X, the commutator of æ and y may be 
represented by the line zy and its expression in terms of commutators of 
pairs of generators of G will have for exponents the Pliicker line-coordinates 
of ay. The Plücker coordinates of a line may be ordered and each line 


* Received May 12, 1950. 

1 The relation of the problem of the groups having the first three properties to the 
general problem of groups of order p™ was discussed at considerable length in the 
author’s paper “ Metabelian groups and trilinear forms,” Duke Mathematical Journal, 
vol. 1 (1935), pp. 185-197. Groups generated by four elements were classified in “ Finite 
metabelian groups and Pliicker line-coordinates,” American Journal of Mathematics, 
vol, 62 (1940), pp. 365-379. 
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of the four-space may be represented by a point of a finite projective space 
S of nine dimensions. Every line in X determines a point in § but not 
every point in § corresponds to a line in XY. Livery point in S, however, 
determines a cyclic subgroup of C, necessarily of order p. 

A set of defining relations of G contains the definitions of the ¢/s given 
above and some other relations which were not given explicitly, viz.: 
C ce = cx: c, which says G is metabelian; cx-c’y = c'y cw for all y only 
if s; = 0, which says G is not the direct product of an abelian group and a 
metabelian group generated by fewer than five elements; and Ic; is the 
identity only if aj—0 for all pairs 1,7, which says that the ciÿs are 
independent and G is the maximum group. Hence any group satisfying the 
conditions of the present problem will have defining relations the same as 
these except that the last will be replaced by one or more relations stating 
that one or more elements of the commutator subgroup is the identity. 
By a well-known theorem due to Dyck? this says that every group of the 
type we are considering is a quotient group of @ with respect to some sub- 
group of C. 

Every subgroup of C corresponds to some linear space in S, and every 
linear space in § determines a subgroup of C. Our problem then involves 
the determination of relations of all possible linear subspaces of S to the 
subset V of points of § which represent lines of X. A simple isomorphism 
of G with itself determines a collineation of the space X, a transformation 
of the space S into itself, and a transformation of V into itself. A simple 
isomorphism of G with itself which transforms U; into c©U, i==1,-- -,5, 
determines the identity as the collineation in X and hence as the trans- 
formation in S; it determines the identity isomorphism also of the quotient 
group G/C.. Isomorphisms of G with itself which are significant as far as 
S is concerned are those which determine non-identity isomorphisms of G/C 
with itself, and there is a one-to-one correspondence between these and the 
collineations of X. Two subgroups of C which are conjugate under the 
group of isomorphisms of G determine simply isomorphie quotient groups 
of G; their corresponding linear spaces in X are the same or are conjugate 
under a non-identity collineation of X. Hence we are interested in the con- 
jugacy of linear spaces in © under collineations in X. These collineations 
may always be thought of as changes of generators of G/C. 

In the following pages the types of point, line, plane, and three-space 
in g are given. For each type a canonical form is given. The canonical 


2 Gruppentheoretische Studien,” Mathematische Annalen, vol. 20 (1880), p. 14. 
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forms are all given for p=. One purpose of the canonical form is to 
establish the existence of the type; another purpose is to exhibit the relation 
to V of the corresponding subspace of S. These relations always come finally 
to the question of the reducibility or irreducibility of polynomials in one 
variable with coefficients in GF(p). The canonical form sometimes depends 
on the selection of a polynomial belonging to GF (7) having certain properties; 
the existence of a polynomial having the required properties nowhere depends 
on p being 7. For p = 3 or 5 some of the types may not exist or may coincide 
with others that are different from them for p= 7; the argument is carried 
out in geometric terms and in a few places might run into difficulties if a 
conic has only four points or if a pencil has only four or six members. 

The grassmannian of lines in a four-space has been studied before, 
generally for the field of complex numbers. A paper * by J. A. Todd develops 
a wealth of geometry and gives many references to the literature. The inter- 
pretation of these results in a geometry based on GF (p) is in general obvious. 
In the third section of his paper Todd deals with linear spaces in S, with 
emphasis on their intersections with V. He determines points, lines, and 
planes; he gives some results about five-spaces which can be turned into 
theorems about three-spaces by means of the existing duality. The complete- _ 
ness of the list of planes which follows, and which was obtained independently, 
gives a verification of the completeness of Todd’s list, which he does not state 
explicitly. 

The completeness of the list of three-spaces which follows is not certain. 
Every S; in § determines a quintic polynomial in a single variable x. If the 
quintic is reducible, a coordinate system in X can be selected so that S3 has 
one of the forms 1 to 58. These 53 types are distinguished from one another 
and from S,’s which give irreducible quintics by the presence in them of 
special points, lines, and planes. If the quintic is irreducible none of these 
special points, lines, or planes is present. Every irreducible quintie deter- 
mines an’, The irreducible quintics belong to sets of conjugates under 
rational transformations of the variable x. An S; given by an irreducible 
quintic f(x) may, by a change of coordinates in X, be made to give any 
quintic conjugate to f(x), or it may be made to give a quintic which is not 
conjugate to f(x); it is not certain that f(x) can be changed to an arbitrary 
irreducible quintic g(x). The type 54 can be characterized, and in many 
ways, by geometric properties which determine the coordinate system. An S, 


3“ The locus representing the lines of four-dimensional space and its application to 
linear complexes in four dimensions,” Proceedings of the London Mathematical Society, 
series 2, vol. 30 (1921), pp. 513-550. 
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which gives an irreducible quintic has determined in it by its relation to V 
a set of p? + 1 rational cubic curves no two of which intersect; the points 
of the cubics therefore fill S. The form 54 is determined by the presence 
in the set of two cubics properly related to each other. The pair is deter- 
mined by either of the cubics. The relations that two cubics can have to 
each other fall into at most 21 sets, irrespective of p and irrespective of the 
irreducible quintic. It has been found that not every cubic can be a member 
of a “canonical” pair; it seems likely that every such set of cubics contains 
at least one canonical pair. 


2. Some relations between elements in X and elements in S. In order 
to avoid double subscripts we adopt a notation as follows: let æ and y be two 
points of the four-space X; then the line zy determines in § the point 


(a, G2, Ass Qs, Os, Ag, Az, Ag, Ae, t10) = (Piz, Pass Piss Piss P23; Posy Pos, P34; Pass Pas) . 


The manifold V is the set of points in S whose coordinates satisfy certain 
obvious relations among the two-rowed determinants p: In terms of the a’s 
they are B,~0,:--,B;—0, if Bı,’ >+, Bs denote 


Qis — zls + Ass, = Ag — lor + Ags, Giro — istr + Aes, — 
azro — Aslo F Asas, As 9 — Asa + Ards, 


respectively. Three of the five relations are independent, but all five are 
linearly independent. 

Two lines of X determine two points of V. If the two lines of X 
intersect, it is well known‘ that the lines of the pencil defined by them 
are represented by the points of a line on V, and the lines in the plane 
determined by them are represented by the points of a plane on V. 

There are obviously two kinds of points in S: (1) points on V; and 
(2) points not on V. Points on V are all alike since each represents a line 
X and there exists a collineation of X transforming any line into any other. 

We proceed to prove that points of S not on V are also all of one type. 
First we prove the theorem: 


Every point of S not on V is on a line joining two points of V. 
Let P = (a: ` `, Qio) be not on V. We may suppose that a540. Let 
us denote the vertices of the frame of reference in X by A, = (1, 0,0, 0, 0), 
Ay = (0,1,0,0,0),- > -, £s = (0,0,0,0,1). If we change the coordinate | 


* The two lines in X are in a three-space in Y aud we apply Theorem 30, Veblen and 
Young, Projective Geometry, vol. 1, p. 329. 
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system in X to one that has the same vertices except that A’, = (as, G7, do, Gyo, 0) 

_and make the corresponding changes in coordinates in 8, then P will become 
(ais a's, a's, 0, G's, a's, 0, ass 0,1). This is a point of the line joining 
(a's, a’, 0, 0, a's, 0,0,0,0,0) and (0,0, a’s, 0, 0, a’. 0,a’s, 0,1), and both of 
these points are on V. These points represent lines.in X which are skew, 
since P is not on V. We may select a new frame of reference in X with two 
vertices on each of these two lines. If we take A, and 4, on one and À, and 
A, on the other, the point P becomes (1, 0, 0, 0, 0,0, 0, 1, 0, 0).5 


We have shown the existence of a line on two points Q and Q’ of V 
through any point P not on V. Q and Q’ are images in S of two lines q 
and qg’ in X. The two skew lines q and g’ determine a three-space in X. 
A second line on P which intersects V in two points determines a three-space 
in X. We proceed to prove that these two three-spaces coincide. We suppose 
P to have the form just obtained; we take a point Q = (a, @2,° * *, Gio) 
on V, and find. the condition on the a’s in order that the line PQ meet V in 
two distinct or coincident points. Expressing the coordinates of a point on 
PQ in parametric form in terms of the coordinates of P and Q aud substi- 
tuting in the equations of V we obtain the conditions for two solutions to be 
that a, = Gr = Go == Qio = 0. This says that Q must be a point on V which 
corresponds to a line in the three-space x; — 0 of À. Hence, 


Every point of S not on V determines a unique three-space R in X. 
The lines of this three-space are the only lines in X such that their corre- 
sponding points on V can be joined to the given point by a line that cuts V 
twice or is tangent to V. 


The lines of a three-space R of X determine points of V which lie in a 
five-space 3 of S. Hence, 


Every point of S not on V determines a unique five-space of 8. 


` Tf P= (Qta *,@10) is a point of S not on F, the numbers 
By, Bz, > +, Bs defined above are not all zeros. We next prove the following 
theorem : 


If P is a point of S not on V, the three-space R in X determined by P 
4s Bit = Bite + B£ maass Bots + Bye; => 0. 


Let «= (£1, -,2) and y= (7, >, Ys) be two points of X that 


5The question as to whether the two non-zero coordinates of P are the same or 
different is connected in the geometry with the selection of the unit point in X, and 
in the groups with the selection of a particular element in a cyclic group for a generator. 
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satisfy the above equation, and let the point of V determined by the line ay 


be Q = (bi, 02,* --, b10). The condition that Q + AP be on V gives five... 


quadratic equations in A. Under the conditions on æ and y these equations 
have solutions. Since Q is on V, A= 0 is a solution of the five quadratics. 
Removing the factor À the five quadratics become the five linear equations, 


È b;ðB;/ða; — AB: = 0, i=l, 5. 
2 


The fact that x and y satisfy the equation above gives the relations: 


Bb, — Bab: + Bob; Le Bib, — 0, B;b; = Babs + Babs — B,b;, — 0, 
Bb, — Bbs -} Babs — Biby — 0, Bb; — Bibs + Babs — Bb, Lure 0. 


Making use of these it is easily verified that the À given by one of the linear 
equations satisfies the others. 

Consider two points P, and P, in 8, neither on V. Each point deter- 
mines a three-space R; in X and a five-space 3; in S. If R, and R, are the 
same, then the line P,P, lies in the five-space 3, (== 32). Every point-of 
the line P,P, determines the same three-space R, (= Re) in X; a point of 
intersection of P,P, with V is the image of a line in R,. A line, plane, or 
three-space in § which lies'in a five-space X determined by the lines of a 
three-space À in X will be called a 3-line, a %-plane, or a 3-three-space. 

In dealing with 3-spaces in S we may forget about the four-space X and 
retain only the three-space R. The five-space X intersects V in the four- 
dimensional hyperquadric determined by the lines of R. .A 3-line may be a 
ruling, a tangent, a secant, or it may have no point on the hyperquadric.® 
A ruling, a tangent, or a line with two points on V is always a X-line. 

If the three-spaces À, and À, determined by P, and P, are distinct, then 
P,P, is not a X-line. R, and R, will have a plane o in common. The lines 
of o determine points of a plane 7 on V, and ~ is in 3, and 3.. Since r 
and P, are both in 3., the polar of P, with respect to the intersection of 3, 
and V intersects 7 in a line 1,. Likewise, the polar of P, with respect to the 
intersection of 3, and V intersects + in a line l». The lines 1, and l} may 
be distinct, or they may not. 

Tf 7, and l are distinct, they intersect in a point M which is on V since 
it is in m. The lines joining M to P, and P, are both tangent to V at M. 
Consequently, the plane P,P.M is tangent to V at M, and every line in it 
through M is tangent to V. The point M is uniquely determined by P, and 





° The condition for ‘intersection of the line and F may lead to a quadratic irreducible 
in GF(p). 
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. Pa; it is the only point of V from which tangents can be drawn to both P, 
- and Pa} However, if P, and P, are moved along the line joining them, 
M remains unchanged. M is the image of a line m in X; m is in both R, 
and Rə. If P, is left fixed and P, is moved along the line P,P}, Ry remains 
fixed but R, changes, and o moves through the pencil of planes in R, on m. 
Thus the line m, and its image M on V, belongs to the line P,P, and not 
to the pair of points P, and Py. 

We consider further the line P,P.. R, and R, are distinct and so are 
i, and %. Let Q, be a point other than M on l, The line P,Q, is in 3; 
it is not tangent to V at Q, since Q, is not on l. Hence, P,Q, intersects V 
in a second point Q’i. ` Likewise, if Qs is selected on l, different from M, 
P.Q, is in X, and intersects V in a second point Q’.. The plane P,0,Q 
is in 3, since + is in X,; hence it intersects V in a conic which is degenrate 
since it contains the line QQ, and consists of two intersecting lines since 
Q’, is not on Q:Qs. The vertex of the conic is Qs since Qs is on 1, and P,Q. 
is a tangent. The line Q.Q’, is therefore a line on V and hence the lines qz 
and g’, in X intersect. Similarly, the lines q, and g's intersect. Also, the 
line m intersects both g^, and q’s. The five lines qis Qis 2, @’2, and m have 
the following relations: 


Qi» Qo, and m form a triangle in o; 
g'1 intersects go and m, is not in Ra but is in R,; 
g'2 intersects g, and m, is not in R, but is in Ra. 


We select a frame of reference in X as follows: 


A, is the intersection of qı and q2; 
A, is the intersection of q, and m, and is on q’s; 
As is the intersection of q and m, and is on g'i; 


A, and A; are on gq’; and g 


coordinate system, we have in S 


2 respectively, and not in o. With this 


Qa = (1, 0, 0, 0, 0, 0, 0, 0, 0, 0), Qe == (0, 1, 0, 0, 0, 0, 0, 0, 0, 0), 
Q'1— (0,0,0,0,0,0,0,1,0,0),  Q’e=— (0,0, 0, 0, 0, 0, 1, 0, 0, 0), 


M = (0,0,0,0,1,0,0,0,0,0). With a proper choice of the unit point, we 
have | 


P, —(1,0,0,0,0,0,0,1,0,0), P= (0,1, 0,0, 0, 0, 1,0, 0,0). 


We may denote the line P,P. by k100001k00. We are thus introducing 
corrdinates k and 7 on the line, using P, and P, for vertices of the frame of 
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reference on the line. An arbitrary point of the line determines the B’s: 
B, = k’, Ba = — }, B, = B, = 0, Bs = kl. A point of the line on V would 
require k? = PF = 0. 

A second possibility above was that the points P, ánd P, were such that 
R, and À, were distinct, but such that the lines 1, and l, in m coincided. 
In that case, if M is any point of l,, then the plane MPP, is tangent to V 
at M. In order to investigate this we may take l, which is any ruling of V, 
to consist of the points | 


Mo = (0, 1; 0, 0, 0, 0, 0, 0, 0, 0), My = (A, 1, 0, 0, 0, 0, 0, 0, 0, 0), 


Mas = (1,0,0,0,0,0,0,0,0,0). The spaces tangent to V are: at Mo, 
Og = dr = Go = 0; at My, — de + Adg = 0, — Go + Ady = 0, Gio = 0; at Mo, 
dg = Ay = io = 0. If P,P: is in two of these tangent spaces, then every 
point of it must have dg = a; = s = Go = Qio = 0. Such a line is then 
P,P», where 


Pı = (dy, de, de, Us, ds, 0, 0, 0, 0, 0) 5 Pa = (b, ba, ba, ba, bs, 0, 0, 0, 0, 0). 


The point kP, + IP, is on V for ask + bsl = 0. Since P,P, is by hypothesis 
not a X-line it can have no more than one point on V. We may then state 
the theorem: . 


The lines of S which are not 3-lines belong to two types which are 
distinguished by the properties that a line of one type has no point on V, 
a line of the other type has one point on V. A line of the first type determines 
a unique point on V, a line of the second type determines a unique line on V. 


The space tangent to V at a point M of V is six-dimensional. It may 
be verified easily that a X-line is always in more than one tangent space, and 
thus every line of S is in the tangent space at some point.of V. The space 
tangent to V contains planes, three-spaces, etc.; such will be called r-planes, 
7-three-spaces, etc. As will appear a little later, r-planes and %-lines will be 
very useful in distinguishing among space in ©. It is clear that the property 
of being a 3-line, or a r-plane, is invariant under collineations of X. 


3. Types of points, of lines, and of planes in S. 


The points of S. 


1. 1000000000, a point of V. 
2 1000000100, a point not on V. 
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The lines of 8. 


1. k100000000, a ruling of F. 

k000000700, a secant of V. 

kOO0G100k00, a tangent to V. 

k1000710%400 (r not a square), a X-line with no point on V. 
k001000k00, not a 3-line, one point on F. 

k100007%00, not a X-line, no point on F. 


SP. Ot, G8 a 


The planes” of 8. 


We list first the six types of X-plane; all are in the five-space X deter- 
mined by the three-space x; = 0 in X. 


klO 9m000 00, the image of a plane of lines in X. (xvi) 

kim00 000 00, the image of a bundle of lines in X. (xv) 

k100000m00, intersecting V in two lines. (xiii) 

klm00 00% 00, intersecting V only in the line k= 0. (xiv) 

k10 00m0k00, intersecting V in the conic k? — Im = 0. (xii) 

kim00rl0k% 00, (r not a square), intersecting V only in the 
point P3:k—=1=0. (xiii) 


ER gx EH 


The rest of the planes belong to no 3. We group them in sets according 
to their intersections with V. ; 


Planes with no point on V. 


% kI1000mik+rmmO (x —+rxc—1 irreducible), a r-plane. (v) 

8 kimO—rm01k00 (r not a square), not a r-plane but contains 
the S-line l = 0. (iii) 

9. k100m01k0m, not a r-plane and contains no X-line. (i) 


Planes with at least one point on V, but with no line on V. 


10. k100m01k00, tangent to V at Ps, one point on V. (viii) 

11. &k1000m1k00, a r-plane, one point on F, one line tangent to 
V. (vii) 

12. klm0001%&00, not a r-plane, one point on V, one line tangent 
to V. (Gv) 

18. k1000mil—rmk00 (r not a square), a r-plane, one point on V, 
no line tangent to V. (vi) 


7The roman numbers locate these planes in Todd’s list. 
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14 klmrm00!k00, not a r-plane, one point on V, no line tangent 


to F. (ii) 
15. £100001k0m, not a r-plane, one point on V, no line tangent 
to V. (i) 


16. k+mi00001%00, a r-plane, two points on V. (v) 
17. k+milm0001k00, not a r-plane, two points on V. (iii) 
18. k+mi+m00001%00, three points on V. (v) 


Planes with a line on V. 


19. 00000007 m, a line and an additional point on V. (x) 

20. &000100khm0, a line on V and tangent at a point of it. (xi) 

81. 000007km0, a r-plane, one line on FV, not tangent at any 
point of the line. (ix) 

22. £000000Kk1 m, not a r-plane, one line on V. (ix) 


Each of the spaces in the above list is given in terms of a particular 
coordinate system, but with each is given a set of properties sufficient to 
differentiate among the spaces and these properties are not dependent on any 
coordinate system. Planes 14 and 15 provide an exception to the above state- 
ment, and we shall determine some geometric properties that will enable us 

.to distinguish between them. 

For plane 14, B,, Bo, Bs, Bs, Bs become k?, — 1, — Im, rkm, kl, respec- 
tively, while for plane 15 they become #?, —1?, km, Im, kl. In each case the 
conditions for a point on V are k —1—0, and hence each plane intersects 
V only at the point P}. Each plane contains the line P,P, — 4100001400. 
P,P, is in the space tangent to V at the point H—0000100000; this 
tangent space is ds = a4 = Qi = 0 which contains no other point of either 
plane. Hence, neither plane is a r-plane. In plane 14 the point P is 
0017000000 and the space tangent to V at P is: as = 0, ra, — a, = 0, 
Tas — üs = 0. The intersection of this tangent space with the plane requires 
k = l = 0, and hence it intersects the plane only at P;. The space tangent 
to V at P, in plane 15 is & =a, = a; = 0, and it intersects plane 15 only 
at Ps. So that the only difference between planes 14 and 15 might con- 
ceivably be due entirely to the choice of coordinate systems in the two cases. 
To show that this is not the case, we examine some new geometric relations 
between § and X. 

We recall that if P is a point of § not on V, the numbers B,,: > +, Bs 
are not all zero and that Bi, — Bz. + Bye; — Bot, + Bigs = 0 is the three- 
space R in X determined by P. We now think of the above equation in 
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another way. Let us suppose that A = (a1, 2, da, Za, Z5) is a given point in 
X. Then the equation becomes a quadratic in the coordinates a,- ` `, dio 
of a point in S. This eight-dimensional hyperquadric in g intersects a plane 
in § in a conic or else contains the plane completely. Thus every point of X 
determines in a plane m of S a conic, which may be identically zero. In the 
cases of planes 14 and 15 the conics given by A are 


tikl — arm — alm + vl? + Tsk? = 0, 
tikl — talm + rsim + al? + ask? = 0, 


respectively. ‘There is thus determined in each of the planes a four-parameter 
set W of conics. The points of a line in X determine a pencil of conics 
belonging to W. Each of planes 14 and 15 determines a special line in X, 
namely, the line ps which is imaged in § on the point P, common to the 
` plane and V. Thus in each case the set W of conics contains a special pencil. 
For 14 the line ps joins A, and 4, + rA; and the special pencil of conics 
is Akl + P + rke? =—0. For 15 the line p joins A, and A; and the special 
pencil of conics is A + k? = 0. Since A?— 4r = 0 has no solution in 
GF (p), every conic in the special pencil in 14 consists of a pair of distinct 
lines. In the case of 15 À = 0 and À =% give the conics k? = 0 and P = 0. 
This proves that no change of coordinates will put 14 into 15. 

It is comparatively easy to see that the planes listed above have the 
properties that are listed with them. This comes from the fact that use has 
been made of special elements in determining the canonical forms. Plane 9 
is identified by its lack of special elements of the types that are used for the 
others. This plane does, however, contain a special element and the given 
form depends on proper use being made of it. 

In the case of plane 9, the five conics given by the vertices of the frame 
of reference in X are linearly independent. Five linearly independent conics 
in a plane determine a unique conic which is apolar to all the conics of 
the four-parameter set W dependent on them. In plane 9 this conic is 
C: m? — 2kl = 0. P, and P, are points of C and P, is the pole of the line 
P,P. with respect to C. Conversely, if + is any plane of $ which has no 
point on V, which contains no S-line, and which is not à +-plane, and if 
Pı, Ps, and P, are selected to have the above relations to C, then a coordinate 
system in X can be selected so that r has the form 9. 


4, Three-spaces in S. We separate the three-spaces of S into sets 
according to their intersections with V. There is one type of S; in 8 which 
lies wholly on V; it consists of the points which are images in $ of all the 


5 
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lines in ¥ through a single point. This. 8, is of no use in connection with 
the groups since it corresponds to the direct product of a cyclic group of 
order p and a metabelian group generated by four elements. We omit this 
8; from the list. 


Three-spaces with at least a non-degenerate conic on F. 


1. £0m0n00100, the ruled quadric ki + mn—0 on F. 

2 klmOn—10%00, the quadric k+ P -+ mn—0 on V; the 
quadric has no rulings. 

8. k1n0070m00, the cone km—l?—0 on FV. 

4 nn00kmO00ml, the conic kl— m? = 0, n—0, and the line 
l= m=0 on V. 

5. klinmOnnlk+n00, the conic k + kn—n? + mn = 0, l== 
and the point (110—1) on FV. 

6. n000km0nml, the conic k1—m*?=—0, n = 0, on F. 


Three-spaces with a plane on V, not lying wholly on V. 


7 kim0n00000. 10. k100m0000n. 
8 kim0007000. 11. k100Omn00n0. 
9. kim0n0000%. 


The planes on V are of two types: (1) planes whose points represent 
the lines of a plane in X, and (2) planes whose points represent the lines in 
a bundle. In spaces 7, 8, 9 above the plane n = 0 is of the second type; the 
first has two planes on V, the second has a plane and a line, and the third 
has only n —0 on V. Spaces 10 and 11 have no plane of the second type; 
11 is in the space tangent to V at P., while space 10 is not in the tangent 
space at any point of V. 


Three-spaces with at least ‘two rulings but no plane on V. 


12. k1000m000n. ` 16. k10nOmnn00. 
13. kIOnOmnO00. 17. k1L00nm000n. 
14. k1000m00nn. 18. klOnnmO000, 


15. k10n0m0700. 


The first two have three rulings of V; in 13 the rulings pass through 
a point but in 12 they do not. Each of the others contains only two rulings 
and they intersect; 14 has an additional point on F and the others do not. 
15 and 18 are in spaces tangent to V; 16 and 17 are not r-spaces. 18 is in 
the space tangent to V at a point of its intersection with V; 15 is not. 


# 
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To see that 16 and 17 are distinct types, we note that each contains two 
intersecting rulings of V and coordinate systems have been selected so that 
in both cases the line A4», in X, is imaged on this intersection. The line 
AA, is therefore special in both cases. An arbitrary point P in 16 deter- 
mines the three-space R in X: j 
ne, — nt + MNE + Int, + (kn —Im)as = 0. 
An arbitrary point in 17 gives the three-space 
na, — Int, + enge, — lms; = 0. 


In the case of 16 every point P determines an À which contains the point 
11000, a point of the special line; in the case of 17 no point of the special 
line is in every À. 


Three-spaces containing one ruling of V. 


19. mO00k00InkI. 24. k 100n0m m0—rn. 
20. k 1000n00nm. 25. k ImOn0O00Omn. 
21. k lmnOrnm00o. 26. k 1n000mmno0. 
22. k1000nmmrn0. 27. kimn00mnood. 


23. k lmOm0nn00. 
In 21., 22., and 24., r is not a square. 


Spaces 19 and 20 have respectively two and one points on V in addition 
to the ruling m = n = 0; the rest have only the ruling. Space 21 is in the 
space tangent to V at P,; 22 is in the space tangent to V at a point not 
in 22; none of the others is a r-space. In 23 every plane on P, is a r-plane 
and every line in the plane n = 0 is tangent to V at its intersection with 
P,P.. Space 24 contains the r-plane n = 0 and it contains a pencil of r-planes 
on PPa. PaP, is a 3-line which does not intersect the ruling. All r-planes 
pass through P, but not every plane on P; is a r-plane., Space 25 contains 
a pencil of r-planes and no others; the axis of the pencil is PaP, which is 
not the ruling. Space 26 contains a pencil of r-planes on the ruling P,P»; 
one of the r-planes is tangent to V at Pa. Space 27 contains a pencil of 
Tr-planes on P,P,; one plane is tangent at P,, another is tangent at P». 


Three-spaces interesecting V in three or more points, but not in any plane 


curve. 

28. kknk0O00nmno. 82. kkn—nnO0l mon. 
29. kkn—n—nOl mOn. 83. kkOnn0OImOn. 
30. kkn—n0O0ImOn. 34. kkOnOnimOO. 


31. kknnOOlmnnn. ‘85. kknnnnimOn. 
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The space 28 intersects V in a twisted cubic curve; 29 intersects V in 
five points; 30 intersects V in four points and contains a X-line tangent to V 
at one of them; 31 intersects V in four points but contains no tangent line 
“at any of them; each of the others has just three points on V. Space 82 
contains a 3-line not in n == 0 and not tangent to V; 33 contains one X-line 
tangent to V; 84 contains two %-lines tangent to V at two distinct points; 
85 contains no X-line except the sides of the triangle determined by the three 
points of V. 


Three-spaces with two points on V. 


36. ktnin0Omlk+rmm0, 23+ rx—-1 irreducible. 


87. kL0O—nnO0lmOn. 40. klOnO0nl mno. 
88. k100n0lm0n Ai. klOnOnl mod. 
89. kLOnrnd0l moo. 42. kinnn0lmo00. 


Space 36 contains the r-plane n==0 which has no point on V; the 
others contain r-planes every one of which has at least one point on V. 
Spaces 37 and 38 have three r-planes each; in 37 one of the r-planes contains 
both points of V, in 38 two of the r-planes contain both points of V. All 
of the planes on P, in 39 are r-planes, and so is the plane m == 0. Space 40 
contains two r-planes. Spaces 41 and 42 have pencils of r-planes on the line 
joining the-two points of V and in each the plane m = 0 is a r-plane. To 
distinguish between 41 and 42 an argument analogous to that given for planes 
14 and 15 suffices. The points of X determine in each of spaces 41 and 42 
a four-parameter system W of quadrics. In W there are two special pencils 
of quadrics determined by the two points on V. In 41 each quadric in either 
of the special pencils consists of a pair of planes; in 42 one of the pencils 
contains two quadrics each of which is a plane counted twice. 


Three-spaces with one point on V. 
48. klOOnmlktirmmo, à + rx—1 irreducible. 


44. klOnmnlikoO0. 46. k10—nanmlk00. 
45. kinOnmik00. 47. kinO0OOmlikn0O. 
48. k-+-nimod0rnlknO0, gz?——s— r? irreducible. 

49. kin0Omltmén0O. 51. kin—nnO0lkOm. 
50. k10—nraml+mk 00. 52. kilnn—n2nlkOm. 


The space 43 is tangent to V at P, which is on V; none of the others 
has this property. Spaces 44 and 45 each contain a plane tangent to V 
at O, the point on V; in 45 this tangent plane is a 3-plane, in 44 it is not. 


METABELIAN GROUPS AND A FOUR-SPACE. 553 


Spaces 46, 47, 48 intersect the space tangent to V at O in a line; 46 
contains two r-planes, 47 and 48 each contain only one r-plane; in 47 the 
r-plane passes through O, in 48 it does not. The space tangent to V at O 
intersects none of the other spaces anywhere except at O. Space 49 contains 
a single r-plane, space 50 contains two r-planes. Spaces 41 and 52 contain 
no r-planes; each contains a special pencil of quadrics belonging to the four- 
parameter set W determined by the points of X. In both cases the quadrics 
of the special pencils are cones; in 51 three of the cones are degenerate, each 
consists of a pair of planes, in 52 only one is degenerate. | 


Three-spaces with no point on V. 
53. kimOmnilk+nn0. 54. b102nm+3nn1k 0m. 


Space 53 contains a r-plane and a S-line; 54 contains neither. In 53 
the --plane is m = 0 and the 3-line 7 = n = 0. These special elements are 
made use of to get the canoncial form. There are no special lines or planes 
in 54. These facts are easily verified and are enough to distinguish between 
53 and 54. 

We mention another way in which 53 and 54 can be distinguished. 
In 54 the plane n == 0 is number 9 of the list of planes; every plane of 54 | 
is of this type. Every plane of 53 except the z-plane and the planes of the 
pencil on the X-line is of the same type. In either case we may take the 
plane P,P P; to be kI00mO1kOm and P, = 0 0 a; Q4 as Qs Gr Qs & 0. In 
either case the conditions for a single point on V lead to a polynomial of 
degree five in a single variable. In case 54 the polynomial is irreducible; 
in case 53 the polynomial is the product of a quadratic and a cubic, both 
irreducible in GE (p). : 


5. Some remarks about the groups. We make a few observations about 
the groups determined in the preceding pages. There are 85 groups: 1 of 
order pt; 2 of order p™; 6 of order p**; 22 of order pl?; 54 of order p**. 
Two groups of the same order have commutator subgroups of the same order; 
the index of the commutator subgroup is always p*. 

Let us change the notation to denote the commutators of pairs of 
generators by s, instead of ci; so that the commutator of x and y is Ms, 
where LS k= 10. The group G, of order p**, was defined by relations on 
the generators of which one was the requirement that there be no relations 
among the ss. For each of the other groups there will be relations among 
them. 

Let S, t= 0,1, 2,3, be a subspace of dimension 4 of S. Let H be the 
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subgroup of order pi** of C which is determined by S: Let G and C’ be 
the quotient groups G/H and C/H respectively. Then G’ will be defined 
by the relations which define G together with à + 1 relations which put equal 
to the identity commutators which correspond to 4 + 1 independent points 
of Sı; ordinarily the simplest relations are obtained if commutators corre- 
sponding to the vertices of the frame of reference in S; are put equal to the 
identity. For example, if 8: is plane 9, the simplest additional relations 
required to define G’ are: 8,83 = 1, S28; = 1, 55510 = 1. 

We have given close attention to the subgroups of G determined by sub- 
spaces of §; it will be useful to look more closely at some subgroups of G 
determined by subspaces of X. A point in X determines a subgroup a of 
order p in the abelian quotient group G/C and determines an abelian sub- 
group of order p™ in G. Two abelian subgroups of order pt of G are 
conjugate under the group of isomorphisms of G, but every abelian subgroup 
of order p is seli-conjugate in G. A-line in X determines a subgroup of 
‘order p? of G and this subgroup is non-abelian with commutator subgroup 
of order p. This subgroup is also self-conjugate in G but is conjugate to 
any other such subgroup under the group of isomorphism of G. Such a 
‘ subgroup is {C, U, Ua} =T. T is the direct product of the metabelian 
group {U,,U.} which contains the commutator s, and the abelian group 
{S2, Sas * °, 810). T is also the direct product of the abelian group just 
given and any group {cU:, U} where c and c’ are arbitrary elements of C. 
The group {S2 83, * `, 810} is not, however, uniquely determined by the line 
in X since it may be replaced by any subgroup of order p° of C which does 
not contain s, A line in X therefore determines a-unique subgroup of G 
of order pl?, and determines a set of metabelian subgroups of order p? all 
of which have for a commutator subgroup the cyclic group determined by 
the point in § which is the image of the line in XY. A. plane in XY determines 
a subgroup of order p** of G, and a set of metabelian subgroups of order p° 
all of which have the same commutator subgroup of order p*. A three-space 
in XY determines a unique subgroup of order p#, and a set of metabelian 
subgroups each generated by four elements, each of order p*%, and all with 
. the same commutator subgroup of order p°. 

The groups G of order p'*, determined by the two types of point in #, 
differ in the fact that the first one contains an abelian subgroup {C’, U,, U2} 
of order p™ and the second contains no abelian subgroup of order p™. The 
fact that the point of the second type determines a unique three-space R in XY 
is reflected in the fact that the corresponding G’ contains a unique subgroup 
of order p'* which has a commutator subgroup of order pf. 
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The lines of § determines six types of group of order p'*, each with 
commutator subgroup of order p°. In G” which corresponds to line 1 of the 
list of lines there are p + 1 abelian subgroups {0’, Ui, Uk, Ut} of order p*° 
all contained in the non-abelian subgroup {C’, U1, U2, Ua} of order pt. The 
second line of the list gives a group G’ which contains two abelian subgroups 
of order #1, viz., {C’, U:, U2} and {C’, Us, U4}; both abelian subgroups are 
contained in the group {C’, U1, U2, Us, Us} of order pt? whose commutator 
subgroup has order p*; this last is the only subgroup of order p? with 
commutator subgroup of order less than p°. Lines 3 and 4 of the list deter- 
mine groups G’ which have respectively one and no abelian subgroup of order 
p°. Both have subgroups of order p? with commutator subgroups of order p*. 
Lines 5 and 6 determine groups G’ which also have respectively one and no 
abelian subgroups of order p*°. Neither contains a subgroup of order pt? 
with commutator subgroup of order as small as p‘. 

The group G” determined by line number 6 in the list is defined by 
the (additional) relations: s,s, = 1, 887 — 1. Let us denote by Z the line 
k100007k00. Every point of L determines a subgroup T of Œ with 
commutator subgroup £; T is of order p** and £ is of order p°. Corresponding 
to these groups are subgroups I” and £’ of order p”? and pè in G’. The line L 
determines the point M=0000100000 on V. The line m is in the 
three-space R determined in X by any point P of L. Hence, the non-abelian 
group {C’, Ua, Us} of order p% is in every one of the p + 1 special subgroups 
I’ of G’, which are special because they are the only subgroups of order p'? 
with commutator subgroups of order p’. 

The above examples are meant to suggest the complexity of the relations 
among subgroups of the groups G’, but also to suggest that these complex 
relations are not, in these groups at least, unmanageable. 
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HYPERGEODESICS AND DUAL HYPERGEODESICS.* 


By T. K. Pay, 


1. Introduction. Dual union curves on a surface were first defined 
and studied by P. Sperry [4, p. 222] and investigated later by G. M. Green 
[2, pp. 140-144]. In this paper a system of curves on a surface called dual 
hypergeodesics is defined, which includes a system of dual union curves as a 
special case, its intrinsic differential equation is found, most of the theorems 
for dual union curves are generalized and some properties of hypergeodesics 
are studied. 

The notation of Hisenhart [1] will be used for the most part except 
that Tes, will be employed for Christoffel symbols of the second kind. 


2. The extended relation R. Consider a real proper analytic surface 
8 defined with reference to a rectangular cartesian coordinate system by 


(2.1) vi = gt (ut, u?) (i == 1, 2, 3). 


The coordinate curves are assumed to form the asymptotic net. The tangents 
to one family of the net constructed at the points of a curve of the other 
family generate a non-developable ruled surface. There are two such surfaces 
Ri, Rə associated with P(x‘). Any two planes different from the tangent 
plane of § at P and passing through the asymptotic tangents at P will be 
tangent to Ri, R: at two points P,, P, respectively. The intersecting line 1/ 
of these two planes passes through P but does not lie on the tangent plane 
of S at P; and the line joining Pa, P, lies on the tangent plane of S at P 
but does not pass through P. These two lines L’, L are said to be in the 
relation Æ with respect to the asymptotic net [8, p. 81]. As P varies over 
S, they generate two congruences I’, T respectively. 


Let the direction cosines of L’ be defined by 
(2.2) dM = prdat/du + qXi 


where Xt are the direction cosines of the normal to S at P, and where p°, q 


* Received May 16, 1950. 
556 





as 





HYPERGEODESICS AND DUAL HYPERGEODESICS. 557 


are functions of ut, q being assumed to be always positive. The coordinates 
of the two points Pa are found to be 


(8.3) . Et, = zê — q/ (qi — diop?) Oxt/Ous, a 5& B. 


In terms of the local coordinates Yı, y, which are defined as the coordinates 
of the terminal point of the vector 


( Lat) EA 
1N Von a) TP Vox Ow 


when it is localized at P, the equation of L is readily found to be . 





(2. 4) V Goo( Ql a2 nd drop”) yr + V gu (QT 12 = diop) Yo + qv (911922) = 0. 


When the asymptotic tangents at P are considered as the lines L’, the 
lines Z in the ‘relation R to them with respect to the asymptotic net are 
defined to be given by (2.4). We call the relation Æ with the addition of 
these pairs of lines the extended relation R. Geometrically, an asymptotic 
tangent at P on § is in the extended relation R to itself with respect to the 
asymptotic net. : : 


3. Definition and equation of dual hypergeodesics. The integral curves 
of a differential equation of the form 


(3.1)  du?/du* = A + Bdu?/dut + O (du2/du*)? + D(du2/dut)* 


in which A,B,C, D are analytic functions of ut, are called hypergeodesics 
on ©. They form a two-parameter family. The envelope of their osculating 
planes through P on S is a cone with vertex at P and has the tangent plane 
of S at P for bitangent plane, the lines of contact being the asymptotic 
tangents of S at P. This cone which is called the ose-cone at P of the 
family is ordinarily of class three and order four [3, p. 101]. Except the 
two asymptotic tangents all generators of the osc-cone at P are lines J. 
Hence we can always find the line L which is in the extended relation R to 
each generator of the osc-cone at P of a family of hypergeodesics. 

A dual hypergeodesic relative to a family of hypergeodesics will be 
defined as a curve on S such that the ray point at each point P of the curve 
lies on the envelope of the lines L which are in the extended relation R to 
the generators of the osc-cone at P of the family with respect to the asymptotic 
net of curves on S. i 

Let u? = u?(u*) be a hypergeodesie C through P of the family (3.1; 
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such that its direction at P is given by A = du?/du*, The osculating plane 
of C at P(zxi) is found by the aid of the equations of Gauss to be 


Oxi | Oa 
(3.2) ein, (&* — xt) a+ Ju DIE 











2 + Da?) 


ĝu? 
+ (L% 3, A ALA + PV?) + es = 0. 


Equation (3.2) and the eqnation 


(3.3) aplat — a [ bat (B + 20 + 3D) 


Oxi Ox* aa? 
HR Gay Ce + D) + 2d Atai 


0x1 0x 
Qu? bu? 








+ 4D?) 


dai Gi j 
HE pala + ADaM BE aed?) + Adah KE ra =, 


define two planes intersecting in a generator L’ of the osc-cone of the family 
(3.1) corresponding to the hypergeodesics C in the direction À at P. The 
direction numbers of the normal to each of these Planes are 


(8.4) am = VgX"[ (A + Tu) + (B + 202 — Ti) 
F(C + Du — 21,5)? + (D — Te) A] 
+ 2diolmjk ie XA + 2dr2€mjx r XN. 
(3.5) ön = VgA"[(B + 2r — Mn) 
+ RC + Tog — RT 2) À + 8 (D — Ia) A?] 
| + 2dro€njn = XE + 4diolnje ie XEN. 
Hence the generator L’ has the direction numbers 
(3.6) CI == OMG Dy 
which, by the aid of the formula [1, p. 8, Ex. 9] 
(3. 7) ederm = 8118) — Sadsx 
and after discarding of irrelevant non-zero multipliers, reduces to 


(3. 8) ct = Part /aue + QX: 
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where 
= (A + Tu) — (C + En — Ihe) A? — 2 (D — Dra) A5, 
(3.9) Pe 2 (4 + TE)AE (B 20% — a) A? — (D — Ti), 
Q = Rd. 
Substituting (3.9) into (2.4) and arranging the terms as a polynomial 


in À we obtain the following equation of L, which is in the extended relation 
R to the generator L’ 


(3.10) ant + DAS od? + dA + e = 0, 

where the coefficients are defined by 
a = V ge (D — I2) 41, b = 2V gu (D —I"22) Yo, 

(8-11) e= —V ga (B — Ta) yi +V gua (0 + Tse) yn + BV (Gris), 
d = — 2V ga (4 + Tu )Yy e =— V gu (4 + Tu) 


As À varies, the line L (3.10) generates an envelope in the tangent 
plane of 8 at P, whose equation is found after considerable simplification 
to be 


(3.12) - ad? + eb? + bed — 0 
which from (3.11) becomes 


(8.13) (A+ 9%) (ys/V gus)? + (—D + Ti) (Y2/ V 922)" 
— Yi1ÿ2/ V (Jag) [(— B + Tu)Y1/V gu + (C+ Tè2e)ÿ2 V gez + 2] =0. 


This envelope has a node at P, the nodal tangents being the asymptotic 
tangents of the surface at P. The curve is ordinarily of the third order and 
will be called the reciprocal cubic at P of the family (3.1). 

The ray point at P of a curve u*==u*%(s) on S is by definition the 
intersection of the planes 


S(t gi) Xi = 0, 3 (4! — vi) Xi dut = 0, 
(3.14) 








ext ox: OX da 
À ta, uB ya 
3(H — 25) (an F Gua )- Que uë 


Solving renal C. E. OA found its local coordinates [5, p. 904] 
to be 


(3. 15) ys = V ga ddapu'u’f e(d 


ray/8, 


eyd ut 
odp as wu Pu’? F dodge À) 


where 5 is not summed and where Ts = d?¥0dq,/du8 — dde "8. Sub- 
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stituting (3.15) into (3.13), we find that the dual hypergeodesics relative 
to the family (3.1) with respect to the asymptotic net are defined by the 
equation 


(3.16) du?/du —— A + Bdu?/du? + 0 (du2/du*)? — D (du?/dur)?. 


When (3.1) is a family of union curves, (8.16) evidently reduces to the 
equation of dual union curves which include dual geodesics [5, p. 904] as a 
special case. 


4. Reciprocal characteristics. Since equation (3.16) is of the same 
form as (8.1), it defines a two parameter family of hypergeodesics. When 
(3.1) is given, (38.16) is uniquely determined. Hence 


THEOREM 4.1. The dual hypergeodesics relative to a given two-para- 
meter family of hypergeodesics on a surface are hypergeodesics. They form 
a two parameter family called the dual of the given family. There exists 
one and only one family of hypergeodesics which is the dual of a given two- 
parameter family of hypergeodesics. 


Equation (3.16) differs from equation (3.1) in having the signs of A 
and D changed. It is evident that each represents the dual of the family of 
hypergeodesics defined by the other. Hence 


THEOREM 4.2. The dual relation between any two two-parameter 
families of hypergeodesics on a surface is reciprocal. 


A family of hypergeodesics and the dual of the family will be called 
reciprocal families. Thus (3.1) and (3.16) represent reciprocal families 
of hypergeodesics. In particular the union curves of a congruence I” on a 
surface are the dual hypergeodesics relative to the family of dual union curves 
of the congruence T, and therefore the geodesics on a surface are the dual 
hypergeodesics relative to the family of dual geodesics. 

An asymptotic line on a surface is always a hypergeodesic on the surface, 
since the coefficients in (3.1) are arbitrary and À = 0 gives u? = const. as a 
solution of (3.1). But from (3.16) AO is also the condition that 
u? = const. is a dual hypergeodesic. Hence an asymptotic line is at the 
same time a hypergeodesic of two reciprocal families of hypergeodesics. 

Any straight line on a surface is an asymptotic line and also a union 
curve on the surface, since a geodesic is a special union curve. The osculating 
planes of a curved asymptotic line on a surface are tangent to the surface 
along the curve and consequently can not pass through any line L’ of a 


` 


A 
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congruence I’. Hence there is no curved asymptotic line on a surface, which 
is a union curve on the surface. Thus straight lines on a surface are the 
only union curves which are asymptotic lines. 

If an asymptotic line is a hypergeodesic of every two-parameter family 
of hypergeodesics (3.1) for which A 0 or D==0, then it can be a dual 
union curve and in that case it is a straight line. Hence 


_ THeorem 4.3. If an asymptotic line is a hypergeodesic of every family 
(3.1) for which A — 0 or D = 0, it is a straight line. 


When a family of hypergeodesics is identical with its reciprocal, we say 
the family is self dual. Equations (3.1), (3.16) become identical if and 
only if : 

(4.1) A=0, D=0, 


which by Theorem 4.3 imply that the asymptotic lines on the surface are 
straight lines. Consequently the surface is a quadric. Hence 


THEOREM 4.4. Every two-parameter family of hypergeodesics on a 
surface is self dual if and only if the surface is a quadric. 


When a two-parameter family of hypergeodesics is not self dual, there 
may be a particular hypergeodesic of the family coincident with a hyper- 
geodesic of its reciprocal family. From equations (3.1), (8.16) such a 
curve is a solution of the two equations 


(4. 2) A + D(du?/dur)s = 0, 
(4.3) d?u?/du'® — Bdu?/dut + O (du?/du)?, 


The curves defined by (4.2), their directions and the tangents in these 
directions will be called respectively the generalized curves of Segre, the 
gneralized directions of Segre, and the generalized tangents of Segre, asso- 
ciated with the family (3.1) or (3.16). 

The solutions of equation (4.2) do not necessarily satisfy equation (4. 3). 
There may exist no solution or one solution of (4.2) which satisfies (4.3). 
In case A.D = 0, when two solutions of (4.2) satisfy (4.3), it can be shown 
easily that the third solution will also satisfy it. Hence 


THEOREM 4.5. -The hypergeodesics common to two reciprocal families 
of hypergeodesics are the generalized curves of Segre associated with either 
one of these families. Conversely, two reciprocal families of hypergeodesics 
do not necessarily have hypergeodesics in common except reciprocal families 
on a quadric surface or those families on a general surface for which 
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A= D =0, which are always identical. On a non-ruled surface those 
reciprocal families for which AD 40, may have no hypergeodesics in common 
or may have one or three'one-parameter families of hypergeodesics in common. 


5. Conjugate nets. If the family (3.1) contains a conjugate net 
represented by _ 


(5.1) (du?) ? — X? (du)? = 0 
where A is a scalar function of u%, we have 


(5. 2) by = 24 + 2049, bu = 2Bd + 2DE, 


where A, B,C, D are supposed to be known functions and ¢=— 4? is to be 
determined. A necessary and sufficient condition for a common solution of 
(5.2) is that 


(5.3) A+ C$) /tut = (Bb + Dg) > 


be satisfied identically by such a solution. This condition after differentiation 
becomes 


(5.4) (De +- 20D)? + (Bus — Ca + 4AD)¢ + (2AB — An) = 0 


which is either satisfied identically in ¢ at each point or not. In any case 
we can show that 4, B, O, D can not all be arbitrary and obtain the following 
result. 


THEOREM 5.1. A two-parameter family of hypergeodesics on a surface 
does not in general contain a conjugate net, but a family can be chosen in 
infinitely many ways so that its hypergeodesics contain one conjugate net or a 
one-parameter family of conjugate nets. 


A similar result can be obtained for the pairing of the hypergeodesics 
of a family (3.1) and the dual hypergeodesics of its reciprocal family (3.16) 
to form a conjugate net. 

The condition that (3.16) will contain tlie associate conjugate net of 
the net (5.1), defined by 


(5. 5) (du?) + X? (dut) = 0, 
is found exactly the same as (5.2): Hence 


THEOREM 5.2. If there exists on a surface a conjugate net formed of 
hypergeodesics of a two-parameter family of hypergeodesics, then the associate 
conjugate net of it consists of the dual hypergeodesics of the reciprocal family ; 
and conversely. 


d 
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6. Associated cones and plane curves. In the homogeneus local car- 
tesian coordinates v1, V2, Va, Va of the plane viyy + Vee + VaYs + V4 == 0, the 
equation of the cusp axis of the ose-cone of (3.1) at P are found to be 


(6. 1) —V 9u(C + Le — 21410) U4 +V G22(B + 20,0 = T1) ve + 2dy203 
= 0, V4 TR 0, 


and its three cuspidal tangent planes are found to intersect the tangent plane 
of S at P in the three tangents 


(6.2) (Vga)? (—D + Pe) 0%, + (V9) (4 + u) = 0, M0. 


These three tangents will be the same as those determined by the reciproeal 
family (8.16) if and only if 


(6.3) A=pl"n, D = — pI 


where p51 is either a constant or a function of ut. In this case the 
directions of the three tangents become those of Segre, since y1/ V gu = du, 
Yyo/ V J22 = dw. Hence 


THEOREM 6.1. The osc-cones of two reciprocal families of hyper- 
geodesics at a point P always have a common cusp axis. They have the 
same cuspidal tangent planes if and only if the latter intersect the tangent 
plane of S at P in its Segre tangents. 


The locus of the ray points of all the hypergeodesics through P of a 
family (3.1) is a plane cubic curve called the ray-point cubic at P of the 
family. Its equation in local coordinates on the tangent plane is found to be 


(6.4) (—A-+ Ta) (A/V ga)? + (D + T2) (Y2/V 922) ° 


‘ — Yi1ÿ2/ V (911922) [(— B + Ta) Y/V Qu + (0 + 122) yo/V gon + 2] 
| = 0. 


A comparison of (6.4) and (3.13) and some calculation yield the results: 


THEOREM 6.2. The reciprocal cubic of a family of hypergeodesics is the 
ray-point cubic of its reciprocal family. The ray-point cubics or the reciprocal 
cubics at a point of two reciprocal families of hypergeodesics have a common 
flex ray. They possess a common set of points of inflection if and only if 
the three points are on the Darboux tangents. 


THEOREM 6.3. The osc-cones of two reciprocal families of hyper- 
geodesics possess three common cuspidal tangent planes if and only if their 
ray-point cubics or reciprocal cubics possess three common points of inflection. 
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Since two reciprocal families have the same cusp axis, they have the 
same cusp axis curves, which form a conjugate net if and only if Bu + Cw == 0. 
Since a self dual family consists of a pencil of conjugate nets if and only if 
Bye — Cy = 0, we have 


THEOREM 6.4. The cusp asis curves of a self dual family of hyper- 
geodesics which contains a pencil of conjugate nets form a conjugate net if 
and only if B is a function of u alone and C is a function of u? alone. 


In general the osc-cones at a point of two reciprocal families of hyper- 
geodesics have sixteen generators in common, four of which coincide with 
the two asymptotic tangents at the point. The remaining twelve common 
generators are in general distinct. For if two of the non-asymptotic common 
generators coincide with L’, the two osc-cones are tangent to the same plane 
along L’ and this requires A — 2DA8—0, 24 — Dd? = 0, that is A = 0, 
D = 0, since À:£ 0 or œ. Hence à 


THEOREM 6.5. The osc-cones of two reciprocal families do not have 
double contact along any non-asymptotic common generator unless the family 
is self dual or the surface is a quadric. 


The direction at which the osc-cones of two reciprocal families have a 
common tangent plane along different generators is found to satisfy 


(6.5) A+DNM—0. 


Since À is non-asymptotic, A= 0 and D £0 or A 40 and D — 0 can not 
satisfy (6.5). In case A = D = 0, the osc-cones are identical. Hence 


THEOREM 6.6. On a non-ruled surface the osc-cones at P of two 
reciprocal families for which AD 0 have, besides the plane tangent to 8 
at P, three common tangent planes in the generalized directions of Segre 
associated with either of the families. 


The osc-cones at P of two reciprocal families for which A 0, D £0 
or A430, D—0 on a non-ruled surface and those for which A=40 or 
D +0 on a ruled surface have only one common tangent plane—the tangent 
plane to the surface at P. This plane corresponds to an asymptotic direction 
which is now a generalized direction of Segre associated with the respective 
family under consideration. The osc-cones at P of two reciprocal families 
for which A — 0, D = 0 on a non-ruled surface and those on a quadric are 
identical and have therefore infinitely many common tangent planes corre- 
sponding to the infinitely many directions of Segre associated with the 
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respective family under consideration. With Theorem 6.6 we may sum up 
these results in the following theorem: 


THEOREM 6.7. The generalized directions of Segre associated with a 
family of hypergeodesics are the directions in which the osc-cones of the 
family and its reciprocal family have common tangent planes. 


The following two theorems can be easily verified : 


`~ THEOREM 6.8. The avis cones at a point of two reciprocal families of 
hypergeodesics have double contact along the asymptotic tangents on two 
planes which intersect in their common cusp avis at the point. 


THEOREM 6.9. The ray conics at a point of two reciprocal families 
have double contact on the asymptotic tangents at the points where the flex 
ray at P cuts them. 


7. Torsal curves. Let C defined by u? = u? (ut) be a hypergeodesic C 
of (3.1) such that the direction of the curve is determined by À = du’/du’. 
We shall determine A so that C is a curve such that the generators corre- 
sponding to A of the ose-cone of (3.1) at points of C form a developable 
surface and we shall call the curve a torsal curve of the family (3.1). 

If C is an asymptotic line, its corresponding generators on the osc-cone 
are the asymptotic tangents generating a developable of which the asymptotic 
line is both an edge of regression and a torsal curve. Consequently an 
asymptotic hypergeodesic of a family (3.1) is always a torsal curve of the 
family and it is a plane curve if and only if it is a straight line. In the 
following discussion we shall exclude the asymptotic lines by assuming 
A0 or co. 

Looked upon as a curve in space the tangent at a point P of C has its 
direction numbers given by 


(7.1) da*/dut = Oxi/0ue - dut/du = dx*/du* + Aðru. 


The direction numbers of the generator of the osc-cone corresponding to C 
at P are given by (3.8). Let M be any point different from P on the 
generator. Then M may be defined by é = xt + pct, where p is an arbitrary 
but fixed constant: different from zero. The tangent to the curve traced by 
M as P moves on C has its direction numbers given by 


(7. 2) pdg du — Peart /gus + QXi, 
6 
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where | 
Pt —1/p + PT + 0P'/0u + PT — gdin + PTA 
+ A0P1/Qu? + PPTA — gM dyoRA, | 
(7.8) D? A/p + PTE + PET + @P?2/du! — gd R 
+ PIX + PTA + AP? bu — gd RA, 
Q = Pdi, + OR/dut + P2dyrd + OR /i?, 


which are obtained after simplification by the aid of the Gauss and the 
Weingarten equations. 

The generator of the osc-cone will generate a developable as P moves 
on C if and only if the tree lines—the tangent to C, the corresponding 
generator of the osc-cone and the tangent to the curve traced by M—are 
coplanar, that is 


(7.4) eign (0xt/Ous - dus/du!) (PB0xi/Qu8 + OX) (Pâr iu + OX*)==0. 
This reduces to 
(?. 5) to +- tA + tor? + tà -+ ta àt + tà + tgA® = 0, 


where a factor A? is omitted and where the coefficients are defined by 


to = 8A? + 4AT*,, + (Ia) 

tı = 4AB + RAT? — RATE, + 4B0 1, + Rr. — Rr 
+2(A + Tu) (log die) dt — 2 (T Je — 2A, 

ta = RAC — 2AT 2 + RAT H ACTE, — TT + BP + (01)? 
+ 2BI",, — RBT — 277.01, + 2(B + 2012 — Th) (log die) 
+ 2(A + Li) (log diz) a? — R Bat — 4(T 12) + 2 (Tu) 
+ 497°? 10 — 2A,~—2 (Lu), 

ty = 2 (0 + Tao — 21,2) (log dis) 2 + 2(B + 2r% — Mx) (log dye) 2 
+ ADI + 2CT 0 — 2B 2g — 217120220 — PR Bar — 4(T 712) a! 

(7.6) 2 (Dha )ue — 2CT yy + BT eT — Oa — 2 (Tae) ay 

+ 4 (T'ia) + 2BI,2 + 4AT, 

ta = — 2BD — 2Dr + RDV + ABI ng + Ro — C? 
(Ip)? + 2OT e — 208 no + RTL 4 2(D — Too) (log die) 
+ 2(C + Too — 21,2) (log die) nt — 20,2 — 2(T22) uw 
+4 (Tha)? — 49d? 42 — 2 De + 2 (D'e), ; 

ts = — 4DC + RDT 45 — 2DT 2g + 40I H RI? — QT pT" 2 
+ 2(D — T2) (log diz)u® + 2 (D Je — 2 Dur, 

te = — 8D? + 4DT' — (T4)? 





‘ 
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In the space in which the surface S: (2.1) is imbedded, the curve C: 
u? =u? (ut) has equations vt = st (ut, u?(ut)) = ft(ut). A necessary and 
sufficient condition that C be a plane curve is 


(7.7) endri/dut - dai /du* - dSat/dus = 0. 
When we substitute in (7.7) the following values - 
dat /du* = 00+ /du* + \ôx/0u?, 
dai /du¥ == p,0xi/0ut + pode /du? + 1X), 
da/du == Oré/0ut [pI + Opi /0ut + plie — arg N - pil A 
(7.8) | J peT" — 22 + NOD; /OU?] 
+ d0*/0u? [pT + por + Op2/dut — 2d°1:g°%7À 
+ piled + Pal 220 + A0p2/0u? — Rd12g °°] 
+ Xi[diope + Or/Ou + pidrsà + dOr/du7] ` 


where pı = Mu LHA -HIA pa = I + QP ET EN, 1 == Vdd, 
and simplify, we find the condition (7.7) for a hypergeodesic of (3.1) to 
be a plane curve is exactly the condition (7.5) for a hypergeodesic of (3.1) 
to be a torsal curve of (3.1). Hence 


THEOREM 7.1. Non-asymptotic hypergeodesics of a family of hyper- 
geodesics are plane if and only if they are the torsal curves of the family. 
Asymptotic hypergeodesics of a family are always the torsal curves of the 
famliy and are plane if and only if they are straight lines. 


Equation (7.5) is in general of the sixth degree in À and consequently 
has six solutions. Since À is not zero or infinity, the vanishing of & or tę or 
the vanishing of to, te or to, t, or ts, ts will reduce the degree of equation (7. 5) 
by one or two respectively. Thus when A = — $I? or D = 474, it is in 
general of degree five; when A = — $E”, and D = 47, or A—=—I™,, or 
D = T? it is in general of degree four; when A ——4I*,, and D = I*a 
or A = — T°: and D = $I», it is in general of degree three; and when 

= — I°; and D = F’ it is in general of degree two. Besides these cases 
in which we assume that B, C are arbitrary functions, there are other families 
of hypergeodesies for which B, C are also suitably chosen such that their 
corresponding equations (7.5) are of degree three, two, one or zero. 


THEOREM 7.2. A two-parameter family of hypergeodesics contains in 
general six one-parameter families of non-linear plane curves. There are 
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families which contain in general five, four, three, two or ane one-parameter 
families of such plane curves or do not contain any such plane curve. In any 
case, if a family contains more than the maximum number of one-parameter 
families of non-linear plane curve which the family is to contain in general, 
then all hypergeodesics of the family are. plane. A family of union curves 
is the only family of hypergeodesics which contains in general a net of non- 
linear plane curves and for which B, C are arbitrary. 


A comparison among the coefficients in equations (7.5) corresponding to 
two reciprocal families will yield the first part of the following theorem. The 
second part is seen from the fact that these equations with B, C arbitrary 
are both of degree two when and only when r?°, = 0, Mee = (. 


THEOREM 7.3. The numbers of one-parameter families of non-linear 
plane curves contained in two reciprocal families of hypergeodesics are not 
related. In general they are both equal to six or are unequal. There are 
reciprocal families such that these numbers are both equal to five, four, three, 
two, one or zero. When B, C are arbitrary, two reciprocal families both contain 
a net of non-linear plane curves if and only if the surface ts a quadric. 


I am grateful to Professor P. Sperry for her interest and suggestions 
during the preparation of this paper. 
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ON RIEMANN METRICS OF CONSTANT CURVATURE.* 


By AUREzL WINTNER. 


1. Let D be an open, simply-connected domain in the space of n real 
variables Tı, ` °°, Tm and let (g) be an n-rowed, real, symmetric matrix 
of functions gir = Jir (21, *`*, €n) which have a non-vanishing determinant and 
are of class C” (i. e., such as to possess continuous partial derivations of first 
order). Then the Christoffel symbols of second kind, Tad == Tix’ (1, ©, Ea), 
exist and are continuous functions on D. Hence Levi-Civita’s parallel trans- 
port, being determined by a linear system of ordinary differential equations 
with a continuous coefficient matrix, exists along every smooth path in D 
(here and in the sequel, a path v; = m(t) (i—1,:-:,n) in D is called 
smooth if it has'a continuously turning tangent). 

The Riemannian geometry determined by (gx) on D will be called 
Euclidean if no vector is changed by parallel transportation along any closed 
smooth path. It will be proved that these metrics ds? = gagdk,davg are charac- 
terized by the following property: 

If D is small enough, D possesses a one-to-one continuous mapping 
Yi = Y(T’ ` `; En) in which the n functions y; are of class C’ on D, 
have a non-vanishing Jacobian, and render every hy, a constant, where 
hin =hin(Ys,° © +, Yn) is defined by placing ds? = hagdyadyg. 

The point in this theorem is that, in contrast to the classical theory, 
the machinery of a curvature tensor is now not made available by the 
geometrically artificial assumption of continuous second derivatives for the 
functions -gi (£ı,* © *, n). In fact, since the latter are just of class C”, 
the functions li/(%:,' + -,æ,) can be nowhere differentiable. Correspondingly, 
the result seems to be new even in the case, n = 2, of the differential geometry 
of surfaces (to be embedded, rather than being given as embedded, into an 
(x, y, 2)-space under the additional restriction that the binary form ds? is 
positive definite on D). | 

It will be shown at the end of the paper that the above theorem can be 
generalized so as to apply to those ds? which, when the gix(æ, : ` `, 2n) are of 
class O”, become the spaces of constant curvature. Since the gjz.(@1,° : *, £n) 
are supposed to be only of class C’ (and of non vanishing determinant), the 
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constancy of the curvature cannot, of course, be defined in explicit terms. 
The substitute to be used in the C’-case is that supplied by the requirement 
of homogeneity, in the sense of Riemann-Helmholtz, of the metric defined by 
the function gix(%:,-°°,%n) of class C’. 

In the particular case in which the æ-space is Euclidean in the above- 
defined sense, only “the components of the affine connection,” Tizi == Pré, 
rather than the “ metric tensor ” gx as well, will enter into the considerations 
(cf. (5) below). Correspondingly, the first of the results announced above 
holds without the assumption of a ds? also. This result will be formulated 
and proved in Section 5. 


. 2 Levi-Civita’s system of n ordinary, linear differential equations, say 
V'i = fia(t) Vas is 


(1) Vi = — Tap t av, 


where v; = v(t) is the vector transported along a given smooth path a; = s: (t) 
(of smooth parametrization), the prime denotes differentiation with respect 
to ¢, and all indices range from 1 to n. If the definition of a Euclidean (gix), 
as specified above, is compared with (1), it is readily seen that a given 
realization, ÿasdt,dxp, of a ds? is Euclidean on D if and only if, corresponding 
to every set of n numbers v;° and to every point («,°,---,2n°) of D, the 
system of n? linear “ partial” differential equations 


(2) Ovi/ 0x = — Trai (L1, ` `, En) Va 


(which actually is a “total” system) has exactly and/or at least one solution 
Vi == 0;(%,° ` *,%,) which is continuous, and therefore of class ©’, and 
satisfies the initial conditions 


(3) Vil, © +, En?) = VF. 


The standard answer to this existence question is expressed by saying 
that the identical vanishing of Riemann’s curvature tensor (of four indices) 
is necessary and sufficient for the solvability of (2) under an arbitrary initial 
condition (3). This answer results as follows (cf. e.g., [8], pp. 22-23): 
À calculation shows that the curvature tensor vanishes identically if and 
only if | 
(4) OSLA mh OV /0a; ==), 


On the other hand, since the initial condition (3) is arbitrary, (4) is identical 
with the integrability condition, 0°v;/dx,02; — 0?v,/0xj0x,, of the total system 
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(2). Consequently, it is sufficient to apply to (2) the general existence 
theorem of a total system (cf., e. g, [3], pp. 66-68) which, incidentally, is 
linear in the present case. But all of this depends on the assumption that 
the gu's are of class O”, since otherwise the I’s are not of class C’, and there- 
fore (4) is meaningless. 

| In the general case to be considered, the gix’s are of class C’, hence the 
T’s just continuous. What is then applicable to (2) is a recent improvement 
of the classical existence theorem of total systems; cf. [2]. In fact, if 
Theorem (II) in [2], pp. 760-761, is applied to the present particular case, 
(2), then the second of the two conditions (10), (11) on p. 761 in [2] 
reduces to 0 — 0, while the first becomes 


(5) f (Tiêder + Dader) — f Í. (TaT jt — Tar T gt) derde 
7 s 


Here the indices i, j and k, J are subject to the limitation k41 but are 
otherwise arbitrary; J to the left denotes any small, rectifiable, positively 
oriented Jordan curve in that (£p, %ı)-plane which results if those of the 
n — 2 coordinates 21,° * *, 2n which are distinct from a, and 2; are arbitrarily 
fixed within the n-dimensional domain D, and § to the right of (5) is the 
two-dimensional region surrounded by J; finally, the (Greek) repeated index, 
a, in the double integral is, but the (Roman) repeated indices, k and l, in 
the line integral are not, summation indices. 

Accordingly, the problem is reduced to determination of those sets of 
continuous Christoffel functions Ty,'(2,° * -,%n) which satisfy (5) identically 
(on D). 

It should be noted that no reference is now allowed to the pseudo-tensor 
character of the Ty. In fact, the transformation rule of the Tj, contains 
the second derivatives of the transforming function 


(6) Yi = Yi Xr, ° . `, Tn) (i =1,; ` ‘s n)e 


3. For a single unknown function, say y —7(2:," **, n), consider 
on D the system of differential equations 


(7) Py /OxiOa, = Tr" (T1, ` `, Ln) OY/0La; 


where i and k range from 1 to n. Clearly, (7) is equivalent to the linear 
“total” system which consists of 


(8) Ow, /O2; = Drt (Ti, * +, Gn) wt 
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and 
(9) by / Ori = wi 
together (with Yı, W - *, Wn as n +1 unknown functions of the n inde- 


pendent variables 2,,: © *, Sa). It will be noted that (8) is the adjoint of 
the system (2). 

Since Dt = Dat, it is readily seen that the integrability conditions, 
which belong to the system (8)-(9) in the same way as (5) belongs to (2) 
alone, are represented just by (5). Hence, if Theorem (II) of [2] is 
applied to (8)-(9), it follows that (5) is necessary and sufficient for the 
following situation: 

Corresponding to any set of n + 1 numbers a; 6,' * *, Cn, the system 
(7) has at least one and/or exactly one solution y —y(a,: - -,2,), of 
class C’, satisfying the initial conditions : 


(10) i y (21°, Ses Tn?) =, oy (21°, USE En?) /0%: = Ci, 
where (#°,-* *,@,°) is an arbitrary point of D. Actually, every such 
(11) Y(T ``, En) is of class O”. 


In fact, if y (£, : `, 2n) is of class C’ and satisfies (7), then (11) follows 
from continuity of the coefficient functions, Trj (= lt), of (7). 


4 Let (ei) denote the unit matrix and, under the assumption (ë), 
let Yx(£1, `` +, Zn), Where k == 1,---,n, denote that solution, y = y(x:, : - : ,a4), 
of (7) for which the initial conditions (10) are as follows: Ci = em, @ == ay 
(say @,==0). Consider the transformation (6) determined by these n solu- 
tions of (7). The Jacobian of (6), being 1 at (2,°,- + - ,æ,°), cannot vanish 
near (2°, + *,%n°) (it could be concluded, by uniqueness; to be distinct 
from 0 throughout D, but this is immaterial here). Choose D about 
(2:°,: * +, @,°) so small that the inverse of the mapping (6) of D is unique. 
Finally, define on the y-image of D the functions hi, by the assignment 


(12) Jap(%1,* ` ` Tn)dtadts = hag (Yis ` * ; Yn) dyadys. 


Then the matrix (h) is constant on the y-image of D. 

‘In view of the remarks made before (6), the last statement is quite 
unexpected. It goes beyond what has been announced in Section 1, where 
the existence of the normal form (hix) = const. of (giz) was claimed only 
by virtue of some transformation (6) of class ©’. What is now claimed is 
that such a transformation can be chosen of class O”. In fact, (11) shows 
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that the transformation (6), defined above, is of class ©”. This agrees with 
the circumstance that, gu, being a tensor, one degree of differentiability is lost 
by the occurrence of first derivatives in its transformation rule. 

The verification of the statement, according to which (hi) = const. 
holds by virtue of (12) and the present (6), can be omitted, precisely because 
the present (6) is of class ©”. In fact, due to the latter circumstance, a 
well-known verification of (Ax) = const. (ef. [1], pp. 577-578) applies 
without any change, even though (giz) is just of class C”. 

Another, more straightforward, verification of (Aix) = const. is contained 
in the more general approach to be taken in Section 5. 


5. Since the integrability conditions (5), on which everything is based, 
contain only the Christoffel symbols, rather than the components of the metric 
tensor as well, it is natural to disregrad the assumption that the coefficients 
of (1) can be derived from a symmetric gix(t1,* ` `, 2n), of class O’ and of 
non-vanishing determinant, by placing Tin = gT ajr, (9%) = (gx)? and 


QT iijx = 0gi5/0%r + Ôgix/0%; — 8g jx/ 02%. 


All that should be given is a pseudo-tensor Ty? = Tiji (cf. [3], p. 12), which 
is assumed to be a continuous function of the position (%1,° © *, 2n) on D. 
Then (1) still defines parallel transportation, and (5) is still necessary and 
sufficient in order that all such transportations be independent of the path. 


Under the latter assumption, and without assuming the differentiability 
of the I’s, it can be concluded that there exist local transformations (6), 
of class O” and of non-vanishing Jacobian, which transform the functions 
Ty of (21,°°°;%n) so as to make them identically 0 in (41:,:--, Yn). 
Then (2), (1) appear in the respective normal forms ôv;/0yr = 0, vi = const., 
and so the result of Section 4 for the Riemannian case follows as a corollary. 

First, since (5) is assumed, Section 3 is applicable without change. 
‘Hence, it is possible to choose the n functions (6) in the same way as in 
Section 4. But each ‘of these n functions satisfies (11) and (7). It follows 
therefore from (9) and from the transformation rule of the Is that the 
y-transform of (2) is 6v;/dy;, == 0. 

In what follows, it will again be assumed that the geometry, instead of 
having just an “affine connection” (Weyl), is Riemannian. 


6. If) is a real, non-vanishing constant, let (8\) and (7) respectively 
denote the systems which result if the term — Agi(%.,---,%,)y is added 
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to the right of (8} and (7). Thus (7) is identical with (81) by virtue of (9). 
As in the case À == 0, treated above, the functions gi; = gri on D are supposed 
to be just of class C’ and of non-vanishing determinant; so that the functions 
Ti == [yj exist and are continuous on D. 

In view of Weyl’s approach to the “ Helmholtz space ae ” (cf. [3], 
pp. 24-29; also pp. 71-74), it is natural to declare the C’-metric of gagdv.dyg 
a metric of constant curvature if, corresponding to arbitrary initial conditions 
(10), (3), the system consisting of (9) and (81) (and belonging to a suitable 
à == const.) has a solution of class C’; in other words, if the integrability 
conditions of (9) and (8) are satisfied. 

In the C’-case, this system of integrability conditions is that repre- 
sentation of the curvature tensor (of four indices) which is required by 
formula (17) in [8], p. 26, i.e, by formula (16) in [1], p. 574. In the 
present C’-case, where a curvature tensor cannot be written down, the 
integrability conditions of (8,)-(9) are those integral identities, extending 

. the above (5) from À — 0 to any A= const., which result if the necessary 
and sufficient conditions of Theorem (II), in [2], pp. 760-761, are applied 
to the above system (8,)-(9). The resulting system of integral conditions, 
which differ from (5) only in additive terms containing the gas with the 
constant factor A, will be referred to as (5à). 


7. The following theorem can now be concluded: If gap(a1,  : -, tn)dtgdug 
and hap(Yı °°, Yn) dYadyg are two real, symmetric, n-ary forms, with co- 
efficient functions of class C” and of non-vanishing determinants, on small. x- 
and y-domains, respectively, and if both metrics are of constant curvature 
(in the sense of Section 6) and belong to the same numerical value of the 
scalar curvature (that is, if the number A of Section 6 is common), then 
the two metrics are equivalent. 

By this is meant that there exists a local transformation, (6), which is 
of class C’, of non-vanishing Jacobian, and such as to satisfy (12). Actually, 
it turns out that such a.transformation (6) can always be chosen to be of 
class ©”. For the Euclidean case (A= 0), this was proved in Section 4. 
Let therefore À=£0. Then the assertion can be restated as follows: If the 
Gin, ` *,%) satisfy the above conditions, then, locally, there exist n 
functions (6), of class O” and of non-vanishing Jacobian, which have the 
property that, by virtue of (6) and (12), 


hin (Yot * +s Yn) = (A/Y1) ee, 


where (ex) is the unit matrix and & = +1. The proof of this C’-assertion 
proceeds as follows: 
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According to Section 6, the constancy of the curvature of gagd£adzg 
means that (5,), being the integrability condition of the system (8))-(9), 
is satisfied. But the latter system is identical with (71). Hence, (71) has a 
solution y(@1,° - `, £n), of class C’, satisfying any given initial condition (10). 
Choose n linearly independent solutions, (6), for (71) (as for (7) in Section 
4). For the same obvious reason as in Section 3, each of these n solutions 
of (7h) will satisfy (11). Consequently, the classical C’’-proof (ef. [1], 
pp. 579-581) of the assertion of the last formula line can be repeated without 
any change. 
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ON INDUCED REPRESENTATIONS OF GROUPS.* 


By Gsorce W. Macxey.? 


Introduction. Let % be a finite group, let G be a subgroup of Y, and 
let L(£— Lz) be a representation of G by non-singular linear transformations 
in a vector space Œ(L) which is finite-dimensional over a field F. Then 
the functions f from 9 to (L) such that 


(1) (Ex) = Lif (x) 


for all re $ and all ée G form a vector space over # which is invariant 
under translation from the right by members of 8. In other words if we 
define Us} by the equation (U,"(f)) (x) = f(æs) then UE (s— UE) will be 
a representation of $& by non-singular linear transformations in the vector 
space (UŁ) of functions f satisfying (1). The representation U” is called 
the (imprimitive) representation of %4 “induced” by LZ. Induced repre- 
sentations have been studied by many writers beginning with Frobenius, who 
invented them [3]. It is the purpose of part I of this article to unify a part 
of the work of Frobenius and his successors by showing that a number of 
their results are easy consequences of a single theorem (Theorem 2) about 
Kronecker products of induced representations. Specifically, Theorem 2 
implies the Frobenius reciprocity theorem [3], Shoda’s results [10] on the 
irreducibility and equivalence of monomial representations and Artin’s 
theorem [1] to the effect that any character is a rational linear combination 
of characters of induced representations of a very special sort. 

Some of our results are extensible to Hilbert space representations of 
locally compact topological groups. In part these extensions involve rather 
complicated topological and measure theoretic considerations. Certain of 
them however involve a minimum of such analysis and these are presented in 
part IJ. Our more involved results will appear in another paper addressed 
primarily to analysts. 


* Received October 10, 1950. 
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Study. 
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I. Finite Groups. 


1. Definitions and preliminary lemmas. We shall adhere to the nota- 
tion introduced in the introduction and in particular shall always use ¥ (U) 
to denote the vector space of a representation U. If & is any vector space 
‘over F we shall denote by A the conjugate space; that is the space of all 
linear functions from % to F. If T is a linear transformation of % into 
itself, T* will denote the linear transformation of J into itself such that 
T* (1) (v) =1(T(v)) for all 7 in J and all v in Y. 

If U(x— Uz) is any representation of & we shall denote by U and call 
the adjoint of U the representation s —> U=". Clearly Y(U) =X (U). 

Let U(a—>U,) and V(y— V,) be representations of the groups 91 
and #2. Let X, be the set of all linear transformations from (V) to 
H(U). For each x,ye 9: X 2, T>U,TV,* is a linear transformation 
of % into itself. If we denote this by Us X Vy then &,y— U2 X Vy is a 
representation of 9: X Hə in &,. We shall call this representation of 
Hı X Ha the outer Kronecker product U X V of U and Y. Now let U and 
V be representations of the same group 9. 4 X $ then contains a subgroup 
g isomorphic to 9; namely the group of all z,y with t =y. UXV 
restricted to ĝ then defines a representation of &. We call this the Kronecker 
product UQV of U and F. 

Let L be a representation of the subgroup G of & and consider # (U4). 
Let V be any member of ¥(U"”). Then as is easy to see there exists a 
function 1” (¢—>1,”) from & to #(L) such that ’(f) = SeeGle” (f(x) ) 
for all fe #(U"). But Sels (f(t)) = Z çraXteclts (f(&)), where the 
second sum is over the right-G-cosets. Now 


Zgealts” (f(x) ) = SeeoLe® (le) (f(#)). 


Thus if we set ls = SeegLe*(Ig,”) we have le, = Lgi* (lo) for all ée G and 
all ae Y and 


(2) (f) = % gale (f (2)). 
The reader will now have no difficulty in verifying the truth of 














Lemma 1. The mapping of %(U*) into H(UL) defined by equation 
(2) ts an isomorphism onto and sets wp an equivalence perrea the repre- 
sentations UZ and UL. 

Next let G, and G, be subgroups $, and $, respectively and let L and 
M be representations of G, and Ge. Let A be any member of Œ(ULXA), 
Then A is a- function from $,xX%. to H(LXM) such that 
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Ateny = (Le X My) (Azu) for all 2, ye $X% and all £neG, XG. In 
other words As, is for each x,y a linear transformation from (M) to 
&(L) and Aggny = LeAcyM,* for all éne Gi X G and all 2, ye 91 XGo. 
Thus if 7 (y—1,) is any member of 4 (Ut) we see that Az,(ly) as a 
function of y depends only upon the right G.-coset to which y belongs and 
that we may define a member f of #(U¥) as follows: 





y 
(3) f(z) = Z GvGAay(ly)- 
By Lemma 1 there is a natural map of (OM ) on ¥(U™). Thus (3) may 
be regarded as defining a linear map of %(U™) on (UŁ); that is, a 
member of #(UX UM). Let us denote this member of # (U2 X UV) 
by A~. The reader can now readily satisfy himself of the truth of 


Lanta 2. The mapping À — A” of S(UMXL) into HUE X UM) is 
an isomorphism onto and sets up an equivalence between the representations 
UL X UM and UEM, 





2. The main theorems. Let now G, and G, be two subgroups of the 
group & and let L be a representation of G,. Let us denote by 4UZ the 
restriction to G of the representation UŁ of $. We observe at once that 
GaU? admits a direct sum decomposition into as many parts as there are 
double cosets G;xG:. Indeed let £i, to, ' `, &n be a choice of elements, one 


from each double coset, so that $ — Une For each i = 1,2, :,n 
and each fe Œ(UZ) let fi(r) =f (x) if ze GitiG: and let f(x) —0 if 
TÉ GG. Then f; is also in #(U*) and the set of all f; for fe YU!) 
is precisely the set X; of all fe Y(U?) which vanish outside of G;tifr. 
Finally it is clear that for each s.e Ga, Us” carries each X into itself. Thus 
(UT) =H, O(A P--- P H, defines a direct sum decomposition of ¢,U. 
Let us examine the representation associated with X: If f is any member 
of H, we may define a function f from G, to Y(L) as follows: F(t) = f (at). 
Since f (get) — Lef (ait) = Lef (t) for all £e G, and te Gh it is clear that f 
determines f completely and that f — f is a one-to-one map. Let 2%, = 7 be 
any element of G, (| artGm. Then f(nt) = Féri) = Lif (at) = Loma F). 
Conversely, if g is any function from G, to #(L) such that (yt) = Lene.(g(b)) 
for all ne Ge f) ay*Gya, and all te G, then it may be verified at once that 
f(éet) — Le(g(t)) defines f unambiguously as a member of X; such that 
g—f. In other words f— f sets up an equivalence between the component 
of oU? in H; and the representation of G, induced by the representation 
n —> Lene of the subgroup Gt; tGizi Thus we have proved 
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Turorem 1. Let L, G1, Ga and $ be described above. For each ce & 
consider the subgroup G (| 27G,x of G, and let Ve denote the representation 
of G: induced by the representation n — Leno of this subgroup. Then V* 
is determined to within equivalence by the double coset G,aG,—= D(x) to 
which x belongs and we may write V? = Vs where D = D(x). UL restricted 
to Go is the direct sum of the VP over the double G,: Ga cosets D. 


As an almost immediate consequence of Theorem 1 and Lemma 2 
we have 


THEOREM 2.2 Let G; and G, be subgrowps of & and let L and M be 
representations of G, and Gs respectively. For each x, ye 4 X & consider the 
representations s—> Lisa and $—> Mys of the subgroup (27G,2) N (y Gay) 
of $. Let us denote their Kronecker product by Ne” and form the induced 
representation UN*” of $. Then UN is determined to within equivalence by 
the double coset G,xy"G, to which xy" belongs and the direct sum of the 
UN*” over the double cosets is equivalent to the Kronecker product UL QU 
of UL and UM, 


Proof. U"@U™ is the representation of & obtained from the repre- 
sentation U? X UM of & X & by restriction to the isomorphic replica 9 of 
& consisting of all æ,ye & X & with c=—y. Moreover by Lemma 2, 
UŁ X UM is equivalent to U2X™, where L X M is of course a representation 
of Gi X Ge By Theorem 1, ULXM restricted to & is a direct sum over the 
double cosets (Gi X Ge) (2, y) $ and the summand associated with the double 
coset containing z, y is the representation of & induced by the representation 
s,8—> (LX Map (se (en of & N (a, y) (GX Ge) (x,y). But it is easily 
verified that & N (x, y)7(G, X G2) (x,y) transferred to & by the natural 
isomorphism is the subgroup 27G,¢f] y1G:y and the the representation 
s, 5s — (L X M) (ap test becomes s > Lasz® Mysy>. Finally a simple 
calculation shows that 2, y: e (G, X G)(æ, y) à if and only if agite Giay” Ge. 


Given two representations U and V of & let us define the intertwining 
number A (U, V) of U and V to be the dimension of the vector space of all 
linear transformations T from #(V) to Y(U) such that UT = TV, for 
all se $. As is evident and well known, A (U, V) is equal to the number 
of times that the Kronecker product U Q) V contains the identity; that is to 


2 We are indebted to the referee for pointing out that the special case of Theorem 2 
in which G; = & and L is the identity representation of G, has been obtained by M. 
Osima [9]. The referee reports further that Prof. Osima later obtained more general 
results—one he believes quite close to ours—but that so far as he knows these results 
have not been published. 
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the dimension of the set of all we #(U@V) such that (U@V).(w) =w 
for all se &. Moreover for any induced representation U? the number of 
times that UŁ contains the identity is equal to the number of times that L 
contains the identity. Indeed, if fe H(UL) then UL(f) =f if and only if 
f is a constant function on 4, and if f(x) =w for all ee & then fe H(UL) 
«if and only if Le(w) = w for all e G,. From these remarks and Theorem 2 
we deduce at once 


THEOREM 3. Let $, Gu, Go, L and M be as in Theorem 2. For 
each s, ye% consider the representations s—> Dest and s— Mys of 
a Ge [N y*Giy, and let X(L,M,2,y) denote their intertwining number. 
Then A(L,M,x,y) depends only upon the double coset D—D(z,y) 
== G,cy"G, to which ry belongs, so that we may write À (L, M, D). Finally 
A (UL, UM) = Z peg A (L, M, D), where D is the class of Gi: G, double 
cosets. 


3. Applications. Our applications of Theorem 3 depend upon the 
following well-known property of intertwining numbers. Let U and V be 
representations of & such that U is irreducible and let F be algebraically 
closed and such that its characteristic does not divide the order of $. Then 
V is a direct sum of irreducible parts and A (U, V) is equal to the number 
of parts which are equivalent to U. We deduce at once 


THEOREM 4. (Frobenius) Let G, be a subgroup of $ and let L and 
M be irreducible representations of G, and $ respectively. Let F be alge- 
braically closed and of characteristic prime to the order of &. Then the 
number of times that UE contains M as a direct summand is equal to the 
number of times that M restricted to G, contains L as a direct summand. 


Prôof. In Theorem 3 take G, — $ and observe that there is only one 
double coset. 

As a corollary of Theorems 3 and 4 we have 

THEOREM 5. (Frobenius) Let F be as in Theorem 4 and let G, and 


G> be subgroups of $. For each i— 1,2 and each irreducible representation 
VY (y=1,2,---,0) of & let ryt be the number of times that VY restricted 


g 
to G, contains the identity representation. Then Xyaty'ty’ ts equal to the 
number of G:G2: double cosets. 


ç 
` Proof. By Theorem 4, 3,77 = À (UL, UM), where L (resp. M) 





pone, On 
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is the identity representation of G, (resp. G2). By Theorem 3, À (UŁ, UM) 
is in this case the number of G: G, double cosets. 


THEOREM 6. Let Y, Gi, and F be as in Theorem 4. Then UT is 
irreducible if and only if for each x not in G, the representations of 
a Gi [| Gi defined by s— Lissos and s— Lg have no common irreducible 
components. | | 


Proof. Observe that a representation is irreducible if and only if its 
intertwining number with itself is 1 and apply Theorem 3 with G, = G 
and L = M. 


Theorem 6 for the special case in which L is one-dimensional is due to 
Shoda [10]. In this case its statement is slightly simpler for the two 
representations s—> Lys, and s—> Ls are one-dimensional and hence fail to 
have common irreducible components if and only if they are distinct. Our 
next corollary of Theorem 8 is also due to Shoda [10] in the special case 
in which L and M are one-dimensional. 


| THEOREM 7. Let Y, Gi, Ge, L and M be as in Theorem 2 and let F 
be as in Theorem 4. Let UÈ and UM be irreducible. Then UŁ and UM are 
equivalent if and only if there exists ce & such that the representations 
8— Lesa and s—>M, of the subgroup «*Gye ) G have an irreducible 
component in common. 


For our next application we shall need the stronger Theorem 2. We 
begin with a definition and a lemma. Let G, be a cyclic subgroup of & and 
let L be a one-dimensional representation of G. Then we shall call U¥ an 
Artin representation of § and its character x(UZ,x) = Trace (Uz) an 
Artin character. 


Lemma. If F is as in Theorem 4 and x, and s, are in different 
conjugate classes in & then there exists an Artin character x such that 


x(t) Ax (#2). 


Proof. Let G, be the cyclic group generated by zı, let its order be n 
and let w be a primitive n-th root of unity. Then the general one-dimensional 
representation of G, is obtained by choosing k —0,1,- + -,n— 1 and setting 
Lea) = owt for r—1,2,- - -,n. Let the classes containing æ and s 
be denoted by C, and C, and let Ci, Cz and $ contain hı, ho and h elements 
respectively. From the well-known and easily verified formula y(U%, 2) 
= (1/n)Zsegġ (srs), where ¢(€) = x(L, é) or zero according as é is or 
is not in G, and where L is a representation of Gh, we compute at once that 


7 
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x(U, T1) = (1/n) (h/hi) Bay eo, Tous Enrea(h/hn) wt? 
and 
x(U™, 22) = (1/m) (h/h) Sar c0" = Zay eo (h/han) fr. 


n-i 
But the mappings 4x, where ¥(k) = 30 (r), and y—>0, where 


n-i 
O(r) = Sr0*"4 (k), set up a one-to-one correspondence between #-valued 
functions 4 and #-valued functions y. Thus y(U%*, %1) s4 x(U™*, £) for at 
least one 4. This establishes the truth of the lemma. 


As a consequence of this lemma and Theorem 2 we may now prove 


THEOREM 8. (Artin) If F is as in Theorem 4 then any character x 
on & is a finite linear combination with rational coefficients of Artin characters. 


Proof. Let @ be the set of all class functions on §& which are finite 
linear combinations with coefficients in F of Artin characters. It is an 
immediate corollary of Theorem 2 that the Kronecker product of two Artin 
representations is a direct sum of Artin representations and hence that the 
product of two Artin characters is a linear combination with positive integral 
coefficients of Artin characters. Thus @ under multiplication is an algebra 
over F. Moreover by the immediately preceding lemma it contains functions 
distinguishing between any two classes. It follows at once that @ contains 
all class functions with values in F. Thus if there are c classes in & there 
must exist ¢ Artin characters xı, x2,° ° * , x Which form a basis for Q over F. 
Let x19, x2", > *,xe be the irreducible characters of &. Then we have 


€ 
Xi = Sjañx, Where || ny || is a matrix of integers. Since the x form a 
basis, || ny || has an inverse || ri |. Since the m, are integers, the ry are 
rational and the truth of the theorem is evident. 


It is to be remarked that Artin proved the somewhat stronger result 
that the only prime factors occurring in the denominators of the r;; are 
divisors of 4 and that Brauer [2] has since shown that by admitting certain 
non-cyclic subgroups one can dispense altogether with non-integral rational 
numbers. Whether the methods of this paper can be used to obtain’ new 
proofs of these results is not known. 


II. Infinite Groups. 


1. Preliminaries. From now on the group & will be a separable locally 
compact topological group. By a unitary representation U (s — U+) ot $ 
we shall mean a homomorphism of & into the group of all unitary trans- 
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formations of some Hilbert space Y(U) into itself. We shall consider only 
unitary representations which are continuous in the sense that for each 
ve Y(U) the mapping z — U,(v) from 9 to.#(T) is continuous and we 
shall use the words “unitary representation” to mean continuous unitary 
representation. We remark that in order to ensure, the continuity of a Ọ 
it is enough to ensure that for each v and w in #(U) the function U.(v) -w 
of s is a Borel function. Here the dot indicates the scalar product in the 
Hilbert space. Two unitary representations U and V will be said to be 
unitary equivalent if there exists a unitary transformation A from (U) 
to #(V) such that AU,A+ = V, for all x in $. 

The definition of U4 where L is a unitary representation of the closed 
subgroup G of $ is rather complicated in the general case. See [5]. Here 
we shall have occasion to deal only with subgroups G which are open as 
well as closed so that the space %/G of right-G-cosets is denumerable and 
discrete. In this case we may define U” as follows. Consider first the vector 
space of all functions f from & to ¥(L) such that f(x) — Lef(x) for all 
£e G and we %. For each such f we have f(é&) -f(ée) = Laf (x) - Lef (x) 
==f(x)-f(x) since Lz is unitary. Thus f(x) : f(x) depends only upon the 
right-G-coset to which + belongs. Let us set | f |? —Se¢ ef (x) : f(x), where 
the sum is over the right-G-cosets. We define (UŁ) to be the set of all f 
in the space under consideration for which | f |? <œ. We leave to the 
reader the routiné task of verifying that (UT) is indeed a Hilbert space 
under the norm just defined, that f-g=—%XGyef(x) : g(x), and that if 
U(f) (£) = f(æs) then s—> U is a unitary representation of $. 

‘Consider now the problem of carrying over the theory of part I. If we 
try to do this more or less directly we are confronted with a dilemma. 
Suppose we define the space of the Kronecker produce of U and V as the 
set of all bounded linear operators from #(V) to Y(U). Then not only 
do we not get a Hilbert space but we find that the obvious generalizations 
of Lemma 2 and Theorem 2 are false. Suppose on the other hand that we 
secure a Hilbert space for Y(U QT) by restricting attention to those. 
operators form (V) to Y(U) which are in the Schmidt class. Then we 
may prove analogues of Theorems 1 and 2 and even of Theorem 8 if we 
define intertwining numbers using only operators in the Schmidt class. 
Unfortunately, however, an analogue of Theorem 3 involving such “strong ” 

‘intertwining numbers does not have implications about irreducibility and 
unitary equivalence. Thus when we pass to the infinite case we lose some 
of the unity of part I and must consider separately Kronecker products and 
- restrictions to subgroups on the one hand and irreducibility, unitary equi- 
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valence ‘and ordinary intertwining numbers on the other. Here we shall 
treat only the second topic and that in the special case in which the subgroups 
under consideration are both. open and closed. It turns out to be possible, 
in this case at least, to prove an analogue of Theorem 3 without using 
Kronecker products. Our results will be found summarized in [6]. Our 
results on the first topic will be treated in detail elsewhere. They are 
summarized in [7]. 


2. The main theorem. As suggested above we define an intertwining 
operator T for the representations U and V of & as a bounded linear operator 
from ¥ (V) to Y(U) such that U,T — TV, for all s in $. The inter- 
twining number À (U, V) is then defined as the dimension (= 0, 1, 2,---,0) 
of the vector space of all such intertwining operators. We wish to compute 
&(U+,U0™) where L and M are unitary representations of the open closed 
subgroups G, and G of $. 

Suppose for the moment that & is finite and that the representations 
considered are finite-dimensional, so that the methods of part I may be applied. 
The fact that the intertwining operators of U? and UM are defined by 
members of the space of UE QUM and that the latter is an isomorphic image 
of the space of U4! tells us that every intertwining operator is defined by 
a function A from $ X & to the space of all linear transformations from 
H(M) to H(L) such that Agony = LeAoyMy* for all Ene Gi X Ge. Con- 
versely, every such function A defines a linear transformation from % (UM) 
to X (UŁ) as follows. Consider Az,(f(y)), where fe &#(U™). Then for each 
ne Gs, Aany(f(ny)) = Aaylly*My (f(y) = Aay (f(y)). Thus for fixed à, 
Axy(f(y)) depends only upon the right-G,-coset to which y belongs. We 


may sum over these right-cosets and indicate this by Sonos (f(y)). The 
resulting function of v is in #(U”). The transformation A” from # (UM) 
to Y (UT) thus defined is an intertwining operator if and only if Agsys = Azy 
for all se §. In short À (UŁ, UM) is the dimension of the set of all func- 
‘tions A such that Agzsnys = Leds,yMn* for all £e Gi, me Ga se 4. Theorem 3 
follows fairly readily from this fact. 
Let us return now to the infinite case. Using the openness of G, and 
G it is easy to show that every intertwining operator is defined by a function 
A on & X of the sort just described. Unfortunately not every such 
function defines an intertwining operator and it has not proved possible to 
characterize those which do in a useful manner. There does turn out how- 
ever to exist a conveniently characterizable subclass of functions A which can 
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be proved to have the same dimension as the class of those which do define 
intertwining operators. Our analogue of Theorem 3 follows from a deter- 
mination of the dimension of this class. We proceed now to the details of 
these matters. 


Lemma A. Let T be any intertwining operator for the umtary repre- 
sentations UL and UM of $; L and M being unitary representations of the 
open and closed subgroups G, and Ga of $. Then there exists a function A 
(z, Y —> Azu) from & XG to the class of bounded linear operators from 
A(M) to H(L) such that . 


(a) Atos nys = LéAoyMn* for all ée Gi, ne Go, seĝ. 
(b) there exists a constant K > 0 such that 

o/c | dew(0) [*2/| v PSE for all ye & and all ve (M), 
(c) there exists a constant K’ > 0 such that 


86/4, | Aay*(v) 17/1 v |? SK’ for all se% and all ve H(L), 
(a) for each fe Y(U), (T(F)) (©) = 3G /o,Aau(F(y)); 


(e) for each fe HUF), (T*(F)) (2) = 3 gvaAer* (F(Y) ), 
the summation in (b), (c), (d), and (e) being over the right-cosets indicated. 


Proof. Given an element y of & and an element v of H(M), let 
fu.o(ny) = My(v) for all ne G, and let fyo(£) == 0 for all x not in the 
right-coset Gay. Then fy,» is clearly a member of ®(U™). Moreover any 
member g of (UM) which is zero outside of Gy is of the form fy,» with 
v=g(y). Finally every member of (UM) is a unique sum over the 
right-G,-cosets of members vanishing outside of these cosets. Thus the inter- 
twining operator T is completely determined by its values T(f,,) at the fy». 
Consider now (T (fy,o)) (x). It is a member of H(L) which for fixed + and y 
depends linearly on v. Let us denote this linear transformation from % (4) 
to (L) by Aay: so that Asy(v) = (T (fuv) ) (2). Now | fue | = I v |, so 
IZ foo) lS PLY fol. Thus | Asu) SITI fol for all s and y, and 
Azy is seen to be a bounded linear transformation. We shall leave to the 
reader the straightforward computations necessary to verify equations (a), 
(d) and (e). Inequality (b) is an immediate consequence of the fact 
that T is bounded and that T (fy) is in (UŁ). Indeed, | T(fyv)l? 
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= Aey(v)F ENT ify. =I I? iv)? and we may take 
K—|T {|}? Inequality (c) follows on applying the same argument to T*, 


Lemma B. (UŁ, UM) is equal to the dimension d of the vector space 
of all functions A having the properties (a), (b) and (c) listed in Lemma A. 


Proof. It follows at once from Lemma A that d= &(U4,U™), Thus 
if A (UŁ, UM) =co the equality holds trivially. It will suffice then to prove 
that whenever A satisfies (a), (b) and (e) and S(UL,UM) <œ% then A 
defines an intertwining operator via equation (d). Let A have these 
properties. Let M be the subspace of Œ (U#) consisting of all fe ¥(U") 
which vanish outside of a finite number of right-G.-cosets. m is dense in 
(UM). Since all but a finite number of the terms vanish there is no 


difficulty in forming the sum 36 /Ga4a y (f (Y) ) for each fe Mm. This sum as 
a function of v is then an element of #(U¥). We obtain in this way a 
linear operator To defined in In € #(U™) and having values in # (U2). 


Similarly g> Zgra;Aas" (9 (2)) defines a linear operator T, whose argu- 
ments form a dense subspace £ of Y(U?) and whose values are in (UM). 
We verify at once that T, and T, are adjoint to one another; that is, 
To(f) -g =f: Tı(g) for all ge £ and fe M. Hence T,** exists and is a 
closed linear operator extending Te. Moreover T',* is a closed linear operator 
extending T,. Now it follows at once from the definition of T, that 
UeTo=T.Ue™ for all se ÿ. Hence 


L M 
(*) TU es = UT" 
(**) UT ** = Tor U,™. 


We shall suppose for simplicity that T,** is one-to-one and has its range 
dense in (UŁ). Whenever this is not the case we need only replace UM 
by its restriction to the orthogonal complement of the null space of T* 
and UE by its restriction to the closure of the range of T)** and apply the 
following argument to these two new representations. Making this assump- 
tion then about T,**, we may write T)** — WH, where W is a unitary map 
of (UM) on Y(U?) and H is non-negative and self-adjoint. Thus 
T = HW*, so that T,*T,** — H*. Multiplying together equations (*) 


and (**) we find that TXT ** = ToT TEE M. Thus H? and hence H 
commutes with all U,”. Substituting T,**— WH in (**) and using the 
fact that H commutes with all U,” we find that (U.W — WU,")H = C and 
hence that 0,2-W — WU,™ for all x. It follows at once that if K = (1 + H)* 
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then WK” is an intertwining operator for U4 and UM for all n =—0,1,2,---. 
Since, by hypothesis, À (UL, UM) is finite, only a finite number of the WK" 
can be linearly independent. It follows that the spectrum of K is finite 
and hence that H must be bounded. Thus 7',** and hence Te is bounded. 
Finally then T, has a unique bounded extension to all of (UM) and this 
extension is an intertwining operator. Lemma B is thus established. 


Lemma ©. Let à be the subgroup of & X Y consisting of all æ, y for 
which s =y. For each double coset D= (G, X Ga) («,y)G let dp be the 
dimension of the set of all functions A which satisfy condition (a), (b) 
and (c) of Lemma A and which vanish outside of D. Then d == 3 peodp, 
where D is the family of all (Gi X G.):% double cosets. 


Proof. It is obvious that a function A which satisfies (a) is uniquely 
determined throughout (G, X Gz) (£o Yo) Ý by its value Amm at To, Yo and 
it is also obvious that an A which satisfies (b) and (c) as well will continue 
to do so after having been reduced to zero outside of this double coset. 


Lemma D. Let d'p be the dimension of the set of all functions A 
which satisfy condition (a) of Lemma A and which vanish outside of the 
double coset D. Let x,y be any point of D. Then d'p is equal to the 
intertwining number of the representations s—> Lass: of the subgroup 
intertwining number of the representations s—> Lis: and s—> My, of the 
subgroup sGr N) y Gy of $. 


Proof. A is completely determined by its value at x,y. If this value 
is B then Agsenys Will be equal to LeBMn* for all £e Gi, ne G and se $. 
Conversely, given a B it will be Az, for some A if and only if the expression 
L&BMn* depends only upon &rs and yys and not upon é and q; that is, if and 
only if £78, = £S and mys: = nzYS2 imply Le BMn* = LeBMn.*; that is, if 
and only if éT = Z828" and 92 my = YS280* imply Les B = BMy-m, ; 
that is, if and only if aée = s and yyy = s imply LeB = BMn; that is, if 
and only if sex tG;x  y*G:y implies Loss1B = BMysy1; that is, if and 
only if B is an intertwining operator for the representations of the lemma. 


Lemma E. Let L and M be one-dimensional and let A be a function 
satisfying (a), (b) and (c) of Lemma A. Then if Asuy 70 the index 
Of oG To 1 Yo Go is finite in both of the containing subgrowps Lo *G To 
and yo Gayo. Conversely, if these two indices are finite then every A which 
satisfies (a) of Lemma A and vanishes outside of (G, X G2) (Zo Yo) B also 
satisfies (b) and (c). This last assertion holds without restriction on the 
dimensions of L and M. f 
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Proof. If L and M are one-dimensional then As, is a number which is 
constant in absolute value throughout the double coset to which 2, Yo belongs. 
Now | Azay (v) ||?/|| v ||? is simply the square of this number. Thus condition 
(b) can be fulfilled only if there are only finitely many summands; that 
is, only finitely many right-G@,-cosets Gaw for which z, yo € (G, X Ge) (ao, Yo). 
Similarly condition (c) can be satisfied only if there are only finitely 
many right-Ge-cosets Gay for which 2, ye (Gi X Ge) (%, Yo) Š. But 
T, Yo E (Gi X Ge) (To, yo)G if and only if there exists £e Gu, ne G2 and 
se such that c= és and yo == nyo; that is, if and only if ée G, and 
ne Gy exist so that a Et = yo Unyo, OF & = ÉtoYo “Yo; that is, if and only 
if we (Git) (Yo'Gsyo). Thus the number of right-G,-cosets Gue for which 
av, ye (Gi X G2) (xo, Yo) is equal to the number of right-G,-cosets in 
(Giro) (Yo Gayo). But ÉitoYo myo and ÉxToYo nYo belong to the same G,- 
right-coset if and only if é exists in G, with Toyo iyo == Loyo nYo ; 
that is, vo fob, Zo == Yo non Yo; that is, Yo mem Yo € To Gite. Thus the 
number of right-G;-cosets in (Gito) (Yo *G2ÿ0) is equal to the index of 
Yo°Gsyo [) To Giro in Yo%Goyo, and if condition (b) is satisfied this index 
must be finite. Similarly if condition (c) is satisfied the same argument 
shows that-the index of this group in 292G,) must be finite. Conversely, 
if these two indices are finite then for arbitrary L and M there are only a 
finite number of summands in (b) and (c). Since these numbers are 
independent of v and y the desired inequalities are evidently satisfied. This 
completes the proof of the lemma. 


As the reader may easily prove for himself the two indices under 
discussion in the preceding lemma depend only upon the double coset 
(Gi X Ga) (Go; Yo) G to which So, Yo belongs. Moreover To, Yo and Tu Yı 
belong to the same (G, X G2): % double coset if and only if eyo and ay. 
belong to the same G,:G, double coset. Combining these observations with 
Lemmas A, B, C, D and E we obtain at once 


THEOREM 3’. Let G and G, be both open and closed subgroups of the 
separable locally compact group &. Let L and M be unitary representations 
of G and G, respectively. For each x and y in $ consider the representations 
S—> Lesa, 8 — Mygy of cGy 1 y7Gey and let A(L, M,x,y) denote their 
intertwining number. Then &(M,L,2,y) depends only upon the double 
coset D = D(z, y) = Gizy*G, to which sy? belongs, so that we may write 
Q(L,M,D). Moreover the indices of x*Gycef\ y Gy in r*G and in 
y“ Gy depend only upon this double coset. Let D, be the set of all double 
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cosets for which both indices are finite and let D be the set of all double 
cosets. Then 


X peg; (L, M, D) = A(UL, UM) <3,.9 A(L, M, D); 
and if L and M are one-dimensional then 


ÉpeDd (L, M, D) pu à (UŁ, UM). 


8. Applications. Theorems 4’, 6’ and 7 are deducible from Theorem 3’ 
just as were Theorems 4, 6, and 7 from Theorem 3. We leave details to the 
reader. 


THEOREM 4’, Let G, be a closed and open subgroup of the separable 
locally compact group &. Let L and M be irreducible unitary representations 
of G, and & respectively. Then the number of times that UE contains M 
as a discrete direct summand is less than or equal to the number of times 
that the restriction of M to G, contains L as a discrete direct summand. If 
&/G is finite then this inequality may be replaced by an equality. 

THEOREM 6’. Let &, G and L be as in Theorem 4 and let L be one- 
dimensional. Then U® is irreducible if and only if for each x not in G, one 
of the following statements is true. 

(a) Ls and Lass: are not identical for s in a7Gyx [7 Gy. 

(b) aG N G has infinite index in at least one of the two inter- 


secting subgroups. 


We remark here that condition (b) is slightly misstated in [6]. 


THEOREM Ÿ Let $, Gu Gs, L and M be as in Theorem 3’. Let L and 
M be one-dimensional and let U2 and UM be irreducible. Then UL and UM 
are unitary equivalent if and only if there exists ce & such that 

(a) M, and Lose are identical for s in rG 1) Go and 

(b) Qia N Ge has finite index in each intersecting subgroup. 


When L is the identity representation of G, then condition (a) of 
Theorem 6’ is never satisfied. Since condition (b) is independent of L we 
deduce at once 


THEOREM 9. Let Y and G, be as in Theorem 6’. A necessary and 
suficient condition that UT be irreducible for all one-dimensional repre- 
sentations L of G, is that condition (b) of Theorem 6’ hold. 
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Theorem 9 in the slightly more special case for which $ is discrete and 
G, Abelian is due to Godement [4]. . 

We conclude this section with a brief discussion of a class of examples. 
' Let G and G be infinite discrete Abelian groups. Let there be given a 
homomorphism of G into the group of automorphisms of G, and let s > y[x] 
denote the automorphism of G, defined by ye Ga Let & be the set of all 
pairs x, y with ce Gu, ye G and let us convert $ into a group by defining 
multiplication as follows: (a1, Y1) (@2, Ye) = (a1yi[@2], Y:92). Then the set 
of all z,e where e is the identity of Ge is a group isomorphic with G, and 
may be identified with G,. Similarly the set of all e, y may be identified with 
G. & is a “semi-direct product” of G, and G. 


Lemma 1. Let G, and G be such that all non-trivial orbits of G, under 
G are infinite. Then for each one-dimensional representation M of G, the 
representation UM is irreducible. Moreover UM and UL are unitary equi- 
valent if and only if M and L are the same one-dimensional representation 
of Ge. 


Proof. A straightforward computation shows that (x,e)-1G,(x,e) is 
-the set of all (æy[x], y) for ye G. Thus (z, e)?G,(a,e)M G is the set 
of all ye G, with y[r] =x. Its index in G, is thus the number of distinct 
transforms of æ by elements of y. By hypothesis, then, this index is infinite 
for sé e. Since a, e and g, y are in the same G: G double coset we conclude 
that condition (b) of Theorem 6’ holds. The lemma is now seen to be a 
consequence of Theorems 6’ and 7”. 


Lemma 2. If L and M are one-dimensional representations of G, and 
G, respectively then à (UL, UM) =0. 


Proof. Since GiG = $ there is only one double coset and it is clearly 
not in D}. 
LEMMA 3. If L is a one-dimensional representation of G, then UL 


is irreducible if and only if L(y[x1)ÆL(x) for all y in G, distinct from 
the identity. 


Proof. The truth of the lemma is.an immediate consequence of 
Theorem 6’, 


. It follows from a theorem in [4] (stated more generally in [5]) that 
the regular representation of & is a direct integral over the character group 
ê, of G, of the representations UŁ for Le Ga, and algo is a direct integral 
over the character group G» of G, of the representations UM for Me Gs. 
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Let us now choose as G, the additive group of rational numbers and as Ga 
the multiplicative group of non-zero rational numbers and let y[æ] be the 
product of.2 and y. Applying Lemmas 1, 2, and 3 we may conclude that 
for almost all Le G,, UŁ is irreducible, that for all Me G2, UM is irreducible, 
and that no U™ is unitary equivalent to any U? or any other UM. Thus 
we have 


THEOREM 10. There exists an infinite discrete group whose regular 
representation may be decomposed into infinite-dimensional irreducible parts 
in such a manner that no two are unitary equivalent. 


THEOREM 11. There exists an infinite discrete group whose regular 
representation may be decomposed into infinite-dimensional irreducible parts 
in two? entirely different ways; specifically, so that no component in one 
decomposition is umtary equivalent to any component in the other. 


4, Concluding remarks. Theorem 3’ is evidently quite far from being 
a best possible result. The following questions immediately present them- 
selves. (1) Can the inequality be replaced by an equality when L and M 
are not one-dimensional? (2) Can a result like Theorem 3’ be proved when 
G, and G are not assumed to be open? (3) Can a version of Theorem 3’ 
be given which uses a less crude definition of intertwining number—one which 
takes cognizance of the fact that a representation may decompose as a direct 
integral of irreducible representations rather than as a discrete direct sum 
of such. Questions (2) and (3) are now under investigation and the results 
will be reported upon at a later time. Question (1) we have considered 
only to the extent of observing that the final statement of Theorem 3’ is 
certainly false unless some restriction is put on L and M. Indeed if in the 
example just considered we let L and M be the regular representations of G, 
and G, we find that D} is empty while A (UŁ, UM) =o. 


HARVARD UNIVERSITY. 
Added in proof. An independent example of the phenomenon described 
in Theorem 11 has been found by H. Yoshizawa, “ Some remarks on unitary 


representations of the free group,” Osaka Mathematical Journal, vol. 8 (1951), 
pp. 56-63. 


‘For a special class of semi-direct products one of these two decompsitions has 
been considered by F. I. Mautner [8]. 
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THE RECIPROCITY FORMULA FOR DEDEKIND SUMS.* 
By L. J. MorDELx. : 


Let p, q be two positive integers without a common divisor. It is well 
known that ' 


(1) S tav/v] + È [pva] = (9 —1) (4—1), 


where [z] denotes the integer part of z. There exists another result of this 
type discovered by Dedekind in discussing the linear transformation of the 
modular function logy (e), one form of which is 


(2) qZ elg2/p] + p Z ylpy/a] = (p —1)(g — 1)(8pg — p — q4 — 1). 


Rademacher [2] made a detailed study of this result and has published some 
five proofs. One is a joint proof with Whiteman, and the last has only just 
appeared. Some of them are arithmetical in character and quite simple. 
Another proof has just been given by Rédei [3], and a generalization by 
Apostol [1]. I notice, however, an entirely different way of considering the 
subject which is no less simple and relates the result to more general and © 
obvious ones. 

Let us consider the sum 


(3) S=} (qu + py) 


extended over the integer sets (x, y) or say the lattice points P lying in the 
region K defined by 


O<t<cp, 0Sy¥<g Get py < pq, 


and so if O, A, B are the points (0,0), (p,0), (0,¢) respectively, K is the 
open triangle OAB. We call K’ the open triangle ACB where C is the point 
(p,q). We have a 1-1 correspondence between the lattice points P(x, y) 
in K and P’(2’,y’) in K’ given by 
s +e =p, y +y =q. 
Since K and K’ together contain (p—1)(q— 1) lattice points, K 
contains exactly 4(9—-1)(q—1) lattice points. 
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It is well known and obvious that the formula (1) states that the 
number of lattice points in K + K’ is the sum of those in the open triangles 
OAC and OBC. 

In (3), we note that 


yom Sala — qz/p] = (p—s) [gz/p] 


siùce [g — qz/p] values of y correspond to given s. Hence 
p-i q-1 | 
S—q> (p—=2)[92/p] +p2 (g—y) LPy/a] 


= pq( 2 Laz/p] + z [py/q]) —S a [az/p] — S pu lpy/a- 
Then from (1). and (2), we have 
8S = pq(p — 1)(q —1)— $p —1)( — 1) + ep — Daye +q+1), 


and so 
(4) S = pgp — 1)(9 — 1) + HP —1)(g —1)(p + 9 +1). 


Thus the proof of (2) is reduced to the evaluation of the sum (3) as 
given in (4). 
We solve now the more general problem of evaluating 


(5) T= 2f (gs + py) 


where f is an arbitrary polynomial and the summation is extended over the 
lattice points in À. 

Write é = qz + py for lattice points x, y in K so that é is not divisible 
by p or g and 0 < £<pq. Then the numbers pq —é cannot be represented 
in this way. For 


if pg — é= qX + pY, then pg = q(x + X) + p(y +Y), 


and so s + X = (0 (mod p). Then «+ X = p and similarly y + Y =q, and 
this is clearly impossible. The number of é is 4(p— 1) (q— 1) and so the 
é and pq — é are (p —1)(q—1) in number, and so together they are pre- 
cisely the integers X not divisible by p or q in the interval 0 < XY < pq. 

There is, however, such a representation for the numbers 2pg —£. 
Write & = gx + py’ for lattice points +, y” in K’ so that pq < & < pq. 
We have now a 1-1 correspondence between the representation of é and 2 
given by 


#+e=p yty=q E+E? 


THE RECIPROCITY FORMULA FOR DEDEKIND SUMS. 595 


We prove two fundamental formulae. The first is 


q-1 p-1 
(7) © D Dfl + py) = ZH +E fpg — 4). 
gi gal K K 
The left hand side consists of two parts corresponding to gx + py < pq, 
and to pg < qz + py < 2pq. The first is X, f(é), and on putting z = p—#, 
K 


y = q — y, the second is z f(Rpg — é). 
K va, 
We prove next that 


(=) 3 HX) — SX) — ES hex) = rE + Bier—9. 


The left hand side of this is $, f(Y).extended over the numbers Y in 
0< Y< pg—1 and not divisible by p or q. These numbers Y can be 
written as £ or pg — é since the numbers Y in 0 < Y < pg —1 which cannot 
be represented by £ are given by pg— é This gives (8). 

The two equations (7), (8) determine > f(E) for any polynomial f(é). 
Take f(£) = £, then (7) becomes 


2 (gx + py)? = 2e + > (2pg — £)? 


and so 


49° (q — 1) p(p —1)(2p— 1) + 4p (p —1)a(g —1)(8q —1) 
+ 3p°q"(p —1)(g—1) 
—= 23 & — 4pq d E+ 2p'q?(p—1) (1—1), 


since K contains $(p—1)(q—1) lattice points. 
Hence 


(9) = $e(a— 1)(p — 1) @p — 1) + $p(p — 1)(g —1)(2g — 1) 
— $pq(p — 1)(q—1) = 2/(p9q) ZEAE 
Next (8) becomes 
pa-1 p-1 g-1 
PE —q 2* ZX — 24 +2 (pq 6)? 
or 
tpa (py — 1) (pq — 1) — 4gp (p —1) p= 1) 
— pga (q —1)(2g — 1) 
—=2 Be — 2p SE + pq" (p—1) (q—1). 


ste, 
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This becomes 
(10) $(pq¢—1) (Rpg —1) — $q(p —1) (2p —1) — kp(g —1) (29 —1) 
— pg (p —1)(qg—1) 


—2/(pq) BP —2 BE. 


These two equations (9), (10) determine > é, X é and give the result (4). 
: K K 
Thus (9) is 


GD PII (— pq — p —4) = 2/ (9) BE —4 BS 
and (10) is | 
(12) (0—1) (4—1) (—p1 + 1) =2/ (p9) ZE—2Zé 


In fact the left hand side of (10) vanishes when p = 1 or g = 1, so we 


can write it as $(p— 1) (g— 1) (apg +b(p + g) +0), where a, b, c are 
constants. 


Equating terms in p°q°?, p + q, 1, clearly 


E E hese. 
Hence from (11), (12) 
(13) 2 DE bp —1) (1—1) (4p +p +g +1) 
4) 3/04) DEEP NUE (pe Er TT) 


The result (13) is the required result (4). 


It is also clear that on taking f(£) =" in (7), (8), the equations 
determine > £%, X, é" when we know the values of D &, OS rs 2n— 2. 
K K K ; 


If, however, in (7) we replace the function f(£) by f(£— pq) and 
subtract from (8), we have 


(15) SHE) — Zf(É— pa) 
K K 


—S1(X) — SHOX) — FIU —S Sfar + py— ra). 
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Write in the usual notation for the Bernouillian polynomial B,(x), 
(16) tett/ (et — 1) = X B,(ax)i*/n}, 
n=0 
so that 
tete — X (B (£ +1) —By(x))i*/n!, Bt +1) — Ba (2) — na, 
n=0 w 


If we take f(X) — B;(1 + X/(pq)) in (15), we have the explicit formula 
for 2 é-1_ This takes the shape 


n 3 ET me Ba (pq) — p" Ba (q) — 9 Ba (p) + (p9) Ba (1) 


—$ SB, (2/p +9/0), 


on noting that 


p-1 
È Balu +r/p) = Ba(pz)/p" . 
(as remarked to me by Professor Rademacher). 
We can also find an explicit formula for 


pege 2 B,(x/p + y/q) 


as a polynomial in p and g. One of a different type has been given by 
Apostol for odd x by using in a different way lattice points in a triangle. 

As well known, B,(X) = (—1)"B,(1— X), from (16). Hence when n 
is even, we have at once from (8), 


23 B,(2/p + 9/41) =$ Ba(X/pq) —S Ba(X/p) —S Br(X/q). 
K X=1 X=1 X=1 
To find the result for all n, write (15) as 
(17) È f(£/p9) — Zf(é/pa —1) 
=S) FNE) —SHX/g —S Sf(X/p+¥/q—d.. 
X=1 Xe Xa Fa X=1 


Write B, (X) = bX” + bna" +- -+b Take 
AR) AA Ee E AA SN 
Then 
f(é/pq) — F(é/pq — 1) = bn/{n + 1} (Buss (€/pg + 1) — Bas (E/pq)) 
+ + + = bn (E/pg)” + bas (E/P) +--+ > = B,(é/pq). 
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Since we can put £ — qz + py, the result is given by (17) on summing for 
X ete. 


“UNIVERSITY OF PENNSYLVANIA. 
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THE EVALUATION OF THE CONSTANT IN THE FORMULA 
FOR THE NUMBER OF PARTITIONS OF n.* 


By D. J. NEWMAN. 


In 1918 Hardy and Ramanujan, using the powerful circle method, 
proved that the number p(n) of partitions of n satisfies 


(1) p(n) ~ an- exp (w(2n/3)3), 
where 
(2) a = 1/(4.84), 


In 1942 Erdôs ? proved (1), but not (2), by completely elementary methods. 
The purpose of this paper is to provide an elementary proof of (2), assuming 
the truth of (1); this together with Erdés’ proof gives the full Hardy- 
Ramanujan theorem without recourse to complex variable methods. 

We shall begin by proving 


(3) À n- exp(r(2n/3)ta" ~ 2 (6/x) (2) 
and di 

(4) È p(n)a” —(2r) #(a), 
where 


T 


- (i— : 
$a) = Ga) en Et): 
and the asymptotic relations are meant to hold as x tends to 1 from below. 
From (1), (8), (4), 
(27) 36(2)—~ > p(n)a® ~ F an exp (a (2n/3)4) a" ~ 2 (6/ar) ad (x). 


A comparison of the first and last of these four asymptotically equivalent 
functions leads at once to (2). 
If we write «=e and stipulate that in all subsequent asymptotic 





* Received March 8, 1950; revised November 29, 1950. 
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formulae æ tends to unity from below (i. e., u tends to zero from above), then 
since u = log(1/%)~1—z, we have (1—zx)i— ui. Moreover, 


1 1 UE pien 1 D 
eee er (er) =" 


so that $(x)~ wi exp(x*/6u) — (u), say. Hence (3) and (4) may be 
written 





(5): ss ye exp (a (2n/3)4— nu) ~ 2 (6/n)*6 (u), 
(6) Eplnjem ~ (2) 39 (u), 


and it remains only to prove (5) and (6). 
We will make use of the following simple result. 


Lemma.’ If f(t) is of bounded variation on the positive real asis, 
then for any u > 0, 


| ud fon) f Fat | Say, 
n=l 0 
where V is the total variation of f. 


Proof of (5). The sum on the left side of (5) is clearly asymptotic to 
2 S n'er [gin h(n (2n/3)4)— r(2n/3)3] : 
n=l 


=Š Sento (2n%n/3)™4/(2m +1)! 


n=1 m=1 


= 25 (um ¥(2a2/B)™4/ (2m + 1) 1) (u X (un) meme) 
mal n=i 
=? D (ua (2027/8) 87 (2m +1) T(m + 4) (1 + O (u)), 
by the lemma cited above and the fact that the total variation of t”-4e-* is 


2(m— $)" — O(1)T(m + 4). 
Since 


rm + 4)/ (2m + 1) 1e mimi /m (m + à), 


3 Q. Pólya and G. Szegô, Aufgaben und Lehrsétze.aus der Analysis, vol. 1 (1925), 
p. 37, where it is proved for the interval (0,1). It is easily extended to the interval 
(0, œ). 
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it follows that the sum on the left side of (5) is asymptotic to 
2 (Bu/n)4 $; (w?/6u)™+1/m (m + 4) 
= 2 (Bu/)3 $ ((2°/6u)™/ (m +1) 1) (1 + 0(1/m)) 
~ R(Gu/r)5 exp (r?/6w). 
Proof of (6). Since Š piner = $ (1—2™)+, we have 
log( Ši p(nyem) — È ma (0—1) 
= — È (nur —(Rn) tent — n> (e"s — 1)*) + r2/6u + 27 log(1 — et), 


and the last term may be replaced by 2 log u + o(1). 
Once again we may apply the lemma. It is well-known ‘ that 


f GE —(2t)te-to-t — t (et — 1)) dt = 2+ log 2m. 
0 
Hence 


log( È p(n) e) — 27 log(u/2r) +77/6u + 0(1), 


which implies the desired result. 


New YORK UNIVERSITY. 


+E. T. Whittaker and G. N. Watson, Modern Analysis, American Edition, New 
York, 1944. On p. 249, line 15, let 2 tend to zero and apply p. 248, line 12. 


UNIFORM CAUCHY POINTS AND POINTS OF 
EQUICONTINUITY.* + 


By B. J. Perris. 


Let X and Y be metric spaces with metrics p and o, and let {fn} be a 
sequence of continuous functions on X to Y converging in X to a function fo. 
A point x is a point of uniform convergence of {fn} to fo if for each e > 0 
there exist a & > 0 and a positive integer ne such that o(fn(z), fol£)) < € 
holds whenever p(z,%)< 8 and nÈ ne Let U be the set of all such ga. 
In 1897, antedating Baire’s thesis, W. F. Osgood defined a set # in [0,1] 
to be a “ P-set ” [15, p. 161] if it is nowhere dense and “ contains its deriva- 
tive,” i. e., Z is nowhere dense and closed, and called # a “ Q-set ” [15, p. 171] 
if it is the union of a monotone increasing sequence of P-sets, that is, if it 
is a first category Fo-set. He proved that the complement X — U of U isa 
Q-set when X is [0,1], F the reals, and fo is continuous. Shortly afterwards 
other authors [6, pp. 1140-3] removed the continuity hypothesis on f, and 
showed in addition that f, is continuous at each point of U. In 1924 
Kuratowski [10] extended this to the case in which X is separable and Y 
metric, and in 1930 Banach [1] eliminated Kuratowski’s separability assump- 
tion. An excellent proof for topological X and metric F can be found in 
Hausdorff’s book [9, pp. 285-6]. 

In this note we wish to extend the Osgood theorem to the case in which 
{fy} is a directed set of continuous functions, X is a topological space, F is a 
uniform space, and no limit function f, is assumed; in place of the omitted 
condition it is assumed that the set C of Cauchy points of {f,} is, in a 
certain prescribed sense, a “residual set” in X. The resulting conclusion 
is that the set C,, composed of uniform Cauchy points and the set (4 of 
points of almost equi-continuity also are residual in the same sense. (The 
case in which fo exists is covered in Corollary 1.1; the latter thus constitutes 
a direct generaliaztion of Hausdorff’s version of the Osgood theorem.) The 
proof of Theorem 1 combines that of Hausdorff with a device due to A. Weil. 


* Received June 13, 1950; revised October 20, 1950. 

1 Presented to the American Mathematical Society September 6, 1948, under the 
title On points of uniform convergence in topological spaces. This paper was written 
under Contract N7-onr-434, Task Order III, Navy Department (the Office of Naval 
Research). 
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In Theorem 2 we consider the case in which C has thé property that its 
complement is not residual; the conclusion is that ©, and C4 have the same 
property. Applying Theorems 1 and 2 to the case in which {f,} is essentially 
denumerable and Y is pseudo-metric, it follows (Theorem 3) that (i) if the 
complement of C is first category so are the complements of C, and Ce, and 
(ii) if C is second category so are Cu and Ce. Several well known results in 
the literature can be considered as applications of Theorem 3; some of these— 
the theorems of Lebesgue-Hahn-Saks and of Nikodym concerning convergent 
sequences of completely additive set functions, the uniform boundednéss of 
convergent sequences of linear operations in Banach spaces, the theorem of 
Montgomery on the double continuity of the group product in certain groups 
with topologies, Yosida’s abstraction of Banach’s theorem on convergence 
almost everywhere, etc.—are derived below and in certain cases in more 
generality. 

When {fa} is a denumerable sequence and F is metric and XY is a com- 
plete metric space the conclusions of Theorem 3 concerning C are identical 
with recent results due? to A. Alexiewicz [20, p. 5], results from which the 
latter has drawn a variety of theorems including two of the applications of 
Theorem 3 that were mentioned above. The two papers differ in that each 
contains applications not in the other, and in that Theorems 1, 2, and 8 of 
the present paper constitute generalizations of Alexiewicz’s Theorem 1 and 
Corollary. 

Let X be any topological space and ¢ any cardinal number. A subset 
E of X is a Ig-set if it is the union of @ nowhere dense sets, and otherwise 
is a JI »-set; it is p-residual if its complement X — E is a Jg-set [5]. Let 
Y be any completely regular topological space, not necessarily Hausdorff, and 
of all uniformizations of the topology in Y [18] let {Va|aeA} be one 
having least cardinal number | A |. For each element À of a fixed directed 
set A [3] let f\ be a function on X to Y. A point x in X is a Cauchy point of 
{fx} if (0.1) given any ae A there is some À, € A such that f\(to)e Valfra(%o)) 
for all AZ Aq; and zo is a uniform Cauchy point? of {fx} if (0.2) for 
each ae A there exist a Age A and an open set @ about x such that 
Ja) € Valfaa(w)) for all AZ Aq and all x in G. The set of Cauchy points 
will be denoted by C and the set of uniform Cauchy points by Cy. <A point 


It was after submission of the present paper for publication that the author 
became aware of [20]. Results common to the two papers are clearly ‘to the credit of 
Alexiewicz. 

3 A term suggested by the referee, in place of Du Bois-Reymond’s a point of uniform 
convergence for a sequence {fn}. 
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of almost equi-continuity of {fa} is a point z, satisfying (0.3) for each 
aeA there exist a À, £ A and an open G about z, such that f(a) e Valfa(2o)) 
for any À = À, and any v in G. The set of all such points will be denoted 
by Ca. If x has the property that for each «æ there is an open G about so 
such that f(s) e Va(f,(wo)) for all z in G and all A, we say that 2, is a point 
of equi-continuity of {fy}, and denote by Ce the set of all such ze. Clearly 
C,.CC,, and if A is the set of positive integers and each fy is continuous 
then Ce = C.. The closure and interior of any set # in a topological space 
will be represented by Z* and E° respectively. 

The following lemma, which is well known when Y is metric and A 
is the set of positive integers [8], is easily verified in the present case. 


Lemma 1. The relations C,DC* (| Co =C N Ca always hold, and if fa 
is continuous for each À in a cofinal subset [3] of A then Cy=C*[] Cy 
= 0 N Ce. 


Letting | A | represent the least of the cardinal numbers belonging to 
cofinal subsets of A, our main result is 


THEOREM 1. Suppose that each fy is continuous, that p = max(|A|, |A|) 
and that C is ¢-residual. Then Cu and Ca are ¢-residual and C,CC,. 


For each ac A there exists [18, p. 14] a non-negative real function 
va(p,q) on Y XY such that (i) oa(p,p) =0, (ii) oa(p; 4) =o0(9: p), 
(iii) if ca(p, q) <1 then pe Va(q) and ge Va(p), and (iv) og is uniformly 
continuous, i. e., given e > 0 there is some 8 e A such that | oa(r, s) — calp, q) | 
< e whenever re Vg(p) and se Va(q). 

Let M = [y] be a cofinal subset of A having cardinal number | A |, and 
for each ae A and pe M let Qayu = X [2 | | off), fu(x))| S$ for all A= y] 
and Ran — X —Qau. The essential part of the proof is to establish, inde- 
pendent of the continuity of the fys, that 


C= NaUrQ an and Cu = Mal aQ an 


The first of these implies that Y — C = Uaf luRan ; since X — C is a Ig-set, so 
is (uRau for each «. From the second equality, X —- Ou = U afla (X — Qan) 
= UalluR*au; if MuR*a, Were a Ig-set for each a then, since = | A |, 
clearly X — C, must be a Zo-set, i. e., Ou is ¢-residual, and this combined 
with Lemma 1 provides the desired conclusion. Now [p pR*ap C [NaRa] 
U [Un(R*ai— Raw) ], where (),2a, has been noted to be a I¢-set; since 
p = | A |; NuR*ay will then be a Ig-set if each R*g,— Rap is a Ig-set. But 
for fixed À and yw the function oa(fx(z), fu(w)) is continuous in x by (iv) 
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above, since f, and f, are continuous; thus each Qa, is closed, each Ray i3 
open, and hence each R*,,— Ray is nowhere dense and therefore a J¢-set. 

To verify the equality C = [aU aau, first suppose 2 e C and a is fixed. 
By (iv) and (i) above there is a Be A such that re Vg(p) and se Vg(p) 
imply loa(r,s)'< 4. Having Be A, toeC, and M cofinal in A, there 
is some ppeM such that fa(ao) e Va(fup(to)) for all AZ pg. Since 
fus (20) © Velfu (20)), it follows that | oa (f(s), fus (0) )| < $ for AZ mp, 
and hence 2%) Qa Thus CCflaUuQan. Conversely, if toe (aU nQan 
then To € Qaus for each &, i.e. | oa(fa(To); fue(%o))| S $ for all AZ pa, SO 
that by (iii) we have f\i(to) € Va(fue(%o)) for all such A. Thus te C. 

To establish the second equality, fix &. If for each a we have £o € Q° ana 
for some page M then, letting G = Qu, clearly | ca(fx(x), fua(2))| SF 
holds for A= pa and «eG, so that by (iii) we have f\(æ) € Va(fz.(x)) for 
such À and x. Since this holds for each a, the point sẹ is in Cu. On the 
other hand, when x, is in ©, consider any fixed « By (iv) and (i) there 
is some Be A such that | oa(r,s)| < 4 whenever re Vg(p) and se V,(p). 
Having x in C, and M cofinal in A, there is some open G about a and 
some pge M such that f(x) e Va(fug(%)) whenever ve G and A Z pp. For 
such æ and À we then have | ca(f(%), fug())| < 4, implying that GC Qane 
and hence 2 € Q°au,, ending the proof. 

It may be remarked at this point that the above proof that Cu is 
g-residual still holds in case there is a secondary topology in X in which 
every open set has, in terms of the original topology, a J¢-set for its 
boundary; if under these circumstances each fy is assumed continuous in the 
secondary topology rather than in the primary one the proof goes through 
with little change, the conclusions still being in terms of the primary 
topology. 

Given any function fp on X to F, let Cy be the set of points of con- 
tinuity of fo; and given foe and {fa}, let C(fo) and Cu(fo) represent the sets 
of those points x for which (0.1) and (0.2) respectively hold when fy, is 
replaced by f The verification of the following is similar to that of Lemma 
1 and is also omitted. 


Lemma 2. For any fo and any {fa} these hold: (1) CDC (fo); 
(2) Cod (fo)? N Cas (8) Co) N Cur Cu(fo) 2C (fo)? N Cus oy if fa is 


continuous for each À in a cofinal set then CoD Cy (fo). 
The following form of the Osgood theorem can now be derived. 


Conontary 1.1. Given {fr} and fo, suppose that each f is continuous. 
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that p Z max(| A |,| A|), and that C(f)° is @-residual. Then Cu(fo), 
Ca M Co, and Co are g-residual, and Cu(fo) C Ca N Co. 


If C(fo)° is p-residual so is C by (1) of Lemma 2; from Theorem. 1, 
Cu must be ¢-residual. The intersection O (fo)? [) Cy then has the same 
property; and since the lemmas give us O (fo)? () CuCCu(fo) CCuC Ca and 
Cu(fo) CCo, the corollary follows. 


THEOREM 2. Suppose that each fy is continuous, that p Z max (| A |; | Al), 
and that C is a IIg-set. Then C () Ca (= Cu) is a IT4-set. 


Let g\(x) = f\(x) for «eC. By Theorem 1 there is a set D which 
is ¢-residual in the space Ọ and has each of its points a point of almost 
equi-continuity of {ga} in O. From its first property D is a IZ g-set in X 
since C is, and hence [5, Th. 3.3] there exists a non-null open set Gp in X 
such that N ) Gon N D is a IIg-set in X whenever N is open in XY and 
Nf) Gp is non-null. Letting T= Gp) D, T is a PH 4-set and TCC; since 
C N Ca = Cu by Lemma 1, we have only to prove that TCC,. 

Fix teT and ae A, and choose 8 so that if p, q, re Y, pe Va{g), 
and pe Vag(r) then ge Va(r). Now te D implies that for some neighbor- 
hood N(¢) of t in XY and some Age A we have g)(w’)e Vg(ga(t)) for any 
A Z Ag and any g'e N (t) C. If it can be established that f\(æ)e Va(fa(t)) 
for any A 2 Ag and any « in the set N(t){] Gp, which is open in X and 
contains #, clearly £ is in Cy. Fixing x and À accordingly, the continuity of 
fx means that f(x’) e Va(fa(z)) for any +’ in some set N(x) open in X 
about +. Now N(x) N(t)M Gp is open and is non-null since it contains 
x, and hence N(2)N N(t)Q T is a II g-set and therefore non-null. Choose 
any « in this set. Since s'e N(x) we have f,(2’) © Va(fa(x)) ; and since 
we NG) TCN(t)f) C, a remark above yields the inclusion g)(2’) e Vg(g(t)), 
whence f,(2’) © Va(fi(é)). From the manner in which 8 was chosen we con- 
clude that f(x) e Va(fx(#))}, completing the proof. 


Defining {fa} to be of Class 1-¢ if Ca is either a Zy-set or the whole 
space X, there is ° 


CoROLLARY 2.1. Suppose in addition to the hypotheses of Theorem 2 
that {fa} ts of Class 1-¢. Then Ca = X and the sets Cy, C, C* coincide and 
contain an open IIg-set. 


From the theorem C, is a Zg-set and so Ce = X ; from Lemma 1 we 
then have C,—C*—C. Since C is a closed IZ -set its interior © is a 
IT ¢-set. 
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COROLLARY 2.2. Suppose in addition to the hypotheses of Corollary 2.1 
that X is a topological group and C is a subgroup of X. Then Ca—X, 
and C is an open and closed IT4-subgroup; if X is connected then C = Oa 
= Cu = X and if also Y is complete [18] then lim, f(x) exists everywhere 
in X and is continuous. 


Corollary 2.2 is an extension of a theorem of Banach’s [2]. 

Calling A essentially denumerable if |A| No (e.g, A= positive 
integers, A == positive reals) and labeling a topological space Y pseudo-metric 
if the topology is given by a function o having the properties of a metriu 
except possibly that of o(y:, Y2) being zero implying Yı = Yə, the following 
is evident, the uniform topology in Y being that determined by o. This result 
(in slightly less general form) is due to Alexiewiez [20]. f 


Turorem 3. Let Y be pseudo-metric and A essentially denumerable 
and suppose fy is continuous for each Ac A. Then (1) if X—C is first 
category so are X —C, and À — Ca; (2) if C is second category so are Cy 
and Cy; (8) af fo is on X to Y and X—C(fo)° is first category so are 
X— Cu(fo), X — Co, and X—Cy. Hence if X is second category so are 
Cu and Ca in all three cases, and in the case of (8) so is Cu(fo) O Caf) Co. 


The last conclusion in Theorem 3 holds when X contains a conditionally 
compact non-null open set or when YX is a locally complete pseudo-metric 
space. 


Remarks on topological groups. The above results, being essentially 
double limit theorems, may be expected to have applications of the following 
kinds. The first is an extension of a well known result due to D. Montgomery 


[13]. 


THEOREM 4, Let X be a group and also a space with a uniform 
structure, and suppose that xy is continuous in each variable separately. 
Suppose that p is the least cardinal number among those belonging to 
families of neghborhoods fundamental in the uniform structure. If X is 
a ITe-set then xy is continuous in (x,y). 


If zy is not continuous at a point (a,b) in X X X it is not continuous 
at (e,e) where e is the identity element. Let {V\|Ae A} be a fundamental 
family of neighborhoods having cardinal number ¢. Since æy is not con- 
tinuous at (e,eï there is an open set Ne containing e and points a, ya in 
each V,(e) such that ay, is not in Ne. For each À let f\(x) = ay; each 
fx is continuous in a. Partially ordering A by defining x = À to mean 
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Va(e) CVa(e), A is a directed set and, letting fo be the identity map in X, 
we have C(fo) =X since zy is continuous in y. Applying Corollary 1. 1, 
Cu(f ) is g-residual; since X is a IZg-set Cu(fo) must be non-null. Choose 
Zo € Cu, pick BeA so that x 1Vge(xo) CN, and let y in A be such that 
peVy(q) and ge V,(r) imply pe Vg(r). Since x is in Cy(fo), given y 
` there are § and e in A such that sype Vy(x) whenever A= 8 and we Ve(t). 
Choosing first £ = y, e and then 7 such that Vy(e) Cao1V¢(ao), clearly A 22 9 
implies az, © Ve(2o) CVy(Xo)f] Ve(to). Now take any fixed pZ 8,7. 
Since py, it follows that gota € Ve(£o) and hence, since a = 8,7, that 
Totuÿu E Vy(Totu). But p= y also gives us totye Vy(%). These two inclu- 
sions imply that aotyy,e Vg(to), so that toy € To Vg(to) CNo, which is 
contrary to the way in which x, and y, were originally chosen. 


(2) For the second application let X be a topological group and let G 
be the group of all single-valued functions g on X to X with the group 
operation (gh) (%) —g(x)h(x). Let H be a subgroup of G@ possessing a 
pseudo-metric » with these properties: (i) v is right invariant, i.e., 
v(g-h) =v(gh, hh) for any g,h,h in H, (ii) H is second category with 
respect to v, (ili) lim, v(An, ho) = 0 implies lim, h;(x) = ho(x) for every 
xin X. Suppose also that given any nucleus Ọ (open set about the identity e) 
in X there is a right invariant pseudo-metric p in X, depending on U, such 
that (iv) each p-sphere Sp(a;«) =X[x | p(z,a)< e] is open in X, (v) 
Se(e;1) CU, and (vi) .each h in H is continuous on X to X with respect 
‘to the p-topology. For one example, let X be a real or complex linear space 
with a topology such that X is a topological group satisfying the first count- 
ability axiom and scalar multiplication ha is continuous in h and x separately ; 
by the Birkhoff-Kakutani metrization theorem there is a right invariant 
pseudo-metric p giving the group topology, and if H is taken to be all func- 
tions ha, h a scalar, and is given the scalar topology then (i)-(vi) are all 
satisfied when for a given U we take p to be np with n chosen so that 
Sp(e;1/n) CU. For another, let X be a real linear space with a topology 
such that X is a topological group, X has arbitrarily small non-null open 
convex sets about any point, and hz is continuous in each separate variable; 
let H again be the scalar multiples, and given U choose a convex nucleus K 
in U and let p be the pseudo-metric determined ‘by the Minkowski functional 
of K. The next theorem, when applied to the first example, yields a result 
of Mazur and Orliez [12, p. 188]. 


THEOREM 5. Under the above assumptions on X and H the function 
h(x) on HX X to X is continuous. 
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If it were not continuous there would exist z, eX, hoe H, and an open 
set G about (x) such that for no choice of N open about x, and of 8 > 0 
do we have h(x) e G for all z in N and all h with v(h,ho)< 8 Writing Z 
for ho(zo) and Už for G where U is a nucleus in X, choose p so that (iv)-(vi) 
hold. From (v) and the right invariance of p we have Sp(#;1) CUZ =G, 
and from (iv) So(xo;1/n) is open about 2 for n—1,2,: : :. Hence 
there exist t,eX and hye H, n=1,2,---, such that p(t, £0) < 1/7, 
v(hn, ho) < 1/n, and hn(£n) is not in G, i. e., p(Rn(2n), ho(to)) 21. Now 
let f,(h) = h(s). Condition (iii) obviously implies that each f, is con- 
tinuous on H to X; and for each h we have, by (vi), that fa(h) > h (zo) 
in the p-topology since p(2,:, to) — 0. Applying (2) of Theorem 3 there 
exists a point À of almost equi-continuity of {fa}. Hence there is a 3>0 
such that p(h (an), h(tn)) < 4 whenever n is sufficiently large and v(h, h) < 8. 
Now v(hn ho) < 8 for sufficiently large n and hence, using (i), v (ahoh, h< 8; 
it then follows that for large n we have $ > p(Rn(4n)ho(2n) 7h (an), h(an)) 
== p(hn(tn), hoftr)). But p(#n,%) —> 0 and condition (vi) together imply 
that p(ho(%n), ho(%o))< 4 for large n. Hence 1 > p(hn(an), ho(to)) for 
large n, which contradicts the choice of {æn} and {An}. 


(3) In this section X and Y are topological groups, A is essentially 
denumerable, and {hy |e A} is a family of continuous homomorphisms on 
X to Y. The sets O, Cy, Ca, and Ce in X determined by the right uniform 
topology in Y will be denoted by © (R), Ca(R), etc., and those determined by 
the left uniform topology by C(L), C,(L), ete. For any family of homo- 
morphisms the sets C,(#) and C,(L) have these properties: (i) each is either 
the null set or the whole space, (ii) each contains e if and only if the other 
does. Hence Ce(R) = Ca( L) and either both are null or both are the whole 
space. (This implies that any such family is of Class 1-4 for any ¢ and 
for any one of the two uniform topologies considered in Y ; the next theorem 
may thus be considered as a variation of Corollary 2. 2.) 


THEOREM 6. Suppose that either C(R) or C(L) is second category. 
Then Cq(R) = CL) =X, Cu(R) = C(R) = C(R)*, and Ci(L) = C(L) 
= C(L)*; if A is the positive integers then also C,(R) = C(L) =X. 


Tt is sufficient to show that for any nucleus V in F a nucleus U can be 
found such that h1(x) e V holds for x e U and for sufficiently large À Suppose 
that C(R) is second category. Given V, let o be a right-invariant pseudo- 
metric such that So(e;1) CV and each o-sphere Sc(b;e) is open in the 
Y-topology [16]. The latter fact implies, using the continuity of hy. that 
hy is continuous on X to [Y, o]. It also implies that for any e > 0 the set 
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So(e;e)y is one of the uniform neighborhoods in the right uniform topology 
in FY; hence for any x in C there is some À. such that h(x) € So(e;e)hae(t) 
for all AZ àe By the right invariance of o we have h(x) e Sa(hae(æ) 5 €) 
for AZ àe so that {ha(w)} is a Cauchy sequence in the o-topology for each 
æeC. By Theorem 3 there is a point a in Æ, a nucleus U, and some M €A 
such that o(ha1(x}, h\(a))< 1 for all we Ua and all AZ À Using the 
right invariance of o again it follows that o(h1(x’},e) << 1 (and hence 
h(a’) eV) for all we U and all AZ. Thus ee C(R) and hence 
CR) = Co(L) =X. The rest of the theorem now follows from Lemma 1 
and a remark in the introduction. The case in which C(Z) is second 
category follows by a dual argument. 

When A is the positive integers and X and Y are spaces of Type (F) 
the theorem just completed was established by Mazur and Orlicz [11]. 
Together with (2) of Lemma 2, Theorem 6 yields the following, proved for 
A the positive integers and for complete metric X and metric Y by Banach 
[2, 16]. 


COROLLARY 6.1. If h\(x) converges to hols) for every x in X, where 
X is second category and Y is a Hausdorff group, ho is a continuous 
homomorphism. 


It is also obvious that when X and Y are linear normed spaces and A 
is the set of positive integers Theorem 6 reduces to the well known assertion 
that {ha} is uniformly bounded. 


(4) For the final application to groups let X and Y be additively 
written topological groups, with 6 denoting the zero element in each. Suppose 
also that in Y there are defined a partial ordering and a pseudo-metric e 
such that (i) o gives the topology in Y, (ii) for any sequence {y,} of points 
in F with yn = Ym for n 2 m these are equivalent: (a) {yn} has an upper 
bound; (8) lim o(Ym, Ya) = 0 as m,n—>o; (y) Imn o (Yn, Yo) = 0 for some 
yo in Y. We also assume throughout this part that X is connected, A is 
essentially denumerable, and that {fx | AeA} is a family of continuous func- 
tions on X to Y with f,(x) = f\(x) for all x in X whenever ZX For 
the uniform topology in Y we take that determined by v. 

For convenience, a family {f\} of functions on X to Y will be said to 
be of Class 2 if either C f) Ca is first category or Ce = X ; for example, if o 
is right or left invariant any family of homomorphisms is of Class 2, for 
then Ca being non-null implies C, = £. 


THEOREM Y. Let {fy} be of Class 2 and let L = X[a| {f\(x)} has an 


UNIFORM CAUCHY POINTS. 611 


-upper bound]. If L contains a second category subgroup of X there exists 
. a continuous function fy such that lim, o (f(x), fo(æ)) = 0 for every x in X. 


Let G be a second category subgroup contained in L. Since G* is a 
non-null open and closed subgroup and X is connected, G* must be X and 
so L” = X. From the equivalence of (a) and (8) in (ii) and the essential 
denumerability of A, L—C; hence C*—X and C is second category. 
Applying Theorem 2, O () Ca is second category; this, with {fa} being of 
Class 2, yields Ca = X. Thus C* N Ca = X and hence, by Lemma 1, C= Z. 
This, with (ii), means that for each x there is some element f,(æ) such that 
lim) o(f\(æ), fo(z)) == 0. Obviously C(f.) = C =X, whence, by (2) of 
Lemma 2, Co = X, i. e, fo is continuous. 


COROLLARY 7.1. Suppose each fy is a homomorphism, L is second 
category, and o is a right (or left) invariant metric. Then there is a con- 
tinuous homomorphism fy on X to Y such that lim, o(fx(x), fo(æ)) = 0 for 
all v. 


From a remark preceding Theorem 7, {fa} is of Class 2; from the 
equivalence of (a) and (y) in (ii) it is easy to see that L is a subgroup; 
the conclusion now results from Theorem 7 and Corollary 6.1. 


COROLLARY 7.2. Suppose that Y is a po-group [3], that {fa} is of 
Class 2, and that falzi + z2) Sfa(a1) + fr(te) and f(x) = fa(— zx) for 
arbitrary Tı, ta, v, and À. If L is second category the conclusion of Theorem Y 
follows. 


From the assumptions on {f,} and the fact that Y is a po-group clearly 
L is a subgroup; the conclusion is therefore immediate. 

Now suppose that X is a real (or complex) linear topological space 
(hence connected), and that Y is a similar space but with a partial ordering 
and a pseudo-metric o that satisfy not only (i) and (ii) above but also these: 
(iii) Y is a po-group, (iv) o is right invariant, and (v) Yı È y22B—y 
implies o(y:,0) = o(yr, 0). (Let S be a measure space with the measure 
of § finite; the space (M) of essentially bounded measurable real functions 
with the Fréchet metric and the spaces Lp, p = 1, are examples of such Y.) 
Setting || y | = o (y, 8) we note that | y: — Y2 | = o (Yx Y2); Iy I = | — y l; 
and || ga + ve | ysl + lye l- 


COROLLARY 7.8. Let {fa} be such that (1) f\(z) = 8 for all À and 
z, (2) fm + t) S fm) + fm), (8) Ale) =f(— r), and (4) 
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| fale)/k | = I fh\(x/k)| for Ac A, we X, and any positive integer k. If 
L is second category the conclusion of Theorem Y follows. 


From Corollary 7.2 it is sufficient to show that {f,} is of Class 2. 
To do this we first observe that if C,36 then C,=X. For clearly 
fr) — fra) S fale — a); and fala) S (a — e) + fre) = fe — a) + f(a) 
whence — f\(x— a) S f\(x) —fy(a). From (v) we then have || fale) — f\(a) | 
S fate — a)|, and hence Ca = X if C430. To complete the proof it will be 
shown that 0,34 when C* N Ca is non-null. 

Let «> 0 be given and choose 8 > 0 so that | ay | < «/2 whenever 
| y i| <8 and a is a scalar with | «| <8 Choose ae C* [ Ca. Since ae Og, 
there is a nucleus U in X such that || fale + a) — f\(a)|| < 8 for æ in U 
and À sufficiently large. Thus 


(+) . | af\(e+ a) —af,(a) || </2 for veU, |a| <8, À large. 


Now choose beO (U +a). Since beO implies | f(b) —fr,(b) || <8 
for all AZ some À, so that | af,(b) —afr,(b) |] <«/2 for |a|<8 and 
À Z A, and since | «fx, (b)] — 0 as | æ | — 0, we can choose a positive integer 
k such that 1/k < ê and | f,(b)/k | <e for large À. On the other hand, 
beU +a, 1/k <8, and (*) give us | fx(b)/ke —fy(a)/k | <e/2. Com- 
bining the last two inequalities furnishes || f\(a)/k || < 2e for large A. Using 
(*) again, we also have | f(x + a)/k —fy(a)/k | < ¢/2 for x in U and À 
large. At this point we note that || f\(z/k)| S | f(x + a) /k — fy (a) /k || 
+2 || f\(a)/k || holds for any z, a, k, and A, as the reader can easily 
verify from hypotheses (3) and (4) and the properties of | y ||. Hence 
= Hf\(z/k)| < 5e is true for x in U and À large. Since ka is continuous in « 

there is a nucleus U” such that kU’CU. For large À and g’ in U’ we now 
have || f,(2’)|| < 5e, so that 8e Co, ending the proof. 

Corollary 7.3 can be considered as a slight extension of Yosida’s 
abstraction [19, Theorem 1] of the Banach theorem on convergence almost 
everywhere as formulated and proved by Mazur and Orlicz [11]. In using 
Yosida’s theorem or Corollary 7.3 to obtain any concrete individual ergodic 
theorem, as some authors have done, the essential difficulty is that of estab- 
lishing that D is second category; this is done, for example, in the paper 
“On the ergodic theorem,” Transactions of the American Mathematical 
Society, vol. 60 (1946), pp. 538-549, by Nelson Dunford and D. S. Miller 
in their Lemma 6. 


Remarks on completely additive set functions. Let X be a o-field of 
sets in some space § and m(x) a finite non-negative completely additive real 
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function on X ; with the pseudo-metric p(x, 2) = m( (£4 — #2) U (£2 — T1) ), 
X is a complete pseudo-metric space. Let G be an additive abelian group 
having an invariant pseudo-metric and let F(m) be the space of functions 
defined and additive on X to G and absolutely continuous with respect to m 
(i.e., continuous with respect to p at the null set). Each f in F(m) is 
completely additive. Moreover, as is easily verified, the set Ce for any subset 
H of F(m) is either vacuous or all of X; in particular, taking H to consist 
of an arbitrary single element f, C for f is the set of continuity points of f, 
which shows that each f in F(m) is continuous with respect to p. Let {fn} 
be any countable sequence in F(m), so that Ce — Ce. If O for {fa} is second 
category, Theorem 3 establishes that C4 is second category ; hence ¥ = Oa = Co, 
which is the Lebesgue-Hahn-Saks theorem in the form given by Saks [17]. 
In particular, if O — X then Oe = X; if moreover G is complete in its pseudo- 
metric then lim, fa(æ) exists on X to G and by (3) of Theorem 3 must be 
in F(m), establishing another result given by Saks [17]. (Abstractions of 
Saks’ theorems have been proved in this manner by Alexiewicz [20].) 
Given the o-field X and any denumerable sequence {fa} of completely 
additive finite real (or complex) functions on X, let v» be the total variation 


function of fn, let kn = 1/2"(1 + m(S)), and set mx) = 5 knva (£); it is 
i 


easily seen that #% is an m of the type above and that {fn} CF (m). If the 
set C for {fa} is X then Ce = Ca = X by what was just proved; if we set 
ft) = lim, fal) we then have, by (2) of Lemma 2, that CoD OF N Ce = X, 
and hence fọ is continuous on XY. Being obviously additive fe is then in F(m) 
and thus is completely additive. This result is due to Nikodym [14] and 
the present proof to Saks [17]. We may also note in this case that since 
Ca = Oe = X the null set is an element of Ce and hence fa (x) — 0 uniformly 
in n as (x) — 0; if {v4} is any denumerable disjoint sequence in X it is 


now clear that lim È f,(2#:) = 0 uniformly in n as k—>œ. This is a recent 
isk 


theorem of Doubrovsky [4]. 

Reverting to groups we make a final remark that a recent result of 
Gottschalk’s [7] can -be given the following form, using Theorems 3 and 4 
and part of Gottschalk’s proof. Let X be a group and also a locally complete 
pseudo-metric space. Suppose the center of X is dense in XY and the group 
product zy is continuous in + for each y. Then zy is continuous in (x, y). 
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AN ITERATION FORMULA FOR FREDHOLM INTEGRAL 
EQUATIONS OF THE FIRST KIND.* 


By L. LANDWEBER. 


1. Introduction. Neumann’s Method of solving Fredholm integral 
equations of the second kind by iteration is of great practical and theoretical 
value. For Fredholm integral equations of the first kind, on the other hand, 
Hellinger and Toeplitz [1] remark that a method of solution by iteration 
is not available. ; 

Physical problems often lead to an integral equation of the first kind 
to which a good first approximation may be derived by physical reasoning. 
An example of this is the problem of determining an axial source-sink or 
doublet distribution which would yield the axially-symmetric potential flow 
about a body of revolution in a uniform stream. This problem leads to an 


T . 
integral equation of the first kind, 4 = f [(@—t)? + y(s) m (t)dt, 
0 


where the axis of the body coincides with the z-axis from s ==0 to s= 1, 
y(x) is à known function, representing the ordinates of the intersection of 
the given surface with a meridian plane and m(x) is an unknown function, 
representing the distribution of the doublet strength per unit length along 
the axis. A well-known, excellent, first approximation to the doublet dis- 
tribution for elongated bodies of revolution is [2] m(x) = [y(æ)]?/4 In 
cases such as this it would be highly desirable to have a method of successive 
approximations for improving upon this approximation. 

The theories of Schmidt and Picard furnish.expressions for solutions to 
integral equations of the first kind. However, these expressions are of little 
practical value since they involve the. characteristic numbers and functions 
of an arbitrary kernel, and the methods for obtaining these are both tedious 
and approximate. 

It is proposed to present an iteration formula for obtaining successive 
approximations to the solution of Fredholm integral equations of the first 
kind, and to prove the convergence of the successive approximations under 
various conditions. 


* Received August 10, 1950. 
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2. The integral equation of the first kind; theory of Schmidt and 
Picard. We are concerned with solutions and approximations to solutions 
of the integral equation of the first kind 


(1): Fo) = f tyga, 


where f(x) and k(x, y) are given continuous real functions in a S q, y & b, 
and g(y) is an unknown function. As is well known, (1) may be trans- 
formed into the integral equation with a symmetric kernel, 


(2) F(a) = J Ke, nan, 

where 

(3) Klay) =f k(t ak (ty) at 
and 

(4) P(e) = f totoa. 


A theory due to E. Schmidt [8] shows that there exists a set {A} of 
positive characteristic numbers, which may be supposed arranged in increasing 
order of magnitude, and corresponding adjoint sets ¢:(x) and y:(æ) of real, 
continuous, orthonormalized characteristic functions, (i= 1,2,---), such 
that 


b b 
(5) al) =a f tu — yale) =u f tiago. 
It will be convenient, hereafter, to employ the customary operator notation 
b b 
for integral transforms, viz., kg = f k(x, y)g(y)dy, Kg = f K(x, y)g(y)dy; 


furthermore, since the range of variation and the integration limits will always 
be from a to b, specific reference to these limits will be omitted and we will fre- 


b 
quently write integrals in an abbreviated form, viz., f f(a) di(a)da = ffp: 


If the kernel &(x, y) is degenerate, the number of characteristic functions 
is finite and they can be found by a well known procedure [4]. If f(x) is 


n 
expressible in the form f(x) = > aidi(x), the solution of (1) is 
4=1 
n 
(6) g(t) = ZEhMai(z), m= ffp 
If f(x) is not of the above form, then (6) gives the best approximate solution 
of (1) in the least square sense, as can easily be shown. If the kernel &(a, y) 
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is non-degenerate, the sets {A}, {pi(x)} and {#:(x)} are infinite. Since the 
degenerate case is readily disposed of, only the non-degenerate case will be 
considered hereafter. 

These characteristic numbers and adjoint functions have several properties 
which will be required in the following: 


a) Aê and (x) are characteristic numbers and functions of K (a, y) 


[5], i. e. | 
(7) pi = AP KY. 

b) A positive lower bound for the set {A;} is given by the inequality [3] 
(8) | T/A? < f fe? (a, y) dady. 


c) Expansion THEoREMS. Every function f(x) of the form (1), where 
g(y) is any piecewise-continuous function, can be expanded in the absolutely 
and uniformly convergent series [5] 


(9) fia) Sabie); m= fin (Sov) re 


Every function F(x) of the form (4), where f(z) is any piecewise- 
continuous function, can be expanded in the absolutely and uniformly con- 
vergent series 


(10) Pa) = Sohle); a= fam (Si) 


If f is the same function in (9) and (10), the relations between the “ Fourier 2 
coefficients may be written 


(11) ci = [Phi (ffi) /i = (S gpi) /r’. 


In general a solution of (1) does not exist. A theorem due to E. Picard 
[6] states that, if the orthogonal set p; is complete, a solution of the integral 
equation (1) exists if and only if the series 


(12) Satas, ai = Sidi 


is convergent. 


‘In the Schmidt-Picard theory, the solution of (1) is intimately related 
to the sequence 


(13) Ja = È Mish (2), : m==1,2,°°° 


as is expressed in the following theorems: 


, 
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THEOREM 1. The sequence {kfn} converges in the mean to f(x) if and 
only if the set {qi} is complete relative to f(x). The sequence converges 
uniformly to f(x), if a piecewise-continuous solution of the integral equation 
(1) exists. 


THEOREM 2. If a piecewise-continuous solution g(x) of (1) exists, the 
sequence {gn} converges in the mean to g(x) if and only if the set {yı} is 
complete relative to g(x). If g(s) is of the form Sky, z)h(y)dy, where 
h(y) is any piecewise-continuous function, then the sequence ÿ, converges 
uniformly to g(a). 


The completeness conditions on the sequences {¢;} and {yi} in Theorems 
1 and 2 refer to the so-called completeness relations 


(14) fff Sar, am ffia and f= Dd, bi = fon 


The phrase “complete relative to f(x)” in Theorem 1 signifies that (14) 
need be satisfied only by the particular function f(x), a condition which is 
considerably weaker than the assumption that the set {:} is complete relative 
to a class of functions. Similarly (14) is assumed to apply only to the 
particular function g(s) in Theorem 2. 

The first part of Theorem 1 is of especial interest since it indicates that 
with increasing n, the error due to the assumption of a(z) as an approxi- 
mate solution of (1) diminishes in a least.square sense, even if a solution of 
(1) does not exist. However the disagreeable possibility exists that, beyond 
some value of n, the error may accumulate and increase at some values of z. 
Nevertheless, even in this case, such a sequence may give useful successive 
approximations in a particular problem, if the errors are observed at each 
step, and the approximations stopped when the error exceeds an acceptable 
value at any point. 

The second part of Theorem 1 asserts that, for sufficiently large n, 9, 
satisfies the integral equation (1) as closely as desired. It is noteworthy 
that no assumptions are made with regard to the convergence of the sequence 
{Gn}. Indeed, Theorem 2 shows that an additional condition is necessary 
to assure even convergence in the mean. 

The expression (13) for gn, however, is of little practical value since 
it is expressed in terms of the characteristic numbers and functions of the 
kernel &(x, y). Principally for these reasons the Fredholm integral equation 
of the first kind has been considered to be of little value [7]. On the other 
hand, another readily calculable sequence of functions {g,(x)} will be defined, 
which, it will be shown, has properties relative to a solution of the integral 
equation (1) identical to those of g.(x). 
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8. The iteration formula. Let us now extend the operator notation, 
denoting Kg = f - -- SK (2, Yr) K (Yr Yra) © ` K(y2y1)9 (ys) dyrdyrn > © dys. 
This notation is appropriate since the relation K” (Ksg) = K"*sg is satisfied, 
as is easily verified. | 

Let go(æ) be an assumed, approximate, piecewise-continuous solution of 
the integral equation (1). Then a set of continuous functions 9, (2), g(s), - - 
is defined by the iteration formula 


(15) Gn = Jna + F — Kqn1 


where K and F are the functions defined in equations (3) and (4). The 
convergence of this sequence of functions and the applicability of its members 
as successive approximations to a solution of the integral equation (1) is the 
subject of the subsequent discussion. 

The recurrence formula (15) can be readily solved for g, in terms of go. 
First put 


(16) Yn == In — Jnr 
Then 

n 
(17) In= Jot Drs 
and also (15) may be written as ` 
(18) 7 Yn = F — Kg». 


Thus the yn’s are not only the differences between successive gn’s but also 
serve as measures of the errors corresponding to the g,’s as approximate 
solutions of the iterated integral equation (2). Now, from (18), we have 


Yn— Yna = — Kyn-1 or, in operation notation, yn = (1—K)yn+. Hence, 
since the operator K satisfies the associative laws of multiplication, we obtain 
(19) w= (1—E) "ys 


where (1 — K)»: is to be formally expanded by the binomial theorem before 
operating on yı. Substituting for the y, in equation (17) from equation (19), 
and performing the indicated summation, we obtain 


(20) gn = go + {[1 —(i—K)"]/K} (F — Kg), 


where, in the fractional operator, (1 — K)” is to be expanded by the binomial 
theorem and 2 factor K in the numerator cancelled with the denominator 
before operating on (F — Kg). 

If the sequence {g,(x)} converges uniformly, it is clear from (15), that 
lim g, is a solution of the iterated integral equation (2). However, since an 
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integral equation of the first kind has a solution only under special circum- 
stances, {g,(æ)} may not converge uniformly, and indeed may not converge 
at all. Nevertheless the g,’s may serve as useful approximations to a solution 
of (1) and (2) as will be evident on the basis of the convergence theorems 
in the next section. 


4, Convergence theorems. It will be assumed hereafter that 


b b 
(21) f f k(x, y) dedy £ 2. 
a a 


This is no restriction since k(x,y) can always be modified, so as to satisfy 
(21), by multiplying (1) by a suitable factor and, in the right member of 
the equation, incorporating the factor into the kernel. 

The convergence theorems will first be stated and discussed briefly before 
their proofs are presented. 


THEOREM 3. The sequence {Kgn} converges uniformly to F(z). 


Theorem 8 is very strong. Without any restrictive assumptions about 
completeness, the existence of a solution, or the convergence of the sequence 
{gn}, it asserts that, for sufficiently large n, gn satisfies the iterated integral 
equation (2) as closely as desired. Basically, however, our interest is in the 
integral equation (1), rather than with (2). Concerning the suitability of 
the g,’s as approximate solutions of (1) we have the weaker theorems. 


THEOREM 4. The sequence {kg,} converges in the mean to f(x) if and 
only if the set {di} is complete relative to f(x). The sequence converges 
uniformly to f(x) if a piecewise-continuous solution of the integral equation 
(1) exists. 


It will now be supposed that the 0-th approximation g,(x) is chosen 
of the form 


(22) oz) = fke(y, x) h(y) dy, 

where (y) is any piecewise-continuous function. The special case h(y) == 0 
is also allowed. Concerning the convergence of the sequence {ga} we then 
have 


THEOREM 5. If a piecewise-continuous solution g(x) of (1) exists, the 
sequence {gn} converges in the mean to g(x) if and only if the set {yi} 
is complete relative to g(x). If g(a) is of the form [k(y,x)h(y)dy, where 
h(y) is any piecewise-continuous function, then the sequence {gn} converges 
uniformly to g(x). 


INTEGRAL EQUATIONS OF THE FIRST KIND. 621 


It should be noted that Theorems 4 and 5 are identical, word for word, 
with Theorems 1 and 2 except for the substitution of ga for gn. Hence the 
remarks concerning the suitability of the ,’s as approximations to a solution 
of the integral equation (1) are applicable to the g,’s as well. 

In order to prove the foregoing theorems it is first convenient to establish 
several lemmas. Put 


(23) Fale) = K gn, fale) = kgn. 
The “ Fourier ” coefficients of Fra, fn and gn then satisfy the relations | 
(24) Cin = [ui = ( S fai) /M = ( S gapi) A. 


We then have 


Lemma 1. F,(x) and f,(x) can be expanded in the absolutely and | 
uniformly convergent series 


(25) F(a) = È cuh (2), fal) = È Nowsi(2), n=0,1, 2% 


If go(x) is chosen of the form (22), then also gn(x) may be expanded in the 
absolutely and uniformly convergent series 


(26) Gn(t) = À Afombe(z), n = 0, 1, 2, s 


Proof. It is’ clear, from their definitions in (23), that the expansion 
theorems apply to F,(x) and f,(x) and consequently the series (25) converge 
as stated in the lemma. In the case of the g,’s, it can be shown successively, 


from the iteration formula (15), that gı (£), g2(#),- - - are of the same form 
as go(a). Thus we have 
(27) = go +P —Kgp. 


But go — f(y, )h{y)dy; from (4), F = fk(y, x)f(y)dy; and from (3), (23), . 
Kgo= fk(y,)fo(y)dy. Hence (27) becomes gı = fle(y, x) [h(y) + f(y) 

— fo(y) ]dy. Hence the expansion theorem is applicable to g,(æ) and the 

séries (26) also converge, as stated. 

Lea 2. 

(28) Cin — Gi = pi” (Cio — Ci), 

where Gi = SF, and the sequence p is such that 


(29) Jae] <1, pu Zu and limp;—1, 1 = 1,2, 


je 


Proof. We obtain, from (15) and (7), fgati== (1—1/X) fons 
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+ fF. Put m—1—1/\. Then, by successive reduction, we obtain 
Sani = Ba f gopi + AP(1— m”) fF, which by (11) and (24), is seen 
to be equivalent to (28). Furthermore, from (8) and (21), we obtain 
0 < 1/2 < f fl? (a, y)dady S 2, or —1 < ya < 1. Thus, since the sequence 
{AM} increases monotonically to infinity, it is seen that (29) is also satisfied. 
This completes the proof of Lemma 2. 


LEMMA 3. 
(30) lim X (¢in— ci)? = lim $ A? (Cin — 61)? = 0. 
No 1 no izl 
If a solution g(x) of (1) or (2) exists, then also 


(31) “lim 3 Ait (Cin — 1)? = 0. 


no izi 
Proof. We first note that the series > (Cio — &)? converges since 
4=1 
we have, from Bessel’s inequality X (co — a)? & f(Fa— F)’; hence, 
izi 
= (cin— a) = m?” (Cio — &)? is uniformly convergent in n, by (28) and 
i=1 i=l 
the comparison test. Consequently, lim $, (Cin — ¢;)? = > lim w?” (Cio — ci)? 
2 no i=l i=l n> w 
= 0. Similarly, applying Bessel’s inequality to fo— f, and then to go-— 9, 
when g(x) is assumed to exist, we obtain (30) and (31), as desired. 
Lemma 4. If the series Ti(x) = $ wi(x), where the w(x) are con- 
` ist 
tinuous functions, is absolutely and uniformly convergent, and if T,(x) 
= J, mwe), n==0,1,2,--+, where pm satisfies condition (29), then the 
al 
sequence T,(x) converges uniformly to 0. 


Proof. From the hypotheses on m we have, for some sufficiently large r, 
Pr = | bi |, 7 >7. Also, considering the series for To(x), given an e > 0, 


r can be chosen so large, and independent of v, that 5 | w | < 6/2. Let 
r be chosen so that both conditions are satisfied. Further, we have 
S/o [SE | wi | <M, where M is an upper bound independent of s. 
Cho N Tiai large so that m” <e/(2M) for n>N. Then 
| r, | < È| pew | + z pus | uM + 6/2 <e when n > N(e), as we 


wished to prove. 
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Lemma 5. If G(T) can be expanded in a uniformly convergent series 


(32) G, (2) => inbi (T), n=0,1, 23: 


in terms of the real, continuous, orthonormalized functions G(s), i = 1, 2,°°° 
and if G(x) is piecewise-continuous, with e: = [GO then necessary and 
sufficient conditions for the sequence Ga(x) to converge in the mean to G(x) 


are that f Gdx = Se? and lim F (ein — &)? = 0. 
421 n 


> © izi 


Proof. Since the series (32) is uniformly convergent, we have 


f GG = 5 Cin f G6; == 5 ling and similarly f Ga? = Dd ein. Hence 
q= 4=1 | i 


(33) f(n — 0) = fH +E (on — 01)? = Ser. 

Now suppose the conditions of the lemma to be satisfied. Then {(@n— G)? 
= > (ein— e)? and consequently by hypothesis, lim f (Ga — @)?=0. This 
ja the first part of the lemma. 


Now suppose that lim f (Ga — G)? =0. From (33), f@de = >» eè 
=1 
+ f(Gn— G)? for all n. Hence f@?S 5 e. But, by Bessel’s inequality, 
451 
SPZ 5 e. Hence fG— 5 e. Then, from (33), $ (Ein — 8)? 
ġzl 4=1 gal 


= {(G,—G@)?’, whence lim Š (ein —- e)? == 0. This completes the proof. 
We -can now proceed to the proof of the convergence theorems. 

Proof of Theorem 3. By the expansion theorem and (11) and (24), 

‘the series F,—F -> (Cin — Ci) Yi, n= 0,1,2,:: > are absolutely and 


uniformly convergent in x. Hence, by Lemma 2, the series $ pu” (Cio — ci) yi 
4=1 


are also absolutely and uniformly convergent in s. Hence the conditions of 
Lemma 4 are satisfied and the sequence {Fp — F} converges uniformly to 
zero; or by (23), {Kgn} converges uniformly to F, as we wished to prove. 


Proof of Theorem 4. By Lemmas 1 and 8 all the conditions of Lemma 5 
are satisfied by the functions f,(æ) and f(z). Hence by (23) the first part 
of the theorem, concerning the convergence in the mean of {kga} to f(z), 
is proved. | | 
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In the second part of the theorem, since g(x) exists by hypothesis, the 
expansion theorem may be applied to f(x) as well as to f,(«). Hence by (11) 


and Lemmas 1 and 2, the series fn — f = Y wi™Ai(Cio — 4) bi(Z), n= 0, 1, 2, 
421 


are absolutely and uniformly convergent in x, and the conditions of Lemma 4 
are satisfied. Hence the sequence {fn — f} converges uniformly to zero, or, 
by (23), {kga} converges uniformly to f(z). This completes the proof. 


Proof of Theorem 5. Since go(v) is of the form (22), Lemmas 1 and 3 
indicate that the conditions of Lemma 5 are satisfied by the functions g,(#) 
and g(x). Hence the first part of the theorem, concerning convergence in 
the mean of {ga} to g(x), is proved. : 

In the second part of the theorem, the expansion theorem is applicable 
to g(x), by hypothesis. Hence, by (11) and Lemmas 1 and 2, the series 


In — 9 = D> mA? (Cio — 61) pilt), n—=0,1,2,: +- are absolutely and uni- 
izt 


formly convergent in v, and the conditions of Lemma 4 are satisfied. Hence 
the sequence {gn} converges uniformly to g(x), as we wished to prove. 


Davip TAYLOR Moper BASIN, 
WASHINGTON, D.C. 
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ON THE ASYMPTOTIC EVALUATION OF A CLASS OF 
MULTIPLE INTEGRALS INVOLVING A PARAMETER.* 


By L. C. Hsv. 


_ 1. Introduction. The object of this paper is to determine the asymp- 
totic behaviour of a class of multiple integrals of the form 


1a) = f os f exp f (£u * +, %n3A)da,- © - dEn 
R 


as À—>co. Here f is a real valued function of g = (£,,' - *, a) defined in 
R and satisfying certain general conditions, R being a simply connected, 
finitely bounded, n-dimensional domain in the euclidean n-space. 

We assume that, for every large A, the function f(m,- > -, En; A) = f(x; A) 
attains an absolute maximum at an interior point z == x(A) = (#,(A) ,* -© , Za(A)) 
of R. The case in which f = àg (21, ` *,a) and the function g takes a 
maximum at a boundary point of the closed domain R has been discussed in a 
previous paper [5]. But the method of [5] cannot be applied unaltered to 
the present case, because æ(À) is now a variable point depending on the 
parameter A. Thus in the present investigation we shall modify and extend 
Laplace-Haviland’s method ([1], [2], [3]). 


2. Notation and abbreviation. Throughout x, u, é, etc. denote respec- 
tively the points (%,-°°,4), (Uy°**, ta), (&°°+,&:), ete. in the 
euclidean n-space, fy denotes the partial derivative of f(æ; À) with respect 
to wy, and fiy the second order partial derivative of f with respect to a, and z. 
Moreover H;,[—f] denotes the Hessian of —f(z;A) with regard to the 
first & variables z1, * + -,%, Viz, Hi[— f(x; À) ] = det | — fap (£; A) |, where 
1£a, PSk (k=1,---,n). 

By (x; A)—(Éé; ©) we mean that x, À tend to £, œ respectively and 
independently. Thus, for instance, f(x; À) —o0(g(#;A)) as (x; A) (E; œ) 
means that for any given «e > 0, there exist a small number § = ô(e) > 0 and 
a large number N = Nie > 0 such that | f/g | < e fhenever | £y — ér | <8 
(k=—1,:::,n) and A>WN. In an analogous manner we may define 
f—0(g), f—g as (@3A)->(E; ©). | 

As a convention we assume that any statement involving index i or k 
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is true for all à, k == 1,;-+,n. Thus, for example, fx; — 0 represents not - 
a single equation but a system of simultaneous equations f(s; À) = 0 
(k=1,: n). 


8. Statement of theorems.. For convenience we shall say that f(x; À) 
belongs to the class C? with parameter À if f, fr, fi are continuous functions 
with respect to the variables æ and A. 


THEOREM 1. Let f(x;A) eC? for ce R with parameter À such that 

(i) for every large à the function f(x; À) attains an absolute maximum 
at an interior point 2(A) = (ti(À),: °° :,m(ÀA)) of R, so that fr== Q, 
Hy[—f] > 0 at,c—2(A), where &(À) tends to an interior point £ of R 
as h->05 | 

(ii) for À large Hi{—f] > 0 hold throughout R; 

(iii) for (z; à)—>($; ©) we have falz; À) ~ filé; À), Hr[— fl 
and log Ha[— f] = 0(Hi[—f]/Heal[—f]), where H.[—f] =1. 
Then for À —o we have 


(1) J. $ f exp f(@3A)da,- ` + da, 
~ exp[f(ai(A),* * +, mm (À) 3A) ] ((27)"/Hal— F(E; DD. 


Note that the right-hand side of (1) does not involve R. As a matter 
of fact, our proof of Theorem 1 depends essentially on an asymptotic inves- 
tigation of the integral in a small neighbourhood of (A) or of a= é. 
Thus obviously the domain of integration R may be replaced by a larger 
domain D, provided that 


(iv) for À large we have l.u. b. f(y1,° © +, Yn; À) S g.l. b. fey: * *, En; À) 
in which ceR, y= (y, ``, Un) ED —R, where R may be an arbitrary 
small domain containing È but fixed. 


Moreover by an application of the mean value theorem for the integral 
. calculus we easily establish the following 


THEOREM 2 If p(x) is absolutely integrable over a finite domain D, 
if f(x; À) satisfies all the hypotheses of Theorem 1 together with (iv) in 
which R is a fixed neighbourhood of & and if d(x) is continuous at x —£ 
with @(&) 540, then we have 


(2) sf, | f p(z)exp f(x; À)dz; + > + dat, 
~ exp[f (2 (A) 31) 18 (£) ( (2) "/Hal— f (E54) 1) #. 
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Evidently when n — 1 condition (iii) reduces to the following 
(ii): Pas (T3 À) ~ Paw (é; À), — flos(T3 À) >œ as (TA) (É; œ). 


This condition is automatically satisfied for the simplest case f(x; À) — Ah (x) 
with W (£) = 0, k” (£) <0. Thus it is clear that the 1-dimensional case of 
Theorem 2 is actually a direct generalization of the classical Laplace theorem 
for an asymptotic integral (see [1; 277-280], [3; 78]). Similarly it is also 
easily seen that Lemma 1 of [5; 624] is implied by our Theorem 1 by taking 
F(T © En À) == AG (ts, * + +, Tn). 


4, Proof of theorems. The following Lemma 1 will play an important 
rôle in our proof of Theorem 1: 


Lemma 1. Let A = [ax] be a symmetrical matrix of the definite form 
LAL = Santa in n variables. Then 


(8) cde? = (na Ay) (May + Ara Pana H © © + Ant 2)? 


where x denotes the transposed of x, and Ap = 1, As = au, 


ir ». . . Qik 
(4) bel nb OSESE n). 
Gi ask 


The explicit formula (3) is actually a direct consequence of Darboux’s 
reduction of quadratic forms [4; 191-192]. It may also be proved by repeated 
application of Lagrange’s reduction and by induction. The detailed proof 
will be omitted here. | 

In what follows we shall say that a hypersurface defined by 
z==f(a,,---,%) for ee R is concave downward in R, if the second order 
directional derivative of f is negative definite throughout R. 


Lemma 2. Let f(a:,--+,%n5A)' satisfy hypotheses (i) and (ii) of 
Theorem 1. Then for every fixed large À the hypersurface represented by 
g==f(z3A) is concave downward in R and attains tts highest point at 

== æ(À). 


Let us take an arbitrary line of the euclidean n-space, say T'(9,,...,¢n). 
passing through a point (2,°,- + -,æ,°) of R and having directional cosines 
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cos 61," * *, cos On, where 6; is the angle made by T and the 2;-axis, so that 
3 cos? 8, — 1 and the equation of T may be written as 


(£1 — 21°) /cos 6; = (L2 — 22°) /c0S b2 = + = (Ln — En?) /COS On. 


It is immediately found that the first and second directional derivatives 


of 2==f(2," * *, En; À) with respect to the direction Tọ are as follows 
(5) 0f/0To = > fr cos Ox, 8f/0T 5? = > D fix cos 6; cos Or- 
kal 4=1 k=1 


Obviously we may express 0?//01',? — yHy’, where H = [fix], Y = (41,° * * , Yn) 
= (cos ĝa, * *, COS Ôn), and y = {y:,' ` +, Yny is the transposed of y. Hence 
applying Lemma 1 with ai == fa and using hypothesis (ii) we get 

(6) PF/0To® — yHy < 0, 

for every large A, say À > M. Our lemma thus follows from (i) and (6). 


Proof of Theorem 1. Let us now keep A(> M) fixed and denote 


J . + f api; naR 
= fo S atenat S -o f exp ft; dde 0) +10), 


where U is a neighbourhood of #(A) = (£1 (ÀA),* - *,@n(A)) whose volume 
depends on À, R—-U denotes the complementary region of U with respect 
to the whole domain R. For convenience, we take U = Uie) to be a hypercube 
having the variable length 2e{A) on each side and containing æ(A) as its 
centre. By Taylor’s formula with remainder we have 
(7) | 

JON = L,(A)exp [—f(#1(A),* 7,2 (À) 5 )] 


=f fexpla Sfo o Xas MG — a) aN] 


X dtr + da, 
where 


(8) | Zr — an (A)| < | tr —ar(a)| Se(A). 


Since all X; depend on « we may write Y,=-X;(c). Moreover for 
fixed x we denote 


(9) Er — (À) = Un —Ffie(X1,°°°,Xn5A) = Dix, [ba] =B. 
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Then the integral J(A) may be written as 


eA) en) 
(10) J(À) =f rX f exp (— $uBu’)du,-: - - dun, 
íg ER) —eQ) 


where u = (w,° + `, Un) and wW = fui,” ` +, Un}. 
For asymptotic evaluation of J (A) we need the following 


LEMMA 3. Let — fin (x(A) > À) = bik and [aix] =A. Then 
(11) lim (uBu)/(uAu’) = 1. 
uk—>0 


From condition (ii) it is clear that wAw’ is a positive definite form in n 
variables for À > M. On the other hand, we see that the functional elements 
of B are continuous at æ—æ(À), ie. biu =— fu(Xi(£) > *, Xn(x) 3 À) 
— — fin(@1(A),° © °, Lal ÀA); A) =a as s—s(à) or correspondingly 
u— (0,:--,0). Thus when u tends to (0,---,0) through any path, 
Say Ur = prt as t—> 0, px being constants not all zero, we always have 
lim (wBu’/uAu’) = lim (pBp’/pAp’) =1 where p= (p1, '`,pn) Our 
lemma is therefore proved. 

- Now suppose that we choose e in such.a way that e(A) — 0 as A>. 
Then from (8) and (9) it follows that u = (u1,: ` ©, un) — (0,: > -,0)} as 
À, so that by Lemma 3 we may write 


(12) uBu = uAw (1 + B(u)), 


where 8(u) —>0 as Ao. It is known that wAw’ can be reduced to the 
sum of n squares by means of a congruent linear transformation w = Tv 
with T'AT =I so that 


(13) uAw = 0T'ATY = vv! = > vx, 
: k=1 
where v = (v1,' * `,Un) and the Jacobian of the transformation is given 


by | 0(u)/a(v)| =[T| =| A]. 
Under the transformation T the neighbourhood U of w is transformed 
to a neighbourhood V of v. Set 


(14) M (2) — max {8(u)},_ m(«) — min (8(u)}. 
Clearly from (10), (12), (18) and (14) we have 
TO) SA S + 2: S expl(— 4 + Odos: + dog — IQ), 
(15) 
IELA S++» f expl— sw (1 + M) - - doy = JQ), 


“10 
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where vz? can be written explicitly by means of Lemma 1, viz. 
(16) Vr = (Ara Ar) (Arður Hoop An + n)? 
What we shall show next is that there is a positive valued aon e(A) 
satisfying the following conditions: 
I) lim e(A) = 0 as A> 0; 


II) the integration limits (upper and lower limits) for each v of J 
or J tend to to as A>0; 
HI) - lim (Z(A)/L(A)) =0 as À 0. 


We are now going to construct such a suitable «(A)-function. For every fixed 
À > M and fixed ze R, let us denote 


LEA BEA .:, Alf 
OD) nes) min RE, He Rn 
where H,[— fy ==1. Then our e(A)-function may simply be defined as 
follows 





— g (L8 H[f (aA), °° POI 
s : ee ( e(z (à), : © 5 @n(A) 5 À) 7 
where K, is a suitable positive number. 

It is clear`that the «(A)-function just defined satisfies condition I) 
by our hypothesis (iii) that log Ha[— f] =0(H,[—f]/Hial—f]) as 
(&; A) — (£; ©). For verification of II) one needs only to substitute 
He(à) for ws on the right-hand side of (16), e.g. if ur = (A), 


Urner = ` ` ` = Un = 0, then by (17), (18) and hypothesis (iii) we have 
= (Apr < Ay) -2( A, Me (A) )? 
(19) = eh) Bi fe; N/E Fela); A] 


> Kie(A)2n(2(a) 3A) = Ko? Ki log Ha[— f (2 (A); A)] =, 


as 4—>0o, where K, is a certain positive number (= 1) implied by (17). 
This shows that the range of | v,| tends to infinity with A. Note that our 
previous linear transformation T is non-singular and leaves the convexity of 
the domain Ue invariant. It is clear that the corresponding dornain 
V (= Ve) of v will have no finite boundary or definite bounds as À->co, 
i.e. the integration limits for each v will become “co as Ao. Thus 
by noticing m (e) — 0, M (e) — 0 ,as A—>œ) and making use of the complete ` 
probability integral, we easily obtain (cf. [5; 626]) 


lim | A [2J(aA) = dim | A BJA) = f he f exp(—dov")do, » + duy = (2), 
A> © A> 0 -% © 
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From (15), (7} and by hypothesis (iii) (ie. fix(@3A)~ fix(€5A) as 
(£; à) — (€; 0©)) we may therefore infer that 


T,(A)~ explf(e (à), + +, @n(A) 5a) ] | 4 |B (2r)* 
(20) | 
~ exp[f (w(A) ; A] ((27)"/Ha[— F (é; A) 17%. 


Finally we have to verify condition III). Recall that the hypersurface 
z == f(x; À) (for fixed À > M) defined on RÈ is concave downward (by Lemma 
2) and that U is a neighbourhood of æ(A). Hence it is clear that in the 
complementary region R— Ọ the function f(x; À) can reach its absolute 
maximum only on the boundary of U. Denote by U the boundary of U 
and by || À | the volume of R. Let h(à) denote the maximum or the least 
upper bound of exp f(z; À) as æ varies over Ü. Obviously we have 


(21) LA) S| Ria). 


Since U is a hypercube of side-length 2«(A) containing the point 
L(A) = (T1 (À); © +,@n(A)) as its centre, we see that every point of U 
may be written in the form 


(22) 2 = (a (A) + yr ef), + +, @n(A) + yn €(A)), 


where | y| S1 (i= 1,---,m) and | yg | = 1 for at least one k (1 S k Sn). 
Now suppose that 2° is a point at which expf(z;A) takes the maximum 
h(A). We may write (cf. (7) and (8)). f 


(28) RG) —eplf (AIN) HES Š faln Xay], 


where | Xe — Tr(A)| < -ye*«(A) — 0 with e Hence using Lemmas 3 and 1, 
we have, for À large (cf. (16)), | f 


SS Sjal + S Bia) Aym 


451 k=1 


(24) 
= yAy = Ý (Arad - Ay) (Ary + + 40 yn)? > 0. 
k=1 


.Note that y,’s aze constants not all zero. If y, Æ 0, then the positive definite 
form yAy’ contains the term (An ™/Ag1®) 42 = (Ba [—f]/Haal—f]) Yn. 
Similarly if yra ==" ` ‘== yn = 0 but y Æ 0, then y4y contains the positive 
term (Hi[—f]/Hial—f]) + yx. Hence from (24) and (17) we see that 
in any case we have a positive constant, say Ka > 0, such that 
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(25) ES RU: Vo Ein RE), 


k=1 


a 
B 


when À is large. Thus by (20), (21), (23), (25) and (18) we have 


(26) 
0 <1Z,(A)/L{(à) Ne 
< Ka | B -A [*/(2r)" exp [BE $ falo t X05 Aron] 
< Ka | A [bexp[— 4a e(a)?- (x(a) 5A)] 
=K; | A |b exp(— 4 Ke: Ko? log Hel—f(2(a) 34) ]} 
= Ky | A [HE F (2 (a) 3) RER 
= LUE (QT RS, 


where Ks, K4 are certain positive numbers. Since the positive constant Ky 
of (18) can be chosen freely, we may assume that K,*K,>1. Hence the 
expression (26) leads at once to the conclusion that I,(A)/I,(A) 30 as 
A-—>0. Our Theorem 1 is therefore completely proved by (20) and IIT). 


Proof of Theorem 2. Evidently the domain of integration R in the 
formula (1) can be replaced by D, if hypothesis (iv) is added. For we need 
only replace || À || by | D | in (21). Now let W denote an arbitrary small 
region (neighbourhood) of a= é. Let J,(A), J2(A) denote n-tiple integrals 
of [p(x) —¢(é)] expf(z;A) taken over the domains W and D--W 
respectively. We may express 


So So @ apte dn: des — OA) EAA) +70, 


where I(A) is defined as in § 1 (save that now the domain R is replaced by D). 
Since ¢(x) is continuous at v =£ the difference | (x) —¢(é)| may be 
made as small as we like, provided that W is sufficiently small. Thus the 
First Mean Value Theorem for integrals shows at once that Ji (à) == 0(Z(A)). 
Denote by h(A) the maximum of exp f(x; A) as a varies. over the boundary 
of W. Clearly we have 


Ti) SRO) So OER TOLO 


which now replaces (21). Thus the same calculation as that of (26) shows 
that J2(A) = 0(L,(A)), J2(A) =o ($ (E)I (à)) and this completes the proof 
of Theorem 2. 
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5. Simple consequences and discussion. It is clear that in applying 
the asymptotic formulas (1) and (2) we need first determine the functional 
solution (a,(A),-+*,@n(A)) of the simultaneous equations f;,(21,+- >, En; A) = 0 
for large À. In case we require only the approximate values of &(A)’s, we 
may obtain them directly by solving fr(æ1,° * `, 8n; A) —0 for some fixed 
large A. Generally speaking, it is not necessarily true that (f(2(A);A) 
—f(é;A)) —0 as A, so that we must not replace exp f(x(A);A) by 
exp f(é;) in our formulas (1) and (2), unless some further condition is 
imposed. 

For n = 2 our Theorems 1 and 2 reduce to the case of double integrals. 
In such a case the conditions (ii) and (iii) are equivalent to the following 

(ii)? Ay = —fir (a, %3A) > 0, A= fufa — f > 0 hold in R, 
where Ay, Ag—>0 ds (ti, do) —> (Ei, &) and À; ` 

(ii)? log âs = 0(A1), log As = 0 (43/41), fis (2u Te; À) fis (Én 625 À) 
as (Tu, T2) > (é, &) and A>. | 


And the formula (1) becomes 


, eau C) apina), 4200) 5) | 
(1) SiS exp Fes me dd {fu(&, £23 Afro és $z; A) = filés é; NO 


As an application of Theorem 1, we now consider multiple integrals of 
the form 


GA) = f+ f eplag(es + +5050) Jd + + den 


where g(x; À) is a bounded function for À large and belongs to C? for we R. 
If furthermore g(s; A) satisfies the following conditions: 


(a) for every large À the function g(x; A) assumes an absolute maximum 
at an interior point (1) == (&i(à), : ` `, (à) of R, where (xi(à), : © +, u(A)) 
tends to an interior point é as A>; 

(b) Hy[—g(#;a)] >c > 0 hold in R for À large; 

(c) gi (%3A) ~ gix(E3A) as (s; À) — (£; ©), 
then obviously Theorem 1 is applicable and we have 


” — (exp g (Ta (A), * `> En (A) 5A) )^ fm \%? 
a eee (a) 
For it is quite clear that. in our present case the conditions H3[— f] > 
and log Ha[— f] —0o(Hif—fl/Hr:l— fl) are automatically satisfied with 
f—=Ag(#;A). Concrete examples are easily found for illustrating the use 
of formula (1)”. 
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I wish to express my hearty thanks to the referee for valuable comments 
and suggestions. Finally I have to mention that the analytical method 
adopted here is almost the same as that already developed in my paper [6], 
but the results presented in this paper seem much more general than those 
contained in [6]. Í 


Kine’s COLLEGE, ABERDEEN, SCOTLAND. 
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THE NUMBER OF L?-SOLUTIONS OF x” + g(t}x = 0." 


By PHILIP Harrman.* 


1. Let g—q({t) be a real-valued continuous function for 0 St < œ. 
The differential equation 


(1) z” +. ga = 0 


and a homogeneous boundary condition at {0 determine a self-adjoint 
boundary value problem if and only if (1) is of the Grenzpunkt type, that 
is, if and only if the number of linearly independent solutions of class 
L? == L?(0,%) is less than 2; cf. [8]. This paper is principally concerned 
with conditions on q which are sufficient to assure that (1) is of Grenzpunkt 
type. 
Let N(t) denote the number of zeros on the interval (0,4) of a non- 
trivial solution of (1); so that, up to an additive correction —1, 0 or 1, 
the integer N(¢) is independent of the choice of the particular solution of 
(1) determining V(t). It was shown in [4] that a sufficient condition for 
(1) to be of Grenzpunkt type is that 


(2) lim inf N(t)/? <œ. 
t->% 
It was also shown that, if g*(¢) == max (q(t), 0), then 
| t 
(3) WH) S(t f rod) +00, 
0 
as t->0. Thus, (2) holds if 
t . 
(4) f r@a—0), 
as t —>œ%, and so, in particular, if | 
(5) | a(t) <0 


holds for large values of t and some constant C. 


* Received October 14, 1950. 
1 John Simon Guggenheim Memorial Foundation Fellow, on leave of absence from 
The Johns Hopkins University. 
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The sufficiency of (5) was also obtained in [7]. The sufficient condition 
(5) was generalized to the conditions 


(6) a) SO) 
and 
(7) fo, 


where Q(t) > 0 is a function subject either to the condition that 

(8) Q(t) satisfies a uniform Lipschitz condition 

for large ¢, say, const. S <œ (cf. [5,] [6]) or to the condition that 
(9) Q(t) is monotone for large t 


(cf. [61). [In [5], a differential equation more general than (1) is con- 
sidered; the corresponding assumptions reduce to (6), (7), (8) and (9), 
but the hypothesis (9) is not used in the proof.] The methods in [5], [6] 
are adaptations of those first used in [9] for the case Q(t) — const. and then 
in [8] for the cases where the sign of equality holds in (6). 
The generalizations of (5) to (6), (7) do not imply the sufficiency of 
(2), or even that of (4). It would, therefore, be of interest to obtain 
sufficient criteria involving N(¢), which would include those involving (2), 
“hence (4), and (6), (7). 


2. In this direction, a first guess might be that the ¢, whose square 
occurs in (2), can be replaced by a smooth monotone Q(t) satisfying (7) 
(at least when liminf is replaced by limsup). However, this is not the 
case as is shown by the example g(t) =? log®*#6, where O< et}. It is 
easily seen that the corresponding differential equation (1) is not of Grenz- 
punkt type. For, by known asymptotic formulae (cf. [10]), every solution 
x(t) satisfies the estimate x(t) — O(t4 log**t) and is therefore of class L*, 


t 
since e> 0. But rN (t) ~ f dé(s)ds ~ const. t? log**** t, cf. [2]; hence, 
lim sup V(t) /Q?(t) <œ, where Q(t) = t logi" t 
t-> 0 
satisfies (7) if e <4. 


3. The general criteria for (1) to be of Grenzpunkt type, to be proved 
‘below, are contained in the following assertion (and its proof) : 
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(I) The differential equation (1) is of Grenzpunkt type if there exists 
a positive continuous function Q(t) defined for large positive t, of bounded 
variation (on finite intervals) and satisfying 


(10) timsup {2 f Q*(s)ds— f Q-(s)aN(s) — Qi) 


-f | 49"(s)|} =o. 


The proof of (I) starts with a device employed in [4]. Let s= s(t) 
and z = y(t) be two linearly independent solutions of (1) normalized by the 
Wronskian condition y's — yx’ — 1 and let 6(t) be the continuous function 
defined by 


(11) O(t) —arctany(t)/z(t), | 0(0)| <a. 
Then @’(¢) = (2?(t) + 9°(t))+ > 0. The differential equation (1) is of 


Grenzpunkt type if and only if at least one of the functions x(t), y(t) is not 
of class L’, that is, if and only if 


(12) f dt/# (t) =o. 


The inequality 1 = pp* S $p° + gp", when applied to p = (0 (t)/Q)}, 
gives f 


(13) 1/8 = 2/0 —0'/Q°; 
so that 
z t t 
(14) f ds/@’ (s) =? f Qr(s)ds— f Q (s) 6’ (s)ds, 


if a is sufficiently large and a < t. The last integral can be integrated by 
parts: 


t t 
(15) — f OO s)ds=— oQ) agla) + S oag). 
Since the zeros of w(t), y(t) separate each other, it is clear that 


(16) | | 0(¢) — rN (t)| Sa. 


Hence the right hand side of (15) is minorized by times 
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(17) —N(H)Q®() + N(a)Q (a) 


+ f voae) — 926 —%(@) f laget), 


a 
which can be contracted into 


t 


(18) — f gant) — 04) —07(@) — f ag) 


Consequently, 


at f ds/6’(s) = w f Q aan 


— f oan (a) 97H) —9*(@) — S age. 


(If Q(s) is replaced by rQ(s) and if the last inequality is multiplied by 9, 
the factor 7+ is removed from the first term on the right hand side.) If « 
is fixed and t>, then (10) implies (12), and so the assertion (I) follows. 


4. Some corollaries of (I), and its proof, will now be deduced. For 
example, to show that (2) is sufficient for (1) to be of Grenapunkt type, 
let « = t and Q(t) = t/s, where e > 0 is fixed. Then (14) becomes 


f ds/0' (s) = 2e log 2 — (4eèt-?) (O(t) —0(#/2)). 
dt 


Since e > 0 is arbitrary, it is clear from (16) that if 

(2’) i lim inf {N (t) — N(4t)}/#? <0, 
i> w 

then 


t 
lim sup f ds/#’(s) > 0, 
t-> co t 


and so (12) holds. Hence (2), or even (2’), is sufficient. 


In the same manner, by replacing Q(t) by 1/e and a by é—1 in (14), 
one proves the following: 
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COROLLARY 1. The equation (1) is of the Grenzpunkt type tf 
lim inf {N(¢) —N(t—1)} <o; 
t>o š 


for instance, if q(t) S const. holds on t-intervals which tend to c and are 
of length 1. i 


5. It will be seen below (cf. the Lemma, § 7) that the proof of the 
following assertion implies that (6), (7), (9) are sufficient for (2) to be of 
the Grenzpunkt type. 


COROLLARY 2. Let Q(t) > 0 be defined for large t and satisfy (T) and 
(9). Then the assumption 


(19) N(t)< f Q(s)ds for large t, 


hence, in particular, the assumption 


t ` t 
(20) f eosa f oa. 
is a sufficient condition in order that (1) be of Grenzpunkt type. 


As an application of ROUES 2, let Q(t) be a constant multiple of 
tlogt. Then 
(27) N(t) =O(F log #), 


or, more particularly, 


act 
@ © fird = 0(¢* tog? 0), 
assures that (1) is of Grenzpunkt type. °° 


In the proof of Corollary 2, it is sufficient to consider (19), since (19) 
is a consequence of (20), by (3) (as the function Q(s) in (19) can be a 
multiple of thas in (20), to account for the O(1) term in (3)). In order 
that the proof include the case when (6), (7), (9) is assumed (cf. the Lemma, 
§ 7, below), Corollary 2 will be proved with (19) relaxed to 


t 
(21) N(O)S f Q(s)ds + C log Q(t) for large t. 


(Actually, the log Q can be improved to Q?*). In view of Corollary 1, it can 
be assumed that Q(s) is non-decreasing. 
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In order to apply (I), let the function Q(s) occurring in (10) ae the 
function Q(s) in (21). If the second integral in the expression {...} in 
(10) is integrated by parts (cf. (17) and (18)), it is seen from dQ- ae =0 
that {...} is not increased if N (t) is replaced by a majorant, say the function 
on the right-hand side of (21). Hence, {...} in (10) is not less than 


2 f e()a— fe (ds—C f Qta) 
— Q(t) —2 f O(8)4Q(s), 
which is f Q-*(s)ds + 4CQ-?(¢) + const. Hence, (10) follows from (7). 


6. The fact that (6), (7) and (8) imply that (1) is of Grenzpunkt 
type is contained in the Lemma of § 7, below, and in the following assertion: 

COROLLARY 8. Let Q(t) > 0 be defined for large t and satisfy (7) and 
(8). If, in addition, Q(t) has the property that 


(22) f Q(s)ds=1 


whenever t = u, v are successive zeros of some (£0) solution of (1), then 
(1) is of the Grenzpumkt type. 


It is clear that (19) is a consequence of the condition involving (22), 
but not conversely. In the proof of Corollary 3, it can be supposed that 
Q(t) does not tend to 0, as £ —co ; for otherwise N (t) — o(t), and so (1) is 


Grenzpunkt type. Similarly, it can be supposed that f Q(s)ds = œ. Let 


tı < ta <- - be an unbounded sequence of t-values such that 
tk 
(23) = f Q(s)ds<1 
tk- 
and 
. (24) lim inf Q? (t) < co. 
` k— © 


By virtue of the second inequality in (23), the hypothesis on Q (s) implies 
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tk 
(25) f aN (s) £ 2. 
tea 
The assumption (8), which is equivalent to the existence of a constant C > 0 
satisfying 


- (26) Q-*(s)| dQ (s)| S Cds 


in the sense of Stieltjes’ integration, shows that 


tk tk 
og QOS OLIO IOLE 
tka trs 
if haSu<vS.t Hence, if Q(u,) and Q(v,) are the minimum and 
maximum values, respectively, of Q(t) for tr: S tS ty, then there exists a 
constant K satisfying 


(27) Q (0%) /Q (ux) SK. 


In order to apply (I), let the function Q(s) in (10) be 1/e times the 
function Q(s) occurring in (22), where «> 0 is a constant to be specified 
below, and let t= tx. Then, by virtue (25), the expression {...} in (10) 
is minorized by 

tk 


2e f ds — 2e 3 Qeu) — (te) —e f agea). 
By the first inequality in (23), 


ty ty 
Q (uj) S2Q-*(u) Q(s)ds; hence Q-*(u)) S2K* f Q4(s)ds 
tja tj- 
tk tk 
by (27). Also, (26) implies that f | dQ-*(s)| £20 f Q-1(s)ds.- Thus, 
the expression {...} in (10) is minorized by 
tk 


e(2 — 4eK? — 20) f Q- (s) ds — êQ- (ty). 


Consequently, if e > 0 is sufficiently small, (10) follows from (7) and (24). 
This proves Corollary 3. 


7. In this section, there will be proved a lemma which is of interest 
in itself and which shows that Corollary 2 (or 3) implies the sufficiency of 
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(6), (7) and (9) (or (8)). This lemma resulted from a discussion which 
the author had with Professor Wintner. It furnishes a simple proof of the 
asymptotic formula for N(¢) given in [2]. 


Lemma. Let Q(t) > 0 be a continuous function of bounded variation 
on the interval OStST and let n be the number of zeros of a solution 


z = z(t) 0 of 
(28) a’ + Qz =0. 


Then there exists a number r satisfying | r | Sr and 


T T 
(29) m= È Q(sds+5( f 06l). 


In order to prove the Lemma, let 0 — 0 (t) be the continuous function 
defined by 
(30) 0 (t) = arc tan (Qz/2’), LaO S vr. 


Since Q > 0 and since 8(t) increases at the t-values where z(t) = 0, it is 
clear that 
(31) [O(T)— mn | Sz. 
From (30), 
dO — (2? + Q22*)*(Q (7? — 22") dt + 27 dQ}. 


But z” = — Q?z, so that 
d9 — Qdt +. (2? + Q?2*)*(Qax’) Q-1d0. 
Since | Qzz’ | S 4(7° + Q’z*), the Lemma follows from (31). 


8. Although more general criteria for (1) to be of Grenzpunkt type 
result from the methods employed above, than from the method initiated in 
[9], the latter has the advantage of providing information about the L?- 
character of the derivative x(t) of a solution s = s(t) of (1) which is of 
class L?. For example, it was proved in [9] that if q(t) = const. and a(t) 
is of class LZ? and a solution of (1), then 2’(t) is of class L?. A variant of 
this theorem will be obtained for the case that g(t) is “nearly” a constant. 


(II) Let q(t), Q(t) be real-valued continuous functions for 0 S t < œ. 
In addition, let Q(t) satisfy (8), 


(32) | Q(t) = const. > 0 
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and 
(38) If adsl SO. 


Let x = x(t) be of class L? and a solution of 


(34) a’ + (A+ ge =o, 
where À is a constant. Then z’ (t)/Q(t) is of class L*. 


It may be mentioned that, by using a device similar to that in [6], the 
assumption (8) in (II) can be replaced by (9) if, in the conclusion, 
z (t)/Q (2t) replaces z’ (t)/Q (6). 

The use of (II) shortens the proof of a theorem in [1] which states 
that if ; 


i t ‘ 
(35) lim sup f | g(s)| ds/log t = Ac < © (ro = 0), 
P to © 


then (34) cannot possess a (340) solution of class L? when A > à» For 
suppose that (34) possesses a solution s = s(t) £0 of class L?, then, by 
(II), the function 2’/log t, as well as z/log t, is of class Z?. On the other 
hand, if A > 0, it follows that 


| (22 + a”?/d)’| = | —- 2qaa’/r | S (2? + 2?/d)| g 1/À; 
so that HORES Co 


i € 
x? + à°?/1 = const. exp (— f | g(s)| ds/a4), oe 
. ig . 
where const. > 0. This leads to a contradiction in view of (35) and A> ào: 
9. In order to prove (II), let (84) be multiplied by s == g(t). The 


resulting equation can be written in the form a’? = (sg). + Az? + qr”. | 
Hence i ; ts 


(36) fenya sif (22")’Q-*ds + if z°Q?ds + f qQ"?x°ds. 


After an integration by parts, the’ first integral on the right-hand side of 
(86) becomes . . 


t 
aQ f 2020. 
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The assumption (8), that is, (26), means that the last integral is 


(37) of [aQ | ds) = 01) f sas) f (2/Q)*ds)8, 


by Schwarz’s inequality. Thus the assumption (32) shows that, as #00, 


t t 


(38) (a7)'Q5— (| a2! |) + 0( f (w/Q)*ds) + 0(1). 


The relation (32) also shows that 


(39) à f egas — 0(1), 


as t->œ. If I==I(t) denotes the integral whose absolute value occurs in 
(33), then the last integral in (36) is 


t t 
Ieg lot —9 f Laa’Q?ds +R f Ix?QdQ. 
A 0 


By (26), (32) and (33), this expression is 


t t 
O(a!) +0( f | a'Q+| ds) + O( f 2s); 
hence, by (37), ° j 


(40) f 20-25 =o) + 0( f (#/Q)as)4 + 0(1). 


Consequently, (86), (38), (89) and (40) give 
J te 7aytas — 0( ar | +0) + 0( S (702 


Thus the assertion (IT) follows if it is ascertained that 
(41) lim inf (| x | + 2?) <o. 
teow 
The relation (41) clear holds if s(t) possesses an infinity of zeros (which 


then necessarily tend to œ). Thus it can be supposed that s(t) >0 for 
large t. It can also be supposed that x(t) is monotone for large ¢, otherwise 
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the fact that x(t) is of class L? implies that æ(#) has a sequence of local 
minima «(t,) satisfying z’ (tn) = 0, s(t) — 0 and t,->0, as no. In 
which case, (41) holds. But the monotony of s(t) means that 


t t t : 
f deltas] f avds]+ f edm getoa) 


has a finite limit inferior, as £—>co. Hence (41) holds in any case. This 
proves (II). 


PARIS, FRANCE. 
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ON BOUNDED GREEN’S KERNELS FOR SECOND ORDER LINEAR 
ORDINARY DIFFERENTIAL EQUATIONS.* 


By Paine Harrman.? 


1. Let g—q(t), where 0 Æ <oo, be a real-valued continuous func- 
tion satisfying 


(1) q(t) < ©, 
where C © 0 is a constant. Then the differential equation 
(2) a” + (A+g)e=0 


and a homogeneous boundary condition at t= 0 determine a self-adjoint 
boundary value problem in the Hilbert space L? = L?(0,0); [10], p. 238, 
Let the set § of A-values which are cluster points of the spectrum of such a 
boundary value problem be called the “essential spectrum” of (2). This 
terminology is justified by the fact that S is independent of the particular 
boundary condition which defines it; [10], p. 251. 

If A is a (real) value not in S, then (2) possesses a solution x = 2(¢)s#.0 
of a class L; [5]. It has been shown by Wintner [13] that such a solution, 
z(t), and its derivative, 2’(¢), are majorized by t” as t oo, for every n, and 
he has raised the question whether or not the estimate #4” can be replaced 
by an exponentially small one. This question has been answered in part by 
Putnam [9], who has shown that such an estimate exists if condition (1) 
is strengthened to | 
(3) [ a(t)| < 08 


and À is subject to the restriction that |à + g | = const. > 0 for large t. 
The object of this paper is to answer Wintner’s question (without any 
restrictive hypothesis) in the affirmative. 


(*) If q= q(t) is a continuous function on 0 Æ t <œ satisfying (1) 
and if À is a real number not in the essential spectrum of (2), then there 
exists a number e—e(À) > 0 and a solution x =z(t) of (2) satisfying 


(4) lim sup (2°? + 2?)eft <w; 
t> © 


* Received November 27, 1950. 
1 John Simon Guggenheim Memorial Foundation Fellow, on leave of absence from 
The Johns Hopkins University. 
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every solution of (2), s= y(t), linearly independent of w= z(t) satisfies 


(5) lim inf (y? + y/2)e* > 0. 
t-> 0 


It can be mentioned that (*) is false if the condition (1) is dropped; 
[7], p. 648. Also, the following converse of (*) is false ([4,], p. 860): 
If q satisfies (1}, or even (3), and if (2) possesses non-trivial solutions 
z= z(t), y(t) satisfying (4), (5), respectively, for some € > 0, then À is 
not in 8. 

As a corollary of the proof of (*), see (**) in $ 10 below, it will be 
seen that e is arbitrary in (4) and (5) if, for every A, the non-trivial solutions 
of (2) have only a finite number of zeros. 


2. In the proof of (*), it can obviously be supposed that 
(6) | Üi; 


It can also be supposed that À = 0 (for the addition of À to q translates S 
by — À) ; in this case, (2) reduces to 


(7) a” + qv —0. 
It is understood that only real-valued solutions of (7) occur below. 


Since A==0 is not in 8, the differential equation (7) possesses a non- 
trivial solution s = z(¢) of class L*; see [5]. Let s = y(t) be any solution 
of (2) which is linearly independent of v = z(t). Then the integral operator 
with the Green kernel G(s, t) = G (t, s) = 2(s)y(t) for OStSs<o is 
bounded in Z?; cf. [6]. That is to say, if g(t) is of class L? and 


(8) hom hig(t) =el) f agds +y) f 2(s)9(s)as, 


then A(t) is of class L? and 


Le] 


P «ao 
(9) f hds < M f g'ds, 
0 


0 
where M is a constant independent of g. 
If T > 0 and g = gr (t) is defined to be 0 or z(t) according as 0 S t ST 


or T <t<%, then h(t) =y (ż) f eds for 0S tS T. Hence (9) implies 
T 
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P % 
(10) ( f yds) ( f ads) <M 
0 T 
for 0< T<o. 
8. Itis clear from the statement of (*) that, without loss of generality, 
it can be supposed that 
(11) y(0) =0 or y (0) =0. 


If (7) is multiplied by v, and gg” is written in the form (22’)’ — g”, it is 
seen ([12], p. 9) that (11) and (1) imply 


T TT: 
J PESI) +0 f säs; 


while (1) implies that z’ (t) is of class L?, 27 —> 0 as fc, and 
f eiss —aT)z(T) +e f ds 
T T 


([12], p. 9). The last two inequalities are strengthened if C is replaced by 
RC, hence 


(12) 2 f yids = Y (T) —y(T)y (T)/40° 
and : 
(13) 2 f ds = Z(T) + 2(T)2 (T)/40, 
where . 


LI 


T 
(14) Y(T) =f (y? + (y//RC)?ds and Z(T) = f (2? + (7/8C)°)ds. 


T 


Since = y(t), z(t) are linearly independent solutions of (7), their 
Wronskian is a non-vanishing constant 


(15) yg —yr= w £0. 
Hence, by the Schwarz inequality, 


(16) ZY’ = (è + (2/20)°) (} + (/20)°) = w?/40° > 0. 
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Thus, (10), (12), (13) and (16) imply that the product P, (T, U)P.(T,U), 
where 


(17) P,(T, U) = (Y (T) —y(T)y (T)/40?)/77(0) 
and 
(18) P(T, U) = (Z(T) + 2(T)2 (LT) /407)/(— 2 (U)), 


is bounded from above for 0 < T,U <o. 


For the purpose of §9, Appendix, below, it can be mentioned that an 
upper bound for P,P, is (M) (4) (4C?/w?) ; cf. (10), (12), (13) and (16). 


4. The object of the remainder of the proof will be to appraise P,(T, U) 
from the above for a suitable choice of U—U(T). To this end, it will be 
convenient to appraise P,(T, U) from below. First, 


iy T 
P(T) —#(0) = f 2uy’ds S20 f (+ (/20)*)ds = 207 (T); 


so that, for sufficiently large T (since y is not of class L?), 


(19) y” (T) £ 9C¥ (T) /4 £ 30Y (T). 
Also 
T T 
(20) y?(T)—y°(0) = f 2y/y"ds—— f rquas 


As the case when (3), rather than (1), is assumed is quite simple from 
this point onward, the proof of (*) will first be indicated for this case. This 
will make clear the meaning of the computations to follow. By (3) and (20), 


T T 
(21) (TROY S Const. +3 Í | yy | ds S (80/4) f @ + 020s 


for sufficiently large T' (since y is not of class L?). Thus, (19) and (21) 
give Y’(T) = 8CY (T) for large T. Also, 
(22) | uy’/40? | S (y° + (y/2C)?) /40. 


Thus, by (19), (21) and (22), it follows that P:(T,T) is bounded from 
below, for large T, by 1/30 — 1/40 > 0. ° (This inequality was the reason 
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for replacing C by 2C' in the inequality preceding (12).) Consequently, 
P,(T,T) is bounded from above. The inequality (22), where y is replaced 
` by z, shows that Z(T)/(—2’(T)) is also bounded from above, say by 1/e. 
The proof can now be completed as in [9], pp. 146-147. The differential 
inequality for Z implies 


(23) | Z(T) S Ke? (K = const.) 


for 0ST <æ. Since z(%) = 0 ([12], p. 8), 


(24) 2 (T) —— f 222’ds S 2CZ (T), 

T 
(cf. formula proceeding (19)) and since z/(c) = 0 ([12], p. 13), 
(25) 2?” (T) = 4C*Z(T) 


(cf. (20) and (21)). Hence (4) follows from (23), (24) and (25). Then 
(5) follows from (15) and (16). This proves (*) for the case that (3) 
is assumed. 

For the purpose of $ 9, below, it can be mentioned that the number 1/e 
above is (M) (4) (4C?/w?) (1/3C — 1/40): +1/40C; cf. the end of $ 8 and 
the three sentences following (22). 


5. In the general case, where (1) is assumed, the estimates (21), (25) 
are not available for the derivatives y’(T), z (T). A substitute is furnished 
by a Tauberian type of argument adapted from [1]. 


Lemma. Let q — q(t) satisfy the conditions of (*), let s = s(t) x40 
be a solution of (7) and 2/CST <œ. If x’ (T) AD, let T* —T*(T) be 
defined as the largest (smallest) possible value satisfying both | T*—T|=2/C 
and av’ Z0 (S0) for TStST* (T* StST). Then 


(26) (TT) < 402? (T*). 


Proof of the Lemma. Consider the case va’ = 0 for T S t S T*. Since 
x and + cannot vanish simultaneously, xz’ changes sign at a zero of x. 
Hence x, and therefore, x’ do not change sign on the interval (T, T*). It can 
be supposed that «= 0 and x’ = 0 (otherwise x is replaced by — zx}. Thus 
0<a(t) Sa(T*) for T<tST*. By (7) and (1), it is seen that 
w(t) =— Cx(T*) or a’ (t) = — C*a(T*) (t—T) 4+ 2'(T). If (26) does 
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not hold, then 2’(t) > —Cx(T*)(t—T) + 20z(f*). The right-hand 
side of the last inequality is non-negative for TSÉé<T+2/C; so 
that, by definition, T*—T+2/C. Another integration shows that ' 
2(I*) > —Re(T*) + 42(T*), since «(T) 20. But this leads to the con- 
tradiction æ(T*) > 2%(T*) >0, and proves the Lemma for this case. 
The proof for the case av’ = 0 is similar. 


6. It will be convenient to simplify the factor P,(T, U) of the product 
P,P. It will be shown that 


(27) (Y(T)/Y’(U))P,(T, UV) is bounded from above 


for 0< T,U <%. To this end, the linear transformation g — h in (8) will 
be reconsidered. For an arbitrary g of class L*, the function h possesses a 
derivative 


(28) w= a(t) f uod tre f 2(s)9(s) as, 
0 t 


which is absolutely continuous. The second derivative of h satisfies (almost 
everywhere) the inhomogeneous differential equation 


h” +- qh = wg, 


where w is the Wronskian constant (15). Furthermore, 4(0) —0 or 
© W (0) =0 by (8) or’ (28) and (11); also, hh’ —> 0 as £—>00 ; and so 


frosef ratio) f | gh | de 
0 0 0 


({12], p. 9; cf. the derivation of the inequality preceding (12)). Conse- 
quently, (9) implies that the linear transformation, g > h’ is bounded, 


0 


(29) f Wass (CM + | w | MB) f sas. 
o 


o 


If the function g==.gr(t) is chosen as in the derivation of (10), it is seen 
that 


T o 
(30) Cf yeas) f as) S 0M + | w | 
0 T 


Hence, (27) follows from (10), (30), (13) and (16). 
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For the purposes of § 10, Appendix, below, it can be mentioned that an 
upper bound for the function in (27) is (2M + | w | M3C-*) .2.(40?/w?), 


7. The Lemma and the inequality (19) show that if T22/C, then 
either y’ (T) =0 or (y (T)/20)° S 8CY (T*). Since Y(T) is increasing 
and T* S T + 2/0, it follows that (y (T)/2C)? < 3CY (T + 2/C) in either 
case. Also, by (19) for sufficiently large T, y- (T) = 8CY(T) < 8CY(T + 2/0). 
Consequently, Y (T + 2/C)/Y'(T) is bounded below by 1/60 for large T- 
values. Hence, by (27), the function P,(T + 2/C,7) is bounded from 
above, say by a. 

For the purposes of § 10, below, it can be mentioned that « can be chosen 
to be (2M + | w | M10) (2) (4C?/w?) (6C); cf. the end of §6. 

The inequality (22), in which y is replaced by z, gives | 22’/4C0? | 
S — 7/40. Thus, by the definition of P,(T, U), it follows that Z satisfies 
the functional-differential inequality 


(31) Z(T + 2/0) + 2'(T +2/0)/40 S — aZ (T) 


for 0 < FT <œ. It will be shown that (31), together with the inequalities 

Z = 0, Z & 0 imply the existence of constants e > 0, K satisfying (23). 
Let 0S U <T and let (31) be integrated, with respect to T, over the 

interval [U, T]. One obtains 


T 
aZ(T) + Z(T + 2/0)/40 £ aZ(U) + Z(U + 2/0)/40-— f 2(s +2/C)ds. 
By the monotony of Z(T), 


T 
(a + 1/40)Z(T + 2/0) S (a + 1/40)Z(0) — f Z(s + 2/0)ds. 
U 


If the abbreviations 
(32) a + 1/40 = 1/8 and 2/0 =è 


are introduced, the last inequality can be written in the form 
T 
Z(T +5) <Z(U) —B8 fu -+ 8) ds. 
; U 
If [U, T] becomes [T, T + 8], then Z(T + 28) = Z (T) — BÈZ(T + 28), 


by virtue of the monotony of Z. The last inequality is equivalent to 
Z(T + 28) S Z(T)(1 +88)". For a non-negative integer n, let T = 2nô. 
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Then Z(2n8 + 28) = Z(Rnô) (1+ B8)-*; so that, by induction, Z(2nd) 
< Z(0) (1+ 85)" for n=0,1,---. Hence, the monotony of Z implies 
(23) for OST <œ, where K =Z (0) (1+ 88) and 


(33) ’ e= (1/28)log(1-+ 88) > 0. 
Consequently, (23) and (24) show that 
2(L) S2CKe? 


for0=T <æ. By the Lemma, if T = 2/0, then either 7 (T) — 0 or (26) 
holds. But since T* = T — 2/0, one has 


22(T) Z (8C*Ke/C) eT 


in either case. Hence (4) holds, while (5) is a consequence of (16) and (6). 
This completes the proof of (*). 


8. Remark. When (3) is assumed, one can show that, not only does 
(4) and (5) hold but, also there exists an ņ > 0 satisfying 


(34) lim inf (2? + 22)ent > 0 and lim sup (y? + y?) <o. 
ton too 
Thus, for large t, 
ent < 22 + gl? < eet and ect < y? -+ y’? < gnt 


for suitably chosen positive e and y. 


The relations (34) are known ([11], p. 391) and do not depend on 
the assumption that À is not in S. They also are a consequence of the fact 
_ that ¥(T)/Y’(T) is bounded from below for large T (cf. (19) and (21)). 

The relations (34) need not hold if (3) is relaxed to (1) ; cf. $ 10, below. 
This is shown by the example in which q(t) == 2 — 4t?. Since q(t) > —c0, 
as t—>œ, the set S is empty; [10], p. 238. On the other hand, the case 
à= 0 of (2), that is, (7) has the solution «= z(t) = exp(—?#?). Hence, 
the first relation in (34) is violated for every 7. In particular, ¥(T)/Y’(T) 
cannot be bounded from below for large T, although if C is chosen to be 2, 
then Y(T +1)/Y’(T) is (cf. § 7, above). 
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Appendix. 


9. The essential spectrum g is a closed set; so that, its complement is 
an open set. The intervals on the real A-axis occurring in the canonical 
decomposition of this open set will be called the gaps in the essential spectrum 
of (2). For a given A not in S, let L(A) denote the least upper bound of 
the set of e satisfying (4) and (5). (Since z2—2(f) is unique up to a 
constant factor, it is clear that L is determined by À and not by any choice 
of solutions of (2).) In a recent paper [4], one of the problems considered 
was an upper estimate for L(A), as A—>0 (on the gaps of the essential 
spectrum, if any) in the case that q satisfies (3). Since the above proof for 
the existence of an e= e(A) is “constructive,” it provides a lower estimate 
for L(A). It can be expected that the problem of obtaining lower estimates 
for L(A) can be quite delicate for, as suggested by Wintner, if A is on a gap 
and tends to an endpoint, then L(A) tends to 0, while L(A) attains its 
“maximum ” on the gap when A is near the midpoint. Such a behavior is 
indicated by the lower estimate for L(A) provided by the above proof. 

For the case when A= 0 and (3) holds, it is seen, by the end of §4, 
that (4) and (5) hold if «== (AC°M + B/C)+, where A and B are absolute 
constants and M is the square of the norm of the Green integral operator (8) 
(when the Wronskian constant w in (15) is 1). 

When A is arbitrary, C? can be replaced by À + O”; so that for large A, 
the “ Ọ ” in the formula for e is asymptotically equal to AX. Also, M = M (A) 
is the reciprocal of the square of the distance from A to the nearest point of 
the spectrum belonging to the homogeneous boundary condition satisfied by 
s= y(t) att—0. Ifa is fixed, it is seen from the characterization of the 
spectrum given in [8] that if the interval [0,co) is replaced by [T,c) and 
Tc, then M(A) = Mr(A) > D(A), where D(A) is the distance from 
À to the nearest point of the essential spectrum. (This limit process clearly 
does not affect L(A).) Finally, (3) implies that D(A) is bounded, as À 00 
([8]; cf. also [4]); so that the term B/O ~ B/M is small when compared 
to AŒ@M ~ AX? D(A), as A> 0. 

Summarizing, if (3) holds, one obtains the lower estimate Const. D?(A)/A?/? 
for L(A) when À is large (and on a gap of the essential spectrum, if any). 
This contrasts with the upper estimate Const. /A4 obtained in [4]. 


10. In the case that (1) is assumed, it is seen that the e constructed 
in § 7 is of the form «== (0/4) log {1+ 8(AC*M + BOM? + 1)-}, for the 
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case when À==0 and C, M have the same significance as in the preceding 
section, while A, B are absolute constants; cf. (32), (33) and the value for a 
given in the paragraph preceding (31). It can be remarked that if C°M is 
large, as in the preceding section, then e is of the same order of magnitude, 
1/C°M, as obtained above. But our interest in this section lies in the opposite 
direction. 

As above, if the half-axis [0,c) is replaced by [T,c), it is seen that, 
when the essential spectrum S is not empty, then M = ]r—>D?(0), as 
To, where D(0) is the distance from À — 0 to the nearest point of S. 
But if S is empty (and so, D(0) =o), it is seen that Mr— 0, as T 00. 
Thus, in this case, one can choose, for example, e > $(C/4)log(1 + 8). But 
the constant C can be chosen arbitrarily large (since it is only subject to the 
restriction (1)). Hence, in (4) and (5), the number e can be chosen 
arbitrarily large. Since the essential spectrum is empty, whenever (11) is 
non-oscillatory for every A ([2], p. 707), the following theorem is proved: 


(**) Let g== q(t), where OSt <<, be continuous and satisfy (1) 
for some constant C>0. In addition, let q have the property that for 
every À, where —co < À <œ, the non-trivial solutions of (2) have only a 
finite number of zeros for 0 St Lo. Then (2) has à solution x = z(t) 0: 
satisfying (4) for every e; any solution of (2), x = y(t), linearly independent 
of «== z(t), satifies (5) for every e. 


This theorem is trivial if (2) is non-oscillatory for every À by virtue of 
the condition g—>—c, as t—> o ; see, for example, the comparison theorem 
in [7], p. 635. But (2) can be non-oscillatory for every A when the limit 
superior of q, as f—>c, is positive or even -+œ ; cf. [2], p- 708. On the 
other hand, if (2) is non-oscillatory for every A, but g fails to satisfy (1), 
then (2) need not have a solution which tends to 0 or is‘even bounded, as 
t—>o; [7], p. 648. 
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ON THE EIGENVALUES OF DIFFERENTIAL EQUATIONS.* 


By PHILIP Hartman. 


In the differential equation 
(1) a” + (A—q)t—=0, 


let A be a real parameter and q = q(t), 0S t < œ, a real-valued continuous 
function satisfying 


(2) q(t) >, as t=. 


Then (1) and a real homogeneous boundary condition 
(3) æ(0) sin 8 — z’ (0) cos 4 = 0 


determine on L?(0, ©) a self-adjoint boundary value problem, the spectrum 
of which is an unbounded sequence of numbers Ay < À < ` ` +, and the eigen- 
functions belonging to À =A, have exactly n zeros on 0 < t <œ (Weyl [6]). 

It has been proved by Milne [4] that if g- possesses a continuous third 
derivative and if g > 0, q” = 0 and qg” = 0(9q’*/*), as to, then, as n>0, 


(4) mn~ f (An — g)}idt, where r = 7, 
0 


is the ¢-value satisfying q(t) =à}. The assumption of the existence of a 
third derivative, as pointed out by Milne, was unessential to his proof. 
Titchmarsh [5] gave a simplified proof of (4) retaining all of Milne’s 
conditions, except that concerning the existence of a third derivative. It has 
been shown by Wintner and the author [3] that (4) holds under the mere 
assumption that the graph of q = q(t) is convex upwards; for example, if 
q(t) has a non-negative second derivative. It will be seen below, however, 
that the assumption of convexity in all of these proof is quite artificial. In 
fact, convexity implies that the first derivative q’(¢) exists, except possibly 
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for a denumerable set of ¢-values, and that q’(t) = const. > 0 for large t. 
This inequality, or even 


(5) g (t)i 0, as $0, 


` will be seen to be sufficient for (4). On the other hand, in the sufficient 
condition (5), the exponent 3 cannot be replaced by a larger exponent, 3 ~+- «€; 


in fact, if q(t) satisfies (2) and possesses a continuous positive derivative 
for which | 


(6) ` 0 <liminf g (t)i <% 
t>o 
holds, then (4) need not hold. 


The proof of (4) in [3] depends on the method used in [2] to derive 
an asymptotic formula for the number of zeros on (0,¢) of a solution of a 
differential equation of the type 


(7) z” + Q(t)e—0, 


where no parameter A occurs. It turns out that the asymptotic formula in 
question is a simple consequence of the following lemma of Wintner and 
the author, see [1]: 


Lexma. Let Q(t) > 0 be a continuous function of bounded variation 
on OStST and let M be the number of zeros of a solution x = x(t) £0 
of (7) for O<E<T. Then 


T T 
(8) [eM f Bas] St [Or] dQ) +2. 


Correspondingly, with the aid of this lemma, it will be proved that 


(i) the asymptotic formula (4) holds if q(t) is an increasing function 
satisfying, as t—>co, 


(9) X(t) = gb, (gv) —a(u))/ f dse 


(for example, if q(t) has a continuous derivative satisfying (5)), 
(ii) but (4) need not hold if q(t) has a continuous derivative 
satisfying (6). 


Condition (5), or correspondingly (9), is not a condition on the rate 
of growth of g(t) but a condition on the regularity of growth of the function 
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t= r(à) which is inverse to A — q(t). Thus, in terms of r(A), condition 
(5) is | 

(5 bis) 1 = 0 (r?°), as A—>00 (7 = dr/da), 
while (9) is l 


(9 bis) Y(a) = Lub. (r(x) —r(u))/ f (0) do—> 0, 
Nu << © A 
as À — co. 


Proof of (i). After a suitable translation of the A-axis, it can be 
supposed that g(0) —0 (and so r(0) —0). Let N— N(X) be the number 
of zeros on 0 < t < r(ÀA) of a solution z == g(t) 40 of (1) and (3). Since 
the coefficient function, A— q, of (6) is negative for t > r(A), it follows 
that N (An) is either n or n—1. Hence, (4) follows if it is proved that, 
as A> &, 

rA) 


(10) aN (A) ~ f (—q)idt. 


For a p= a(à) satisfying 0 < u < À, let M = M (p, à) be the number 
of zeros of æ=æ{t) on 0<tŁt<r(a). If the Lemma is applied to 
Q(t) =à — q(t) and T=r(u), then, since | dQ | = dq, it follows that 


ru) 


(1) =M= f (A—g)Mat + O(oga—og(à—#)) + 0(1), 


0 


where the constant implicit in the O-terms are independent of À and p. For 
later purposes, it should be remarked that the term O(log À) in (11) is 
unimportant, since the expression on the right-hand side of (10) obviously 
exceeds const. *(4A)A# > const. A. 

On the interval r(u) S t & r(A), the coefficient function A—g of (1) 
is not greater than A—y. Hence, by the Sturm comparison theorem, the 
number, N—M, of the zeros of the solution «—«x(#) on this interval 
satisfies 


(12) (NW —M) S (r(A) —r(w)) (A—p) 8 +o. 
It is also clear that 


rA) 


(8) f apis (A) — rw) Aa). 
ru) 
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On the other hand, 


rA) rie) 
fa-ouz f at Eru aa 


9 


(14) 


Hence, if u= (à) satisfies, as A> 0, 


(15) 7(A) ~r (u), 
the expressions on the left-hand sides of (12) and (13) are equal to an 
o(1)-term times the integral in (10). Thus, by (11) and the remark 
following it, 

rQ) 


(16) WA) = (1 +0(1)) f (Ag) Fat + 0(] log(a—z))). 


Consequently, assertion (i) will be proved if it is shown that »—p(Ad) can 
be chosen so as to satisfy (15) and 


rA) 
(17) log (A — y) =f (A — q)3dt), as A—>0. 
0 
To this end, let 
(18) p= p(A) =à — r(A); 
so that, in particular, 
(19) p>, as À—00. 


Then, by the definition of Y in (9 bis), 


À 
ra) Srl) HF (u) f lodo. 


Hence, by (18) and the monotony of r(A), it follows that r(A) S r(p) 
+Y(p)r(a). Thus 1Ær(À)/r(u) S (1— Y(#))+. Consequently, (15) 
follows from (9 bis) and (19). 
The definition of X in (9) implies that 
rQ) 
A—g(t) = X(t) f sds = ZX (t) (2 — r? (A) ). 
t 


If 0<¢4r(), then (t2 — 7 ?2(1)) = 3t?/4. Consequently, for | 
AA) StS HA), one has a— g(t) = (3/8)X (H())E*; 
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so that the integral in (17) exceeds $43(r3(A)) log $r2(A). On the other 
hand, the term on the left-hand side of (17) is log7*(A), by (18). Hence, 
(17) follows from (9). This completes the proof of (i). 


Proof of (ii). This proof is similar to the construction of the counter- 
example in [2]. By an induction (to be indicated below), define an increasing 
sequence of positive numbers a, @,- * : which tend rapidly to o. It is 
then possible to define an increasing, unbounded function q == q(t) which, 
on the interval 1+ ar S ¢S arı, is equal to k—t? and which has a 
continuous derivative satisfying q’ (t)i? = 2 for all large ¢. It will be seen 
that if æg, is chosen so that ax:1 — ax is sufficiently large with respect to a, 
then (4) cannot hold. 

If a and ņ are constants, the solutions of 2” + t?s == 0 are of the form 
a == a(t) = até cos( (32/2) log t + y) and have therefore an infinity of zeros 
for 1St<o. Hence, if arı — a, is sufficiently large, a solution of (1), 
when À=—#%, has an arbitrarily large number of zeros on the interval 
0<t< au. Thus, since an eigenfunction belonging to À = À, has exactly 
n zeros, it follows that if az: — ax is sufficiently large, the boundary value 
problem (1), (3) has an eigenvalue À == À, arbitrarily near, but less than, k. 
Let B, = (1-+ ax) exp(kax) and let ax be so large that there exists an 
eigenvalue A= A, satisfying k— Py? S ìn <k— ar”. In particular, 
an > T(An) = Lr- < 

In order to appraise the number N (àn), consider the Sturm majorant 
of A,—q(t) which is equal to k for OS¢S1+% and to t? for 
l+o,StSr(a,). It follows that 


TN (An) S (1 + ax) + (83/2) log {r(An)/(1 + a) } + 4r. 

Since r(An) = Ba, it is seen that log {r(An)/(1 + %)} 2 kær. Thus the 
first term on the right-hand side in the last formula line is negligible, that is, 
aN (da) E (1 + 0(1)) (38/2) log {7 (An)/ (1 + ar) }- 

On the other hand, 


r(An) r(Xn) 
f Qn— ite f fadt — log {r (An) / (1 + 2) }. 
Q Itak 
Consequently, 
r(An) 


lim inf rN (Aq) / f (n— g)èdi S 84/2 <1. 
0 


This completes the proof of (ii). 
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PARTITIONS AND THEIR REPRESENTATIVE GRAPHS.* 


By James K. SENIOR. 


Part I. Introduction. 


The phenomenon of isomerism among organic chemical compounds raises 
some questions which may be answered in part by the solution of certain 
problems falling within the scope of the mathematical theory of graphs. In 
the present paper, however, the chemical aspects of these problems are men- 
tioned only in passing; it is intended to treat them more fully in another 
publication. Most of the terminology hereafter employed is derived from 
the book by Dénes König entitled Theorie der endlichen und wnendlichen 
Graphen (Leipzig, 1936). But, for the sake of brevity, the unmodified word 
“graph” is here applied only to those diagrams which are more fully 
described as finite undirected graphs. Such a graph may or may not contain 
loops, and it may or may not be connected. 

Consider a finite set P of finite positive integers Pı, po, * : Pr which 
(solely for the sake of convenience) are arranged in non-increasing order so 
that p, S po S++ * py. Every such set-of integers may be regarded as a 
partition of the integer SP where SP =p, + po +: +p. It will there- 
fore hereafter be called a partition, with the understanding that XP is the 
integer of which P is the partition. Note that, although Pa == Pe always 
implies XPa = 3P;, the converse statement is true only in the trivial case 
where SP = 1. | 

Consider also a finite set C of points Cı, C2,* ` `, Cn and a finite set of 
segments called edges drawn between these points. If and only if an edge 
is terminated at both ends by the same point, that point will be called a 
loop-point and that edge will be called a loop-edge. The two together con- 
stitute a loop. A loop-edge will be said to depend from its uniquely-deter- 
mined loop-point. A loop-edge can be part of only one loop, but a loop-point 
may have an indefinite number of dependent loop-edges, and may besides be 
one terminal point of an indefinite number of non-loop edges. 

The valence (ramification order) of a point which terminates r non-loop 
edges and s loop-edges is defined as r + 2s. For any point, either r or s but 
not both may be zero. If edges are drawn between the points of C in such a 


* Received August 9, 1949; revised September 10, 1950. 
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way that each point c; has the valence p;, then the graph G thus formed is 
called a representative of P or a graph for P; it may be indicated by the 
symbol G(P). The graph G” is considered to be identical with the above 
graph G if and only if n= vn’, and the points (vertices) of G” can be so 
labelled that: 


(1) For every pair of points (cÿ, c/) in G’, the number of edges joining 
& directly to c/ is the same as the number of edges in G joining c; directly 
to Cj. ` 

(2) For every point c/ in G’, the number of loop-edges dependent 
from c is equal to the number of loop-edges dependent from c; in G.2 


Every graph uniquely determines the partition which it represents, for that 
partition is merely an ordered list of the valences of the points (vertices) of 
the graph; but not every partition is represented by just one graph. That 
is to say, the graphs G and G’ cannot be identical unless they are graphs for 
the same P; but they may well be graphs for the same P without being 
identical. 


Let Z (P) be the number of distinct graphs for P. 
ZC(P) be the number of distinct connected graphs for P. 
ZL(P) be the number of distinct loopless graphs for P. 
ZCL(P) be the number of distinct connected loopless graphs for P. 


Each of these four non-negative integers is uniquely determined by P. 


Evidently (a) If Z(P) —0; then ZC(P) —ZL(P) = ZCL(P) —0 
(b) If ZC(P) =0 or ZL(P) =0, then ZCL(P) —0. 


It It will hereafter be shown that 


(c) If and only if Z (P) > 0, then ZC(P) > 0 or ZL(P) > 0 
(d) If and only if ZC(P) > 0 and ZL(P) > 0, then ZCL(P) > 0. 


But, for the present paper, the question of chief interest is: When is Z CL(P) 
less than, when it is equal to, and when is it greater than one? 

Although every P uniquely determines its ZCL(P), a given non-negative 
integer taken as ZCL(P) does not usually (in fact, not in any known case) 


1 There must be œ (=0) different ways to label the points (vertices) of G’ so as 
to establish the identity of @ and @’. The only question here at issue is: Is æ = 0, in 
which case Œ and @ are distinct; or is æ >0, in which case Œ and G’ are identical? 
Otherwise, the value of æ is immaterial for the present discussion. 
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uniquely determine a corresponding P. Hence there arise two converse 
problems : 


(A) For any given P, determine the unique value of ZCL(P). 


(B) For any finite non-negative integer taken as ZCL(P), determine 
the corresponding class of Ps. 


A complete solution of these problems is probably beyond the reach of 
present-day mathematics. (At least, the author knows of no publication 
where even an attempt is made to obtain a solution for either one of the 
general problems indicated.) But more restricted problems in the same field 
may, in some instances, be solved. 


Problem A. When ZCL(P) > 0 and n is small, it is easy to construct 
one or several distinct connected loopless graphs for P, and to show that no 
other such graph for P exists. Thus, ZCL(P) is determined for the particular 
P in question. But when P is expressed in terms of variables each of which 
is allowed to take the value of any finite positive integer, to determine ZCL(P) 
as a function of these variables may be a matter of considerable difficulty.? 


Problem B. It is again easy to find by trial and error, partitions which 
can be proved to correspond to given (small) values of ZCL(P). But the 
author is not aware of any previous work dealing with problem B in any 
more general fashion. In the present paper, the classes of partitions for 
which ZCL(P) —0 and for which ZCL(P) =1 are determined. These 
results carry with them the determination of the more general class where 
ZCL(P) >1. When ZCL(P) =0, P will be called nullgraphic; when 
ZCL(P) =1, P will be called unigraphic, and the one representative con- 
nected loopless graph will be called unique; when ZCL(P) >1, P will be 
called multigraphic. 


2 As long ago as 1874, Cayley attempted to obtain the value of ZCL(P) for every 
partition meeting the following condition: n = 35 +2; Pı = Pe = $; Pan = Pass = 1. 
He was led to consider this particular class of partitions because, for each member of 
this class, ZOL(P) is the number of structurally isomeric saturated hydrocarbons of the 
formula CH These compounds play an important role in structural organic 
chemistry. Cayley’s papers appear in Brit. Assoc. Adv. Sci. Reports, p. 275 (1875) ; 
Phil. Mag. (4), 47, 444 (1875); (5), 8, 87 (1877). They are also reprinted in Volume 
IX of his collected works. Since the publication of these first papers, there have 
appeared in the chemical literature numerous articles dealing in part with Cayley’s 
problems and in part with problems closely related to his. 

. 2 Chemists have strong reasons for paying special attention to these two particular 
values of ZCL(P): moreover, of all possible values of ZCL (P), these are the two for 
which it is by far the easiest to determine the corresponding classes of partitions. 
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THEorEM (1.1). ZSP—?x (where x is any positive integer) is a 
necessary and sufficient condition for Z(P) > 0. 


Where Z(P) > 0, let Ft(P) == SP/8 — (n — 1), and let Fr(P) = 3P/2 — p.t 


THEOREM (1.2). Ft(P) 50 is a necessary and sufficient condition 
for ZC(P) > 0. 


THEOREM (1.3). Fr(P) 50 is a necessary and sufficient condition 
for ZL(P) > 0. 

THEOREM (1.4). Fi(P) =0Z Fr(P) (the conjunction of conditions 
(1.2) and (1.3)) is a necessary and sufficient condition for ZCL(P) > 0. 
That is to say, if, for any given P, neither the class of connected graphs nor 
the class of loopless graphs is the null class, then the intersection of these 
two classes cannot be the null class. 


Hereafter those P’s and only those P’s which meet condition (1.4) and hence 
are represented by at least one connected loopless graph will be called IPs. 


THEOREM (2). Any one of the following conditions (2.1)-(2.6”) is 
sufficient and at least one of them ts necessary for ZCL (I) — 1. 


UNIQUENESS CONDITIONS. 


(2.1) Fr() =0. One half of the sum of all the integers in 1 
is equal to the largest integer in I. 
(2.2) n=3. The number of integers in TI is 3. 
(2.3) ps=1. II contains at least three integers but not 
more than two of them are > 1. 
(2.4) pi=2. The largest integer in TI is 2. 
(2.5) Fr() = 1; pe= pn. The largest integer in I is one less than 
half the sum of all the integers; excepting 
this largest integer, all the integers in IL 
are equal. 
(2. 6) Pi = Ps} Pa = 1. The three largest integers in TI are all equal 
to one another; the fourth integer is 1. 
(2.6) n—4. The number of integers in IT is four. 
(2.67) F(t) —0. The number of integers in IL is SIL/2 + 1. 


* As is. more fully explained in Part II of this paper, the designations Fi(P) and 
Fr(P) arise as follows. If Ft(P) =0, then any connected graph for P is a tree; 
if Fr(P) =0, then any loopless graph for P is a rosette. 
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That is to say, a II is unigraphic if it meets any one of the above conditions; 
it is multigraphic if it meets no one of them.® 

So far, it has been assumed that any two points in C, at least until they 
have been incorporated in a graph and sometimes even then, are indistin- 
guishable from one another. Consider now in € a set I consisting of s > 1 
points to all of which the same valence p; is to be assigned. Break J up into 
disjoint subsets which together exhaust J. These subsets may be made distin- 
guishable from one another by endowing all the points of each particular 
subset with an intrinsic property such as one particular color, and assigning 
a different color to each subset. A graph constructed with a set C of points 
which contains at least one parti-colored set 7 will be called a polychromatic 
graph to distinguish it from the monochromatic graphs hitherto considered.f 

The identity of two polychromatic graphs is fixed as follows: If G and 
G” are identical, the corresponding points c; in G and ¢ in G must not only 
be of like valence and similarly attached by edges to themselves and to the 
other points of Œ and G” respectively (the. purely topological condition which 
holds for the monochromatic graphs hitherto discussed), but, in addition, the 
like-valent points c? and c/ in G” must be alike in color if and only if the 
corresponding like-valent points c; and c; in G are alike in color. 


THEOREM (3). The umiqueness conditions for connected loopless graphs 
must be successively strengthened as the number of colors in these graphs is 


5 The classes of partitions for which ZCL(P) = 0 and for which ZOL (I) =1 are 
both infinite. Moreover the conditions for ZCL(II) = 1 are much more complex than 
those for ZOL(P) =0. It appears probable (though it is not here proved) that the 
conditions for ZCL{IL) = x become increasingly intricate as œ increases. Probably, for 
every positive value of œ, the class of corresponding Ils is infinite. But the author 
knows of no proof that such is the fact; indeed, there is no proof that, for at least one 
value of +, the class of corresponding partitions may not be the null class. ` 

For structural organic chemistry, no partition which is not a IT has any significance, 
and all Is are subject to the mathematically arbitrary but chemically important limita- 
tion pı < 5. When this limitation is imposed, the class of unigraphic partitions shrinks 
to two infinite sequences (where p, = 2) plus about thirty individually defined members. 
Since no member of either of the two infinite sequences has any chemical importance 
when «> 4, the entire number of unigraphic partitions which might possibly be of 
chemical significance shrinks to less than 35. To examine the chemical representatives 
(if any exist) of these partitions in order to see whether they possess the proper 
chemical requirements, is a brief task. 

6 So far as the number of distinct graphs for a given P is concerned, polychromism 
among points of unlike valence is a vacuous phenemenon. This assertion follows from 
the fact that, in matching the points of two graphs @ and G’ to see whether these graphs 
are or are not distinct, no two points of urilike valence can ever correspond to one 
another, whether they are of the same color or not. 
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increased from one to four; a unique connected loopless graph with more than 
three colors is a rosette. 


Of the theorems so far given, (1.1)-(1.4) are proved in part II, (%) is 
proved in part ITI, and (3) is proved in part IV of the present paper. In 
each instance, the proofs cannot well be given until certain methods of con- 
structing and classifying graphs have been described. The necessary definitions 
and descriptions therefore precede the actual proofs in each of the three 
following parts. : 


Part II. Proof of theorems (1. 1)-(1. 4). 


Symbolism and terminology. If, in the graph G, any part H is a 
connected graph, and if (excepting H itself) no part of G which includes H 
is a connected graph, then H is a component of G. The number of distinct 
components which make up the whole of G is v(G@), and where G is a finite 
graph, v(G) is a positive finite integer. The expression v(@) — 1 means 
that G itself is connected. If and only if, in G, at least one edge is terminated 
by both points c: and cj, then these two points form in G an attached pair. 
This term ‘ attached’ is far stronger than the term ‘ connected’ which, when 
applied to a pair of points, refers to any two points in one and the same 
component of G. 

The set of all those edges which attach c: to c; is called the bond (1, j). 
The number of edges in the bond (1,7) is called the breadth of that bond and 
is indicated by the symbol b(i, j). When 6(1,7) —1, the bond is single; 
when b(i,7) > 1, the bond is multiple. Two points c; and c; together with 
the g edges which form the bond between them may be indicated in a diagram 





by c 7 cj and symbolically by (ci, q, c;). This symbol implies and is 
implied by the equation b(t, j) ==g. The scheme just described may be 
extended to cover the case (ci, q, ci) or b(i, i) =q where q is the number of 
loop-edges dependent from ci Any graph for P is uniquely determined if 
the value is given for every b(i, j) where t==1,---,n and j==1,---,n. 


d=1 
In all cases, b(t, j) == b(j,1i), and Pa =X b(a,t) + b(a,a). Where, for a 
den j 


particular pair of points (c; c;), b (i, 7) == 0, that fact will usually be indicated 
by omitting the equation and the corresponding symbol (c, 0, c;) ; but occa- 
sionally it is convenient to use such an equation or such a symbol explicitly. 
Particularly, when one equation or one symbol is used to describe the bond 
(4,7) in various different graphs, then b(i, j) may be expressed in terms of 
variables. For example, in the equation b(i,7) =q — z and in the symbol 
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(ci, q— zT, 6;), let q be a constant and x a variable. Both are positive 
integers. The scheme just outlined permits ==q as a special case, but 
‘under no circumstances may b (i, j) be negative. This same symbolic scheme 
may be still further extended to apply to subgraphs containing more than 
two points. The meanings of the symbols (ci, b(i, j), cj b(j,k),cx) and 
(ci, bi, 7), 65° ©, Cu, b (U, V), Cy) should be self-evident. Such a symbol 
corresponds to a set of equations, not to any single equation. 

I£ b(4,7) = pi, then c; is a blind point. If, in addition, b(t,7) —1, 
then c: is an end point, and the single edge attaching c; to c; is an end edge. 
If, in any connected loopless graph, the number of blind points exceeds 
n— 2, the graph is a rosette. If all the blind points in a rosette are like- 
valent, the rosette is regular; otherwise it is irregular. A regular rosette in 
which all the blind points are end points is a star. 

Rosettes are an important and striking class of connected loopless graphs. 
They are characterized by the property Fr(If) = 0, and have the following 
other properties: 


(1) According to condition (1. 4), rosettes border the field of connected 
loopless graphs on one side. | 


(2) According to condition (2.1), every rosette is unique. 


(3) If any If is represented by a rosette, it cannot be represented by 
any other loopless graph, connected or disconnected. 


If c, terminates every non-loop edge in a graph and is moreover the only 
loop-point in that graph, then the graph will be called a loop-rosette. This 
definition includes as special cases those connected graphs in which the number 
of non-loop edges is 0. 

Any edge which forms part of a cycle in G will be said to be cyclic in G. 
If 6(4,7) == q > 1, then all the edges in the bond (i,j) are cyclic in G, and 
at most q — 2 of them may always be expunged without destroying the cyclic 
character of the remaining edges. If g—1 of the edges are expunged, the 
one remaining edge is non-cyclic unless, in G, c; and c; are both members of 
some one and the same cycle of order > 2. A connected graph which has no 
cyclic edge is a tree. 

Since every graph uniquely defines its partition, the expressions Ft(G) 
and Fr(G) may legitimately be used. Furthermore, if G and @ both 
represent the same P, then Fi(G) = Ft(G’) and Fr(G) —Fr(G’). For a 
tree, Fi(G)—= Ft(P)=3P/2—(n— 1)== 0; for a rosette, Fr(G)— Fr(P) 
= 3P/2—p, = 0. 
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Transfusion. Consider the graph G containing the points Ci, Cj, c, and ci 
Let b(i, j) =d, b(k,1) =e, b(i, k) =f, b(j, 1) =g. Decrease by one the 
breadths of the bonds (i,j) and (k,l) by expunging one edge from each of 
these bonds; increase by one the breadths of the bonds (i,k) and (j,1) by 
adding one edge to each of these bonds. By this process there is formed the 
new graph @ where d =d— 1, ¢& =e— 1, f =f +1, gd =g +1. It is 
essential for the carrying out of this process that, in G, d > 0 < e—i. e., that 
in G the pairs of points (ci, c;) and (cr, c1) be attached pairs. Itis inevitable 
that, after the carrying out of the process, f > 0 < g'—i. e., that in G” the 
pairs of points (c; c+) and (c;, cı) be attached pairs. Hence the process just 
described is called the transfusion of the bond (i,j) with the bond (k, 1).7 
As for the bonds (i, k) and (7,1) in G as well as the bonds (i, j) and (k, 7) 
in G”, their breadths may be equal to or > 0, depending on the particular ¢ 
on which the transfusion is performed. (Any bonds in Œ and G” other than 
the four here mentioned are common to both of these graphs; they are not 
involved in the transfusion in question and are irrelevant to that process.) 
Symbolically the transfusion just described may be expressed by the following 
equations: 


b (i 7) =b (i j) — 1, b(t, k) =b(i k) +1, 
b (k, 1) = b (k, 1) —1, v (31) = 6(4,1) +1. 


Diagrammatically expressed, it is as follows: 


ct, \ y ` i £ Vu 4 
At Vy \ £ ` , 
Nu í NI NZ fatal W 
C; Cy C; 
d e dzd-/ ese-/ 
OO 
TRANSFUSION 
MTR SFT RI 
ri’ ris PARA Pal 
La ‘ H \ ‘ ; ` , i \ 
# 
G G 


In a transfusion, no one of the points involved undergoes any change in 
valence, and hence, P is invariant under transfusion. In the three possible 
cases where a transfusion decreases, leaves invariant or increases the number 


Note that when a transfusion is employed in a construction, the pairs of points. 
(i,j) and (k,l) are to be regarded as ordered pairs. The instruction “ Transfuse (i, f) 
with (k,1) ” means that the new edges to be introduced are (i,k) and (5,1). On the 
other hand, the instruction “ Transfuse (7,7) with (l, k)” means that the new edges to 
be introduced are (4,2) and (j,k). The edges to be expunged are (i,j) and (k,l) in 
both instances. 
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of components, the transfusion will be called respectively connective, neutral 
or disconnective. Various special cases demand attention. 


I. The two bonds (1,7) and (k,l) belong to different components of G. 
Here a transfusion may be connective or neutral but cannot be disconnective. 
The transfusion is connective if and only if at least one of the two expunged 
edges is cyclic in G. Where this condition is met »(@’) = »(G) —1. 


II. The two bonds (1,7) and (k,1) belong to one and the same com- 
ponent H of G. Here a transfusion may be neutral or disconnective but 
cannot be connective. The transfusion is disconnective if and only if the 
two expunged edges form in H two single bonds which constitute the sole 
connection between that part of H which contains c; and cz and that part of H 
which contains c; and ¢ Where this condition is met, v(G’) =»(@) +1. 
For the present discussion, the most interesting transfusions within one 
component of G are those where at least one of the expunged edges is a 
loop-edge. Any such process will hereafter be called a loop-transfusion. 


III. For purposes of transfusion, a loop-point may be regarded as self- 
attached. Two varieties. of loop-transfusion may be recognized : 


(a) The two expunged edges are loop-edges dependent respectively from 
the two distinct loop-points cy and Cm. 


b (m,m) — b(m,m) —1, b’(k, k) = b(k,k) —1, B’(k; m) =b (k, m) +2. 


(b) One of the two expunged edges is a loop-edge dependent from the 
loop-point cm; the other is an edge in the bond (k, 1). 


b (m, m) = b(m, m) — 1, b (k, m) =b(k, m) +1, 
b' (k, 1) =b (k, 1) —1, b’(1, m) =b(l, m) +1. 
When diagrammatically expressed, these two processes are as follows : 


. i 

4 1 LA ` 4 

Naas ` H 4 
ua? \! 

Ass © LE 

C, C 


x 





(@) al TRANSFUSION” |ota+2 
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‘Ce Č 
Ed }: y 
Os. lees lass 
Ed ¢ FE 
rs TRANSFUSION > 
C, £ 
PAL on 
avy LUN 
rity ye 1 * 
G G 


In diagram (a), d may be equal to or > 0, but d’ is necessarily > 0; in 
' diagram (b), d and/or f and/or e’ may be equal to or > 0, but e, d’, and f 
are necessarily > 0. 

Since a loop-edge is always cyclic, and since it can belong to no cycle 
of order > 1, a loop-transfusion is connective if the two expunged edges 
belong to different components of G; it is neutral if they belong to the same 
component of G. Under no circumstances can a loop-transfusion be dis- 
connective. Process (a) can be carried out if and only if Œ contains at least 
two distinct loop-points; it always decreases the number of loops by two. 
Process (b) always decreases the number of loops by one; but this process 
is subject to an important limitation. It can be carried out if and only if 
& and c, constitute an attached pair each member of which is distinct from 
loop-point cm. This last condition can always be met if G has at least one 
component H; which includes more than one point, and which is distinct 
from the component H; containing Cm. But if every non-loop edge in G 
terminates in Cm, process (b) fails. Hence, if and only if, 


(1) Cm is the only loop-point in G, and 
(2) every non-loop edge in @ terminates in Cm, 


that is, if and only if G is a loop-rosette, then processes (a) and (b) both fail. 
The important conclusions to be drawn from the above considerations are: 


(1) If and only if G is connected or G contains no cyclic edge, a 
connective transfusion in G is impossible. 

(2) If and only if G is loopless or a loop-rosette, a loop-transfusion in 
G is impossible. 

(3) The number of components in G cannot be increased by sucessive 


loop-transfusions. 
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(4) The number of loops in G cannot be increased by successive con- 
nective transfusions. 


Although the object of the procedures hereafter described is to construct 
loopless connected graphs, it is sometimes convenient, as an intermediate step 
in such a construction, to reverse a loop-transfusion of type (b). Such a 
procedure will be called a reversion, and when v is invariant under a particular 
reversion, that reversion will be called a neutral reversion. A neutral reversion 
can always be performed on a graph G provided that G contains a subgraph 
defined by b(m, k) >1, b(m,1) >0. Where this condition is met, it is 
possible, by a neutral reversion, to form a graph G’ which contains the 
subgraph defined by b(m, m) = 1, b(m, k) > 0, b(k, 1) > 0. Here (G) = (@’). 


Proof of Theorem (1.1). Theorem (1.1) states that SP = 2s (where 
x is any positive integer) is a necessary and suflicient condition for Z (P) > 0. 
The necessity of condition (1.1) follows directly from the fact that every 
edge has just two ends. The sufficiency of this same condition is shown by 
the following construction. 


Divide P into two partitions Pe and Po, the first consisting of all the 
even integers 2i, €», ' ', €x in P, the second consisting of all the odd integers 
01; 02, + ‘> On-p in P. According to condition (1.1), (n— k) is even. Make 
each point ce; the loop-point of e;/2 loops; make each point co; the loop-point 
of (0; —1)/2 loops; then attach each point co: to the point cog. by a 
single edge. By this procedure, a graph for P is formed and the sufficiency 
of condition (1.1) for Z(P) > 0 is proved. 

A consequence of Theorem (1.1) is the following 


Lemma. If all the integers of P, are divided into y—1 disjoint sets 
which constitute respectively the partitions Pa: + +, P,, and if all but one 
of these partitions P,,- + -,P, are represented by graphs, then there must 
always be at least one graph for the remaining y-th partition. This rule is 
particularly useful where each of the disjoint sets of integers is composed of 
integers which are consecutive in Pi. 


In all the following discussion, it will be assumed that SP is an even 
positive integer, and hence that at least one graph for P exists. 


Proof of Theorems (1.2)-(1.4). Theorems (1.2)-(1.4) are existence 
‘theorems. ‘Bach one states that if and only if P meets a certain condition, 
at least one graph for P has the corresponding property. They do not imply 
that if and only if P meets the condition in question every graph for P has 
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that property. Consequently, the three following proofs are similar in 
outline. A general method is given for constructing for P a graph with the 
desired property. It is then proved that the given method fails if and only 
if P does not meet the corresponding condition. 


(A) Theorem (1.2) states that 3P/2—(n—1)=—Ft(P) S0 is a 
necessary and stufficient condition for ZC(P) > 0. For the proof of this 
theorem, further consideration of the function Ft(P) is necessary. 

Fi(P) is closely related to but not identical with the well-known graph 
function p, called the cyclomatic number of a graph. The function y is usually 
defined by y == 43 — &o + v where q, is the number of edges, a is the number 
of points (vertices), and y is the number of components of the graph. In 
the nozation here used, a, = 3P/2 and æo =n; hence p= SP/R — n + v. 
But v (although it is a graph function) is (usually) not uniquely determined 
by P. Moreover, (G) is specially designed so that »(G@) < 0 is an impos- 
sibility, whereas Fł(P) is useful chiefly because it sometimes has a negative 
value. The exact relation between Ft(G) and (G) is as follows: 


Fi(G) = 3P/2—n+1, e(a) = SP/2—n + rv. 
Therefore Fi(G) = p(G) — (v — 1). 
That is to say: Fi(G) —p(G) when G is connected, (y = 1). 
Pi(G) < u(G) when G is not connected, (v > 1). 
It is well known that, where G consists of » components H, Ha: + :,H,, 
(a) if v= 1 and p(G) = 0, then G is a tree; 
(t) w(@) = »(As) + (He) +: + (HD). 


Construct for P a graph Ge which may or may not contains loops and 
may or may not be connected. Next perform on Ge a connective transfusion 
to form G,. This latter step must always be possible except in the two 
following instances: 


(1) vo=1. Here Fi(P) = Ft(G,) = p(Go) — (vo — 1) reduces to 
Ft(P) = p(G); and therefore Ft(P) = 0. 


§ Evidently, in the highly special cases where Z(P) = 1, an existence proof for a 
particular kind of graph for P becomes a universal proof. Hence the following table, 


Pa n ZP/2 Ft(P) Fr(P) The only possible graph is: 
4 1 2 2 —2 connected but not loopless. 
1 4 2 — 1 1 loopless but not connected. 
1 2 1 0 0 loopless and connected. 
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(2) vo > 1, but G contains no edge cyclic in Ge. Here H,, Hatete, Hp 
(the components of Go) must all be trees. Each »(H;)—0 and hence 
p(Go) == 0. Here Ft(P) = Ft( Go) = n@o— (vo— 1) reduces to Fi(P) 
= 1 — v; and, since vo > 1, Fi(P) < 0. Here 1— Fi(P) =v, the number 
of trees in Go. 


If vo > 1, and G contains at least one edge cyclic in Go, then the graph 
G, formed by a connective transfusion performed on Ge contains vp —1 
components. Exactly the same argument used for G) may now be used 
for G,. This argument shows that G, is connected (Ft(P) = 0), or that 
G, consists of w = (vo — 1) > 1 trees (Fi(P) <0), or that a connective 
transfusion may be performed on G,, by which transfusion G, is converted 
into G: with ro— 2 components. Successive connective transfusions per- 
formed on Go, Gha, ete., must therefore lead to one of two results: ` 


(a) If (Go) S (vo—1), then Fi(P) S0 and G,,, is a connected 
graph. 

(b) If m(Go) < (vo—1), then Ft(P) <0 and Guay is a set of 
1—Ft(P) trees. 


It is thus proved that Fi(P) — 0 is a necessary and sufficient condition for 
ZC(P) > 0. 


(B) Theorem (1.3) states that XP/2 — pı = Fr(P) = 0 is a necessary 
and sufficient condition for ZL(P) > 0. 

Construct for P a graph G, which may or may not contain loops and 
may or may not be connected. Next perform on Go a loop-transfusion to 
form G,. This latter step must always be possible except in the two 
following instances: 


(1) Gp» is loopless. Here Fr(@) = Fr(P) is the number of the edges 
in Go which are not terminated by c. Evidently, this number cannot be 
negative, and hence Fr(P) = 0. 


(2) Go is a loop-rosette. Here pı = pz + pa +: + © + p, + 2s where 
s (> 0) is the number of loop-edges dependent from €. Hence 
2p: > (Pit pe + + Pn) = 2P; pi > BP/2; 
and Fr(P) = (3P/2—p,.) < 0. 


If G is neither loopless nor a loop-rosette, then the number of loops 
in G, must be less than the number of loops in Gy. Exactly the same argu- 
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ment used for Ge may now be used for G;. This argument shows that G, 
is loopless (Fr(P) = 0) or that G is a loop-rosette (Fr(P) < 0) or that 
a loop-transfusion may be performed on G, by which transfusion G, is 
converted into G, which contains less loops than are contained in Gh. 
Successive loop-transfusions performed in Go, G1, ete., must therefore lead 
to one of two results: 


(a) G; is loopless, and here Fr(P) = 0. 
(b> Gis a loop-rosette, and here Fr(P) < 0. 


That is to say, the only condition which forbids the construction of a loopless 
graph for P is the only condition which permits Fr(P) to have a negative 
value. Thus it is proved that Fr(P) = 0 is a necessary and sufficient 
condition for ZL(P) > 0. 


(C) Theorem (1.4) states that Ft(P) [0 = Fr(P) (the conjunction 
of concitions (1.2) and (1.3)) is a necessary and sufficient condition for 
ZOL(F) >0. Assume that Ft(P) [0 =Fr(P). Construct a graph G 
for P. If G is not connected, convert it by successive connective transfusions 
into a connected graph G’ for P. This procedure must be possible since it has 
been proved to fail if and only if Fi(P) < 0. Next, if G is not loopless, con- 
vert it by successive loop-transfusions into a loopless graph G” for P. This 
procedure must be possible since it has been proved to fail if and only if 
Fr(P) <0. The graph G” thus finally obtained must be connected and 
loopless because G’ is connected and (as has already been shown) no loop- 
transfusion can be disconnective. It would evidently be impossible to carry 
out the full procedure just described if either F4(P) or Fr(P) were negative. 
Hence Fi(P) =0Z Fr(P) is a necessary and sufficient condition for 
ZCL(P) > 0.9 f 

So far it has been shown that any graph for P may be converted by 
transfusions into 


(1) a connected loopless graph: Ft(P) = 0; Fr(P) = 0; or 

(2) a set of v (œ> 1) trees—loopless but not connected: Ft(P) < 0; 
Fr(P: = 0; or 

(8) a loop-rosette—connected but not loopless: Ft(P) = 0; Fr(P) <0. 


°? It is of course possible to reverse the order of the transfusions used in the above 
proof. That is, G may first be converted by loop-transfusions into a loopless graph, and 
then (since no connective transfusion can increase the number of loops in a qraph) by 
connective transfusions into a connected loopless graph. The result is the same, which- 
ever method is adopted. 
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The only other logical possibility is Fi(P) <0; Fr(P) <0. But here 
Ft(P) + Fr(P).< 0; that is, 


3(P)/2— (n—1) + 3(P)/2 — p, = 3(P) — (n— 1) — pi < 0; 
Pot Pst + <n—1; 
and this inequality is impossible if po, ps,---, PA are all positive integers. 


That is to say, there is no P which is represented only by disconnected graphs 
with loops.?¢ 


Part III. Proof of theorem (2). 


(A) The sufficiency of each one of the conditions (2.1)-(2.6”) for 
ZCL(M) = 1. 

Each of the uniqueness conditions (2. 1)-(2. 6”) (p. 666) is independent 
of all the others. This assertion is proved by the following IPs each one of 
which fulfills that condition and only that condition to which it corresponds 
in the following list. 


Condition. Tl. Condition. IL. 
(2.1) 3,3 (2.5) 4, 2, 2,2 
(2.2) 4,4,4 (2. 6’) 3, 3, 3,1 
(9.8) 3,3,1,1 (2. 6”) 3,3,3,1,1,1,1,1 
(2.4) 2, 2, 2,2 


But, as thus stated, the uniqueness conditions partially overlap (e.g. the 
partition 2, 1, 1 fulfills each of the conditions (2.1)-(2.4)), and hence they 
cannot without some redundancy be proved to be individually sufficient. In 
such a demonstration it is better to be guided by the following rubric in 
which the same uniqueness conditions are restated in a form which prevents 
overlapping. 


RuBRIO. 
Fr (TM) = 0. Class I. 
F(T) > 0. 
n = 8. Class IT. 
n> 3. 


10 One inference to be drawn from the fact that Ft(P) + Fr(P) 0 is that the 
value of Ft(P) sets a lower limit to the value of Fr(P) and vice versa. There is, in 
fact, a quasi-dualism between Ft(P) and Fr(P) which is associated with the well- 
known dualism among partitions. If Pz is the partition dual to P, then ÈP —ZP;; 
n == Pros Pi = na; and hence Ft(P) + Fr(P) = Ft(Pa) + Fr(Pa); Ft(P) = Fr(Pa) 
+1; Fr(P) = Ft(Pa)—1. This quasi-dualism does not, however, lead to any precise 
dualism between rosettes and trees. 
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Ps = 1. 

Ps > 1. 
pr = 2. 
pr > 2. 


Fr) = 15 po = Pr. 

Fr(l) > 13 pi = ps; pa = 1. 
n= 4, 
Ft(Il) = 0. 


Class ITT. 


Class IV. 


Class V. 


Class VI. 
Class VII. 


The general graphs for the IPs of classes I-VII are given below. All 
the IPs of class IV fall into two disjoint subclasses: IVa, where pn = 2, and 


IVb, where p, = 1. 


Class I. b(1, 2) = p; i 
Gisa a nee 
rosette. hs ae 
Class IT. 6(1,2) = (pı + pz — p:)/2; 
b(2, 3) = (po + ps — pr) /23 
(3,1) = (pi + ps — pa) /2. 
Class III. 0(1,2) =q;0<q¢< py; 


6(1, 1%) =1;1=3,- veg (Pi—- G+ 2); 
b(2, j) = 1; j= (p — q +83) cpm 


Class IVa. b(4,i-+1) =1;i=1,---, (n—1); 
b(n, 1) — 1. 
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Class IVb. 6(1,”) =1; 


G isa b(ié-+1) —1;¢—1,---, (n— 2). 
tree. 


@+6+6+---40+@ 





, C4 4 
Class V. - 0(1,2) = b(1,3) = (pe— 1); aN 
b(2, 8) = 1; 
b(1, 4) = pos t= 4, °°, M a \e 
Class VI. 0(1,2) = 0(1,3) = (pi—1)/2; CG 
b(2, 3) = (pı +1)/2; y 
E el. &/ Ng 
ETS 
2 


Class VII. b(1,2) = b(2, 3) = 1. 
: b(1,4) = 1;i1—4,---, (pi +2); 
Gisa i | 
tree. b(2, j) = 1; j = (p +8), ",8p; 
b (3, k) = 1; k = (2p 4 1), em 


-@ j (D “y 
ie NZ i 2) 


AS Zro ee Ai 
of | Vi 


In every case except class V, the uniqueness of the general graph given 
for the IPs in question is obvious. The uniqueness of the general graph given 
for any II of class V is made evident by the following considerations. Every 
graph for a II of class V may be constructed as follows. Where Fr(II) = 0, 
n > 3 and p2— ps > 1, construct a graph for IL This graph is a rosette 
and therefore unique (Class I); it is moreover a regular rosette. In this 
rosette, expunge two edges so as to decrease b(1,1) and 6(1,7) each from p2 
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to (pe — 1); insert a new edge so as to increase b(1, j) from 0 to 1. A graph 
for a IX off class V is thus formed. Since all the pairs of points (c, c;) 
which can be chosen from cs, ca,* * `, Ca are equivalent in the regular rosette, 
all pcssible ways of carrying out the indicated construction are equivalent, 
and the general graph given for any II of class V is unique. 

The sufficiency of each one of the conditions (2.1)-(2.6”) for ZCL(IT) 
== 1 is thus demonstrated. 


(B) ‘The necessity of at least one of the conditions (2.1)-(2.6”) for 
ZCL(H) — 1. 

The full proof that at least one of the conditions (2.1)-(2.6”) is 
necessary for ZCL(II) — 1 is extremely laborious. For this purpose, no 
method better than the following has so far been found. The IPs are 
exhaustively classified into disjoint classes. For each of these classes, a 
method is given for constructing two distinct connected loopless graphs for 
every member of the class which is in no one of Classes I-VII. The success 
of this scheme depends on finding a suitable way of defining the disjoint 
classes of Ws. For, if the number of these classes is too large, the proofs 
become insufferably repetitious; and if, on the other hand, the number of 
these classes is too small, then, in some instances, the general method of 

“construction applicable to all the IPs in the class under consideration becomes 
so intricate that it cannot readily be grasped. 

A general principle for classifying Ils is therefore next given. Then 
follow the definitions of certain concepts which serve fo abbreviate the 
arguments in the ensuing proof. 


Classification of WE’s; complete expansion sequences. Consider a 
sequence of connected loopless graphs Go, G,—in which each Gi is formed 
by deleting one cyclic edge in Gi... Since each G; uniquely defines its IL, 
the corresponding sequence of IPs may also be considered. In such a deletion 
sequence, G; does not (usually) uniquely determine either Gi or Gir; and 
I, although it puts strong limitations on both Mi and IM, does not (usually) 
uniquely determine either of these partitions. The maximum number of 
successors to Il; in a deletion sequence is Ft(IG); but no property of IG 
permits any maximum to be set on the number of its predecessors in the 
sequence. 

‘It is, however possible to devise a sequence of graphs similar in some 
respects to a deletion sequence, but possessing the following useful properties: 


fa) I; uniquely determines both Il, and IMi, and hence every II in 
the sequence. 
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(b) Both the maximum number of successors-and the maximum number 
of predecessors of Il; in the sequence are uniquely determined by Il. 


For the construction of such a sequence, consider a connective transfusion 
between the connected loopless graph G; and the unique graph (Cy, 1, Ce) (for 
the partition 1, 1) to form the graph Gin. This particular kind of transfusion, 
where the edges expunged are any one cyclic edge in G; and the only edge 
in (Cp 1, cz), will be called a one stage expansion of G; Here evidently 
Ft (Gis) == Ft(G;) —1, and so, in an expansion sequence of connected loop- 
less graphs where Gi; is formed by the one stage expansion of G, the 
maximum number of successors or expansion products of Gi is Ft(G;). In 
such a sequence, G; does not (usually) uniquely determine either Gi, or 
Gi-+; but Il; does uniquely determine both Mı and IH, for IMi is merely 
Il, with two unit integers adjoined, and I, is merely Il, with two unit 
integers omitted. 

In the process of one-stage contraction (which is the inverse of one-stage 
expansion), two end points attached to two distinct points c; and cy of G; 
(together with their end-edges) are expunged, and a new edge attaching ej 
to cr is inserted to form Gi... No sequence of one-stage contractions can be 
continued indefinitely, for one obvious limitation on contraction is the. 
following. Let Fu(II) be the number of unit integers in IT; and let Fw (11) 
be one half of the largest even number = Fu(Ii). An algebraic expression 
for Fu’ (IT) is 

Fel (11) = 4{2Fu (11) — 1 + (1) FH}. 


The maximum number of successors of IL; in a contraction sequence cannot 
exceed Fw (IL). But there is another limitation on the number of such 
succesors. The integer p, in Il; is identical with the integer p, in H; but 
XIL/8 = Sin /2 +1. Hence Pr(Ilis) = Fr(li) — 1 It may be that, 
after Fr(Il:) successive contractions, of which the first is performed on HM; 
the stage is reached where Fr(Qiuercqy)) —0. In this case Gira, is a 
rosette; consequently, even if Fw (UWurrc.)) > 0, no further contraction is 
possible without the formation of a forbidden loop. Since the successors of 
Tl; in a contraction sequence are respectively the predecessors of the same IT; 
in an expansion sequence, the maximum number of such predecessors is the 
lesser of the two functions Fr(IL;) and Fu’(I1;). (Where Fr(1;) = Fu’ (1), 
the maximum number of predecessors is given by either of these two functions. 
Here the first graph in the expansion sequence is a rosette with < 2 end 
points.) If the lesser of Fr(Il) and Fu’(II) is called Fm(It), then an 
algebraic expression for that function is 
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Fm (IL) = }{Fr(11) + Pu’ (11) — | (Fr (11) — Fw (11) |}. 


A Il for which Fm(II) —0 will be called an initial TI and will be 
characterized by the symbol IL. A II, is easily recognized, since either 
Fr(T)) = 0 or Fu(Ils) <2. There are of course Il,’s which meet both of 
these conditions, and so a connected loopless graph for a IL, is a graph which 
is a rosette or a graph containing < 2 end-points or both. 

A II for which #¢(I1) = 0 will be called final. It is easy to recognize 
such a final II by its defining condition. The connected loopless graphs for 
final IPs are trees, and a connected loopless graph for a unigraphic final IL 
is a unique tree. Necessary and sufficient conditions for uniqueness among 
trees (over and above the general condition F#(II) — 0 which holds for all 
trees) are (a) pı = pı = 2; or (b) pı = p; > p= 1; or (c) po > p, =l; 
or (d) p= 1. These conditions are included in the conditions (2.1),: -:, 
(2. 6”). 

Let any I which is neither initial nor final be called intermediate. In an 
intermediate IT, 


(a) Ft) > 0 < Fr(D); (b) Pri—1. 


An expansion sequence which begins with an initial and ends with a 
final II will be called a complete expansion sequence. The number of members 
of a complete expansion sequence is Fm (IG) + Fé(IL) + 1 where IT; is any 
member of the sequence. Where IT; is a Mo, the number of members of the 
complete sequence is Ft(Ilb) +1—yp(Go) +1. 

Expansion sequences lead to a very useful scheme for the classification 
of all IPs. Construct the disjoint classes (which together exhaust all IPs) 
in such a way that each class contains only complete expansion sequences. 
By means of this principle, the problem of classifying all Is is reduced to 
the problem of classifying all initial (or all final) I’s—an incomparably 


easier task. 
Inspection of Classes I-VII (pp. 678-679) shows that: 


The unigraphic IPs of Class I are initial (sometimes also final). 
The unigraphic Ms of Classes II, IVa, V and VI are initial. 


3 In constructing the successive graphs of a contraction sequence, some difficulty 
may be caused by the fact that occasionally, although H; is not initial, all of the end- 
points in G, are attached to one point ¢;. If this situation occurs, proceed as follows. 
Replace two of the end-points and their end-edges in G, by a loop-edge dependent from 
cj; tken remove the loop-edge by a loop-transfusion. Such a transfusion must always 
be possible wherever G; (as in the instance under consideration) is not a rosette. 
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The unigraphic Is of Class Il are intermediate or final. 
The unigraphic Ms of Classes IVb and VII are final. 


The same inspection reveals that every final II (classes I, III, IVb or VII) 
belongs to a complete expansion sequence in which If, is unigraphic and of 
Class I (where ps = 1, or po = pı > 1, or pa = 1) or Class IT (where p, = ps) 
or Class IVa or Class VI. A II, which meets any one of these conditions 
will be called a Tp. 

Since necessary and sufficient conditions for uniqueness among trees are 
almost self-evident and have long been known, it is safe to assume that there 
are no unigraphic final IPs besides those in the classes listed above. Hence the 


Lemma. À necessary and sufficient condition for a unigraphic final IT 
is that this final TI belong to a complete expansion sequence in which I, is a IL. 


Preservand subgraphs. Pick from any ,connected loopless graph G a 
connected subgraph V which is not the whole of G. One of two alternatives 
must be true: 


(a) Fe(G)=Ft(V) or (b) Fé(G) > FEY). 


In the latter case, G may be converted by successive expansions into a con- 
nected graph Gi, where F4(G;) = Ft(V), and G contains V intact. The 
method of expanding G to G; is to expunge from G and its successive expan- 
sion products only cyclic edges which are not in V. The subgraph V thus 
preserved intact in the expansion sequence (as far as the stage where 
Ft(G,) = Ft(V)) will be called a preservand subgraph of G. 

Application of the idea of a preservand subgraph leads at once to the 
following 


Lemma. If 

(1) G; and G/ are distinct representatives of one and the same Ii 
where Ft(,) > 0, and 

(2) Gi contains a preservand subgraph V which distinguishes G; from 
Gi and 

(3) V contains no point which is an end-point in Gi, and 

(4) FEV) <2, 
then no explanation product of I is unigraphic unless IL belongs to a com- 
plete expansion sequence beginning with a Il; and if IL does belong to a 
complete expansion sequence beginning with a Ilo, then its only unigraphic 
expansion product is the final II. 
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À preservand subgraph V which meets the conditions just stated will be 
called a V. Naturally, the above lemma is particularly useful where I]; is a 
Ty. The presence of a V in one of two distinct representatives (Gp and Go’) 
of If) implies that no expansion product of M, is unigraphic. 


Additional terminology. 

(1) Polarity. Where b(i, j) > 0, if psp; the bond (i,j) as well 
as each of the edges which together form that bond are homopolar; where 
Pas pp the bond (i,j) and the edges which compose it are heteropolar. 


(2) Alternating and uniform partitions. There are certain classes of 
partitions which, so far as the construction of one representative graph is 
concerned, lend themselves to particularly simple treatment. These are the 
alternating and uniform partitions hereafter described and denoted by the 
respective symbols Pa and Pu. Almost all alternating and uniform partitions 
are multigraphic, but each one of them has among its representative graphs 
one uniquely definable graph hereafter called respectively the alternating or 
the uniform graph. These are denoted by the respective symbols Ga and Gu. 
Alternating and uniform graphs are partly characterized by the facts that, in 
them, each point and each edge forms part of at least one cycle of order n 
(hereafter called a major cycle), and that, in them, there occurs no cycle of 
order k where 2 < k <n. 


(a) Alternating partitions and their alternating graphs. 
A Pa is defined as follows: 
(1) A Pa contains no unit integers. 
(2) Any integer in Pa occurs there an even number of times. 
Hence every Pa is a Il. 
A Ga is defined as follows: 
(1) If n=}, then 0(1,2) = pi. 
(2) If n> 2, then in Ga 
blii +1) =p— 1, i—1,3,5,---,(n—1), 
b(i,i +1) =t, j =2, 4,6, > +, (n—2),  b(n,1) —1. 
From these specifications, it follows that every heteropolar bond (if any) in 
Ga is single. 
(b) Uniform partions and their uniform graphs. 
| À Pu is defined as follows: 
(1) pi== Pa; (2) pr is even; n is odd. 


PARTITIONS AND THEIR REPRESENTATIVE GRAPHS. 685 


A Gu is defined as follows: 

(1) Iin=1, then Pu is not a Iu and Guis the loop-rosette (c1, p1/2, ¢1). 

(2) Ifin>1, then b(i, i+ 1) = p1/2, 1—1,2,: + -,(n—1);b(n,1) 
== 91/2. 
Here Pu is a If, and Gu contains no heteropolar bond; moreover Gu contains 
no single bond unless p, == 2; in this latter case, all the bonds are single. 


GENERAL RUBRIC FOR THE CLASSIFICATION OF ALL INITIAL IPS. 


Class 
Fr (To) e 0 A 
Pr(1) > 0 | 
A= B 
pi > 2 
n= 3 C 
n > 3 
Pi Pn p 
Pa > Po = Pn E 
Pa = Paa > Pa F 
Pi Pa > Parn = Pn; Di = Po} Dut = Pn G 


Pi > Pa > Pra; Wy = Ua + Pw™ 


XPw = 0 H 
SMa = 0 J 
Sla > 0 < SPw 
Fr(Pw) = 0 | K 
Fr(Pw) < 0 L 


Most of the classes of initial IPs given in the above rubric require still 
further division into subclasses before they can be successfully treated. In 
fact, the most feasible scheme yet found requires 30 such subclasses. Con- 
siderations of space make it out of the question to give the necessity proof 
for each of these. Nor is it essential to give the necessity proof for Theorem 
(2) in full. Six of the simpler proofs for individual subclasses are given 
hereafter. The methods used in the proofs for the remaining 24 subclasses 


12 The sum of m partitions is defined as follows: If all the integers of P are divided 
into m disjoint subsets which respectively constitute the partitions Pp- - -, Pm, then 
P=P;+P;+..:+Pm A Pw is defined as a partition in which no two integers 
are alike. 


686 JAMES K. SENIOR. 


are similar to those here shown (for subclasses As, Ci, D, E Gi and J1) 
though in certain instances slightly more intricate.** 

It should be remembered that, in the six following necessity proofs for 
individual classes of IPs, the specifications given for each class apply only 
to the initial Ils of that class. The phrase “expand with respect to (1,7) ” 
which is used in some of the constructions means that, in the indicated 
expansion, the cyclic edge to be expunged is one in the bond (i, j). 


Subclass As. Fr(o) = 0, ps > 1. 


I is of class I, and G is therefore the unique graph given (p. 678) for 
a II of that class. To construct G,, expand G with respect to (1,2). To 
construct G’, perform a neutral reversion on Ge to form a graph in which 
b(2,8) —1 and b(1,1) —1; then expand this graph with respect to the 
unique loop-edge to form G’. Gy contains an edge (2, 8) terminated by two 
polyvalent points neither of which has the valence p,. The tree (cə, 1, cs) 
in G is a V. Thus the only unigraphic Ws in subclass As are the initial 
ones. 


Subclass Cy. In Wb, pi = ps > 2, n = 3. 


TI, is of class II, and Gù is therefore the unique graph given (p. 678) 
for a I of that class. Furthermore, every final If in subclass C, is of class VIT 
and hence has the unique graph given (p. —) for a I of that class. In the 
unique Go, 0(1, 2) = 0(2, 3) = 6(3,1) = p:/2. To construct G, expand Go 
with respect to (2,3). To construct G,’, perform a neutral reversion on Gy 
to form a graph in which b(1,1) —1; then expand this graph with respect 
to the unique loop-edge. G+,’ is distinct from G because, in G,’, the point c, 
is attached to two end-points, whereas in G, no point is attached to two end- 
points. Expand both G, and G,’ by pı/2— 1 successive expansions with 
respect to (2,3). Throughout this expansion, each G; is distinct from the 
corresponding G; because G; has a. polyvalent point which is not attached to 
any end-point, whereas G has no such polyvalent point. Any cycle of order 3 
in Ghz is a V. Hence the only unigraphic Ws in subclass C, are the initial 
and final ones. 


Class D. In Wo, pi pr > 2, > 3. 


Go is either the alternating or the uniform graph for My. To obtain Go’, 
construct for the partition pi,--:-,p4 the component H, in which each 


18 Any reader interested in the full necessary proof for all 30 subclasses may obtain 
a copy of that proof by application to the author. 
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point terminates two single bonds and one.bond of breadth p — 2. Ifn—4, 
H is G’. Tin > 4, the component H, is either the alternating or the uniform 
graph for the partition ps,---, pn. If n= 5, transfuse each loop-edge in 
H, with an edge in a multiple bond in H, to form G,’. If n > 5, transfuse 
one edge in Ha with an edge in H, to form G’. In any case, any cycle of 
order 3 in Go’ isa V. Hence there are no unigraphic IPs in class D. 


Subclass BH, Fr) = 1, n > 8, pı > po = Pr. 


I is of class V, and Ge is therefore the unique graph given (p. 679) 
for a IT of that class. G, is defined as follows: b(1, 2) = 0(1,8) =p.—1, 
b(2,3) =1, b(1,i) =p, i—4,---,n. To obtain G, expand Ge with 
respect to (1,2); to obtain G,’, expand Ge with respect to (2,3). In G, 
the tree (¢:,1,¢,) containing a homopolar edge is a V. Hence the only 
unigraphic Ws in subclass E, are the initial ones. - 


Subclass Gy. In IL, Pı = Pa > Pari = Pn; Pi = Po; Pna == Pr = 2. 


The component J, is either the alternating or the uniform graph for the 
partition p,,: °°, pa The component I, is the loop-rosette (Cn, 1, Cn). To 
construct the component H,, transfuse the loop-edge in J, with an edge in 
(1,2) in I. The component H, is either the alternating or the uniform 
graph for the partition pau,’ ` ', Pana. To construct Go, transfuse an edge 
in H, with the single edge (1,n) in H,. To construct G,’, transfuse an edge 
in H, with an edge in (1,2) in H,. Any cycle of order n in G contains 
only two heteropolar bonds and is therefore a V. Hence there are no uni- 
graphic Ils in subclass G4. 


Subclass Ja Fr(1Wo) > 0, Po > Doug =1,--°, (n— 1), n> 8; 
Di = (pe + Ps + * ++ Pn) — 22,0 < 22 < py 

Attach each point cy (g —2,- - -, (n—1)) to cı by py edges. Attach 
Cn to C1 by Pa — 2z edges and complete a (not loopless) graph for II by 
making cn the lcop-point for z dependent loop-edges. To construct Go, trans- 
fuse each loop-edge dependent from cn with an edge in (1,3). To construct 
Go’, transfuse each loop-edge dependent from €, with an edge in (1,2). Any 
tree (cs, 1, Cn) in @ isa V. Hence there are no ungraphic IPs in subclass J4. 

The full necessity proof (extracts from which have just been given) 
completes the proof for Theorem (2). 

From Theorem (2) it follows that there are just four kinds of complete 
expansion sequence: 


(1) Those in which no H is unigraphic. 
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(2} Those in which just one, the initial IT is unigraphic. 
(3) Those in which just two (the initial and the final) IPs are unigraphic. 


(4) Those in which more than two (and here all) of the IPs are 
unigraphic. 


Lemma. If any initial IL is multigraphic, then each of its expansion- 
products is multigraphic. If any intermediate TII is unigraphic, then éach of 
its expansion and contraction products is wnigraphie. 


Part IV. Polychromatic graphs. 


Polychromatic graphs have been defined and the conditions for the 
identity of two such graphs have been given above. The existence condition 
(1.4) for connected loopless graphs holds as well where the graph is poly- 
chromatic as where it is monochromatic. But for a graph with m colors 
(m > 1), this condition must be strengthened by one obvious further condition. 


CONDITION (1.5). pi Pism for at least one fx. 


Where m = 1, condition (1.5) reduces to the identity pı = p A IL which 
meets condition (1.5) will be called a In. 

For every Il», there may be constructed at least one connected loopless 
graph involving each number of colors frora 1 to m inclusive. And if, for 
Iim (m > 1), there are x distinct connected loopless monochromatic graphs, 
the number of distinct connected loopless polychromatic graphs involving y 
colors (2 = y =m) must be =z. Hence, if H has no unique monochromatic 
connected loopless graph, it can have no unique polychromatic connected loon- 
less graph. To obtain uniqueness conditions for connected loopless poly- 
chromatic graphs it is therefore sufficient to determine how far the uniqueness 
conditions for connected loopless monochromatic graphs continue to hold in 
the polychromatic case. The various classes of IPs which are unigraphic in 
the monochromatic case (cf. above) ‘are therefore next examined. 


Crass I. The Ms in this class have rosette graphs. No matter what 
the number of classes of like-valent blind points in a rosette, and no matter 
how the colors are distributed among these classes, such a graph must always 
be unique. i 


Crass II. A graph for I in this class must always be unique, no matter 
how the colors are distributed among the like-valent points, if any such are 
present. Trichromism is possible where pı = pz == p33 dichromism is possible 
where pı = Pe > Ps OF Pi > Po = Ps. 
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Crass ITI. A polychromatic graph for a IT in this class cannot be unique 
unless pı = pz. Where this extra condition is met, two kinds of poly- 
chromism are possible: (a) The two polyvalent points are dichromatic. Here 
a polychromatic graph is unique if and only if all the univalent points are 
monochromatic. (b) The two polyvalent points are monochromatic. Here a 
polychromatic graph is unique if and only if one of the univalent points is of 
one color and all the other univalent points are of one different color. 


Crass IVa. A polychromatic graph for a H of this class is unique if and 
only if one point is of one color and all the other points are of one different 
color. 


Crass IVb. In a graph for a II of this class, polychromism among the 
bivalent points would destroy the uniqueness of the graph, but the two end’ 
points may be of different colors without destroying this uniqueness. 


Crass V. In a graph for a I of this class, polychromism is possible only 
among the points of valence p». But such polychromism always destroys the 
uniqueness of the graph, because the colors may be distributed in various 
ways with respect to the unique homopolar edge. 


Crass VI. In a graph for a IT of this class, polychromism is possible 
only among the points of valence p, But such polychromism always destroys 
the uniqueness of the graph because the colors may be distributed in various 
ways with respect to the unique end-point. 


Crass VII. In a graph for a IT of this class, polychromism is possible 
both among the univalent and among the polyvalent points. But in either 
case, polychromism destroys the uniqueness of the graph. 


The facts just stated may be summed up in the following lemmas. 


Lemma (8.1). All polychromatic graphs of classes I and IT are unique. 


Lemma (3.2). No polychromatic graph of any one of the classes V, 
VI or VII is unique. 


Lemma (3.3). A polychromatic graph of class III or class IV is unique 
only under the special conditions just described; such a unique graph can 
involve no more than two different colors. 


Lemmas (3.1)-(3.3) taken together imply theorem (3) which is thus 
proved. 


GEORGE HERBERT JONES LABORATORY, UNIVERSITY OF CHICAGO. 


ON SYSTEMS OF LINEAR DIFFERENTIAL EQUATIONS.: 


By WILLIAM G. LEAVITT. 


1. A normal form. A system of n linear homogeneous differential 
equations linear in a parameter À may be written in vector form 


(1) U’ = (AA + P)U, 


with U a column vector and A and P n-square matrices. The transformation 
U = TU, by a unimodular matrix T is easily seen to result in an equation 
in U, of form (1), in which the coefficient of À is TZAT. It is known [1] 
that if the elements of A and its characteristic roots are holomorphic in a 
closed bounded region R, then there exists a matrix T unimodular in R such 
that TAT is in triangular form. 

It may be remarked that the theorem is also true for the case F is 
unbounded.” It is easily verfied that the method of [1] may be extended. to 
this case without significant alteration. The only possible difficulty is the 
requirement [1; p. 470] of a function whose finite expansion è is specified 
at a set of points which in this case may not be finite (although without a 
finite accumulation point). However, the existence of such a function is 
established by a theorem of Mittag-Leffler [2; pp. 5-6]. Another proof which 
may be extended to the unbounded case is that given in [3] for general 
principal ideal rings. It is known that the ring of all functions holomorphic 
in an unbounded region satisfies all the postulates of a principal ideal ring 
except the infinite chain condition [Cf. 4; p. 351]. However, the proof of 
[3] makes no use of the chain condition and so may be applied immediately. 

It will accordingly be assumed that the coefficients of the original equation 
satisfy the above conditions. In the following it will be supposed that the 
transformation has already been performed, so that in (1) A is triangular. 


2. A canonical form for second order equations. Consideration will 
be limited henceforth to the case n= 2. Since A is triangular, a further 
transformation U == exp[3Af (di + Gee) de]U2, with a), and ass the diagonal 


1 Received July 26, 1950. Presented (in part) to the American Mathematical 
Society, April 30, 1949. 

2 A function is said to be holomorphic in an unbounded region R if it is holo- 
morphic in and on the boundary of every finite portion of R. 

3 The expansion to a finite number of terms. 
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elements of A, results in an equation in U, with d-coefficient a matrix whose 
diagonal elements are the negative of each other. Again assuming the 
‘equation already transformed, A may be written 


A= fd | 
({ — HW 


Consider the equation AT — TB, where T is unimodular and 


: {e ¥ 
(2) B= ( ye 2 i 
Clearly T must be triangular (except in the trivial case A == B = 0) and, 


from the unimodularity condition, its diagonal elements tay and tə must 
be units. It then follows that 


(3) y = (Qiztee + Zuti) /tir, 
with tj. arbitrary. Thus y is any associate of any member of the modular 
class of dy, mod y. 

Now it is known [4; p. 351] that there is an integral function y such 
that ya = d mod x, where d is the G. C. D. of a and yp. It is easily seen 
that an exponential function can be constructed having, at a given point, 
any specified finite expansion with non-zero constant term, by properly 
choosing the corresponding finite expansion of its exponent. Since y is prime 
to u, it is accordingly evident (using the theorem of Mittag-Leffler cited above) 
that an exponential function exists whose expansion at each zero of p agrees 
with that of y to the order of the zero [See also 2; p. 56]. Thus a unit 
function exists which is congruent to y mod and which is therefore usable 
in place of y. It follows that the elements of T can always be chosen in (3) 
to make y = d. In case d is an associate of a (that is, » a divisor of a2) 
y may from (3) be chosen equal to zero. Thus in all cases a form exists 
with y either zero or a proper divisor of u. Conversely, if a, is a proper 
divisor of u, then from (3) if y is also a divisor of p, it must be an associate 
of io. Also if &ı2 = 0, then y cannot be a proper divisor of p, and so y = 0. 
Thus in either case y is unique except for associates. The transformed equa- 
tion whose A-coefficient is the matrix of (2), with y either zero or a proper 
divisor of u, will be termed the canonical form of the equation. 


3. Asymptotic solutions. The expressions to which solutions of equa- 
tions of form (1) are asymptotic for large values of || are known only 
when the characteristic roots of A are unequal throughout R.* For second 


‘See [5]. In applying the method to the complex case certain additional assump- 
tions on R may be needed to ensure convergence. 


692 WILLIAM G. LEAVITT. 


order equations, in the above notation, this would imply that » is a unit 
function. It is to be expected that even for second order equations the 
problem of finding asymptotic solutions in general will be quite complicated. 
In this section is to be considered the simplest case, in which it is assumed 
that R is bounded and that u has a single zero of the first order (which can 
be taken as the origin without loss of generality). It will be assumed that 
the equation has been reduced to canonical form, and so, according to the 
results of the last section, y has one of the two forms 0 or 1. 


Case I. w==1. The equation to be solved has form (1) with 


ao 


Since it is assumed that R is bounded, the further transformation, 


U = (A+ me) explt f (pu + pus) de, 
is non-singular for | À | sufficiently large, Equation (1) then becomes 


(4) Y'= (d+ Q)¥ 
where 


p—r Piz : pP = $ (Pu — Pa), 
= th 
g ( Pz Ban = r = p's2/2(X-+ Pis). 


The elimination of y, from the component equations of (4) is found to lead 
to an equation of form 


(5) yr? = [M + àx (2) + xe (4, À) JY 


where x, and x are holomorphic in R and x: is bounded for | À | sufficiently 
large. 

This is an equation of the type treated by Langer [6]. Thus with the 
added postulates [6; (i) p. 93 (second part) and (iv) p. 100] the expressions 
to which the solutions of (5) are asymptotic for large | À | are obtainable. 
The first component equation of (4) then furnishes a solution for y, and, 
by reversing the transformation leading to (4), asymptotic solutions are 
obtained for the original equation. 


Case II. #—0. Transform (1) by 


exp f “(e+ pu) de 0 


ie | Y. 
= 0 exp f (— Au + pa) de 
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Equation (1) then becomes 


(6) 0 ~ p,exp(— &) = ?À [ras 
sz 
Y'= | Y, where Pı = Po EXP f (Paz — Par) dz 
0 
Po exp(€) 0 P2 = Pa EXP f (Dir — P22) dz. 


For some constant «, define recursively 


yu -=f Pa exp (— £) Y Pdz (i=0, 1>) 
& 
(7) : 
Yor == 1, Yo = f Po exp (E) Y1 Pdz (t==1,2,°- +), 
a 


then the expressions 
(8) Yu = 2 yu, Ya = = yor, 


are the components of a formal solution of (6). 
Certain conditions are now to be assumed to ensure convergence: 


(i) For some K and e > 0 there exists a curve joining the origin with 


every z for which |z| < « such that f |dz|<K|z|. Call the set of 
all such curves the class c. 7 


(ii) The function fi nae is zero in À only at the origin. 
0 


In the region Re corresponding to R define (in general four) sectors 
S; by — 7/28 + jr Sarg é S r/2 + jr, where j = 0, 1,2,3. Then assume, 
finally, 


(iii) Each sector contains a point æ; which may, for each z of Sj, 
be connected with the origin by an ordinary curve C, through z on which 
the real part R(E) is monotonic. Call the set of all such curves the class C, 
and let L(2) be the length of Cs. It will be assumed, further, that D(z) is a 
bounded function of z over R. * 


Let H be an upper bound for the absolute values of the functions pi, po, 
x, their derivatives, L(z), and 2 f ie To specify the constant « in 
A 0 
14 
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(7) let @ be a; or 0 according as j = 0,2 or j= 1,3. Then for any 2, on 
the curve between « and z, R(£) = R(É). 


Suppose first that | é| SN. By (ii) and the fact that p has a zero of 
the first order at the origin, | f pdz | > |z|?K, for some K, Thus 
0 


|z| <(N/K,||)4, and so |à | > N/K, implies |z| <<. In sectors 8, 
and 8; «= 0 in (7) and so the integration may be taken over a curve of 
class c. It is then easy to show by induction that | 7,0 | S Mei | à 3, 
| yor) | S M7 | à |, where M—HK(N/K;)#exp N. Hence the series in 
(8) converge when A also satisfies the condition | À |> Me. 

If | €|> N, again for sectors S, and S3, the integration is taken over 
a curve O; of class C. Since this is an ordinary curve, there is a last point 8 
on the curve for which | é| ==, and the part of C, from 0 to 8 may be 
replaced by a curve of class c. Then from (7), integrating by parts, 





B z 
(9) y= f pa exp (— Ede + pi exp (— £)/(— 2M) |, 


+1/(22) J (p/a exp(—é)dz 


The first integral is of the type considered above for | é| S N, and so is less 
in absolute value than M/| |. In the above, | à| was chosen to make this 
ratio less than 1. It is now to be required that || also be chosen large 


enough to make M/|A |3 < H*/N. Now we may write Ap? = éy?/2 f “nde, 
0 


and since on the curve from £ to z | £| > N, it follows that 1/| Ay? | < E/N. 
Also by (iii), for any z, on this curve, R(é) = R(é), so that | exp(-—é)| 
= | exp(—é&)|. It may then be verified (assuming H > 1) that | yu | 
< 5H*|exp(—é)|/N. Thus y — E exp(—£)/N where E is a generic 
symbol for any function for which | E | < 5H*. 

The curve of integration for yz: in (7), for sectors Sı and Ss, may be 
split in similar fashion. On the curve of class ¢ from 0 to 8 it was shown 
above that | yi |< M/|A|4. It is then seen that yo |< H/N? + 5H°/N, 
so that yo: = E?/N. 

This process may be continued, integrating by parts for each yu. 
Then, using the fact that yan” = poexp(é)yu%, it may be shown 
by induction that y: = EB? exp(—é)/N* and then you = He /Ni, 
Accordingly with a choice first of N >(5H*)*, and then |A| as specified 
above, the series in (8) converge and represent the solution. 

"In the sectors Sọ and S the situation is somewhat less simple. The 
choice must now be «=a, so that again | exp(—é)| =| exp(—&:)| for 


ON SYSTEMS OF LINEAR DIFFERENTIAL EQUATIONS. 695 


any z, on the curve C, of class C joining a; with z. If there are points on 
C, for which |é | S&N, the portion of the curve joining the first and last 
points on the curve for which | é | = N may be replaced by two curves (by 
way of the origin) of class c. The remainder of C} consists of one or two 
segments of a curve of class C on which | 4 | > N. Thus clearly an analysis 
similar to that above is possible showing that for || sufficiently large the 
series in (8) converge. Accordingly there exist solutions, in any sector, 
Yu 11 and Ya 15 
For a second solution take 


Yoo) = f P2 EXP (£) Yi2dz, (4 = 0,1,-: +) 
a 
yo = 1, Y” = f Pı exp (— £) yat de (i=1,2,: --), 
a 


with æ = a; if j = 1,3 and a=0 if j—0,2. If the curve of integration 
is of class C, then R(£) S R(E) for any z, on the curve, so that the analysis 
evidently parallels that above. There thus exists a second solution yı ~ 1 
and Yoo Yoo, 

Let Y; designate a matrix of solutions (each column a solution) having 
the above form in sector S;, then , 


z 
f pı exp(— ¿) de 1 
A 


1 S po exp (£) dz 


From (6), YoK is a matrix of solutions for any constant matrix K, and so 
it represents the general solution. Thus each F; = Y,K; for some constant 
matrix Kı. Now the origin is a point common to all sectors, and hence 
it may be used to evaluate the constants K; Thus since | Y,|~—1, it 
follows that Y;—Y,Y51(0)Y;(0). The solution for the original equation 
may then be obtained by reversing the transformation leading to (6). 


UNIVERSITY OF NEBRASKA. 


5 The symbol ~ indicates expressions asymptotic for large |X|. It is easy to show, 
also,'that if | exp(— £) | is sufficiently large (that is, if the point is sufficiently removed. 
from the curve #(£) = 0), then for | £| > N, yu is approximated by — p, exp(— £)/2Au. 
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ISOMORPHIC GROUPS OF LINEAR TRANSFORMATIONS, IL* + 
By C. E. RICKART. 


Introduction. In a previous paper [7] we have discussed the structure 
of isomorphisms of certain groups of linear transformations which reduce in 
the finite-dimensional case to full linear groups. In the present paper a 
similar investigation is carried out for groups of linear transformations which 
reduce in finite dimensions to unitary (including orthogonal) or symplectic 
groups. As in the previous case, it turns out that the group isomorphisms 
are essentially generated by isomorphisms of the underlying vector spaces on 
which the linear transformations operate. 

In the finite-dimensional case, similar results for automorphisms have 
been announced by Dieudonné [2,31]? Dieudonné assumes throughout that 
the coefficient domain is a field, that the index of the vector space is not zero, 
and, in the orthogonal and unitary cases, that the field is not of characteristic 
two. We assume the characteristic to be different from two throughout the 
discussion. However, in the unitary case, the coefficient domain can be any 
division ring with an involution, except that the characteristic must be different 
from two and the case of a field F, with exactly three elements is excluded. 
There is also no restriction here on the index of the vector spaces. 

In view of Dieudonné’s results, the main force of our discussion is obtained 
in the infinite-dimensional case. Therefore we have assumed throughout that 
the vector spaces have dimension at least equal to six. This avoids the special 
situations which occur for low dimensions and makes it possible to give a 
relatively uniform treatment of the whole problem. For similar reasons, we 
have not attempted a discussion of the symplectic case for characteristic two 
nor the unitary case for the field Fs. 

In §1 vector spaces with a scalar product (called self-dual spaces) and 
self-adjoint involutions on such spaces are discussed. These spaces include 


* Received July 24, 1950. 

1 Presented to the Society, April, 1950. We take this opportunity to express our 
appreciation to N. Jacobson for his encouragement and advice during the writing of 
this paper. 

? Details of the proofs of these announced results will presumably appear in [1]. 
L. K. Hua [5] has also obtained the result for the finite-dimensional symplectic case 
when the field is not of characteristic two. (Added in proof.) Reference [1] appeared 
after this paper was written. The methods used there are, in general, quite different 
from ours. 697 
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the syraplectic and unitary spaces as special cases. In §§2 and 3 the special 
problems which arise in the unitary and symplectic cases respectively are 
discussed. The representation theorem for the group isomorphism is proved 
in $4. 


1. Self-dual linear vector spaces. Let Æ be a left linear vector space 
over a division ring D and let À — À* be a given involution in D. In other 
words, (A*)Ÿ= À, (A +p)fe=X*—Lu*, and (Au)*=—p*\*. The space Æ 
is said to be self-dual provided there exists a scalar product (x, y) defined 
on Æ X Æ to D possessing the following properties: 


(i) (Az + py, 2) — (2, 2) + ely 2), 
(ii) (x, y) —0 for all x implies y = 0, 
(iii) (gx) —e(x,y)*, where e= + 1 and is independent of x, y. 


If £* is the right linear vector space over D whose elements are identical 
with those of X, with addition defined as in X and multiplication by scalars 
defined by zà = A*s, then X and X* are dual linear vector spaces relative to 
(x, y) as defined by Jacobson [6, p. 15]. An important consequence is that, 
if @,° - +, a, are linearly independent elements of Æ, then there exist elements 
Ys * +> Yn in € such that (2, y;) = 8, where 60 for 147 and 8; —1 
(i, 7 = 1, 2,- ym). 

For reasons which will appear later, it will be assumed throughout our 
discussion that D is not of characteristic two and furthermore, in case X is 
unitary (as defined below), that D is not equal to the field F, which contains 
exactly three elements. 

Two vectors &,y in Æ are said to be orthogonal provided (x,y) = 0. 
Two subspaces M, Jt are said to be orthogonal provided (x, y) ==0 for all 
xeMt and ye XM. In this case we write MLN. If Mt is an arbitrary sub- 
space of X, then W- will denote the set of all ce X such that (x, y) = 0 for 
every ye Ut. We call ML, which is a linear subspace of Æ, the orthogonal 
compiement*® of WM. A subspace M in Æ is said to be isotropic if 
M N M= (0) and is said to be totally isotropic if M CML. The maxi- 
mum dimension which a totally isotropic subspace of X can have is called 
the index of ¥ [4, p. 17]. A subspace of Æ which is non-isotropic is itself 
a self-dual space relative to the scalar product (x, y) restricted to the sub- 
space. A non-zero vector weX such that (u,u) — 0 is called an isotropic 


3M- is not in general an algebraic complement of M in the usual sense. In fact, 
even if M NM+= (0), we need not have Z= MMM- when Z is infinite-dimensional 
However, see Lemma 1.1 below. 
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vector. If u is an arbitrary isotropic vector in Æ, then there exists an isotropic 
vector veX such that (u,v) —1. In fact, let w be any vector in # 
such that (u, w) — 1 and define u—w—%}(w,w)u. Then (u,v) =1 and 
(v,v) = 0. The vectors u,v are linearly independent and the two-dimen- 
sional subspace of Æ spanned by u,v is non-isotropic. Thus every isotropic 
vector can be embedded in a non-isotropic plane. 

A self-dual space in which every vector is isotropic is said to be 
symplectic. In this case it is not difficult to show that (y, s) =— (z, y), 
for all s, y, and A* =A, for all Ae D, so that D must be a field. It is 
well-known that the dimension of a symplectic space, if finite, is even. 

A self-dual space which contains non-isotropic vectors is said to be 
unitary. If e==— 1 in this case, then, by a trivial modification of the 
involution and scalar product, it is possible to obtain * e— 1. Therefore we 
- shall always assume « 1 in the unitary case. A non-isotropic subspace of a 
unitary space obviously cannot be symplectic and so accordingly must itself 
be unitary. Let Nt be a finite-dimensional non-isotropic subspace of a unitary 
space Æ. Then there exists a basis u,,: + -,w, for Mt consisting of non- 
isotropic orthogonal vectors; that is, (ui, w) == 0 for 54 7j and (ui, ui) ~0. 
This is proved as follows. Choose u, as any non-isotropic vector in Mt and 
suppose Ur’ °°, Ur, Where 1 = k < n= dim W, already chosen in Ÿ such 
that (unu) —0 for isj and (u,w)=£0. Observe that ui ` +, Ue 
must be linearly independent and span a non-isotropic subspace of Mt. 
Set5 N= Du+---+Du, and note that dim (M N NL) — n —%. 
Since k <n and™ M—=N A (MNN), M N NL is non-zero and non- 
isotropic. Choose a non-isotropic vector ugn in MM NL. Then (wi, Ura) = 0 
for 1==1,---,% and (Ur, Ue) AO. The desired result now follows by 
induction. If Æ is unitary and D is a field with A*¥ — À for all A, then Æ 
is said to be an orthogonal space. 

Now return to a general self-dual space X (that is, Æ is either symplectic 
or unitary) and let A be a linear transformation on #. A second linear 
transformation A* on X such that (£A, y) = (x, yA*) for all x,y is called 
the adjoint of A. If A* exists, then it is unique. In case A* — A, then A 
is said to be self-adjoint. A linear transformation P such that P? =P is 
called a projection. If P*—P, then the range of P is a non-isotropic 
subspace of Æ. In fact, suppose ye (XP)(\(¥P)+. Then, for all x, we 


‘This fact was pointed out to us in conversation by N. Jacobson. 

5 The one-dimensional subspace of # which contains a non-zero vector ueZ will be 
denoted by Du. 

5 See Lemma 1.1 below. 
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have (s, y) = (z, yP) = (xP,y) —0. Therefore y == 0 and XP is non- 
isotropic. Similarly ¥ (Z — P) is non-isotropic, where J is the identity trans- 
formation. Furthermore ¥(I — P) = (XP) and therefore X = (XP) @ (XP). 
Conversely, if Æ = M M- and P is the projection of X onto M, then P 
is self-adjoint. Decompositions of the form X= M @ ML do not hold in 
general for non-isotropic subspaces Wè which are infinite-dimensional. How- 
ever, if W is finite-dimensional the decomposition does hold. 


LEMMA 1.1. If W is a finite-dimensional non-isotropie subspace of X, 
then X= MOH MA. | 


Proof. Since M is non-isotropic, it is self-dual relative to (s, y) 
restricted to Mt. Therefore, if w,- + +, U» is a basis for Wt, there exist 
Va’ © ` n eM such that (u, vi) = y. Observe that v1,---,0, must be 
linearly independent and hence constitute a basis for M. Now, for «eX, 


n 
write r =u -4 v, where u = > (2, Vr)ur, v—x—u Then for each v; 
kzi 


(v, vi) = (z, vj) — 5 (£, Vy) (Ux, v) =0. Therefore ve ML. Since we M, 
k=l . 


we have Æ =M OML. . 

In addition to the usual operations of addition and multiplication of 
linear transformations, we shall find it convenient to use the circle operation, 
AoB—A+B—AB. This operation is associative and has the identically 
zero transformation as an identity. Since J— (A o B) = (I — 4A) (I —- B), 
the mapping À —>I — A takes the circle operation into ordinary multiplication. 
If a transformation A has an inverse relative to the circle operation, it will 
be denoted by 4°. Thus A°04—404°=0 and [—A° = (I — 4)*, 
where (I —A)~ is the ordinary multiplicative inverse of Z— A. We shall 
denote by U(X) the class of all linear transformations A on % such that 
A*— A°, Observe that, if A° exists, then A e U(X) if, and only if, 


(1.1) (2A, yA) = (xA, y) + (2, yA) 


for all z,y. U(X) is a group under the circle operation and is isomorphic, 
under the correspondence A — J — A, to the multiplicative group of all linear 
transformations T such that T* == T~; that is (£T, yT) = (z, y) for all a, y. 
The elements of U(X) are called symplectic, unitary or orthogonal trans- 
formations according as Æ is symplectic, unitary or orthogonal respectively. 
If F is a finite-dimensional linear transformation on Æ for which F+ 
existe, then it is not difficult to verify that F and F* have the forms ° 


5 For a proof that F has the indicated form, see [6, p. 17]. 
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P= (2,bi)a, ce (a, i)b 
il 4=1 


where n is the dimension of XF. 

A linear transformation T is called an involution provided T° =T; 
that is, T o T —0 or T? = 27. An involution T is in U(X) if, and only if, 
T* == T. In this case $7 is a self-adjoint projection, so that M == XT is a 
non-isotropic subspace and X= MD M. Mt is called the subspace of T. 
Observe that T is uniquely determined by M and that sT — 2x for every 
æe while sT 0 for ceM4+. If Mt has minimum dimension (that is, 
dim M = 2 or 1 according as ¥ is symplectic or unitary), then T is said to be 
minimal. If Mil has minimal dimension, then T is said to be maximal. If 
T is either minimal or maximal, then it is said to be extremal. If Mt is the 
subspace of an involution T in U(X), then M-L is the subspace of (27)o T. 
Hence T is minimal if, and only if, (21)o T is maximal. A one-dimensional 
involution U is in U(#) if, and only if, it has the form sU = 2 (x, u) (u, uju. 
It follows from Lemma 1.1 that, for any finite-dimensional non-isotropic 
subspace Nt of Æ, there exists an involution in U(X) with Mt as its subspace. 
In fact, if P is the projection of ¥ onto Mt given by Lemma 1.1, then 2P 
is the desired involution. 


Lemma 1.2. Let Tı, Ta be involutions in U(X) with subspaces W, Me 
respectively. A sufficient condition for Tı oT, = T0 T, is that Nt, be con- 
tained in either M or Mot. If T, is minimal, the condition is also necessary. 


Proof. The proof of the sufficiency is not difficult so will be omitted.” 
Therefore assume T, to be minimal and that Tı, T, commute. (Note that 
T° Ta = T20 T, is equivalent to T;T,—T,T,.) Since Ti, Te commute, 
4T,T is a self-adjoint projection with range M, ) Ma. Therefore Mt, M 
is non-isotropic. Since WM, is minimal, it follows that either Wu ) M: — M, 
or M, N M= (0). A similar argument applied to the projection 
47,(I—4T.) shows that either W, ) Mt = (0) or M, N Ml = M. 
This completes the proof. 


COROLLARY. Let Tı, Ta be extremal involutions with associated minimal 
subspaces Uh, Mo. If Tı, To commute, then either Mı — M, or M, 1 Me. 


Lemma 1.8. Let P be a self-adjoint projection in X and let Z be an 
involution in U(E) which commutes with every minimal involution U e U(X\ 
such that UP == PU =U. Then PZ — AP, where À —0 or 2. 


1 See [7, Lemma 2.2] for a proof. 
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Proof. If Æ is symplectic, then every non-zero vector ue P can be 
embedded in a minimal non-isotropie subspace M C¥P. By Lemma 1.1, 
there exists a minimal involution U e U(X) with W as its subspace. Obviously 
PU = UP = Ų so that Z commutes with U. Now, by Lemma 1.2, M must 
be contained in either the subspace of Z or its orthogonal complement. It 
follows that uZ = Au, where À, = 0 or 2. If u and v are any non-zero vectors 
in XP, the additivity of Z implies (Awo — Au) U = (Aum — Ay) Vv = 0. Since 
the Vs assume only the values 0 and 2, it follows that Ay == Aus = às. There- 
fort À, is a constant À independent of w. This completes the proof for the 
symplectic case. 

If ¥ is unitary, then the above proof gives uZ == A,u, where À, = 0 or 2, 
for every non-isotropic ue P. Hence let u be an isotropic vector in XP 
and choose a second isotropic vector in XP such that (u,v) —1. Then 
u + v, u—v are non-isotropic so that (uw v)Z = up(u+v) and 
(u—v)Z =Ay-»(u—v). We prove now that Aus == dus At this point 
it is necessary to use the hypothesis D ~ Fs, the problem being to obtain an 
ae D such that a4 + 1 and ata*~0. Since D Fs, there exists a 
non-zero Be D such that 8+1. If B+B*-£0, take a—8. If 
B+ B*—0, take a—B+1. Then a + a* = 2 and clearly « 4 + 1. Thus 
the desired « exists. With this choice of æ, the element w -+ av is non-isotropic, 
so that (u + av)Z = Muav(u + av). On the other hand, if Au» 54 Au», then 
either uZ—u—v and vZ—=v—u or uZ—u+v and vZ =u + v, 
according as wv =0 or 2 Therefore (u+ av)Z = (1—a)(u—v) or 
(u + av)Z—=(1+a)(u+) according as Awo ==0 or 2. Since u,v are 
linearly independent, it follows that Muar = 1 — & or àma == 1 + a But 
Anaw = 0 or 2 so that either possibility contradicts «4 + 1. It follows that 
Muo = us and hence (u + v)Z = molu + v) and also (u-—v)Z = Ayio(tu — 0). 
Adding these equations and dividing by two, we obtain uZ == Auwt or UZ = duu, 
where As = 0 or 2. Again it follows that À, is a constant À independent of u 
and this completes the proof. 

Lemma 1.3 is not true in general without the condition® D 4 F, and 
is the only place in our discussion where this condition is needed. On the 
other hand, an examination of the proof shows that D == F, can be admitted 
if there are no isotropic vectors in XP and in particular if X has index zero. 
It is also not difficult to prove the lemma when D = F, provided dim(XP) > 2. 

Consider now a subgroup $ of the group U%(X) which contains all of 
the minimal involutions in U(X). The objective in the remainder of this 





8 See, e. g., [4, p. 24]. 
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section is to obtain a characterization of the extremal involutions in # in 
terms only of the group operation in $. f 

Let denote a set of involutions in $ and denote by c(d) the set of 
all involutions in & each of which commutes with every element of 4. Also, 
if Tı, Ts are involution in $, denote by p(T1,72) the number of distinct 
involutions in ¢(c(Z1,72)). In addition, define 


p = max p(T,, T2), Tı 0 Tz = T20 Ti, 
pr = max p(T, T’), To'T=ToT. 


THEOREM 1.4. If & contains involutions which are not extremal, then 
a necessary and sufficient condition for an involution Te & to be extremal 
is that pr = $p. A necessary and sufficient condition for every involution 
in & to be extremal is that pr = p for every T. 


Proof. By hypothesis dim Æ = 6; therefore the only case in which all 
involutions are extremal is the symplectic case with dim X= 6. Hence, if 4 
is symplectic, assume dim ¥ > 6. Let T,, Ta be two commutative involutions 
in & and set E; — 4T, (i—1,2). The E; are self-adjoint projections and, 
since #,, E, commute, the following are also self-adjoint projections: 


P, = EB», „P, = E (I — E»), 
P, = (I — E)E», P, = (I — E) (I — E). 


Evidently PiP; = 0 for isj and I = XP; Observe that c(T:, Ta) consists 
of all involutions T e $ such that T commutes with each P; Now let U; be 
any minimal involution in $ such that PU; = UP; = U;. Then PU: = UP; 
= 0, for t4 j, so that U:sc(Tı, T2). It follows from Lemma 1.3 that 
every T'ec(c(T;, T2) ) is of the form T = 38,P:, where & — 0 or 2. Con- 
versely, every T of this form is in c(e(T,, T2)}) provided only that Te &. 
If none of the P; is zero, it follows by direct calculation that p(T, T2) = 16 
or 8 according as 27e & or 2I 9. On the other hand, if one of the P; 
is zero, then p(T1, T2) S 8 or 4 according as 21 e Y or 2I g 8. 

Next let T, be an arbitrary involution in § with subspace M, where 
M (0) and ML (0). Let M, be a minimal non-isotropic subspace of 
M and M, a minimal non-isotropie subspace of ML. Also let Ui; be a 
minimal involution with subspace M, (i—1,2) and set T,= U,0 U.. 
Evidently U:, Uz commute with one another and also with T,. Therefore T, is 
an involution in 4 which commutes with T;. With T, chosen in this. way, 
at most one of the associated projections P; is zero and this happens if, and 
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only if, T, is extremal. It follows that p(T, T2) = p if, and only if, T, is 
not extremal anc p(T, Te) = $p if, and only if, T, is extremal.’ 

The last statement of the theorem follows from the above arguments 
plus the fact thet every involution in # is extremal if, and only if, Æ is 
symplectic of dimension six. 

In the rema nder of this paper we shall be concerned with two self-dual 
spaces X and %9) of the same type (that is, either both symplectic or both 
unitary) over di-ision rings D and € respectively. The same notations for 
the involutions and scalar products will be used for both spaces. It will be 
assumed throughout that the dimensions of Æ and 9) are at least six, that 
neither D nor € has characteristic two and, in the unitary case, that both 
D and € are diferent from F;. 

Let 4 and X be subgroups of U(X) and U(Y) respectively, each of 
which contains all of the minimal involutions. We assume given a group 
isomorphism G— g(@G) of $ onto %. In view of Lemma 1.3, & will 
contain 27 if, and only if, & contains 27. Furthermore, if 21e $, then 
g(21) =2I. As» a consequence of Theorem 1.4, we have that g(@) is an 
extremal involuton in & if, and only if, G is an extremal involution in §. 
The purpose of the next three sections is to obtain a representation of the 
group isomorphism g. The next part of our discussion has to deal separately 
with the unitary and symplectic cases. 


2. The unitary case. Throughout this section, both X and %9) are 
assumed to be tnitary. We prove first two lemmas for unitary spaces. 


LEMMA 2.7. Let u, v; be isotropic vectors in X such that (u, vi) -— 1, 
for i=1,---,k, where k42 < dimX. Then there exists an isotropic 


vector w linearly independent of u, v` ``, and such that (u, w) —1. 
Proof. Sine dim (Qw)l = dim X —1 > k + 1, there exists re (Du)L 
linearly independent of ww, * Ur Set w= $(s,s)u +s, where 


s==0,-+7. Then (w,w) —0, (u,w) —1 and w is linearly independent 
of U,t1,° °°, ve 


Lemma 2.2. Let u,v ++, Un be vectors in X such that u is linearly 


* Gbserve tha- in this case 2P, = U, 2P, = 7,9 U, 2P; = Us, and 2P, =(21)9 T,0 U, 
Also 25,P, = (6,F,) O (ôP) O (6:P3)° (6:P,). Therefore, if we set 
F = (6U)? (e,(7,°U,) )°(eU.) and W = V°7,°0,, 
where =, = 46,, then V, We 9 and 26,P;=V or 210W according as e = 0 or 1. 
1° This lemms, and the lemma which follows, are needed below for the case k = 3. 
Hence the restriccion dim # = 6 in the unitary case. 
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independent of v:,° ` `,Ur, where 0S 2k < dimX and at least one of the 
vectors V * +, 0% is non-isotropic. Then there exists a non-isotropic vector 
w such that (u, w) =1 and (v, w) =Q for i=1,:::,k. 


Proof. Choose re X such that (u, r) = 1 and (v r) = 0 fori==1,""-,k. 
If (r,r) =£0, we can take w =r. Therefore assume (r,r) —0. Since at 
least one of the vectors v; is non-isotropic, the subspace Do, +° : : + Dor 
is not contained in (Dv, +: - -+ Du;)1. Hence the intersection of these 
subspaces has dimension at most k— 1. On the other hand, since 2k < dim X, 
we have dim (Dv, +- +--+ Du)LE dim ¥ — k Z k. It follows that there 
exists a vector s linearly independent of vı,- * -,vx such that (w,s) —0 
for i= 1,:- :,k. Now, if r is linearly dependent on 4%:,: : *, Vw, consider 
t =r— (s u)r+s. Then 7 is linearly independent of v1,---, vx, 
(u, 7”) =1 and (vr) =0 for i=1,-:--,%. Therefore we may as well 
assume # to be linearly independent of v,,---,v,. It is easy to see that r 
must also be linearly independent of w, v:,: + +, 0%. Next choose te X such 
that (r,t) =1, (u,t)=0 and (w,t) —0 for i—1,::-,k. Define 
w =r + dt, where À is to be determined. Note first that (wi, w) —0, 
for 4—1,--,k, and (u,w) —1 independently of À Furthermore 
(w, w) =A-+ A* 4 A(t, t)A*. If (t,t) = 0, take À = 1 to obtain (w, w) = 2. 
If (t,t) 40, take A= — (t, t)™ to obtain (w, w) = — (t,t). In either 
case w is non-isotropic and the proof is complete. 


LEMMA 2.3. Let T be an arbitrary two-dimensional involution in U(X) 
with W as its subspace. If u is any non-isotropic vector in W, then T can 
be written in the form T =U o V, where U and V are minimal involutions 
in U(X), UV = VU = 0 and AU = Du. 


Proof. There exists a non-isotropic v e Yt such that (u, v) 0. Define 
LU = 2 (x, u) (u, u) `u and £Y =2(x,v)(v,v) tv. Then U,V are minimal 
involutions in U(X). Also UV = VU =0 so that Ọ o V =U + V. Since 
Uo V is a two-dimensional involution in U(X) with Du + Dv =M as its 
subspace. It follows that T = Ọ 0 F. | 


Lemma 2.4. Let T be a two-dimensional involution in $. Then either 
a(T) or (2I)og(T) is a two-dimensional involution in 4. 


Proof. Write T in the form T = U o V, where U and Ÿ are minimal 
involutions. Then g(T)—g(U)og(F). Since g(U) and g(V) are 
extremal, it follows that either g(T) or (27)o g(T') is two-dimensional. 


Let T;, T, be two-dimensional involutions in U(X) with subspaces M, 
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Mt. respectively. The involutions T,, T, are said to intersect provided T, £ T} 
and Mt) Ms (0). Observe that 71, Te intersect if, and only if, 
dim (Mt. + M) = 3. : 


Lema 2.5. Let T, and T, be two-dimensional involutions in $. 
Then the associated two-dimensional involutions in H intersect if, and only 
af, T, and T, intersect. 


Proof. Let T;—U;0 V; where U;, V; are minimal involutions. It will 
be sufficient, because of the symmetry, to prove that intersection of 7, and 
T> implies intersection of the associated two-dimensional involutions in N. 
If T, and T, are assumed to intersect, there is clearly no loss in assuming XV, 
contained in ÆU, + %U: + ÆV,. Denote by 9; the two-dimensional 
subspace associated with g(7:). Evidently 3t,s49.; otherwise either 
g(T:) =g(T2) or g(T1) = (RI)o g(T>) which implies either T, = T, or 
Tı = (21)°T.2, neither of which is possible. Therefore we have only to 
prove dim (Jt, + N) =3. Choose vectors r, sie Ÿ such that Er; and Es: 
are the one-dimensional subspaces of 9 associated with g(U;) and g(V:) 
respectively. Then N; — Er; + €s;; hence, if dim (Jt, + Nz) 548, then 
Tis Ss Ta S2 are linearly independent non-isotropic vectors in Y. By Lemma 
2.2, there exists a non-isotropic vector teù such that (rı t) = (s, t) 
== (Ta, t) = 0 while (s2, t) —1. Let W be a minimal involution in § such 
that €¢ is the one-dimensional subspace associated with the extremal involu- 
tion g(W). Evidently g(W) commutes with and is different from each of 
the invclutions g(U:), g(V:), g(U2). Therefore W commutes with and is 
different from each of the involutions U,, Vi, U2. It follows by the Corollary 
to Lemma 1.2, that XW is orthogonal to each of the subspaces ÆU;, £V., 
XU. Since, by hypothesis, XV, is contained in ÆU, + ÆV, + ÆU., it is 
also true that XW is orthogonal to XV. Therefore W s£ V, and W, Vz 
commute. It follows that g(W) 4 g9(V-) and g(W), g(V2) commute. But 
commutativity of g(W), g(V2) implies that either Et — Es, or (Et) L (Es2). 
The second possibility is ruled out since (s», t) = 1. Hence Et = Es, Since 
g(W)+g9(V2), this implies that g(W) = (21) o g(V2) = g( (2I) ° Vi}. 
Therefore W = (271)o Va. But this is impossible since both W and Vz are 
minima. It follows that dim (Jt, + 9.) — 3 and the proof is complete. 


The group isomorphism G—>g(G) will now be used to construct a 
one-to-one mapping of the one-dimensional subspaces of Æ onto the one- 
dimensional subspaces of 9. 


THEOREM 2.6. There exists a one-to-one mapping F of the one- 
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dimensional subspaces of X onto the one-dimensional subspaces of Y) with 
the following properties: 


(i) If U ts an extremal involution in & with associated one-dimen- 
sional subspace Du, then (Du) F is the one-dimensional subspace 
` associated with g(U). | 


(ii) (Du)F Li (Dv)F if, and only if, DuL Dv. 
(iii) (Dus)F C(Du)F+ (Dw)F if, and only if, Dus € Dur + Duz 


Proof. Consider first a non-isotropic one-dimensional subspace Du in 
% and let U be the minimal involution in & which has Du as its subspace. 
Then g(U) is an extremal involution and thérefore either the subspace Jt 
of g(U) or its orthogonal complement N- is a non-isotropic one-dimensional 
subspace of 9. In the first case we define (Du)F — and in the second 
(Du) FNL. This evidently establishes a one-to-one correspondence between 
the non-isotropie one dimensional subspaces of X and 9). 


If Du is isotropic, then, by Lemma 2.1, it is possible to choose two 
isotropic vectors vı, V such that u, vı, vz are linearly independent and 
(u, 0) = (u, v2) = 1. Then M; = Du + Dv; (i—1,2) are non-isotropic, 
two-dimensional subspaces of X which intersect in Du. Let T; be the 
involution with Nt; as its subspace. Then Tı, T, intersect and, by Lemma 2. 5, 
the two-dimensional subspaces associated with g(T;) and g(T>:) intersect 
. in a one-dimensional subspace of Y which we define to be (Mu) F. Observe 
that (Du)F is isotropic; otherwise it would he possible to find extremal 
involutions R, 8; in Y such that g(T;) = Ro S; and YR = (Du)F. But 
then T; = U o F; where U, V; are minimal involutions in %, and this implies 
that Du =M, 1 Mə =U, contradicting the assumption that Du be 
isotropic. 

We now have (Dw) F defined for all Du. ‘The next step is to prove 
that F is single-valued. This is obvious if Du is non-isotropic. Therefore 
let Du be isotropic and let Tı, Te be the intersecting two-dimensional 
involutions used in the definition of (Du)F. The problem is to show that 
(Du)F is independent of the choice of Ti, Ta. This is equivalent to showing 
that, if T, is any other two-dimensional involution in & for which Du C XT, 
then the two-dimensional subspace associated with g(T;) contains (Du)F. 
Denote the two-dimensional subspace of T; by Ut; and the two-dimensional 
subspace associated with g(Ti) by Yt. Consider first the case in which 
Ms LM, + Ve; then dim (M: + Ma + Ms) —4 We have, by definition, 
that (Du) F C N N N: and, by Lemma 2. 5, the spaces 9, Me, Ms intersect 
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by pairs. Therefore it will be sufficient to prove that dim (9, + Na + Ms) — 4 
since this will imply dim (N, ( Nə N 9s) = 1, which in turn will imply 
(Du)F CR. Let T; = Rio S, where R; and S; are minimal involuticns 
in &. Observe that M, — XP, + ZS; and also that N; — (KR) F + (XSi) PF. 
Since dim (Mt, + M, + M) = 4, we have dim (ZR, + FS, -+ ZR, + XR) = 4. 
Hence, by Lemma 2. 2, there exists a one-dimensional non-isotropic subspace 
Dw in Æ which is orthogonal to XR,, XS, and XR, but not to Ra. Then, 
as in the proof of Lemma 2.5, (Dw)F is orthogonal to (XR,)F, (XS) PF 
and (482) F but not to (¥R;)F. This shows that (X2;)/ is not contained 
in (X#,)F + (ÆS,)F + (ÆR:)F. Similarly none of the subspaces (XRF, 
(XS,)F, (ÆR:)F, (XR) F is contained in the union of the remaining three. 
In other words these subspaces are linearly independent. Therefore it follows 
that dim (I, + MN. + Ms) — 4 and hence (Du) F CMs. 

Now assume that M, CM, + M. Let v; be isotropic vectors such that 
(u, v) = 1 and M, — Du + Dv; (i—1,2,3). By Lemma 2. 1, there exists 
an isotropic vector v, linearly independent of u, v,, Və, vg and such that 
(u, v) = 1. Set M, = Du + Dos Then M, CM, + M and M, EM, + My. 
Let T, be the two-dimensional involution in 4 with subspace M, and denote 
by N, che two-dimensional subspace associated with g(T4). Then, by the 
above argument, (Du)F CM, and therefore (Du) F =N, Na. Another 
application of the same argument, using T4 instead of T, gives (Du) F CR, 
and completes the proof that F is single-valued. By symmetry, F is a one-to- 
one mapping of the one-dimensional subspaces of Æ onto the one-dimensional 
subspaces of 9). ` 

Property (i) is immediate from the definition of F. Property (ii), for 
non-isozropie subspaces, has already been observed in the proof of Lemma 2. 5. 
Next let Du be isotropic, Dv non-isotropic, and Dui Dv. Choose a vector 
reX such that (u,r) =1, (v,r) =0 and set w = — $ (r, r)u +r. Then 
(u,w) = 1 and (w,w) —0. Evidently «+ w, u—w are non-isotropic and 
orthogenal to v. Therefore (Mv)F is orthogonal to (D(u-+w))F and 
(D(u—w))F. Since Du C D (u + w) + D(u—vw), the proof thai F 
is single-valued gives (Du) F C (D (u + w))F + (D (u—w))F. There- 
fore (Du)F 1 (Dv)F. Now let both Du and Dv be isotropic with Du L Dv. 
Choose w as before; then Dv is orthogonal to D (u+ w) and D(u—w). 
Hence, by the result just obtained, (Dv) F is orthogonal to (D (u + w))F 
and (D(w—w))F. Therefore again (Du)F 1 (Dv)F. Property (ii) now 
follows by a symmetry argument. 

In order to prove (iii), it will be sufficient to prove that Dus C Du, + Du, 
implies (Dus) F C (Duy) PF + (Du) F, where Dus A Du, Dus Du: and 
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hence Du, A Due. Suppose (Dus) FC (Du,)F + (Duy) F. Then there 
exists Du, such that (Du,)F is orthogonal to (Du) F and (Du:)F but 
not to (Dus)F. By (ii), this implies that Du, is orthogonal to Du, and 
Du, but not to Dus. This contradicts Dus C Du, + Du, and completes 
proof of the lemma. 


3. The simplectic case. Throughout this section both Æ and 9) are 
assumed to be symplectic. The objective here is to obtain the analogue of 
Theorem 1.6 for this case. Recall that all of the minimal involutions in the 
symplectic case are two-dimensional. 


Lemma 8.1. Let Tı, T, be non-commutative minimal involutions in & 
with subspaces Mı, VE respectively. A necessary and sufficient condition for 
an involution T in & to belong to c(T1,T.) is that Mı + M, be contained 
in either the subspace of T or its orthogonal complement. 


Proof. The sufficiency is immediate from the first part of Lemma 1. 2. 
On the other hand, if Tec(T;,T:) and has W as its subspace, then by the 
second part of Lemma 1. 2, either M; C Mt or M,C Mtl. We have only to 
show that the same case occurs for both i = 1,2. Suppose Mt, CM and 
M CML Since M CM, we have ML CM. Therefore M, C M,L 
and hence M, C M. This implies TT, = TT, = 0 which is contrary to 
the hypothesis that T,, T, are non-commutative: It follows that either 
M + Me CM or M, + M, CML. 


Lemma 3.2. Let T,, Ta be non-commutative extremal involutions in $. 
A sufficient condition for Tec(c(T1,T2)) is that either the subspace of T 
or its orthogonal complement be contained in the union of the two-dimen- 
sional subspaces associated with Tı, Ta. The condition is also necessary if 
dim ¥ > 6 or if T1, To intersect. 


Proof. There is no loss in assuming T; minimal with subspace M; 
(i—1,2). Let T be an involution in $ which satisfies the given condition 
and let 7”ec(Ti, To). By Lemma 8.1, M, + M, is contained either in the 
subspace of T” or its orthogonal complement. Thus either the subspace of 
T or its orthogonal complement is contained either in the subspace of T” or 
its orthogonal complement. By Lemma 1. 2, this implies that T, T’ commute. 
Therefore T e c(c(T, T;)) and the sufficiency is proved. 


Now assume dim X > 6 and let ÑN denote any complement of M,L MN Ma- 
in ML. Since Mt, is a complement of Mtl in X and dim M, = 2, it 
follows that dim N <2. We have £ =M, (MA NMA) AN. Hence 


1X 
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dim — 2 < dim (M, @ (M,L N Mte+)). Suppose Mit N Mt C M, + Ma. 
Then dim (M, (Mt N M,1)) S dim (M, + Me) S4. This implies 
dim # < 6 contrary to hypothesis. Therefore M,L N M,L EM, + M.. Now 
take Tec(c(T:,T:)) and let Mt be the subspace of T. Also let y,z be 
arbitrary elements of Æ such that y, z # Mt, + Mt, and z e M,L N Mt. Since 
M, + M is finite-dimensional and y, z.e Wa + Ma, there exists se X such 
that (M + Mas) = (0), (4,8) —1 and (y,s) 0. Define Z by Z 
= 2 (x, s)z — 2 (x, z)s. Then Zec(Tı, T). Therefore Z, T commute. By 
Lemma 1. 2, either M or ML must contain both s and z. Suppose s, z e M. 
Then (ML, s) — (ML, z) — (0). Therefore yg ML. Holding z fixed and 
letting y vary over all vectors not in W + Mts, we see that ML CM, + My. 
Similarly, if z e ML, then we obtain Mt C W, + Mə. This proves the necessity 
when dim ¥ > 6. Now the condition dim ¥ > 6 was used only to ensure that 
ML NML EM, +M. If Ta, Te intersect, then dim (M, + M) = 3 so 
that 02.1 Mt. cannot be contained in M, +- Mt, even when dim X == 6. 
Therefore the above argument applies and the proof is complete. 


Lemma 3.8. Let Ti (i= 1,2,38) be non-commutative minimal involu- 
tions in & which intersect by pairs and let M; be the subspace of Ti. Then 
always dim (M, + M, + Ma) =3 or 4 and is equal to 3 if, and only if, 
Taec(c(Ti, T2) ). 


Proof. That dim (WM, + Mə + M) — 8 or 4 is obvious. Moreover, 
if dim (M, + M: + Me) = 8, then Ms C M, + Me and Te c(c(Ti, T2)) 
by Lemma 8.2. Conversely, if T, e c(c(T, T2)), then, again by Lemma 8.2. 
Ms CM, + M: and hence dim (Mt, + Ms + Ms) = 8. 


THEOREM 8.4. Let T,, Ta be non-commutative extremal involutions in 
&. Then a necessary and sufficient condition for Tı, Ta to intersect is that 
e(c(S,, 82)) = c(c(Tı, Ta) ) for every pair 81, Sa 4 non-commutative 
extremal involutions in c(c(T:, T)). i 


Proof. There is obviously no loss in assuming the T; to be minimal 
with subspaces M; and written in the form sT; = 2 (g, t) ti —2(x, ti) ui 
(ti, Ui) =1 (i=1,2). Assume first that Tı, T, do not intersect so that 
dim (Wa + M) = 4. Define sı = t, + ta — (tı, Wo)ta. Then sı, te, Ue are 
linearly independent and (sı, u2) = 1. Define 28, = 2 (T, U2) Sı — 2 (T, 81) Ue 
and take 8, — Ta. Then S, is an involution in &. Moreover, if 9; is the 
subspace of S;, then N; C M, + Me. Therefore Sie cle(Ta Te) ), by Lemma 
3.2. On the other hand, if M, C M: + Na, then N, + Ne contains ti, Ur, 
to uw. and hence coincides with M, + Ma But dim (9, + 9%.) — 8 and 
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dim (M, + M) —4 Therefore M, E N, +N Since Sı S- intersect, 
this implies, by Lemma 3. 2, that T, #¢(c(Si, 82) ) and proves the sufficiency. 


Now assume that T., Ta intersect so that dim (M, + Wt.) = 3. Let 
Si, S2 be any pair of non-commutative extremal involutions in c(c(T:, T2)). 
We can evidently assume that S; is minimal with subspace N, (i= 1, 2). 
Since Tı, T, intersect, we have, by Lemma 3.2, that N, + Na CML + Me. 
Since $:, 8: do not commute, dim (N, + 9.) = 3. Therefore N, + N: 
= M, + Mt, and, by Lemma 8. 2, it follows that c(¢(S1, S2)) == ¢(c(T1, To) ). 
This completes the proof. j 

We are now in a position to use the group isomorphism G — g(@) to 
construct a one-to-one mapping of the one-dimensional subspaces of Æ onto 
the one-dimensional subspaces of Y. Observe first that, if T is an extremal 
involution in § with associated non-isotropie, two-dimensional subspace M, 
then g(T) is extremal, so determines a non-isotropic, two-dimensional sub- 
space of Y which we denote by MF. Evidently F is a one-to-one mapping 
of the non-isotropic two-dimensional subspaces of Æ onto those of 9. Further- 
more, by Theorem 3.4, # preserves the intersection properties of these 
subspaces. 


Txxorem 8.5. There exists a one-to-one mapping F of the one-dimen- 
sional subspaces of Æ onto the one-dimensional subspaces of Y with the 
properties : 


(i) Jf M is a non-isotropic two-dimensional subspaces of X, then 
(Du) F CME if, and only if, Du CM. 
(ii) (Du)F1 (Do)F if, and only if, Dui Dv. 
(iii) (Dus) FC (Du)F + (D,)F if, and only if, Dus G Duy + Dur. 


Proof. Let Du be an arbitrary one-dimensional subspace of ¥. Choose 
w, € Æ such that (u, wi) = 1. Since dim (Du)L = 5, there exists w’, e(Du)+ 
such that u, u:, w, are linearly independent. Define Us == u, + w. Then 
(u, U2) =1 and u, uw, w are linearly independent. Let M; = Du + Dui. 
Then Mt; is a non-isotropic, two-dimensional subspace of X and M N M, = Du. 
It follows that M,F and M,F intersect in a one-dimensional subspace of 9 
which we denote by (Du)F. The first problem is to show that (Du)F is 
single-valued ; that is, that (Qu) F is independent of the choice of Mh, Ma. 
This result will be established if we prove that a non-isotropic, two-dimen- 
sional subspace Wè in Æ contains Dw if, and only if, MF contains (Du) F. 
This will also establish property (i). We can obviously assume M2 M, 
(ìi = 1, 2) and, because of symmetry, it will be sufficient to prove thatDu C M 
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implies (Du)F CMF. If dim (M + M, + M) — 4, then it follows from 
Lemma 3.3 that dim (MF +- M, + M-F) —4 Since MF, M,F, MF 
intersect by pairs and M,F ) M-F — (Du)F, we obtain (Du) F C WMF. 
Now let dim (M + M, + M) = 3 and choose re (Du)L such that u, w, 
Ue, r are linearly independent. Define us = u, +r; then (u, ws) —1 and 
Uy Wi, Us, Us are linearly independent. If M, — Du + Dus, then M, is 
non-isotropie and dim (M + M + Mts) = dim (M + M, + Ms.) = 4. By 
the preceding argument, (Du) F C M,F and this implies, again by the same 
argument, that (Du) F CMP. 


Next let Du, Dv be non-orthogonal one-dimensional subspaces of &. 
Then: (u, v) 4 0 and the two-dimensional subspace M — Du + Dv is non- 
isotropic. By property (i), we have MF — (Du)F + (Dv)F. Since MF 
is non-isotropic, (Du) F and (Dv)F cannot be orthogonal. This result plus 
symmetry proves (ii). 

In order to prove (iii), it will be sufficient to prove that Du, G Du, 
+ Duz implies (Dus) F C (Du:)F + (Du:)F. Suppose on the contrary that 
(Dus) F E (Du) F + (Du:)F and choose a non-zero vector we (Du:)F 
Evidently vı, v2, vs are linearly independent so that there exists v4 e Y such 
that (v1, va) = (V2, v4) = 0 while (v3, v4) = 1. Let Du, be chosen so that 
(Du:)F = Evs Then, since Ev, is orthogonal to (Du,)F and (Du) F 
but not to (Du:)F, it follows, by property (ii), that Du, is orthogonal 
to Du, and Duy but not to Dus. Since this result is inconsistent with 
Dus C Du, + Dus, the proof is complete. 


4 Representation of the group isomorphism. We prove here that the 
group isomorphism G—g(G), in both the unitary and symplectic cases, 
is essentially generated by a linear space isomorphism of Æ onto Y. The 
two cases are considered simultaneously. 

By a linear space isomorphism of X onto 9) we mean a one-to-one semi- 
linear mapping x —x® of X onto Y. In other words, s — sẹ is additive 
and, for all Ae D and we, (As) — A% (xh), where À — A? is an isomorphic 
mapping of the division ring D onto € which is independent of v. ‘The 
isomorphism & is said to preserve orthongonality provided (x, y®) = © if, 
and only if, (x, y) — 0. 


THEOREM 4.1. Let x be a linear space isomorphism of Æ onto Y 
which preserves orthogonality. Then there exists a constant ae € such that 
oF == a and 


(i) AM* = ah, for all Ae D, 
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(ii) (2%, y®) = (z, ¥) %a, for ‘all Tye X, 
(iil) GeU(X) implies BGS e U(Y). 


Proof. Let z,u be arbitrary elements of X with w540 and choose v 
such that (v, u) =1. If y =x— (x,u)v, then (2’,u) —0. Therefore 
(2’@, ub) == 0, and hence (ab, ub) = (z, u)?(vb, wb). Define a, = (vë, u®) 
and observe that a, depends on u but not on æ. Now let w be any other non-zero 
element of X. By additivity we have (x, u)?(@y — usw) = (£, W)?( Gus — Go), 
for alla. If w, w are linearly independent, ‘it is immediate that du = Guo = Gp 
and hence that &u = a. If w,w are linearly dependent, choose r linearly 
independent of u,w. Then &u = &r and &r= @» so that &u = &w in this 
case as well. It follows that &, is a constant which we denote by a. Thus 
(ab, yb) = (x, y)%a for all z,y. This proves (ii). If (v,u) —1, then 
a (Vb, ub) = e(ub, vb)* = ca*(u, v)o* == a*(v,u)o* = a*, That is, 
a= g". Moreover, for arbitrary À e D, (vb, (Au)®) = (v, Au)oa = (v, u)Pr*eo, 
= ba. Also (v®, (Aw) b) — (vb, APud) == (vb, uh) dAP* — ad?*. There- 
fore A®* == a)*%a, which is property (i). If @eU(X), then, for +, y e9, 


(26746, yD GD) — (2016, yO" G) oa 
= (sG, yh") ta + (s0, yb) a 
= (427 GP, y) + (x, yP*G®). 


Therefore $G e€U(Y). This completes the proof. 


Lemma 4.2. There exists a linear space isomorphism ® of X onto Y 
which preserves orthogonality and is such that (Du)® — (Du)F, where F 
is the mapping given in Theorem 2.6 or 3.5. 


Proof. The existence of a linear space isomorphism æ—# such that 
(Du) == (Du)F is given, in view of property (iii) in Theorems 2.6 and 
3. 5, by a known result from projective geometry." That ® preserves ortho- 
gonality follows from property (ii) of Theorems 2.6 and 3. 5. 


In the next theorem, which is the desired representation theorem, ® will 
denote the linear space isomorphism of £ onto 9) given by Lemma 4.2. Also 
€ will denote the group, under the circle operation, consisting of all 
elements » in the center of € such that po p* = 0. 


THEOREM 4.3. The group isomorphism G —>g(G) has the form 


# For an outline of a proof of this result, see, e. g., [7, Lemma 4. 4]. 
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(4.1) g(G) =y(@)Io (168), 
where G—y(G) is a homomorphism of $ into Ep. 


Procf. Let T be an arbitrary minimal involution in 9. Then TS 
is a minimal involution in U(Y) but not necessarily in #9. However the 
minimal non-isotropic subspace of Ÿ associated with ®-1T% is the same as 
that asscciated with g(T). Therefore g(T) = plo (TH), where p= 0 
or 2. Hence g has the form (4.1) for minimal involutions. Now define 
the mapping 
(4. 2) G — @ = Qg (G), 


which is clearly an isomorphism of $ onto another subgroup of U(X). 
Observe that, if T is a minimal involution in 9, then T° = pI oT, where 
p= 0 or 2. 


Consider an arbitrary Ge $ and an arbitrary minimal involution Te $, 
Then G > T o G° = (I — G)T (I — @)* is also a minimal involution. There- 
fore (GoTo G°)" = pl 0 (GoToG°),p,= 0 or 2. But also (GoTo Ge} 
== G¢0 To (G7)° and T° = pol oT, pa —0 or 2. Hence GoTo (G)° 
== plo (GoToG°), p—p19p2—0 or 2 This last result can be written 
in the form 


pl we (I—G*)T (I — G°) + (1 = 6) T= G) (po — 1). 


Each term on the right is at most two-dimensional and consequently the 
right hand side is at most four-dimensional. Since dim Æ = 6, it follows 
that p= 0. In other words, 


(4.3) (I— 6°) TU — @) = (I @) TI —@) +. 


Suppose now that there exists a zeX such that w—z2(1—G°) and 
w=—2(1— G) are linearly independent. We prove that this leads to a 
contradiction. In the unitary case choose, by Lemma 2. 2, a non-isotropic 
vector w such that (u, w) = 1 and (v, w) = 0. Define sT = 2(a, w) (w, wyw. 
Then uT 40 and vT —0. With this choice of T, apply (4.3) to z to obtain 
uT(I— @)>=0. Since this implies uT = 0, we have a contradiction in 
the unitary case. In the symplectic case, choose w linearly independent of 
u,v such that (u, w) — (v, w) —0 and then choose w” such that (u, w) 
== (w, w) = 1 and (v, w) = 0. Define sT = 2 (x, w )w — 2 (x, w)w’. Then 
uT = 2w and vT = 0. With this choice of T, apply (4.3) to z to obtain 
Rw(I—G)1—0. This implies w = 0, contrary to the choice of w. We 
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have thus proved that s(7 — G°) and æ(1— G) are linearly dependent for 
all x A similar proof shows that &(1—G°) and s(I— G) also vanish 
simultaneously. ‘Therefore, for every eX, there exists Age D such that 
(I — G°) = Ma (I — G) or 

(4. 4) z(Il— G°) (I— G)“ = Mt. 

Since the left hand side of (4.4) is additive in z, we obtain for all a, y, 


(4. 5) (Assy —Aw)@ + (Asiy — Ay) y = 0. 


Since dim Æ > 1, (4.5) implies that À, is equal to a constant À independent 
of « Hence ]J—G—X(1—G) and this can be written in the form 
Go? = (1—A)IoG. Returning to g(G@), we have 

(4. 6) g(&) =y(@)le (8768), 


where y(G) = (1—A)% It remains to prove that G—y(G@) is a homo- 
morphism of & into €. It is obvious from the linearity of g(G@) that y(G) 
is in the center of €. Moreover, for all v, y e9, 


(4. 7) (2a(@), yg(@)) = (za (G), y) + (x, yg (@)). 
Substituting (4.6) in (4.7) with y= y(G@) : we obtain 
(48) y(a,y)y* + (x yo" G8) (1 —y*) + (1 — y) (e074, y)y* 
+ (1— y) (180S, yO" G®) (1 — y*) 
= y(a, y) + (1 —y) (xb, y) + (a, y)y* + (z, yb" Ge ) Clas y*). 


Using the fact that &-1G& e U(Y) and that y is in the center of € and then 
collecting terms in (4.8), we finally obtain yoy*=0. Hence ye&. It is 
obvious that G—y(G) is a homomorphism of $ into €; therefore the 
proof is complete. 


COROLLARY. If & coincides with its commutator subgroup, then 
y(G) =0. In particular, if X is symplectic and finite-dimensional, then 
y(G) =0 [4, p. 12]. 


Proof. Since €, is commutative, y maps commutators of & into 0. 


Conornany. If € is a field with the identity mapping as involution, 
then y(@) —0 or 2 for all $. 


Proof. In this case we have y(@) o y(G@) = 0 which implies y(G) == 0 
or 2. 
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We close with a remark on the unitary case when the vector spaces have 
index zero; that is, every vector is non-isotropic. This case is of course 
included in the above treatment; however the discussion becomes considerably 
simpler. Moreover it is possible to weaken the dimension condition from 
six to three and drop the condition which excludes the field Fs. 
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ON THE IRREDUCIBILITY OF POLYNOMIALS WITH LARGE 
THIRD COEFFICIENT. IL* 


By ALFRED Braver. 


This paper is a continuation of my paper “On the irreducibility of 
polynomials with large third coefficient,” this JOURNAL, vol. 70 (1948), 
pp. 423-432. The enumeration of the theorems and equations will be con- 
tinued here. Combining the main results of the first paper and new results 
we will prove the following theorem. | 


THEOREM 5. Let f(x) =a? + mar 4: ++ an (an0) be a poly- 
nomial with integral rational coefficients. Let m and m* be the minimum of 
the partial sums of the series 0+ as + a +: - La and 0 — 03 + a, 
— ++ (—1}'a, respectively. 


Assume that one of the following conditions is satisfied: 
(a) de 2 a,7/4-+|m*| for n>? and a > 0, 

(B) a 2a2/4+|m]| for n >2 and a <0, 

(y) |u| S38, 

(8) The inequality 


jy RTS) IEE 7) EEEE 
holds for at least one value of v (vy==2,3,:  -,n). 

We set ¢=|1+a|+]a+a3|+ |45|+]as|+---+ [an]. If 
(34) ap >t, | 
then f(x) is irreducible in the field of rational numbers. 


Proof. The cases (@) and (8) follow from the proof of Theorem la. 
Tt follows from (84) as in the proof of Theorem 1 that f(x) has n — 2 roots 
in the interior and 2 roots in the exterior of the unit circle, and for the 
irreducibility of f(x) it is sufficient to prove that the two roots in the 
exterior of the unit circle are imaginary roots. 


* Received July 16, 1950. 
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Let us assume that these two roots are real. We denote them by z, 
and zz, and the other roots by £s, @4,° °°, Tu. 

Assume now that (y) holds. For a: —0 the statement follows from 
Theorem 2, but it will be obtained here again. It is sufficient to prove that 
f(z) has no real root greater than or equal to 1. It follows then that f(— x) 
has no such root either since its coefficients satisfy (y) and (34). Therefore 
f(x) has no real root less than or equal to — 1, and v, and z are imaginary 
roots. 


We have to consider some cases. 
1). a 20. It follows from (34) that 
dz > | a |—1 + |as |— |a |+] aslla +: lanl, 

hence for s Z 1 ` 

aga? > an — aya? + (las | Hlal Hee | an |) or, 

eb ab aaa > (] aa |b ET) 

F(2) Bar + ao + agt — (| aa | + | aa |H H Lan |) > 0. 

2). — 1 Z a Z — 3 and 4 & 0. It follows from (84) that 

ta —1 2 |a| |as |+ |a |— 1+] as |+: + lanl, 

hence for «21 
(35) age" = (la, | + |as |+] a| +e |an l)e. 
On.the other hand 


(36) z” — |a |z + | a, | or? =a *(22—| a Jet |a|) > 0, 





since a, = — 1, —2 or — 3. By adding (35) and (36) we obtain 
a" + aa" + ago? > (| as | faa] +o + | an [)or, 
hence f(x) > 0 for szi. 
3). — 1 Z 4 = —3 and & > 0. 
We have for z = 1 
(37) a" — fart 4 ot? 4 gers — grt {nt (n — 2)? + (x — 1) >6 
and 


(38) grt as > 0. 
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It follows from (37) and (38) that 


(39) a+ aon? + a? +. | a, | — 24+ > 0 

for — 1 = a, Z — 3. Moreover by (34) £ 

G Ge efit ee lee ale ey 
(41) (a.—1)a"? E (a2—1)a"* = (ja | — | as [are + [1+ a | ort 


+ (las |+ |as] [a [a 
Adding (41) and (39) we obtain 


an p ma Lagat? + aga"? > (|as) H ]as[+---+ |an lors, 


Hence f(s) > 0 for s = 1, and the theorem is proved if (y) holds. 

Tf a, = 4, then the polynomial may have real roots in the exterior of 
the unit circle. For instance, gë — 4st + 2x8 + 4r? — a — 1 is negative for 
x = 2, although its.coefficients satisfy (34). 

Now we assume that (8) holds. It follows from (34) that 


fA) =1 + a+ at + am 
= m — | 1 + as | — | a+ as | — | as | — | as | —: - -—]an| 
=%—t>0. 


Therefore either no root or two roots are greater than 1, hence sign +, == sign æ, 
hence 


(42) . | Vie | = | Tı + Ta |?/4. 
Let us denote the «-th elementary symmetric function of £s, ta, ` +, 8n by Cx. 
Since | zp | < 1 for p = 3,4,---,n, we have 
| —2 
(43) al < ("7 ) (x = 1,2,---,n—2). 


On the other hand gs, + a#,——a,—C,, hence, by (43) and 42), 
respectively, | 
(44) |ar+a|<|[al+tn—2 (45) |r| < (|a | +n—2)?2/4. 


Moreover (—~1) a, = TiO y-2 + (21 + @2)Cra+C, for v—2,3,---,n 
and by (48), (44), and (45) 


lal < =) {| a: | np + (02) (hay | ta +( 


y 


Since for a certain y the inequality (8) holds, a contradiction is obtained. 
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Therefore +, and +, are imaginary roots. This completes the proof of the 
theorem. 
Our result can be formulated also as follows: 


THEOREM 5a. If a polynomial with integral rational coefficients satisfies 
the assumptions of Theorem 5, then it has a pair of complex roots in the 
exterior of the unit circle while all the other roots lie in the interior of the 
unit circle. 


A similar theorem can be obtained for polynomials with arbitrary real 
coefficients. 

It was shown in the first paper that (34) gives the best possible bound 
for a, if f(x) = «> — 4st + Kr? + 4r? — 2e — 2. For these polynomials 
the condition (8) holds if K >t. ` 

. Moreover, it was stated there that (8) holds for the polynomials 


(46) f(x) == g” — ma! + WoL”? — Gear-> — + + +——- dy 
where all the ay are non-negative, a, and a, positive and 
(47) | a, | S 20%. 


But this is not correct since m50. However, it follows now that. (34) 
gives the best bound for a, for the polynomials (46) if instead of (47) either 
(y) or (8) holds. In these cases the polynomials are irreducible for a, >? 
while they are reducible for a, = t since f(1) =a,—t=0. 

In the formulation of Theorem III‘in the first paper a factor s? is 
erroneously omitted. It should read “or if a, = (7/2)°**s?.” 


UNIVERSITY or NORTH CAROLINA. 


SUPPLEMENT TO A PAPER OF G. DE B. ROBINSON.* 
By R. M. THRALL and G. de B. ROBINSON. 


This note is a supplement to a paper of one of the authors! Its purpose 
is to correct a formula in that paper, and to derive a new formula which 
depends on this corrected form. 


1. The revisions. The portion of SG:, § 7, which appears on p. 291 
should read as follows: 


But we can go deeper still. Let 8,* be the symmetric group of degree b 
and let W* be an element of S,* with cycle structure b, 1-cycles, ba 2-cycles, 
-++,b, k-cycles. Then let W** be an element of S, (n—a-+ bq) with 
a 1-cycles, bı g-cycles, ba 2q-cycles,- + +. be kg-cycles, and let V be any 
permutation on the fixed letters of W**. We prove the following generalization 
of Theorem 6. 5. 


v. 1r xa(VW**) = oa' (x(W*) in [alo*) -xa(V). 
Now we can write 


7. 2r Xa( VW**) = Ixy (V) ` xa (Pa: W) 
= 2x7(V) "XCoiaX(beq) * Xr 


As before, we are only interested in those terms which arise from a sequence 
of skew hook representations (big), so that we can take [y] = [a]. Consider 
“one such term on the right hand side of 7. 2r and apply 5. 4 to its component 
hooks. Here o =o, is the product of the parities of the hooks of length q, 
a’ is the product of the parities of the b;g-hooks, and o* is the product of 
the parities of the corresponding b-hooks in [a],*. Ioe. multiplying the 
k equations 5.4 we obtain 


7.8 o = oo", 


-It follows from 5.2 that o is the same for all such terms of 7. 2r, so we can 
sum 7.8, applying the Murnaghan-Nakayama recursion formula iterated 
k-times to yield the equation 


* Received May 1, 1950. 
1G. de B. Robinson, “On the -representations of the symmetric group” (third 
paper), American Journal of Mathematics, vol. 70 (1948), pp. 277-294. We shall refer 
to this paper as SG. 
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Y. 4r xa" (W**) = oa ` (x(W*) in [a]*), 
which proves 7. 1r. 

As before, if [«"] is a second diagram for n with q-core containing a’ > a 
nodes then we conclude that 
7. br xa (VW**) = 0. 
These changes also apply to the paragraph of SG; beginning on the bottom 
of p. 278 and in particular to formula (7) p. 279. 


2. -The new formula. We are interested in the frequency ra of the 
identity representation of S,* in [a],*. On the one hand this frequency 
(SG:, p. 284, last paragraph) is one or zero according as each disjoint 
constituent of [«],* does or does not consist of a single row. On the other 
hand we can get this frequency from the orthogonality relations for CRUE 
of D". Thus we have 

| (3x(W*) in [a]q*)/b! = ra 
where the sum is over all W* in S,*. Now sum %. 2r over W*, substitute the 
above formula and we get 
(7. 9) Sxa( VW**) /b! = Tasaxa( V). 

Similarly, if [4] has g-core with more than a nodes we have on summing 
(7. 5r) over W* that 
(7.10) xa (V W=) = 0. 

The case n = bg is of especial interest. Then we shall prove that for 
every diagram [a] with n nodes 


(7.11) E xa(W**) /b! = ba 
We Sr* 


where ĝa is zero if the g-core of « is not zero or if [«] has more than q-rows, 
and ĝa = oq if the q-core of [@] is zero and [a] has g or less rows. 


Proof. When n= bg we have a=0 and hence (7.10) applies for all 
[«] whose g-core is not zero. For the [«] with g-core zero we apply (7.9) and 
the formula (7.11) will be established as soon as we can show that for [a] 
with zero g-core ra is 0 or 1 according as [a] has k > q or k Sq rows. 
We first state a criterion for a diagram of n = bq nodes to have zero core. 
Let [a] ee to the partition a, -+> + + + ar + qu t+: ++ am =n, 
where a, È a=: -o 2a, > O = Gyr = t += Gm and mk, and let 
==a+m—j, j=—1,:--,m. 
7.18. Let m be a multiple of q. Then the diagram [a] has zero q-core if 
and only if exactly m/q of the l; fall into each residue class modulo q. 
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This criterion is implicit in the Murnaghan-Nakayama recursion formula ? 
as well as in SG, and papers of Todd * and Staal.* We give here a direct 
proof. 

Suppose that [a’] is the diagram obtained by removing from [a] the 
tim of a g-book which begins in the i-th row and ends in the j-th row. 
Then for 


h<i O'h = On Vr = lh 
Zh <j ah = Cher — 1 Vr = lnii 
h=j ai= a —q Hii Vi=l4—q 
Ah >j a, = Ah Vr = ly. 


Thus we see that for any fixed m the congruence class mod q for the l; are 
the same as for the ¥;. If s removals of g-hooks from [a] give [a*)] we see 
that the congruence classes mod g for the l; are the same as for the 4%. 
If, in particular, n == sq then [at] is the zero diagram, 49 = m — j, and 
hencè the 1; fall into q congruences classes each containing m/q elements. 
This establishes the necessity of the criterion. 

For any m there will be a g-hook beginning at the end of the i-th row 
if and only if 4 = q and J; — q is not equal to any ln for h >t. For, if h — q 
is non negative and different from the other l, we can find j such that 
ly > u—q > Ia. The corresponding «; must be positive (i.e. j & k) since 
2 Sy — lja = aj — tj + À or a; © aH 1. Moreover, the g-th node down 
along the rim starting from the end of the i-th row will lie in the j-th row 
and beyond the node above the end of the (7 + 1)-th row, which shows that 
a g-hook can be removed. If 7; — q is negative or equal to some J; then either 
j= k and the g-th node down from the end of the i-th row falls in the 
(j—1)-th row directly above the last node of the j-th row or j > k and there 
are less than g-nodes available from which to form a hook. 

Under the hypothesis of the criterion we have Ip == Mm — k—1 and 
lz = @-+ m—k. There must be at least one h < k for which h==m—k. | 
Let à be the largest such index. Then l; = œ; + (k—i) + (m — k) so that 
l -— q ZÈ m— k, i.e l — q Æ ln for h > k. Because of the maximal nature 


2 F. D. Murnaghan, “On the representations of the symmetric group,” American 
Journal of Mathematics, vol. 59 (1937), pp. 437-488. 

T. Nakayama, “On some modular properties of irreducible representations of the 
symmetric group, Part I,” Japanese Journal of Mathematics, vol. 17 (1940), pp. 165-184. 

2J. A. Todd, “A note on the algebra of S-functions,” Proceedings of the Cambridge 
Philosophical Society, vol. 45 (1949), pp. 328-334. 

+R. A. Staal, “Star diagrams and-the symmetric group,” Canadian Journal of 
Mathematics, vol. 2 (1950), pp. 79-92. 


724 R. M. THRALL AND G. DE B. ROBINSON. 


of i we cannot have 4—q—1 for i<h<k. Hence, there is a g-hook 
beginning at the end of the i-th row. 
Now, that we have shown that the congruence conditions of the criterion 


‘ guarantee the existence of at least one g-hook it follows from the congruence 


of the 7; and the 7; that [«’] will also have at least one hook and thus finally 


- leads to the conclusion that [«] has zero q-core, i.e. shows that the criterion 


affords a sufficient condition for a zero core. 

We now return to the determination of ra. Let [a] have g-core zero 
and choose s so that m = sq = k > (s—1)q. Then none of the non-negative 
integers ln for h > k will be as large as g-—1, hence exactly s of the In with 
h = k will be congruent to g—1modgq. Let these be la <<<, 
We have seen above that there is a g-hook Q, beginning at the end of the 
i-th row and since the /;, are all congruent mod g, there will be for each j a 
bjq-hook Q; beginning at the end of the i-th row and ending with the last 


© node of Q,. 


Now it follows from Theorem 4.7 of SG, that whenever s > 1 some 
disjoint constituent of [#],* will have more than one row. On the other 
hand if k Sq (i.e, if s=1) no two 4 for hS k can be congruent and 
hence no disjoint constituent of [«],* can contain more than one row. This 
completes the proof of Theorem 7%. 11. 

The arguments used in the proof of Theorem 7.12 serve also to give a 
short proof of the uniqueness of the g-core (first proved by Nakayama °). 
Rephrasing the criterion that a diagram have a g-hook we get the following 
theorem : 


7.138. A diagram is a q-core if and only if each class of congruent lps 
(formed for any m) contains all smaller non-negative integers congruent to 
the largest one in the class. 


Consider two g-cores [a] and [a] and select any m = max(k, k’). Then 


if each congruence class mod g for the `l; has the same order as the corre-,. ._ 


sponding class for the //, it follows from 7.13 that [«] = [x]. But since 
the congruence classes mod g are the same for a diagram [8] as for any 
diagram obtained from [8] by removing g-hooks we conclude that [8] can 
have only one g-core. 

UNIVERSITY OF MICHIGAN 


AND 
UNIVERSITY OF TORONTO. 


5 See also R. A. Staal, loc. cit., Theorem C. 
ST. Nakayama, loc. cit. 








A REPRESENTATION FOR BOOLEAN ALGEBRAS.* 


By Franxuin Hamo. 


1. The content. The success of Stone [5] in representing Boolean 
algebras by fields of sets leads one to search for other representations. (See 
also [2, p. 159], [4].) Using splitting endomorphisms on a type of Abelian 
group with an order relation, we are led to 4 faithful representation of a given 
Boolean algebra @. The group employed will be called a Boolean group. 
A special case of a Boolean group is a Boolean ring, and we shall show that 
B can be represented by a set of endomorphisms on its corresponding Boolean 
ring. If @ is complete the group on which it operates will be lower complete 
and upper conditionally complete. The Boolean groups are themselves special 
cases of a wider class of groups with an order relation, the vector ordered 
groups. Vector ordered groups generalize direct sums of Abelian groups, 
and their splitting endomorphisms form Boolean algebras. 

A simple example illustrates virtually the entire theory: Let 9: ‘be the 
ring of integers modulo 2, and let Œ be the Cartesian product of some infinite 
. collection of copies of $a. © can be made into the strong direct sum of 
the % by introducing component-wise addition and multiplication. Then © 
becomes a Boolean ring with a unity. It is also a Boolean algebra [2, p. 154] 
if one writes « = y whenever each component of y e & equals the corresponding 
component of ve © or is zero. Let P (6) be the set of all endomorphisms V 
of the group structure of © for which V? == V and V(x) = + for every ve @. 
If an order relation is defined in P in the obvious way, P becomes a Boolean 
algebra isomorphic to the Boolean algebra ©, so that the algebra © is repre- 
sented by a set of operators on the group ©. If we replace each summand % 
by %, the group of integers, the corresponding strong direct sum group § 
can be ordered component-wise as was done for ©. Then P($) = P(6). 
In fact, we ‘can reconstruct both § and G from P by assigning coefficients 
from & (respectively, from %) to the atoms of P. The groups 6 and § 
are examples of Boolean groups, to be defined below. If the members of a 
proper subcollection of the summands % are replaced by s and if the 
remaining summands are unaltered, the resulting strong direct sum group &, 
ordered as above, has the property P(X) = P(6). KR is an example of a 
vector ordered group of a type which we shall designate as “strong.” The 


* Received November 15, 1949; revised March 9, 1951. 
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use of the atoms of ® is inessential, as we shall see below. For instance, 
had we reduced the group @ modulo the subgroup ©”, the weak direct sum 
of the same summands, we would have been led to an atomless example of 
the same theory. Part I of this paper will be concerned with the (strong) 
vector ordered groups. In Part II we shall prove the representation theorems, 
using results from Part I when needed. 


2. Notation. Groups, subgroups and “complexes” will be denoted by 
Gothic capitals; their elements, however, will be given by small Latin letters, 
their endomorphisms by Latin capitals. Although early Greek small letters 
are used in Part I for indexing, in Part II they usually denote elements of 
Boolean algebras. These latter algebras and some other partly ordered sets 
will often be given by Latin script capitals. Exceptions to the above con- 
ventions and additional notation will be clear from the context. The basic 
terminology is essentially that of G. Birkhoff [2]. 


Part I. 


3. The concepts | and ||. Let 3 be a partly ordered set with uni- 
versal infimum 0. If 2,yed, we say that iy (x is perpendicular to y) 
if (1) ze, 2Sa,2Sy imply z == 0, and (2) there exists we À such that 
s< w, y =w. Itis clear that L is a symmetric relation on 3d and that O Le 
for every ze 3. wa if, and only if, æ—0. For subsets @ and B of à, 
we say that Œ LB if ae G,be 8 imply ad. 

We say that z || y (x is parallel to y) if (1) 2z 5z, 21% te z= 0, 
and (2) w 1x, w = y imply w—0. | is a reflexive and symmetric relation 
on 3. | B is defined in the obvious way. 


4. Vector ordered groups. Let © be an additive Abelian group, partly 
ordered by a relation =, (where x S y may be written y = x), subject to the 
following axioms: 


(1) w=0, for every ze G (where 0 is the additive identity of ©). 
(2) «= y implies y L (z — y). 
(3) siy implies s + y Zz, y. 
(4) e+y=2,y imply that z+ y =v | y, the least upper bound 
(l. u.b.) of v and y. 
(5) For fixed a e & the sets R, = [z| re G; £ La] and S—[r|reG; 
‘gS a, zia imply z= 0] are subgroups of G. 
| (6) (a) To each æe @ there exists at least one maximal element m 
of © with zm. (b) Given a, be 6, there exists ce © such that c <a, 
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clb, and such that d S a, d 1b imply d Sc. We write c =al» (c) Given 
a, b e ©. there exists c e G such that ca, c = b, and such that d S a, d S ? 
imply d&c. We write c = ab. ' 


Abelian groups satisfying (1) through (6) are called vector ordered 
groups (v.o. groups). For instance, let @ be the direct sum of a finite 
number of additive Abelian groups Œ; i—1,2,: - :,n. If a,be@, we say 
that a = D if b can be obtained from a by replacing some (or no) non-zero 
components of a by zeros, leaving the other components fixed. It is clear 
that this ordering make © a v.o. group. | 

Axiom (6)(c) will seldom be used and is given mainly for completeness. 
We shall often replace (6) by: 


(6) Every chain in © has a l u.b. in ©. 


Abelian groups satisfying (1) through (5) and (6’) are called strong 
v.o. groups. We shall show that (6’) and the other axioms imply (6) so 
that a strong v.o. group is a v.o. group. If one orders a strong direct sum 
© of a set of additive Abelian groups @, in the same fashion as direct sums 
were ordered above, then @ becomes a strong v.o. group. Proofs will be 
carried through for v.o. groups rather than for strong v.o. groups except 
where the contrary is indicated. 


5. Elementary results. The following have completely trivial proofs. 
Often these results will be used without explicit reference. Those, the proofs 
of which employ (6), are starred. (a) x + y= x is equivalent to æ + y Z y. 
(b) A non-zero, non-maximal element of © is L to some other non-zero, non- 
maximal element. (c) The following are equivalent: «= y, —x = — y and 
eza—y (d) z+yZzx implies siy. (e) tly, y =z imply ez. 
(f) e+y=2,eLleimplyy=2z (g) u=x+y, usy and v< x imply 
wiv. (bh) sLyr,y =w imply e+ySu. (i) w=z+Yy, ely imply 
w= x,y. (j) tly, Zz imply atyzety. (k) tly, e224, y=w 
implye-+-y22e+wu. (1) =y z imply c—z2y—z. (m) The prin- 
cipal of limited homogeneity: if a Æ b, then a+ Sb +v if, and only if, 
æL (b—a). (n) For every integer n, s = y implies nu = ny. (n°) Let à 
be the subgroup of those elements of © which are zero or have finite order, 
the torsion subgroup of ©. Then % is convex in Œ. That is, ce 6, fey; 
sf imply ze. (o) For given ae @, R and Ga are convex, and 
Ra N Ga == (0), the subgroup of © consisting of the element 0 alone. 
(p) [r|ze®; r= a] =a+ a the addition being that of complexes. 
(q) If z, y = z, there exist y’, 2’ e © such that y 12,2’ Ly and y—x—y — i. 
(xr) For a s£ 0, Qa contains no maximal element of Œ. (s*) If a subset of R, 
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has a Lu.b. in Œ, then this l. u.b. is in Re. (t) c= a,b and v maximal 
with respect to the property v a,b imply a—vibandd—via (Y) If 
v is maximal with respect to the property va, b, then (a—v) 16 if, and 
only if, there exists ce ©, c= a—v, c= b. (u*) to each non-zero, non- 
maximal element æe@ there exists at least one 2’ s @, non-zero and non- 
maximal with + Lv and æ maximal with respect to this property. (Taking 
an m from, (6) (a), let à =m—x.) (u*) In (u*), wLg,ws&% imply 
wee. (w’*) If n is an integer, nz 4g implies nz Æ 2. 

We can define a new binary operation +” on some of the pairs of 
elements of Œ as follows: if sy, let s+ y =s-+y. -+ is an associative 
operation where it is applicable. Under +”, G becomes an ordered (cf. (j), 
(m) above) groupoid, similar, in some respects, to the groupoid of Brandt 
[3]. The properties of this groupoid will be discussed elsewhere. 

We shall use the axiom of choice in the form of Zorn’s Lemma [2, p. 42] 
whenever it is needed. 


Lemma 1. The first five avioms and (6’) imply (6) and a stronger 


form of (6) (ce): 
(6) (c) Strong vector ordered & is lower complete. 


Proof. (6)(a) is immediate from Zorns Lemma. As for (6) (b), 
suppose that a,be@. By Zorn’s Lemma and (6’), there exists se Œ, s S a, 
sb, and s is maximal (see (s*) above) with respect to this property. If 
da, d1b, Zorn’s Lemma supplies w = d, s with w maximal with respect 
to this property. By (t) above, sid—w, and s+d—w=s. Since 
8,d,weR®y, s—d+wlb wSsSa imply a=s—w. But a= d, and, 
by (t), dis—w. Hencea=s+d—w. By the maximal character of s, 
s=s+d—vy, and w= d,d S s, proving the maximum property of s. 


To prove (6) (c’), let © be a non-void class of elements of ©. The class 
RQ of lower bounds for all the elements of € is non-void sinve Oe. For a 
given chain DCR, (6’) provides a 1. u. b. which is seen to be in 2. By Zorn’s 
Lemma, to each je &, there exists c(j) eQ, where c(j) = j, and where c(j) 
is maximal in ©. If c and d are two such maximal elements of Q, then it is 
easy to show that c | d. By an argument similar to the one on © we can 
construct an element v where v= c, d and is maximal with respect to this 
property. c and d have at least one common upper bound. Applying (t) 
above, c—vid. But c =v implies c=c—v. Since c | d, c— v = 0 and 
c=v. Hencec<d. Similarly, dc and c= d. This establishes c as the 
g. 1. b. of the elements of ©, and. Œ is thus lower complete. 
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6. Endomorphisms and projections. Let © be a v.o. group. Consider 
the following five properties of endomorphisms V. (a) F(s) = x for every 
ze @. (8) V?=V (Y is splitting on ©). (y) Let the kernel of V be 
denoted by R(V) and set (V) —[z]zeG;V(x) —x]. Then the sub- 
groups §(V) and R(V) are elementwise 1. (8) s = y implies V(x) = V (y). 
(e) «Ly implies V(x) 1 V(y). It is immediate that (8) and (e) are equi- 
valent, that («) implies (y) and (8) and that (8) and (y) as a pair imply 
(a). Likewise, («) implies (8); for, V (z) = V?{x) so that V(x) = V(x) 
— V(r), and «=V(x) implies V(x) 1e—V(ax). Therefore, V(x) 
—VW(r)Lea—V(a2). But V(x) — V?(x) Ss— V(x). This shows that 
V(x) — V?(x) =0 for every eG. 

An endomorphism V of © with property (a) is called a projection,’ and 
every projection is a splitting endomorphism. Also © = §(V)@A(V), 
a direct sum of | summands. Let b be a fixed element of ©. Define a 
a mapping P, on & into © by Pa(<) =@s—si» For brevity, we set 
Ty == G—oly ty Sa. t= 0 if, and only if, s = £i», that is, if, and only 
if, s Lb. Hence R(P,) = Ry. tLe1, and ter. Thus, (av) 1» —=0, and 
P= Pa. Also P,(v) =x if, and only if, t1,=-0. This shows that 
O(P) — Gr Now t=T, trs Hence © = Gr PR Thus, Ps is an 
endomorphism and therefore a projection. It is onto §», its invariant set. 
There is a companion projection P's defined by P',(x) =a1y. (Pr) = Ro 
and (Ph) = Ga. 

The following eight conditions are equivalent. - The proofs are elementary. 
(1) afb. (2) Ga— Go (8) R=Ry. (4) à is maximal in Gp. (5) bis 
maximal in a. (6) Pa= Pr (Y) ae GS, and be Ge. (8) a—be Gal) Gr. 

The convexity of H, shows that ze $» if, and only if, there exists c*¢ © 
with 2* =a, x“ |b. In fact, for re Gr, æ + P’2(b) is an appropriate æ*. 
x is maximum with respect to being in $s N [y|ye@G;ySa]. Note that 
a is maximal in Qe and that §, is the cross-cut of all Re where s1 a. sla, alb 
imply s Lb. It follows immediately that || is an equivalence relation G. Under 
|, all maximal elements of © form an equivalence class. The following are also 
elementary: (a) ba, an € Sal] Sx (b) a || ba. (c) a + b — bu || a+ b — a, 
(a + P'a(b)| b + P%(a)). (d) a+ b = a + ba 41» + blo and the latter 
two sums are L.. In fact, Qa [1] So1Ra-+ ® (in the sense of addition of 
complexes), and the + and f) can be exchanged in this statement. (e) a || b, 
aS d, b SV implya+bsa-+bd’. (£) If G is free of elements of order 2, 
then c=a,b,a-++ 6 imply alb. (g) a—b, if, and only if, there exists 


+ For similar notions in Hilbert, space, see Béla v. Sz. Nagy, “ Spektraldarstellung 
linearer Transformationen,” Berlin, 1942. 
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c=a,b. Thus cÈ a,b and «| b imply a=b. (h) Ifa subset of %4 has a 
1. u. b. in Œ, then this L. u. b. lies in Go. (Cf. section 5, (s*).) (i) a||(1)b if, and 
only if a, ||( L )be for every ce ©. (j) a + b = c implies c = ae + be (k) If 
y is maximal in ©, then ys || x for every ve ©. 


THEOREM 1. Let P be a projection of a v.o. group ©. Then P = P, 
if, and only if, a is maximal in §(P); and for each projection P, there exists 
ae (P) such that P = Pa. 


Proof. Suppose that a is maximal in (P), that y La and that h is 
the component of y in §(P). Thenhila,andhta=2a. Buth+ae$(P) 
so that h = 0 by the maximal character of a. Hence, ye R(P), and Ru CRP). 
R(P) LS(P), and ae S(P) imply R(P) CR, so that Re = &Q(P). For 
z e ©, s = P (x) + P' (x), where P(x) eR(P) =o. Therefore, ta = Pa (£) 
= PaP (£), and ta S P(x). But PP,(x) = P (za) = P(g) — P (£ La) = P (€), 
since Tla € Ra—=R(P). Thus P(x) S P,(x) = Ta; and P(x) = P(x) for 
every ve ©.. Thus P =P, if a is maximal in (P). If P= Pa then 
§(P) = Gq. Since a is maximal in Qe, a is maximal in §(P). 





Let b be maximal in © and let a be its component in §(P). If a is not 
maximal in (P), then there exist ce § (P), ca, c=a. b—aeg(P), 
and R(P)16(P). Hence c—alb—a. Also c—ala Thus c—a 
L(b—a)+a, or c—alb; and c—a+b=b. Since c—as40, this 
contradicts the maximal character of b. This shows that a is maximal in 
§(P) so that P = P., completing the proof. 

Now the projections have been put into one-to-one correspondence with 
the equivalence classes of © under ||, we shall have little difficulty in exhibiting 
the structure of the set P (©) of projections. We can say that P,P, it 
Pa(v) SPy(x) for every xe ©. This partly orders P (©). For instance, 
if a = b, then Pa = Py. More generally, if S and T are endomorphisms of ©, 
we can say that S ST if S(x) = T(x) for every ze ©. Po is a universal 
infimum, which we can denote by 0 without confusion ; and J = P,, maximal 
in ©, is the identity mapping on © and is the universal supremum of ? (©). 
0 = P, carries all elements of © onto 0. In the ordered system ?(@G) the 
concepts | and || aré meaningful and will be used. Products of projections 
are again projections and are written to the left. That is, P,P;,(x) 
= P,[P»(#).]. Though Pe + P» is an endomorphism, it need not be a pro- 
jection. (£la) Lo = ti». Applying P'a to both sides, (£la) 1o = (Lo) Lo 
This leads to PP’, =P’,P’a. If P, is a projection then there exists te © 
such that P, = P’ Hence P,P, = P,P,- . 

The following are equivalent: (1)’ PaiP, in P(G). (2)’ alb. 
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(8Y Pa(x) 1 Py(x) for every se @. (4) 6.11 Go = (0). (5Y PaPy= 0. 
From any one of these it follows that Pa.» = Pa + Pr = Pa U Pr, the Lu. b. 
of Pa and Py. If G has no elements of order 2, then the following can be 
added to the equivalence list: (6)’ Pa + Pù is a splitting endomorphism of ©. 
(Y PeP SI. 

. We give another set of equivalent conditions: (1)” Pe = Pa (2)” 
Py = PaPa (8)” be Ga (4)% DoC Ga (5)” RoDRa (6)” There exists 
ce®, clb, c<a. (7)” There exists de Œ, d| a, d =b. | 

Immediate are (1) Pas Py and Ca = dS € imply da= ca (m) If Q 

and & are subgroups, if 61 and if © = Y QQ, a direct sum, then there 
exists a projection P, of Œ such that Ga — § and QR =A. 


THEOREM 2. Let © be a v.o. group. Then the Sq and Qa are v.o. 
groups, strong if © is strong, under the order relation hereditary from ©. 


Proof. Verifying the axioms one by one, we see that axiom (1) is trivial. 
(2) For 2, y € Go, £ = y, we have y Le—y in ©. Since = y, «—y, with 
DE Gas tLe—y in Ga (3) Ife Ly in Éa the convexity of Ha shows that 
x ly in © so that ¢+ y= x, y in ©, and the latter also hold in ae. (4) If 
s+ yZ zr, y in Qa then the same relations hold in & so that s + y =æ Uy 
in ©. Hence w +y =g U yin Qa (5) Force Gilet D = [r| zE Jaje Le 
in e]. Since the relation 1 in $, implies the relation | in Œ, axiom (5) 
shows that D is a subgroup of a Let € = [z |s £ Qa; S T, 21c in Ga 
imply z = 0]. It turns out that Œ = Ga 1 Sc, so that € is a subgroup of Ga. 
(6) (a) For ze So, there exists ye ©, y maximal, y È= s. Pa(y) =, and 
P.(y) is maximal in $a. (6)(b) and (e). If b,ce Ga, the elements b14 
and be are in Ga (6’) If © is strong; so is Qa, by (h) above. The same 
statements are true for Ra, since every À is an $y, by (m) above. 


7. P(@) as a Boolean algebra. Let us order the projections as above. 
Since ba 1 bia, Py = Pe + Po where c= ba, © = bla PaPo = PaPe + PoPo 
© = P,P, + 0 = Pa, by (2)” and (8)” of section 6. Since c” = ay | ba, by 
(b) of section 6, PaPa = Pe == Per by (1) and (6) of section 6. Pe = Per S Py, 
Py by (1)” and (3)” of section 6. If Pe S Po, Pa, then te Saf] So. By 
(6)”, «|| t where ta. Then 2 || te tp S a= c”. Since se §, implies. 
£ = Ty, Po S Per = Pe This establishes P, as Pa (1 Ps, the greatest lower 
bound (g.1.b.) of Pa and Pe. Note that on §, the mappings Pa and Pe 
coincide, if € = ba. 

Tf we let c=a+tb—b,—a-+big or if we let c == a + b — a 
= b + ais, (2Y and (e) of section 6 show that Pe = Py = Pg + P, = Pr + Ps, 
where r= bla and s= aj» It is easy to prove that Pe = Pa U Po. 
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P (G) now appears to be a lattice with universal supremum and infimum 
under its order relation =. Ready results are Pa U P'a = I, Pa N) P'a = 0, 
so that the lattice is complemented. Moreover, (Pe U Po) N (Pa U Po) 
= (Pa + Pa) (Pa + Pe), where d = bje and e = cla. This product reduces 
to Pa + Py, where f = P.(d), using (2)’ and (5)’ of section 6. Let g == be, 
h= Jia Then Pa U (Po Q Pc) = Pa U Pe = Pat Pr Now g= P,(b), 
b == ba +d and c—p+e, where p= Ca ple. Then g == Pp(ba) +f, 
after appropriate decomposition, distribution and reduction. It follows that 
h = Jia = fla = f, so that the distributive law P, U (Ps ND Po) == (Pa U Po) 
N (Pa U Pe) is established. This proves 


THEOREM 3. Let © be a v.o. group. Under the ordering relation = 
(as described above), P (G), the set of projections of ©, is a Boolean algebra. 


8. The complete algebra. In this section, we shall prove that strong 
© leads to complete P (©). Even if G is not strong, projections preserve 
l. u. b.s of subsets of G, whenever these exist. For, if b is the 1. u. b. of the 
elements of a subset B of Œ, if Pa is a projection and if c is any upper 
bound for the elements of the set P,(8), then cq + big is an upper bound for 
the elements of %, by (k) of section 5. Since c= Ca and since Ca + big = b, 
Ca È ba and C= ca = ba. It follows that bg = P,(b) is the required 1. u. b. 
of P,(B). 


THEOREM 4. Let © be a v.o. group, and let P be the 1. u.b. in P (6) 
of a class R of projections. (a) If, for fixed x and z, all R(x) Sz, Re R, 
then P(x) £ e . (b) For each ce ©, P(x) is minimal with respect to being 
an upper bound for all R(x). (c) If, for fixed x, L'u.b. R(x) exists, then 
it equals P(x). 


Proof. (a) If z=2(y) = R(y) for every Re R, y fixed in G, then 
y= P(y) =d=R(y) for every R, where d= P.P(y). Form an endo- 
morphism S = PaP, +P—PPy. S(y)=d. SSP, and S is a projection. 
S(t1y) = P(t1y) = R(ai,y) for every R. S(ay) = Pa(£y). Let B* denote 
the projection B restricted to Gy. Let g == R* (y) for some fixed Re R ; and 
let h = P,(c) where c is a maximal element of G(R). g,heSy. R* == P*;, 
by a remark in the proof of Theorem 3. By (k) of section 6, g | % in $y 
so that P*, == P*,. Since g Sd, P*, S P*a, and P*,(x,) S P*4a(2,) = S* (ay). 
But P*,(2y) = P*,R*(x,) = R¥(a,). Hence R(x) = S(x,). Now Tiy 1%, 
and § is a projection, so that S(x,y) L S(ay). By (k) of section 5, S(x) = R(x) 
for every ce ©. This shows that S = R for every Re R; and S È= P. Since 
SSP, we have S—P. S(y) —d implies P(y) =d—P,P(y), and 


, 
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P(y)eS$:, proving (a). The proof of (b) is immediate, and (c) follows 
from (b). 

A similar result states that if c is the Lu.b. of a class Œ of elements 
of ©, a v. o. group, then the class P (©) of projections Pa, s e €, has L'u. b. Pe 
To prove this, we show that P, is minimal with respect to being an upper 
bound for P (©). Since P (6) is a lattice, Peis the 1. u. b. for P (©). 

We shall use the statement (e) of section 6 to prove some of the 
following results. Two subsets Ÿ and % of an ordered system © are said 
to be order isomorphic if there is a one-to-one map f on Y onto 8 such 
that both f and f preserve order. 


Lemma 2. Let X and B be order isomorphic chains of a v.o. group ©. 
Let © be the set of all a, + ba where ae, be B and a and b correspond 
under the order isomorphism f. Then € is a chain, and there exists a (many- 
one) order preserving map g on À onto © (an order homomorphism). If A 
and 8 have upper bounds a* and b*, respectively, then © has an upper bound 
a + D*, 

Proof. Since ay | ba, (e) of section 6 shows that a =a’, ba & b’ imply 
a +b,Sa’+ 0’. Suppose that a=r,a,reW. By hypothesis, f(a) == b 
<f(r). Denote f(r) by s. ap Sas Zr, Let bss, Taking a’ = bs 
b’ == Sp, we have a + ba & fs + Sre Define the mapping g by g(a) =a + be 
where f(a) =b. The above shows that a Sr implies g(a) <g(b). The 
remaining statements of the lemma follow directly. 


Lumma 8. Let A and B be order isomorphic chains of a v.o. group G. 
Let © be the set of all a, where ae X, be% and a and b correspond under 
the isomorphism: b = f(a). Then © is a chain and is an order homomorph 
of X under a mapping g. Let a* and b* be the respective 1. u. b.’s of X and B. 
If w is any upper bound for ©, then aïe Qo. a* ye is an upper bound 
for © and is tts L u. b. if © has a l. u. b. c*. 


Proof. That € is a chain, that g exists with g(a) =a, b = f(a), and 
that a”, is an upper bound for © are all evident. Suppose that w is an 
upper bound for all &e €. Since a*—lL.u.b. a, ae%, and since pro- 
jections preserve 1. u. b.’s, a*, = l.u. b. a» b fixed in B. Hence w = a*, for 
all beH. Now, b*— 1 u.b. b, be% implies Pys = 1. u. b. Py. By Theorem 
4(a), Pos (a*) = a*r. € Gw. If € has L u. b. c*, then a*,. = c* and d*y € Gee. 
Thus, Pes (a*r) = c¥ = ape, 


Luma 4. (a) Let A and B be subsets of G, a v.0. group, and let A 
and $ be in one-to-one correspondance via a mapping f. Suppose that a || f(a) 
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for every ae X and that a, f(a) € Sa, where d =a + f(a), d= d(a). If all 
three quantities exist, Lu.b. a+ lub. f(a) —=Lu.b. d(a). (b) For 
x, ye © suppose that x | y | æ + y and that R is a set of projections on ©. 
If the three quantities exist, 1 u.b. P(æ) +1. u.b. P(y) =1. u.b. P(x +4), 
where the l.u. b. are taken over all PeR. (c) Let X and B be subsets of 
v.o. ©, where XIB. Let © be Y + B, the addition being that of complexes. 
Let À, B and © have the respective l. u. bs a*, b* and c*. Then a* Lb*, 
and c* —a* + b*, (d) Suppose that siy in © and that B is a chain of 
projections on G. Suppose that 1. u.b. P(a), 1. u. b. P(y) and l. u. b. P(x + y) 
etist, where the l.u.b. are taken over all Peg. Then Lu.b. P(a+y) 
=lub. P(x) +Lub. P(y), and Lub. P(w) Llub. P(y). 


Proof. (b) is a corollary of (a) and (d) is a corollary of (c). (a) and 
(c) have uncomplicated proofs. 


THEOREM 5. The set P(®) of projections of a strong vector ordered 
group © forms, under its natural order, a complete Boolean algebra. 


Proof. We have already proved that P (G) is a Boolean algebra. Let @ 
be a subset of P(G). P, is a lower bound for the elements of @. Let 8 
be the non-empty set of lower bounds of @ in ? (©). If every chain in 
P(G) were to have a l.u.b. in P (6), then Zorn’s Lemma would provide a 
maximal element P* of @. It is easy to see that P* would then be the 
required g.1.b. for @, and we could complete the proof by complementation. 


Hence let @ be a chain of projections. For ce G define P*(x) as 
Lu.b. P(x), the I. u. b. taken over all Pe €. We shall prove that P* is a 
projection of © and that P* =l. u.b. P, Pe @. Vt is clear that P*(0) — 0 
and that P*(— x) =— P* (x). For v, ye 6, set ty = S, Ya = t. The three 
quantities t1y, Y1 and s + t are mutually L. By Lemma 4(d), P*(x +y) 
= P* (£1) + P* (Yle) + P*(s +t). But s | ¢ and Ps:(s) || Paiz(t), where 
the sum of the two latter quantities is s + t. By Lemma 4(b), P*(s + t) 
= P*P.:(s) + P*Ps(t). The triad wy, Pot(s) and P’s.e(s) consists of 
mutually L elements; likewise for Yle, Psw(t) and P’s(t). Now «aly 
+ Post (8) + Pot (s), and y = Yla + Pot (t) + P’su(t). By Lemma 4(d) 


P*(x) + P*(y) = P* (21y) + P*(yLe) + P*Psit(s) | 
+ P*P.4(t) + PEP'o(s) + PP a(t). 


But P'ou(s) + P’sut(t) = P'ou(s +t) 0. Since P*(—z) =— P* (z), 
P*P’ tls) + P*P' (6) = 0. Combining results, P*(# + y) = P*(#) + P*(y), 
and P* is established as an endomorphism. That P* =l. u.b. P and that 
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P* < I are quite trivial. Hence P* is a projection with the required property, 
and the proof of the theorem is complete. | 


THEOREM 6. A strong v.o. group G is upper conditionally complete and 
‘lower complete. 


Proof. The lower completeness is the statement of 6(c’) of Lemma 1. 
Let @ be a set of projections of ©. These have a 1. u. b. P*, by Theorem 5. 
By Theorem 4(b), P*(x) is a minimal upper bound for the P(x), Pe d, 
æ fixed in ©. The set M of such minimal upper bounds is non-empty and 
has a g.l.b. ¢ which is a upper bound for the P(x). By the minimal 
character of P* (æ), t= P*(x) so that P*(x) —l.u.b. P(x). Now let € 
be a class of elements of ©, and let c# be an upper bound for the elements 
of © Let P*—lub. Pe ce€. In the above, let w==c*, Then 
P*(c#) == lub. P.(c#). But P.(c#) =c, so that Lub. c, ce € exists 
and equals P*(c*). 

We have two immediate corollaries. 


CorozLary 1. [s|se®;s =a], (where a is fixed in strong v.o. ©), 
is, under the order relation hereditary from ©, a complete Boolean algebra 
isomorphic to [Pa| te ©; Ps S Pa], where the order relation in the latter 
set is hereditary from P (6). 


Cororzary 2. Let K be any set covering of strong v.o. ©, and let 3 
be any subset of ©. Let g.1.b. 3 have the obvious meaning. Then g.lb. 3 
= g.l.b.(g.1.b. S VU) where the U are the sets of K. 


Part II. 


9. Boolean groups. Let @ be a Boolean algebra with ordering relation 
< and universal supremum J. A partition II of J is a collection of elements 
of B such that (1) «, Bell, af imply «18, and (2) Lu.b. «a =I, the 
lu. b. taken over all ge II. We exclude repetitions from a partition and also 
the element 0, the universal infimum of @. I’ is said to be a refinement 
cof m, (W< IT), if to each ae ll” there exists B(a) eM with a<B(a). 
Given two partitions of I, II and I’, there exists a common refinement 
W = [&f\B|aeu,Bell], as the infinite distributive law for Boolean 
algebras shows [2, p. 165]. Call this the intersection refinement of II and I’. 

Let 3 be a fixed, non-trivial additive Abelian group (not necessarily 
ordered in any way). This will be called the group of coefficients. To each 
Bell, a partition, attach a coefficient s(8) ež. . Designate the new object 
thus formed by (H, s), where s is the Faso B—s(B). (ILs) is to be 
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called a valued partion (of I in B). We can say that (I, s’) isa refinement 
of (<) (T, s) if (1) W <T and (2) «ell, Bel, « = B imply s(8) = (a). 
We can define (H, s) ~ (IY, s’) if these two valued partitions have a common 
refinement. If (Il,s) ~ (IL s’), then s—s’. Given (Is) and W< IL. 
there exists s’ with (I, s)— (I’,s’). The relation ~ is an equivalence 
relation on the set of valued partitions of J of B. Symmetry and reflexivity 
are trivial. As for transitivity, suppose that (IL, s1) ~ (IL, S2), (Ia, 82) 

m~~. (IIs, Ss) with respective common refinements (Iis, S12) and (Mas, 828). 
Let I be the intersection refinement of Ij, and Məs. A given «eM equals 
Ba N Bs, Bı € Is, Bs € Ms. Also there exist yu eM, t= 1,2, and ys e Il, 
j =2, 8, with BiS yu, yı2 and Bs Yaz, yss Hence a S yiz [) ys2, 80 that 
the latter is not 0. Hence yı2 = ysz since I, can have no repetitions and no 
overlapping elements. Define a mapping s on I into 3 by s(a) = s:(yı2) 

(= sz(Ys2)). Then (IL,s)< (Isı), (Ms, S3) and the transitivity is 
established. 

We denote the set of equivalence classes under ~ by © (8, 3) or simply 
by ©, if no confusion arises. Each equivalence class ge G can be denoted 
by { (IL, s)}, and we say that (II, s) € g, or that g is represented by a valued 
partition (I, s) (and by all equivalent valued partitions). We can introduce 
an addition in G quite simply. If (I, s1) eg, (Hz, 82) € h, let Il, be the 
intersection refinement of I, and I, and define s,s on IMs into 3 by s:2(& f 8) 
= (a) + s2(8), «£, Bell. Suppose that (Me, So) € { (I, 81) } =g. 
From (Io, So) and (Mə, S2) form (Il, So2) by the above addition process. 
Construct a common refinement (IT, s) of (IIo, So) and (IL, sı). Apply the 
above addition process to (II, s) and (IL, s2), obtaining (IX, s’). It is easily 
seen that (I, s’) is a common refinement of (Miz, S12) and (Tos, So2), so that 
addition is independent of the members of the equivalence classes which are 
used as summands. The associativity of addition in @ follows from that 
in X; and the 0 and the additive inverses can be defined in the obvious way. 
No confusion will arise if we still denote by © the set Œ with this definition 
of addition. We have proved that G is a group, in fact, an Abelian group. 
We shall call such groups Boolean groups. : 

©, a Boolean group, can be partly ordered as follows. For g, heG, 
gh if there exist (M, sı) €g, (IL s2) eh, with si(a) —0 or se(a) for 
every ae I. We call (IL sı) and (IL s) gh representatives. If W is a 
refinement of IL, it follows readily that there exist s, and s's such that 
(WV, s1) < (Es), (W, s2) < (TL, s2) and (IP, s) and (IF,s.) are gS h 
representatives. The following likewise has an immediate proof. If @ is a 
complete Boolean algebra, if (Il, sı) ~ (IM, 82) and if oe à, then Lu. b. % 
ae Il, si(a) =c, equals l u.b. £, Bell, 82(B) =v. 
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Turorem Y. Under the relation =, every Boolean group & is vector 
ordered. 


Proof. (a) g = g, for every ge @. (b) If eS y, y Sz, we can, by 
the above remarks, choose x = y and y < z representatives so that the repre- 
sentation (II,s) for y is the same in both cases. It follows at once that 
eSz (c) Ifs Sy, y Sz, represent y by (II, s) in both inequalities. This 
gives x two representations, (IL s1) e v, where æ S y, and (Il, s2) ex, where 
ya. Hence, sı =s, But s,(%) —0 or s(«), and s(a) —0 or s(a). 
Since s(a) = s,(@), ss, and sz==y. This establishes © as a partly 
ordered system. i 


We verify the axioms for v. 0. groups in order. (1) is trivial. (2) Let 
x = y representatives be (IL, $2) ex, (Il, s1) ey. Then s — y = {(IL, s: — 8,)}. 
Since (52 — 81) (a) = 0'or s.(a), for every a e I, r = g — y. If2<7y,x—7, 
we can redefine If and find ss, s’, and s* such that (IL s3) €z, (IL s) €y, 
(II, s*) ex—y. Also, there are the obvious relations between ss and s’, and 
between s and s*: s3(a) 50 implies si(a) =s*(«) —s,(a). With the 
redefinition of IL sı == 81, and s¥*¥ = S — sı Hence s(a) 0, and = y 
implies s2(«) = sı(«). This makes s*(a@) — 0, a contradiction. It follows 
that s(a) — 0 for every ae Il, and 2—0. We have proved that if «= y, 
then y Le — y. 

(8) Suppose that (IL sı) ev, (I, s2) ey, (H, s3) ez and that w È v, y 
where sy. The standard relations are to hold between s, and s and between 
s2 and 83. If s,(@) and s:(B) are both non-zero, then s, (8) = s2(8) = s: (8). 
Let s(a) = 0 if a e I, «s4 8, and let s(8) = s:(8). z= {(IL s)} 40, and 
z& gs y. Since sly, z= 0, a contradiction, and not both s,(8) and s:(8) 
can be non-zero. x+y = {(I, sı + s2)}; but (sı + s2) (a) —s1(«) if the 
latter is non-zero, s2(@) otherwise. This is enough to show that x, y = & + y 
if s Ly. 

(4) Represent v, y and w as in (8) where, this time, «+ y, w È g, y. 
As in (8), not both sı(«) and s.(«) can be non-zero, and we can arrange 
` things so that s,(«) and s,(%) are 0 or si(a) + sa). If s.(a) 40, 
81(&) + s(a) = sa) = 53(@). If s(a) = 0, si(a) + s(a) = sı (a) which 
is 0 or ss3(@). This shows that s+ y =w. Therefore, if s + y = v, y, then 
z+y—=x y ’ A | 

(5y(a) If (IL sı) ez, (H, s) £a, «La, then s,(a) and s(a) cannot both 
be non-zero, as in (3) above. (II, —s,) e — x, where — s, is defined in the 
obvious way. (II s—s)ea—zx. But (s—s;)(a) =s(a) if the latter is 
non-zero, — 8,(«) otherwise. Therefore a = a—x. By (2).above, a L— z7. 
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If æ yla, a similar procedure shows that aSa-+a-+y. Applying (2), 
aie-+y. Hence À is a subgroup of G. © 

(5) (b) We can use (2), (5)(a) and (3) to show that re & implies 
—veS$Ss Write, now, (IL, sı) ev, (IL s2) ey, (1, s) ea, (IO, s) eu where 
wS t+ y, ula and where z, y €a. As above, s(a) and s(a) cannot both 
be non-zero. If s’(8) 540 for some Be II, then s(8) = 0 and not both s: (8) 
and sa(£8) are 0, say, sı(8) <0. Define ¢ by t(a) —0 if ae Tl, «48, and 
E(B) =s (8). Let w = {(I,t)} wa, w0. t(8) =s (8) 0, 
while s(B) —0. ¢ and s never assume non-zero values together over TI. 
Hence w + a = w’, a, so that, by (2), w La. Since we Gq, w = 0, a contra- 
diction. Thus s (8) = 0 for every Be Tl, and u= 0. This proves that & 
is a subgroup of ©. 

(6) (a) If s = {(TL,s)} and if x is not maximal, there exists at least 
one ae II for which s(a) —0. Fix ce 3,040. Define t by t(B) =s(f) 
if s(8) 0, t(8) =o otherwise. Let m—{(I,t)}. Then m is maximal 
in © and m Z rz. 

(6)(b) If e= {(H,5:)}, y= { (I, s)}, define s by s(a) =s: (a) if 
s2(«) = 0, and s(a) = 0 otherwise. If we take z = { (II, s) }, a direct proof 
shows that z = tiy. 

(6) (e) For x, y as in (6) (b), define ¢ by t(a) = sı (a) if s,(a) = s2(a), 
and ¢(«) = 0 otherwise. Let w= {(I,t)}. Then a simple check shows 
that w = zy, the g. l.b. of x and y. 


10. Cardinal restrictions on partitions. In section 9, no restrictions 
were placed on the number of elements. However, if we demand that the 
power of the class of elements in a given partition IT is < N (or < N), a fixed 
cardinal, none of the proofs of section 9 is materially altered. In particular, 
we can restrict partions to have only a finite collection of elements. 

If 3 is a ring, © (8, 2) will also be a ring if we introduce multiplication 
into @ in the same manner as addition was introduced. Since the term 
Boolean ring is well established for another sort of ring, we shall call the 
present ring a Boolean type ring. It will turn out that every Boolean ring 
with a unity is also a Boolean type ring. We return to these rings later. 


THEOREM 8. If B is a complete Boolean algebra, then ©(B,%) is a 
strong V. 0. group. 


Proof. We make no restriction on the cardinals of the partitions IT. 
Let @ be a chain of elements of ©. For each non-zero o s 3, construct B(o), 
the union (l. u.b.) of all elements which are valued with o in all partitions 
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II which are used to represent the elements of @. Let B(Ô0) be the comple- 
ment in @ of the union of all the B(c). B(0) N B(c) — 0 for every ve, 
o0. Suppose that B(c) N B(r) 540, where o and r are distinct, non-zero 
elements of 3. Then there exist two distinct members of the chain @, say, 
eS y, c= { (IL s1) a y = { (IE, s2)}, and there exists ae IL with s(a) =o, 
Sa(a) =r. But «Sy and sax) =c 0 imply s:(%) —si(%) or that 
r—0, a contradiction. Thus B(c) N B(r).—0 for every pair of unequal 
eo and r. On the other hand, the 1. u.b. of all the B(o) is Z, the supremum 
of 8, and the B(o) form a partition of J. Call this partition Q. Define ¢ 
by ¢(8(c)) =v, a mapping on Q into X, and let &* = {(Q,t)}. It is clear 
that 2* is the l. u.b. of the elements of @. 


11. The representation theorems. Let 8 be a Boolean algebra and 
let ¥, the coefficient group, be non-trivial. Fix Be 8 and agree to use only 
those partitions of I. which (1) have only a finite number of elements and 
(2) are refinements of the partition {8, 8}, where 8’ is the complement of B 
in 8. For v = {(Il,s)}, let x(f) = {(I, s’)}, where s’(a) =s(«) ifa<P 
and s («)=0 if aS’, ae Tl. It follows readily that the mapping Pg: 
z—>a(B) is a projection of ©(8,3). Define a mapping ® on @ into 
P (G(B,3%)) by (8) — Ps. If Pa — Pa, then (a) —æ(B) for every we ©. 
If y Saf) g, then (y) S2(«),2(f’). Since x(f’) 1 2(8), z(y) —0 for 
every ce ©. But this is impossible unless y—0. Therefore « {] 8’ —0, 
a = B and similarly 8<a This shows that ® is one-to-one. If Pe?, 
then P==P,, ce@. Let e—{(Il,s)}. Here, by (1), I has only a 
finite number of elements. If s= 0, P—P,— Pg, where Be B, B—0, 
the infinum of @. If «340, let B—Lu.b. a, «em, s(«) 0. Then 
P == Pa == Pg. We have proved that & is onto P. Now « U B= (a N 8) 
U («a N L) U (#1) B), the l.u.b. of three disjoint quantities. As endo- 
morphisms of 6, 


P(e U B) = &(a11 L) + («11 8’) + (x N L) 
= (a1 8) U S (a N L) UE MB) UN B) 
= (x) U (8). 


For, the #s are elements of P, and in P, PLQ implies P+ Q =P UQ. 
Moreover, a= (a N 8) U («N 8’) and B= (aN 8) U (N 8). As for- 
N, (x) = Py = P'a as defined in section 6, and P'a is the complement 
of Pa in ®, by section 7. Thus (a N 8) =8({( U 8Y) =Pw ye 
= [Pu U Pel’ = P'w N P'e = Pa Pe— (a) N (8). We have proved 


THEOREM 9. A Boolean algebra B has a faithful (lattice isomorphic) 
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representation as the set of all projections on a Boolean group (therefore on 
a vector ordered group) G(B, 3). 


Now let 3 be a ring so that G is a Boolean type ring. A projection P of the 
group structure of © will preserve products so that it is a ring endomorphism. 
In Theorem 9, we can replace the words “ Boolean group” by “Boolean type 
ring.” In particular, let 3 be the ring % of integers modulo 2. Let us 
. define 4 map 6 on B into G(@,%.) such that 6(«) — {(ILs)}, where IT 

is the partition {a,o’} and s(a) —1:, s(a’) 02 Note that the product 
in @ (componentwise multiplication) coincides with the product of axiom 
(6)(c). We restrict all partitions to those with only a finite number of 
elements. Then 6 turns out to be one-to-one onto ©. (a) B) — 6(a)8(B8), . 
where the product on the right is the ring product in ©. Let -+, denote 
the symmetric difference in B. Then 6(¢ +28) =0( (a N 8) U. N B)) 
= b(a N 6’) +(e’ N 8) since a NB Lo N 8. We can add in 0 = 26(a N B) 
on the right hand side. Then we see that 4(a +2 8) =6(a) +6(8). We 
thus have ' ; 


THEOREM 10. Every Boolean algebra has a faithful representation as 
a set of splitting endomorphisms on a Boolean ring with a unity, namely on 
itself as a Boolean. ring, and every Boolean ring with a unity is'a Boolean 
type ring. 

Finally, if 8 is a complete Boolean algebra, we can drop the restriction ` 
that each partition IL have only a finite number of elements. Then @ will 
be faithfully represented by the set.of projections on a strong v. o. group. 
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DIRECT DECOMPOSITIONS IN LATTICES.* 
By L. AILEEN HosTINSKY. 


1: Introduction. A comprehensive refinement theorem for direct 
decompositions of operator loops is proved in [1]. In this paper we give 
a generalization of that theorem by using the results of a previous paper 
(see [4]) to translate into lattice theory Fitting’s method of investigating 
the refinement theorems. Thus we define direct decompositions by their 
decomposition endomorphisms and use products of these decomposition endo- 
morphisms as a principal tool. The definition. of endomorphism and the 
postulates imposed upon the lattice considered are those of [4]. 

Although previously it had been possible to state assertions in the refine- 
ment theorems in terms of the lattice only, the hypotheses of many theorems 
dealt also with other terminology. This fact is true particularly in those 
-cases where it was attempted to use Fitting’s method exclusively. Because 
of the results in [4], this method can now be used in the lattice also. There 
are, however, major differences in the proofs since no use can be made here 
of the elements” (in the sense of [1]) and since pairs of complementary 
decomposition endomorphisms 8, e do not have the property that 84-«—1, 
which was much used previously. 

Except for a slight modification of the Splitting a our refine- 
ment theorems are exactly analogous to those of [1]. 


_ SPLITTING Hypotuusis. If 8e is a pair. of complementary decom- 
position endomorphisms of p/0 and if a is a decomposition endomorphism 
of p/0, then aôaea is a uniformly splitting endomorphism of p/0. 


SPECIAL REFINEMENT THEOREM. If the Splitting Hypothesis is satisfied 
by p and if p=a@b—dQ@e, then there exist direct decompositions 


=N 
a>r Da”, b—b@b", d—=a Oa", and ee Oe” 
such that | | 
eDV =V OË! =d Oe =e Oa and 
a” (4>) p” = b” @ e” = e” (4>) qd’ = d” (4>) a”. 
DEFINITION. The permutation i—i* of the integers from 1 to n is 
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said to effect an exchange isomorphism of the direct decomposition 

p—a(1)®:::@a(n) upon the direct decomposition p —b(1)@ : : - 

Db(n) if for every i 
p=a(l)@- - - Dali—1) PIi) Dali +1) O- Dala). 


GENERAL REFINEMENT THEOREM. If the splitting hypothesis is satisfied 
by p, then any two direct decompositions of p possess exchange-isomorphic 
refinements. 


The last section of the paper is devoted to showing the relationship 
between our results and those of Ore and Kurosch, who previously have dealt 
with the problem of direct decompositions in Dedekind structures. Through 
translation into terms of homomorphism and decomposition endomorphism, 
concepts and statements of [7] are made more concise, and essentially his 
main theorem is seen to be contained in ours. 

The problem of this paper was suggested by Professor Reinhold Baer, 
whose valuable suggestions the author gratefully acknowledges. 

For the convenience of the reader the remaining part of this section 
consists of a statement of the postulates and those definitions and theorems 
of [4] which are used here. . 

The algebraic system considered is a complete modular lattice P upon 
which is imposed one additional postulate. The elements of P are denoted 
by lower-case italic letters and the partial ordéring by S.: If p and q are 
elements in P, there exist (uniquely determined) elements pq, the product 
of p and q, and p+q, the sum of p and g, such that pg S p = p + a, 
pg = q = p + q and such that b S p S a and b S q € a together imply that 
b S pq and p+q<a. In addition to Dedekind’s modular law, we assume 
also the existence of an element 0 in P such that 0 & p for every pe in P and 
the following additional property: 


PosTULATE (*). If a and {py}, where v ranges over a set of ordinals, 
are elements in P and tf the p, form an ascending chain, then a ©, py = X apy. 
v LA 


A single-valued transformation y is a homomorphism of p/p’ in P upon 
q/¢ in Q (a system satisfying the same postulates as P, or P itself) if y 
maps s/p’ for every x satisfying p =x < p upon t/g, where g Sana, 
so that the following requirements hold: 


1) (San Zen) (additivity). 


2) If q’ S22», then there exists an element z’ with p = 2’ = g such 
that 2’y7 =z (exhaustiveness). 
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3) If zy = yy, then there exist elements 2’ and y (p Sa’ Sp and 
psy Sp) such that s + x =y + y and ry = yh = g. 


The kernel k(n) of a mapping q of p/p’ on q/g is the sum of all elements 
which 7 maps upon q’. If n is a homomorphism of p/p’ upon q/g and if 
po Secs p, then = 


1) æy—q" if and only if c= k(y). 
2) on = yy if and only if s + k(n) =y + k(n). 


An isomorphism of. p/p’ upon g/g is a one-to-one, exhaustive, and addi- 
tive mapping of p/p’ upon g/g. An isomorphism 7 of p/0 upon g/0 has 
the property py =q. An automorphism of p/p’ is an isomorphism of p/p’ 
upon itself. A homomorphism y of p/p’ upon q/q is an isomorphism if and 
only if &(y) =p’. Moreover, products of homomorphisms (isomorphisms) 
are homomorphisms (isomorphisms). 

The mapping y is an endomorphism of p/0 if py S p and if 7 is a homo- 
morphism of p/0 upon py/0. The kernels &(y*), for t= 1,2,---, of the 
endomorphism „ê of p/0 form an ascending chain k(n)S k(y?)S- +--+ Sp, 
and the radical of the endomorphism y, denoted by r(#), is defined to be 


the sum Što). 

` TuroRmm A. Ifnis an endomorphism of p/0, then 
1) IfeSp,¢Sr(y) if and only if tn = r(r). 
2) y induces-an endomorphism of r(n)/0. 


If y is an endomorphism of p/0 and if «<p satisfies sy = x, @ is 
yadmissible. If» is an endomorphism of p/0 and if x is ņ-admissible, then 
n induces in 2/0 an endomorphism of kernel æk(7) and of radical ær (q). 

The element c is a complement of the endomorphism y of p/0 if 
p =r r(q) +c, er(y) =0, and cy—c. These first two conditions state that 
p is equal to the direct sum r(n)®e. If there exists a complement of the 

‘endomorphism n, then y is said to be a splitting endomorphism of p/0 or to 
split p; and if 7 induces a splitting endomorphism of %/0 for every y-admissible 
s, y is a uniform splitting endomorphism of p/0. 

Throughout. the remainer of these statements from [4] y denotes an 
endomorphism of p/0 for an arbitrary element p in P. 

The element x is said to be y-automorphic if 49 =zx<p and if 
Yn = y Se implies y) = y. 
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Txsorem B. If the endomorphism n of p/0 splits p uniformly, then 
the complement of q is uniquely determined, y-automorphic, and equal to the 
sum of all y-automorphic elements. 


COROLLARY B. If n splits p uniformly with complement c(q) and if x 
is an n-admissible element, then we(n) is the uniquely determined complement 
of the endomorphism which n induces in æ/0. 


THEOREM C. If y is an endomorphism of p/0 and if for every y-admis- 
sible x there exists a positive integer h = h(x) such that ay! = ay =: » - 
and such that k(n") = k(n) =: -+=r(y), then z= zr (q) D ay", ay" is 
a complement of the endomorphism induced in x/0, and q is uniformly 
splitting. i 


2. Direct decompositions and decomposition endomorphisms. The 
element p is the direct sum of a and b (p =a ® b) if a + b = p and ab = 0. 
(Throughout the paper p represents an arbitrary element in P.) 

If p—a@b and if xX p, there exist uniquely determined mappings a 
and 8 which we define by the following equations: 


wa—=(b+a)a and zg = (a+x)b. 


It follows from these equations that, if y S a, ya == y and y8 =0. Similarly, 
if 2b, za —0 and 28 =z. 

Upon the basis of these definitions and Dedekind’s modular law it can 
be shown without difficulty that the following properties are possessed by g 
and g: 


1) «@ and B are endomorphisms of p/0. 
2) «=q and p?—8. 
3) «B= Bao—0. 
4) k(a) = p8 =b, k(B) = pa =a, and thus 
p =a Db = pa O p8 = k (8) P k (a). 


‘The pair of endomorphisms «, 8 is termed a pair of complementary 
decomposition endomorphisms. Either member of the pair is called a decom- 
position endomorphism. Constant use is made of these facts on decomposition 
endomorphisms without reference. Likewise, whenever a and 8 are given as 
decomposition endomorphisms, the notations just used are to be understood. ` 
Similarly, for pairs of decomposition endomorphisms 8, e and p, o the following 
notations are used: 


DIRECT DECOMPOSITIONS IN LATTICES. 745 


p—d4Be—r®s 
d = p = k (e) e = pe = k (8) 


r= pp =k(o) s= poe = k (p) 
and for s Sp 


zò = (e +s)d te (d+x)e 
gp = (star Go (r +zc}s. 

The element p is the direct sum of s(1),s(2),: +, s(n) (p =s(1) 
s2) D: : Ps(n)) if, for every i p is the direct sum of s(i) and of 
the sum of the s(j) for 754%. The following property of direct sums (See, 
for example, [1], p. 66.) is useful: 


s(1) B s(2) B+ e s(n) = [D O--- DOD [s+ O° : : Ps(n)]. 


8. Preparatory lemmas. In preparation for the proof of the refine- 
ment theorems, we deduce the following lemmas. 


Lemma 1. If p=a@b and if aS s S p, then s—aDsb. 


Proof. a(sb) = (ab)s = 0s = 0, and s==s(a+b) — a + sb, by Dede- 
kind’s law. 

Lemma 2. If a, 8 and p,o are pairs of complementary decomposition 
endomorphisms of p/0 and if apa induces an automorphism of pa/0, then 
p= pap © pp. l 

Proof. From the definitions of the decomposition endomorphisms, it 
follows that aapa = [b + (a +s)r]a. Since «pæ induces an automorphism 
of pa/0 = 4/0, a= aapa = apa. Thus a= [b+ (a+s)r]a and a Sb 

+ (a+s)r. Hence p =a + b<(a + s)r + b = p, and thus 


p= (a+ s)r + b = ap + pp = pap + pp. 


Moreover, (pap) (pp) = pap and p is an endomorphism of p/0, mapping 
pa/0 (pa =p) upon pap/0 (pap = pp). Hence there exists an element 
æ < pa such that z = za and rp(= vap) — (pap)(pB). Since (pap)(pB)<= pB, 


0 = [ (pap) (pB) Ta = vapo. 


Since apa induces an automorphism of pa/0 for pa = a, the equality capa = 0 
implies that æ—0. Hence 0 = tp —(pap)(pB), and p= pap ® pg. 


Lemma 8. If a,B is a pair of complementary decomposition endo- 
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morphisms of p/0 and if the decomposition éndomorphism p of p/0 satisfies 
the conditions pp = pa and pp k(p), then p= pa = ap. 


Proof. Since tp = pp S pa for any «Sp, (tp)a = ap, Or p == pa. 


| It is to be shown next that k(ap) == k(p). Since a, B and p are decom- 
position endomorphisms, p = a Q b = pa@pB—r@s—pp@s. By hypo- 
thesis, p8 =b 5 k (p) =s, and hence sep = [s + (b +s)alr = [s + sa]r 
= sr = 0; Thus k(p) Sk(ap). Moreover, b = k (a) Sk(ap). Hence 


k (ap) = k (ap) [a + 0] 
= b + ak(æp) (by Dedekind’s law). 


Since 0 == [ak(ap) [ap = [ak (ap) lp, it follows that ak(ap) = k(p). Thus, 
by hypothesis, k(ap) =b + ak (ap) S k(p). Hence k(ap) = k(p). 

Since o? =a, for any s S p, zap = (wa)ap. It follows then from the 
fact that the product ap of the endomorphisms « and p of p/0 is an endo- 
morphism of p/0 that & + k(ap) = za + k(ap). Hence, by the preceding 
paragraph, v + k(p) = sa + k(p). As a result of applying p to this equality, 
tp = [z -+k(p)]p = [aa + k(p)]o = tap, or p= ap, as required. 


COROLLARY 1. If «, B and ô, « are pairs of complementary decomposition 
endomorphisms of p/0, if pa = uv, and if aëa induces an automorphism 
of u/0, then p—u8@ ve pp. 


Proof. Since p = pa Ð pp —u® (v@ pB), there exist. complementary 
decomposition endomorphisms p and o such that pp =u and po = v @® pf. 
Furthermore, pp = u <S pa and pB = v -+ p8 = k(p). Hence, by Lemma 8, 
p= p% = &p. If cS u, raða = uada =u and thus tp =s and (vaëa)p 
— sua. Hence raða == tpadaup = %pôp, and thus «ôa and pdp induce the same 
automorphism of u/0. Hence by Lemma 2, p = ppi Ð po = us O v @ pg. 


Lemma 4. If a, B and 8,¢ are pairs of complementary decomposition 
endomorphisms of p/0, then 


1) (ada) (ex) == (xea) (ada), ae = SBE, and adB = af. 
and for saes = x = pa 

2) v= wade + sex. 

3) ær(adaea) — ar (ada) D wr (aea). 


4) An automorphism is induced in ær(aôa)/0 by «ex and in ar(aex) /0 
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Proof. The proofs of 1) and (with the use of 2)) 3) follow directly ` 
from the proofs of-lemmas 1 to 8 of [6] by a change of notation. | 
Proof of 2). ` | 


b+ a{b + [(x + d)e]} + afb + [(x +e)d]} 


= {0+[(@+ dje]}{a +6} + {+(e +e)d]}{a + b} 
(by Dedekind’s law) 


—b+(e+d)e+(e+e)d 

=b+(2+d)[e+ {(x+e)d}] (by Dedekind’s law and (c+ e)d = s+ d) 
=b+(¢+ d) [(@-+ e) (e+ d)] (by Dedekind’s law and gz. e = e) 
—b-+(2+d) (+e) 

=b+2¢+(c¢+d)e (by Dedekind’s law and s + d= æ) 
= [b +e + (x + d)e][a + b] 

=b + a[b + x +(z + dye] (by Dedekind’s law) 
=b+e+albt+(e+d)e] (by Dedekind’s law and g Sa) 
=b +s (by hypothesis). 


Hence a[b + raea + vaða] = a[b + z]. From this equality, Dedekind’s law, 
s a, and race + wade < a, it follows that saeg + raða = x. 


Proof of 4). Since {wk[(ada)*]} (aex)* = 0, 
{ak [ (ada) *]} (aex) (a8)? = {ak[(a8a)*]} (ada) * (aea) = 0, 


by 1), and hence {xk[ (ada)*]} (aea) S k] (a8da)*]. Also {xk[ (ada) *]} (ae) 
< raea = x, and thus, for all 4, 


{ak [ (ada) *}} (vee) = rki (a8a)*] = ar (ada). 
Hence 


(1) S[(wBL (28a) '] jaca] — [ Sohl (200) ]} Jaca 


=> tit Jer (by Postulate (*)) 
== [ar(ada) ]aex = sr (aða). 


It is clear that {k[(a8a)*]}(ada)* = 0 5 [ar(ade) ]oex. As induction 
hypothesis, assume that {xk[ (a8a)#]} (ada)! <[ar(ada) ]aea for OC 74 
Let t = {ek[(e8a)*]}. Then, since ¢ = taða + taea, 


t(ada)i1 < ¢(a8a)I + t(aex) (aða) — t (aða)? + t(a8a)i (aea). 


748 L. AILEEN HOSTINSKY. | 


By the induction hypothesis, t(ada)4 S [er (ade) ]aca, Since tS k[ (ada) *], 


t(a8a)i+ = kf (ada)*] = r(ada), 
and 
t(ada)I4* S (aa) E r (by 2)). 


Hence [¢(ada)i*] aco < [ar(ada)]oce, and thus t(aba)f1< [er(ada) laea. 
Hence by complete induction t = xk[(ada)*] = [ar(ada)]aca. This state- 
ment is true for all 4, and hence ` 


S wh[ (ada) €] = ar (ada) < [wr (ada) Jaca. 
ia 
This fact together with (1) shows that [zr (aða) ]aca = sr(aða). 


Moreover, (cea) ar (aba) < ær(aea)xr(aëx) —0, by 3). Hence asa 
induces an automorphism of wr(ada)/0. That ada induces an automorphism 
of ær(œex)/0 can be proved in a like manner. 


Lemma 5. If a,8 and ò, e are pairs of complementary decomposition 
endomorphisms of p/0 and if adaex is a uniformly splitting endomorphism 
of p/0 with complement c, then there exists a direct decomposition pa =u ® v, 
where u = c® par(ada) and v = par(aex), and this direct decomposition is 
uniquely determined by the properties: i | 


1) vSr(aea) and 
2) an automorphism is induced in u/0 by aea and in v/0 by ada. 


Proof. It is to be shown first that u = c Ð par(ada) and v = par (aea) 
constitute a direct decomposition of pa = a, satisfying 1) and 2). Since 
h(a) Sr(adaex) and since p—a@k(a), it is a consequence of Lemma 1 
that r(aôex) — k(a) P ar (aaea). Since aver <a, it follows from Lemma 
4 that ar(aôaea) = ar (8a) D ar (xea). Thus 


r(aSaex) = k(a) D ar (ada) P ar(aea). 
Because of the hypothesis of splitting, p — r(aôœex) Ð c, and hence 
p—k(a) Bar(ada) D ar(aex) Be. 


Since c == cadaex =a, the last three summands and hence their sum are 
part of a. Lemma 1 and ak(a#) = 0 then imply that: 


pa—=c@ar(ada) B ar(aex) =u Do. 


Since v — ar(aea) <r(aex), 1) is satisfied. By Lemma 4,'an auto- 
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morphism is induced in‘ar(aex)/0 —v/0 by aða. The next step is to prove 
that «ea induces an autdmorphism of u/0. 

In this regard it is to be shown first that cacar(adeec) —0. Let 
caear (aôaea) = t. Since «ex maps c/0 upon caex/0 and since t = caex, there 
exists s = c such that sex = t. Thus sadace == sexsa (by 1) of Lemma 4) 
= tade S [ar(côaea) ]ada. By Lemma 4, 


[ar (ace) Jada — [ar (a8a) Dar (aea) Jada. 


Moreover, [ar (ada) ]a8a = ar (aða) and, by Lemma 4, [ar(aea)]ada == ar(aea). 
Thus 


[ar (aSaea) Jade = ar (azea) = r (aða). ‘ 


Hence, by 1) of Theorem A, s S r(aëex). Consequently, since s S 6, 
s S or(aðxea) = 0. Hence saeg = t == cear (aaea) = 0. Similarly, 
` cadar (adaa) = 0. | 
Since ¢ is a nain of aôcea, 
c(œex) (aaea) == c(aex) (ada) (aex) = c (aaea) (xex) = caen. 
Thus, cae is «Sxea-admissible, and since adaex is uniformly splitting, 


caca = c(caex) D caedr (adaex) = c (cea), 


by Corollary B. Hence ceea Sc and c= (cœex)aôa < cad. Similarly 
cada = c and c Scaeu. Hence c= coex (and c = cada). Since, by Lemma 4, 
gex induces an automorphism of ar (a8a)0, [ar (aða) aes — ar (aða). Hence 


uxea = [c + ar(ada) ace = c + ar (aða) = u. 


From uk(uea) = ar (aea) =v it follows that uk(aea) S uv = 0. Thus 
qea induces an automorphism of u/0, and the proof of the existence is 
„completed. 
| Consider ‘a direct decomposition pa— wu’ @v’ satisfying conditions 1) 
and 2). By 1}, v < ar(aex) =v. Hence, by Lemma 1, 


(2) v—v Dw. 


By 2), geg induces an automorphism of w’/0. Thus (ea)? induces an auto- 
morphism of w’/0, and wk[(aea)*] = 0 for all i. Hence wr(aca) — 0 and 
thus wv == 0. From (2) it now follows that v = v, 

Since v =v, a= uQ ar(aea) — uw Dar(cea), and, by 2), uaea == u 
and wu/aee =u’. Hence u and w’ are both complements of the endomorphism 
which aa induces in a/0 (a = aaex). Consider any x such that «Sa and 
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saca = x. By 2) of Lemma 4, vaða S x. Hence radace = (rada) wea = wast 
& g. Thus, since adaea is uniformly splitting, æ—zxe@aær(aëea), by 
Corollary B. By 3) of Lemma 4, wr(a8aex) = ar (oda) D xr(aex), and hence 
x = [ac D er (aða) ] D xr (ae). 

It is known that (xc) ada < wadacada < we and (xc) ae = < Taeucae = we. 
Moreover, since xc is a complement, 


ac = (xc) aden — [ (ae) ada] eee <= (xc) ae. 


Thus (æc)aex = ge. By 4) of Lemma 4, [ær(ada) ]aca = vr (aða), and thus 
[ze D ar (ada) aca = xe D ar (ada). 


` 


Hence geg splits s. Thus the endomorphism which aa induces in a/0 splits 
a unformily. Hence, by Theorem B, its complement is unique, and w = u. 
Thus the uniqueness of the direct decomposition of pæ has been shown. 


LEMMA 6. If a,B and &,e are pairs of complementary decomposition 
endomorphisms of p/0 and if the direct decompositions 


pa =d Da”, pp =b OQ, pë =d Pa", and pe =e Oe” 


have the properties that 
a induces an isomorphism of d’/0 upon a’/0 and of e”/0 upon a”/0, 
B induces an isomorphism of e//0 upon b’/0 and of d”’/0 upon b”/0, 
ò induces an isomorphism of a’/0 upon d’/0 and of b”/0 upon d”/0, and 
e induces an isomorphism of b’/0*upon e’/0 and of a’/0 upon e”/0 


then the following equations are satisfied: 


pa dW’ = pape pa @ b” = pa D d” 
PBDa = ppDa pe Da” = pp De” 
Pae = ppt PE e” = ppe” 
pe EË = peD a pD” = re DO”. 


Proof. Since BefB induces an automorphism of 6’/0, 
p= We Ob” O pa = d Gb” O pa, 


by Corollary 1. Furthermore, V = e8 =(e+4)bSe+a—pa@e’, and 
thus pa Pb’ S pa Pe’. 
Since BeB induces an automorphism of 6”/0, it follows from the same 
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corollary that p == pa D V P oS = pD bd Pd”. Hence, by Lemma 1 and 
the fact that pD V = paDe’, | 


(3) pa® e — (pa 0’) Da” (pa De’). 


By Dedekind’s law, (e + d’) (a+ e) =e + d" (a+) and also 
(e+ d”) (at+e’) =e tale +d”). Thus ¢’+d’(a+e’) =e +a(e +4"), 
and hence [e’ + d" (a + e] = [e + a(e’ + d”)]6. Thus 0’ +[d’(a+ eo’) 1p 
=b, and [d”’(a-+¢)|8=0b’. Furthermore, d’(a+e’) <d”, and thus 
[g(a + e)]8 5 d'B =b” (by hypothesis). Hence [d’(a+ e’)]8 = bb” 
= 0, Thus d’(a+e) Sk(8) = pa, and hence d” (a+ g) = dpa — 0. 
Hence, by (3), pa D V’ = pa e’. The other equations of the assertion can 
be proved in a like manner. . 


4. Proof of the refinement theorems. To prove the Special Refine- 
ment Theorem let a, 8 and 8,e denote the pairs of complementary decom- 
position endomorphisms such that pa =a, pp ==b, pô—d, and pe—e. 
Lemma 5 asserts the existence of uniquely determined elements a’, a”, a’, 
and d” such that 


ad Da, dU O, a’ <r(adu), ad” <r(Sad), 


and an automorphism is induced in a’/0 by ada, in a”’/0 by gea, in d’/0 by 
8aë, and in d”/0 by 888. 
Let the following definitions hold: 
b'—b(d De), b'—d'B, € = e(d Db), and e” = g"e 
As in [1] (p. 78) it can be shown that 
b—b@6" and ee Qe". 


It is to be shown next that these decompositions of a, b, d, and e satisfy 
the hypotheses of Lemma 6. The following facts can be deduced by essen- 
tially the same arguments as in [1] (p. 78): 


a) «œ induces an isomorphism of e”/0 upon a”/0. 
b) £ induces an isomorphism of d”’/0 upon b”/0. 
c) 8 induces an isomorphism of b”/0 upon d”/0. 
d) «e induces an isomorphism of a”/0 upon e”/0. 
e) d—=a/8@ d(a” Db). i 


f) 8aë induces an automorphism of 48/0. 
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It is to be shown next that [ar(ad«)]§ = r(8a8). Since {ak[(a8a)*]}(ada)é 
= 0, [{ak (ada) *]}a8(803)*== 0 and thus 

{ak[ (a8a)*]}o8 == {ak[ (ada) *T}8 S &[(808)*] for all i. 

Hence Sat (a8a)*]}8 = > k[(8a«S)*]. Thus, by Postulate (*) and the 
fact that dis additive, 
(4) [ar(ada) 18 = r (808). 

Moreover, 
(5) [d(a” @ b) 8a == [d(a” Pb) jas (d Dba =a”. 


Since a” Sar(ada), a8 = [ar(ada)]8 Sr(dad), by (4). Hence by (5), 
[d(a” @ b) ]808 < a”8 Sr (808). Thus, by 1) of Theorem A, d(e” Db) 
< r(8a8). | 

From d=as@d(a"@b), dla” Db) <dr(ôaë), and Lemma 1, it 
follows that dr (8a) — d (a” Db) © dr(8a8)a’s. Since ða, and thus (88) *, 
induces an automorphism of a’8/0, a’8k[(808)*] = 0, for all i. Hence 


S! a’ (828) +] — d'ôr (xð) —0. Thus dr(ôaë) = d(e” b). By 4) of 
4=1 . . 
Lemma 4, 585 induces an automorphism of dr(éa8)/0, and hence 

an automorphism is induced in d(a”@b)/0 by 883. 


The decomposition e) of d thus meets the requirements which, by Lemma 
5, determine uniquely the decomposition d = d’@d”’. Hence 


(6) d'—#8 and d'= Ala” Pb). 
Likewise it is seen that 
(7) a'—d'« and a’ =a(d’@e). 


It is a consequence of (6), (7), and the facts that $08 induces an auto- 
morphism of d’/0 and that «ôx induces an automorphism of a’/0 that è 
induces an isomorphism of a’/0 upon d’/0 and æ induces an isomorphism of 
d’/0 upon a’/0. 

Moreover, k(8)e’ = ae’ —ale(a’@b)]—ea’ (by Dedekind’s law). 
Furthermore, 

(8) (ea’) a8a = (ea’) 3a = (e)a = 0, 


and since «òg induces an automorphism of a’/0, the equality (8) implies that 


DIRECT DECOMPOSITIONS IN LATTICES. 753 


ea’ —0. Thus e'k (8) =0. Similarly, since 35 induces an automorphism 
of d’/0, b'k(e) = 0. 

Since d’ = gð, d'8 = a’8* — a/8. Thus, since § is an endomorphism of 
p/0, d’+-e=a’'+e. Hence 0’ = b(d’ + e) —b(a’+ e). Moreover, by the 
modular law, 


(a +e) (a +b) =a’ + B(a’ +e) =a +0 
and 


(a +e) (a’+ 6) =a’ +e(a +5) =a’ +e. 


Thus (a’+-b’)B = (a +e’)B, and hence V =b’/B=e’B. Since a = d'a, 
it follows in a similar manner that b’e==e’. Consequently 8 induces an 
isomorphism of e’/0 upon b’/0, and e induces an isomorphism of b’/0 upon 
2/0. 

The proof that the decompositions of a, b, d, and e satisfy the hypotheses 
of Lemma 6 is thus completed. Hence the decompositions satisfy the 
equations of the conclusion of that lemma, and we use this fact (as in [1] 
(pp. 79-80) without repeating the arguments here) to complete the proof 
of the theorem. . 

With the preceding results now available, the General Refinement Theorem 
can be deduced from the Special Refinement Theorem by means of a double 
induction carried out precisely as in [1] (pp. 81-84), where only structural 
arguments are used. The following two additional lemmas are required tó 
execute this proof: 


Lemma 7. Jf p—dPBa(1)® : : - Dan) = 4hb, then 
1) d@a(i) —d@d(i), where b(i) = [d4 Da(i)]b, and 
2) b—Db(1)®: : : Pb(n). 


Lemma 8. If the Splitting Hypothesis is satisfied by p, then it is satisfied 
by every direct summand of p. 


The proofs of the analogous lemmas in [1] (p. 70 and p. 72) can be used 
to derive Lemma 7 and, with a simple modification, Lemma 8.: The proof 
of the theorem is not reproduced in our notation. 


5. Relationship to theorems of Ore, Kurosch, and Grayev. Previous 
investigations relating to direct decompositions in Dedekind structures have 
been made in [3], [5], [6], and [7]. 
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By comparison with [7], it is seen that what are there termed “ redue- 
tions” are products of decomposition endomorphisms such as «ð (in the 
previous notation) and that the “null-factors” are kernels of powers of 
products of decomposition endomorphisms. Moreover, the condition of the 
existence of “regular decompositions ” can be stated as follows in terms of 
decomposition endomorphisms: If « and § are decomposition endomorphisms 
such that sað =a, then z= 2(a8)"@ sk[(«8)”]. This splitting condition 
is much stronger than our splitting hypothesis. 

The main theorem of [7] (the assertion of which is that in two different 
direct decompositions into direct indecomposable summands both sides con- 
tain the same number of summands directly similar in pairs) is proved under 
the assumption of the existence of regular decompositions. It is to be noted 
here that we restrict ourselves to complete lattices, while Ore’s theorem is 
general. By means of Lemma 4, Theorem C, and a series of computations 
(here omitted) it can be shown that the Splitting Hypothesis is a consequence 
of Ore’s condition of the existence of regular decompositions. Thus for 
complete lattices the following obvious consequence of our theorem is easily 
seen to contain Ore’s results: 


If the condition of the existence of regular decompositions is satisfied, 
then two different direct decompositions into direct indecomposable summands 
are exchange isomorphic. 


The “center” in connection with a pair of direct decompositions has 
been used by Kurosch ([5]; p. 190) and by Baer ([2], p. 524). The refine- 
ment theorems of Kurosch and Grayev (Theorem 1 of [6] and Theorem 1 
of [3]) are proved under the assumption that the sequence of centers of a 
pair of direct decompositions attains zero at a finite step,- while we have 
proved the refinement theorems by assuming the Splitting Hypothesis for 
every pair of complementary decomposition endomorphisms. It is of interest 
to note that if the n-th center of a pair of decompositions is zero for an 
integer n, (pBpap)"**—0 for a, B a pair of complementary decomposition 
endomorphisms and p a decomposition endomorphism. By comparing this 
condition with the Splitting Hypothesis, it is noted that pBp%p may be 
uniformly splitting and (pBpap)**! =Æ 0. 

In regard to the relationship between the two results, it can be stated 
that the Splitting Hypothesis is a weaker hypothesis on all pairs of com- 
plementary decomposition endomorphisms, while Kurosch’s hypothesis is a 
stronger condition on a single pair of direct decompositions. Moreover, the 
conclusion of direct similarity of refinements is weaker than that of exchange 
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isomorphy. Thus for all pairs of decomposition endomorphisms our result 
is stronger than that of Kurosch. However, since our theorem is stated from 
the “universal” point of view, it is independent of the “individualistic ” 
theorem of Kurosch. 
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A GENERALIZATION OF A THEOREM OF JACOBSON.* 
By I. N. HERSTEIN. 


In [2], Theorem 11, Jacobson proved a theorem which at the same time 
generalizes the theorem of Wedderburn that every finite -division ring is 
commutative and also the result that any Boolean ring is a commutative 
ring. The theorem to which we refer is, namely: any ring in which +") = g, 
n(x) an integer greater than one, for every in the ring, is necessarily 
commutative. ; 

In this paper we prove a generalization of this result. In fact we prove 
the following: if in a ring z”— g is in the center for all ring elements x 
and a fiwed integer n which is larger than 1, then the ring must be commu- 
tative. The proof is essentially composed of three parts: (1) the proof for 
semi-simple rings, (2) the location of the radical if the ring possesses one, 
'(8) the proof for subdirectly irreducible rings, from which the general case 
follows. 


The case n = 2.1! Although the case for which n==2 need not be 
singled out in order to make the proof go through in the general case, the 
proof in this instance is so simple and elementary that we feel it would be 
of some interest to present it by itself. Moreover, this situation might be 
considered as a direct generalization of the fact that a Boolean ring is 
commutative. 

So let us assume that R is a ring with center O, and that for all te R, 
s?—eeC. Suppose that s, ye R. Thus (x+y)*—(x+y)eC. Since 
both z?—gv and y? — y are in C, we immediately obtain that zy + yre 0; 
so (sy + yz) = (zy + ys)s. Thus cy = yz, and so z°e O. Since r?— g 
is also in C we have that «eC, which is the theorem in this particular case. 


The theorem for semi-simple rings. Suppose that K is a division ring 
with center C and that there exists an integer n greater than 1 so that for 
all z in K, 2*—#x is in C. Suppose that K54C; that is, there is an we K, 
af@. Hence (1) 2*—-weC. Let c be any element in C; thus (2) 
(cx)" — cx = cat cue C. Combining (1) and (2) we obtain that 


* Received January 17, 1951. 
+The case n = 2 was conjectured, in a conversation, by Dr. Irving Kaplansky. 
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(e —ce)se C; so if c*—c=40 it would have an inverse in C, and this 
would put æ in O, contrary to supposition. So we must have that for all 
ceC, cœ =c. Consequently C must be a finite field. Consider the sequence 
{a} where cı =a" —a, All these cs are in C, and since C is finite, for 
some i 34 j, c; =-c; This leads to z = x for some appropriate integer s, s > 1. 
So for all we K, x) — g, whence by Jacobson’s theorem K is commutative. 
Thus we have shown 


THEOREM 1. If K is a division ring with center C, and if à" — x is in 
C for all x in R, and n > 1, then K is commutative. 


Before proceeding to the case of primitive and semi-simple rings we 
establish several easy, but essential, lemmas. , We assume that R is a ring 
with center © and that n is an integer larger than 1. 


Lemma 1. If for all ce R, x" —xeC, then all the nilpotent elements 
of R are in C. 


Proof. Suppose that st = 0. Thus æ—0. Since ot —a eC we have 
that x is in C. ` 


Lexma 2. For the R of Lemma 1 all the idempotents are in the center. 


Proof. Suppose that e? =e. A simple calculation shows that for any 
xek, (ze— eze)? = (ex — exe)? = 0. Hence by Lemma 1 te —exee l; 
thus 0 = e(xe — ewe) = (we — exe)e = xe — exe. That is ve = ewe; similarly 
ex = exe, whence se = ex and ee C. 


_ We consider next the situation where R is a primitive ring [8, p. 312] 
and where 4*—xeC. Thus R possesses a maximal right-ideal p which 
contains no non-zero two-sided ideal of R. Let wep. Since 4" —xecC, 
(a"—a)R is a two-sided ideal of Rand is contained in p. Hence 
(a —a)R= (0). Since R is primitive this forces g” =g. Let e= g", 
A simple check verifies that e? = e, so e is in C by Lemma 2. Moreover, 
eR is then a two-sided ideal of R and is contained in p, whence eR = (0), 
so e—0. Now s= es = 0, whence p= (0). So (0) is a maximal right 
ideal in R, which is primitive, so R is a division ring, which by Theorem 1 
is commutative; so we have 


THEOREM 2. If R is a primitive ring with center O, and if for all x 
in R, a” — x is in O, then R is commutative. 


Any ring, semi-simple in the sense of Jacobson, is isomorphic to a sub- 
direct sum of primitive rings [3, Theorem 28]. So if R is semi-simple and 
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z” — g e C for all z e R, then R is isomorphic to a subdirect sum of primitive 
rings, each of which being homomorphic images of R inherit the property 
that z” — v is in the center. So, by Theorem 2, each of the components in 
this representation of R as a subdirect sum is commutative, hence R is itself 
commutative. Thus 


. Taxorem 3. If R ts a semi-simple ring and if for all x in R, a — x 
is in the center, then R is commutative. 


_ The location of the commutators and radical. In what follows we 
assume that R is a ring with center C and enjoying the property that s” — œ 
is in C for all v in R, with n a fixed integer larger than 1. Let N be the 
radical of R (that is, the Jacobson radical). Since R/N is semi-simple and 
in R/N æ— x is in the center, by Theorem 3, R/N is commutative. So we 
immediately obtain 


THEOREM 4. For all x,yeR, sy—yreN. 


Suppose that ve R, and ceC. Thus (1) a—a@e, (2) (cx)"— cx 
= ça — cxeC. Combining (1) and (2) we obtain 


Lemma 3. For all ce R, and ce, (c"—cze C. 
COROLLARY. For all x,ye R and ce O, (e — c) (ay—yr) — 0. 


Suppose that ae N (MC. Thus for all 2, ye R, (at— a) (zy — yz) = 0. 
Since ae N, 1—a** (the unit element is purely formal) is not a divisor 
of zero. Thus a:(ay— yc) =0. Let be N. Thus b”——beN (CC, whence 
(b" — b) (wy — yz) — 0. Repeating the argument as in the case of a, we 
have 6(xy — yx) — 0 for all z and y in R. ‘ In particular b (by — yb) = 0. 
By the analogous argument, (by—yb)b—0. From these two we obtain 
b?y == byb = yb?; that is, be ©. Now, b"—b is in O, so if n is even, since 
b?e C, we would have b” e O from which it would follow that b is in C. On 
the other hand, if n is odd, 1 — b” would be in C, and is not a divisor of 
zero. This combined with b(6"+—-1) e C would put b in O. So in any case, 
beC. Thus 


THEOREM 5. NCO. 


Combining Theorems 4 and 5 we obtain 
Corozzary. For all &,y in R, cy — ys is in C. 


COROLLARY. For all x,y in R, (zy — yz)? = 0. 


The theorem for general rings. We recall that a ring is said to be 
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subdirectly irreducible if the intersection of its non-zero two-sided ideals is 
not the zero ideal. [1, p. 764.] The importance of this concept is brought 
out in the theorem [1, Theorem 2]. 


THEOREM 6. Every ring is isomorphic to a subdirect sum of subdirectly 
irreducible rings. 


Suppose that R is a ring in which æ—xeC for all gs R. Ris iso- 
morphic to a subdirect sum of subdirectly irreducible rings, each of' which, 
being isomorphic images of R enjoy the property that æ” — x is in the center. 
To prove our result it is thus sufficient to prove it for subdirectly irreducible 
rings. So we suppose that R is subdirectly irreducible and that for all ge R, 
a” — xe C, the center of R. Let S be the intersection of the non-zero two- 
sided ideals of R. SÆ (0). 


THEOREM 7. There exists a prime p so that for all v, y e R, p (zy —yx) 
=s 0. . 


Proof. Since at —xe C and (27)"— 2x e C, we easily obtain that for 
all we R, (2—2)xeC, and so for all z,yeR, (2*—2) (ay— yr) —0. 
So if R is not commutative it has non-zero elements of non-zero finite additive 
order. Let x, y be such that cy — yx has minimal non-zero order p; clearly p 
is a prime. Let R,—{xeR|pr—0}. Rp is a two sided ideal of R, and is 
not (0), hence RDS. If gr—0O for some «0, then RDS. So if q is 
relatively prime to p, since mp + kg — 1 for some integers m, k, we would 
obtain that s = mps + kgs = 0, for any se 8S, contrary to hypothesis. So 
any element in À having finite additive order has order a, power of p. 
But since (p*— p)veC, we obtain that (p™*—1)p(ay— yr) —0; thus 
p(ay — yx) =0 for all æ, ye R. 

COROLLARY. For all ce R, px annihilates all commutators. 


From the first corollary to Theorem 5 we have that (y —yx)e C. 
Thus sy — yx = c where ce C and where pe — 0 by Theorem 7. Multiplying 
from the left by « we obtain gy = sys + sc = ys? + 2ac. Continuing in 
this way we obtain that siy = yri + icsi, Putting i==p, since po—0 
we see that sy — yz”. Thus we have shown 


TueEorem 8. For every x in R, x? is in C. 


Since SCN we have that SCC. Since SC commutator ideal, which is 
nilpotent (as can be seen by examining the proof of Theorem 5), S? = (0). 
Let A(S) = {ve R|z8 = (0)}. Clearly A(S) is a two-sided ideal of R, 
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and since it contains S, it is not the zero ideal. Two cases now present 
themself: (1) A(S) =R and (2) A(S) RP. © | 

Let us first consider the case that A(S) = R. By Theorem 8, for any 
xe R, æ? e C, so by the corollary to Lemma 3 we have (z? — a?) (yz — zy) = 0 
for all z,yeR. Thus 








a"? a? (yz —ay) = 2? (yz — zy). 


Let T = {r e R|zr— r}. Since arreC, T is a two-sided ideal of R. 
T does not contain S, for z”r-29 — (0). Thus T = (0). Since 2?(yz-— zy)e T, 
we get that z? (yz — zy) = 0 for all y,ze R. In particular æ? (sy — yr) = 0. 
Thus aly = gyr = yat since ae C. Thus æ#eC. Continuing in this 
way we obtain that «e@ for any non-negative k. Since 2*— ae 0, 
a" —xeC. But since m > p, v”’eC,soxveC. Thus R is commutative; so 


THEOREM 9. If A(S) = R, then R is commutative. 


Let us now consider the situation when A(S) R. Let seg, s0. 
Thus sk = Rs (since se SCC) is a two-sided ideal of R and is contained 
in 8. If Rs = (0), then it would follow that RS = (0) since S is a minimal 
two-sided ideal, and we have supposed that RS = (0). Hence Rs = 8. 
Suppose that vg A(S). Thus æs-£<0 for s-<0 in S; for if ws = 0, then 
skh == 9 = 0, a contradiction. Suppose ss = t 4 0. Thus Rt = 5, whence 
for some ye R, s= yt. Thus syt = t; in fact vys ==s for all se 8 by the 
fact that ¿E = S. So sy = e acts as a unit element on S. For any æg A(S) 
we now can show that we can find a y so that sy — e e A(S) by the replica 
of the argument used in finding e. Thus R/A(S) is a field. Hence 


THEOREM 10. R/A(S) is a field. 


Our next goal is to establish that R/A (S) is a finite field. To prove 
this we must first establish some side results. The first of these is 


Turorrm 11. If aeR is a divisor of zero then ae A(S). 


Proof. Suppose that at —0,x=£0. We maintain that we could have 
chosen «eC. For if z? = 0, then by Lemma 1, ve ©, and if æ=£ 0, then 
by Theorem 8 7e C and ax == 0. So we suppose that reC. Thus Re is a 
two-sided ideal of R. Rz-£ (0) for if Ra = (0), then T = {ee R| Re = 0} 
would be a two-sided ideal of R, and not (0), so would contain S, and 
RS = (0) contrary to hypothesis. So Rr sé (0), thus RzDS, thus aRr 
= aeR = (0) aS, and ae A(S). 

This enables us to prove that R/A(S) is a finite field. For if sg A(S), 
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since æe O by Theorem 8, we have that (4"7— x?) (yz = zy) = 0 for all 
y,ze R. Thus g"? — æ is a divisor of zero and must be in A (S) by Theorem 
11. In R/A(S) we then have for every &, #"? — 2. Thus R/A(S) is a finite 
field. By the corollary to Theorem 7, for all ze À, pre A(S). So R/A(S) 
is of characteristic p, and in it @=—@. This gives 


THEOREM 12. R/A(S) is a finite field of characteristic p- 
COROLLARY. n = p. 
For in R/A (8), x" =v for all z, and n > 1... 


Using the fact that the multiplicative group of a finite field is cyclic 
we immediately obtain 


THEOREM 13. There exists an ae R so that for every xf A(S) we can 
find an integer t so that x —ate A(S). 


If we could prove that A (8) is in the center, this together with Theorem 
13 would lead us quickly to the result we want; consequently the direction 
we take is to establish that A(S) CC. Our first result in this regard is 


THEOREM 14. If re A(S), then x? annihilates all commutators. 


Proof. Letze A(S). Since g? eC, forall y,2e R we get, using Lemma 
8, that (a? + gP) (yz — zy) = 0. Thus we have 2” ?x?(y2— zy) = x?(yz— zy). 
Let T = {re R|a?r = r}. ' Since 2”? e0, T is clearly a two-sided ideal of 
R. § is not in T since eS = (0) 4 8. So T = (0), whence x? (yz — zy) 
= 0, being an element of T. This proves the theorem. 

Let ce A(S). Thus z? (sry — yz) = 0. So vty = gryr = yar, since 
g? is in the center. Thus z*¢C. Continuing in this way we obtain that 
zeke C for any non-negative integer k. Since n= p, we have that we C, 
which, combined with z” — «eC yields that ve C. So we have 


Turorem 15. A(S)CC. 


Suppose that v g A(S). By Theorem 13, z—ate A(S)CC; so s—at 
commutes with a hence + commutes with a. Since a also commutes with all 
the elements in A(S), we see that a is in C. As a consequence of this, 
ate C, which together with «—a‘eC puts x in C. So we have established 


THEOREM 16. If A(S) ÆR, then R is commutative. 


Theorems 9 and 16 cover between them the only two possibilities when 
R is subdirectly irreducible. So they yield 
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THEOREM 17. If R is subdirectly irreducible and, for every x in R, 
z” — x is in the center of R, then R is commutative. 


Using Theorem 6 we obtain the generalization of Jacobson’s theorem 
which we mentioned in the introduction, namely ' 


THEOREM.18. If R is aring with center O, and if 2» —zeC for all x 
in R, n a fixed integer larger than 1, then R is commutative. 


Remarks. Before closing we should like to point out two other possible 
generalizations of Jacobson’s theorem which should possibly be true: (1) I£ 
gn?) — xe C for all s in R, then R is commutative. (2) If R is a metric 
ring with a metric p and if for every v in R and any e > 0 we can find an 
integer n(x, e) > 1 so that p(a"@®, x) < e, then R is commutative. 


Our original proof used the existence of a unit element. The referee 
kindly pointed out to us that to prove the theorem without the unit element 
substantially only involved the case division A(S) 4 R and A(S) = R, the 
latter case not being possible, of course, in rings with unit elements. 
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A DEFINITION OF DEGREE FOR CERTAIN MAPPINGS 
IN HILBERT SPACE.* 


By Janz Cronin. 


1. Introduction. The concept of the degree of a continuous mapping 
was first introduced by Brouwer [2,1].1 Brouwer defined degree for con- 
tinuous ‘mappings in Euclidean space. A definition of degree for certain 
mappings in non-locally compact spaces was introduced by Leray and 
Schauder [8]. They defined a degree for mappings in Banach space of the 
form I+ F where I is the identity transformation and F is completely 
continuous. Their work left open the question of whether a degree could 
be defined for all continuous mappings in a Banach space. Leray [7] and 
Kakutani [6] showed that the answer to this question is no, even if the 
Banach space is a Hilbert space. 

The purpose of this paper is to define a degree for mappings in Hilbert 
space of the form J + C + T, where I is the identity, O is linear, self-adjoint, 
and completely continuous, and T is a higher order transformation which 
need not be completely continuous. 

In Section 2, the definition of the degree is given and it is proved that 
this degree has the usual properties of a mapping degree. It is shown that 
this degree has the same value as the Leray-Schauder degree of I + 0 +T 
if the Leray-Schauder degree (hereafter to be termed the LS degree; the 
Leray-Schauder index [8, p. 54] will be termed the LS index) is defined for 
I+C+T7. Also a method for computing the value of the degree for a 
given mapping is described. The degree defined is essentially the same as 
the “ multiplicity ” defined in a previous paper [3]. The real content of 
Section 2 is the proof that the multiplicity defined in [3] has the properties 
of a mapping degree, especially that the degree is invariant under homotopy. 

The degree is defined only relative to “sufficiently small” sets è and in 
proving the invariance under homotopy of the degree, we assume that the di- 


* Received May 17, 1950. 
+.Numbers in brackets refer to the bibliography at the end. 
2In general, the LS degree is not defined for the mapping I + O + T because T 
is not, in general, completely continuous. 
3 When we refer to the degree at a point p of a mapping M relative to a set &, 
` we mean the degree at p of M/S, i.e the mapping M considered on the set 8. 
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mension of the null space of T+C is constant during the homotopy. In Section 
3, we exhibit an example which justifies the introduction of the degree. That 
is, we describe a transformation of L:(0,1) into itself which is of the form 
I1+C+T and hence can be treated by our theory but which is such that 
its higher order part is not completely continous; so that it is a seas to 
treat the mapping using the Leray-Schauder theory. 

The multiplicity introduced in [3] is actually defined for mappings in 
Banach space: We are obliged to restrict ourselves to mappings in Hilbert 
space here in order to prove the invariance under Not FR where 
the Hilbert space theory is used.is indicated in footnote ° i 


2. Definition of the mapping degree. Let Æ be a Hilbert space. 
Consider the mapping of & into itself T + C -+ T, where J is the identity trans- 
formation on Æ, C is a linear, self-adjoint completely continuous mapping of Æ 
into ‘itself and T° is a mapping of a subset of Æ into X with the following 
properties : 


(Pa) T(0)=0; 


(P2) there exist a neighborhood N of 0 and a positive constant B such that 
if £a, £a € N, then | T@1) — T (22) = BE] 2 | + |] x2 11E] z1 — 2e |]. 


Suppose first that I + O is nonsingular, i. e., takes only 0 into 0. Then 
from the Riesz theory of operators of the form I-+ C [10], it follows that 
(I + C)~ exists. Hence the LS index of I + C at 0 is defined and is 1 or — 1 
(see [8, pp. 56-58]). Now we consider the equation (7 + C + T)(x) = (y). 
Applying (J + @)~ to this equation, we obtain 


(2.1) a+ (I+ C)*2(«) = (I+ 0)+(y). 


From properties P, and P, of T, it follows that there exist « and ez such 
that if | v || < « and | y || < e then the Hildebrandt-Graves implicit fune- 
tion theorem [5, Theorem 2] can be applied to solve (2.1) uniquely for x 
‘in terms of y. This suggests that we define the mapping degree of I + 0 -+ T 
at y such that || y | < e and relative to the sphere S = [z/|| æ | < «&]? to be 1. 
Actually, to avoid the ambiguity of sign that results from the multiplication 
by (T+ C0), we define the mapping degree of IT + C +T at y such that 
lly | < < and relative to to be = LS index of [4+ C at 0. (Pairs e, > 0, 

- €2 > 0 such that d, S « and d, S é may be used in place of « and an 
Suppose now that [+ C is ‘singular, i.e., that there exists ze X, z 4&0 
such that (Z+ C)(z) —0. In [10], it is shown that Æ., the null space of 
I+ C, is a finite dimensional linear space. Also, we may write X = £, @ #1 
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(direct sum), where ¥, and X* are orthogonal and on #1, I+C is a 1-1 
transformation taking Æ! onto itself. These properties follow from [10] 
and the fact that C is self-adjoint. If E., E+ are the projections of Æ onto 
&, and Æ! respectively, then it is easy to show that the transformation 

= (1+C+EHE)"* has the property: R(I + C)z—H'(x). Moreover, R 
is of the form I + G where I is the identity and G is linear and completely 
continuous. Since R is nonsingular and of this form, the LS index at 0 of 
E is defined. 

Now we consider the equation 


(*) (T+C +T) (=) =y; 
multiplying by R, we obtain: 

(2. 2) (x) + RE (2) = B(y). 

_ Now we apply #, and FE" respectively to (2.2) and obtain 
(2.3) BRT (a, + 2°) = F,R (y), 
where 2, and æt denote E, (s) and Z*(x) respectively, and 
(2. £) a + sal tan z1) = FR (y). 


It is clear that solving (2.2) (and therefore (*)) for when y is given 
is equivalent to solving (2.3) and (2. $) simultaneously for z, and æ! when 
y is given. 

i From properties P, and P, of T, it follows that there exist e > 0, e > 0, - 
es > 0 such that if || 2* | < es fa || < es À y || < es, then the Hildebrandt- 
Graves implicit function theorem can be applied -to solve (2. 4) ey 
for æt in terms of z, and y. That is, we have: 


(2.5) i a = H (2, y), 


where H is uniformly continuous in the subspace of the product space £, X ¥ 
- in which it is defined. Substituting from (2.5) into (2.3), we obtain: 


(2.6) ERT[e, + H (s, y)] — ER (y) = 0. 


Thus the problem of solving (2.2) for x when y is given is reduced to that 
of solving (2. 6), an equation in the finite-dimensional space Æ., for vı when y 
is given. This suggests defining the degree of the mapping T+ 0 +T ata 
point y = y, such that | yo | < es and relative to the sphere [x/| a | < e] 
where es is such that if | æ | =S es, then | æt | < e and || 2, | < es to be the 
topological degree at 0 of the mapping in &;: 


(2.7) ERT [2 + H (£, yo)] — ER (yo). 
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Actually, in order to avoid the ambiguity of sign resulting from multiplying 
the original equation by R, we define the degree to be the product of the 
degree at 0 of (2.7) and the LS index at 0 of R 

Since the Hildebrandt-Graves theorem yields only a local solution, we 
must restrict our considerations to small values of and y. In [8], it was 
shown that there exist er and es such that if | æ |] < e and | y | < es, then 
the Hildebrandt-Graves theorem can be applied and the topological degree 
of (2.7) computed.* It was also shown that the degree is the same for all y 
such that || y || <e We summarize this discussion in a formal definition 
of the mapping degree. Let e < er,  <es. Then we have: 


Definition 2.1. If I + C is nonsingular, the mapping degree of I+- 0 +T 
at y such that | y | <<’ and relative to the sphere S = [z/ |e ||] is the 
LS index at 0 of I1+C. If I+ C is singular, the mapping degree of 
TI+C+T at y such that | y | <¢ and relative to 9 is the product of the 
LS index at 0 of R and the topological degree of mapping (2. 7) at 0, relative 
to the sphere [a2/| 1 | <S &] in ¥ı, where « depends on e as described in [3] 5 
We will denote this mapping degree by d[I4+C+T,S, y]. s 

Now we show that the mapping degree just defined has some of the 
usual properties of a mappihg degree. First since the degree is defined as 
the product of the LS index of R and the degree of the mapping | 


ERT (2, + H(2,y)] — ER (y) 


` at 0 and relative to the sphere [z,/| £4 | So], then the mapping degree for 
sufficiently small y exists if for +, such that f: || = «0, 


ERT (2, + H(2,'0)] 0. 


Hence the condition that the mapping degree exists is different from the 
usual condition that the degree of the mapping at y relative to § is defined 
if no point of the boundary of S is taken into y by the mapping. Instead 
we have: 


THEOREM 2.1. The mapping degree d[I + C+T,S, y] exists A and 
only if for each te S such that | E:(xo)|| = co we have (I + C + Tr) £0. 


‘In ‘computing the topological degree, properties P} and P, (stated later on just 
before Lemma 2.1) are used. We choose e, and e, small enough so that P, and P, 
can be utilized as described in [3]. 

5 From a topological viewpoint, it would be better to call this mapping degree the 
index of IT4+-C +7 at 0. However, in the application, we are interested in nearby 
points as well as 0 itself. Hence it is more convenient to think of a mapping degree 
than an index. 
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Proof. Suppose first that I + C is singular. Then if 


(2.8), (I+ 0+2)x.—0, 
we have, applying R: 


F (čo) + ET[E (ao) + B*(20)] = 0. 
Applying Et and E,, we obtain © 


(2.9) EX (xo) + ERT [Bs (to) + E(xo) ] = 0 
and 
(2.10) ERT [Es (£0) + E (2) 1] — 0. 


Solving (2.9), we have Et(x) = H[E, (zo), 0]. Substituting in (2.10), 
we have | 


(2.11) E,RT{B, (£) + H[E; (to), 0]} — 0. 


Hence the mapping degree is not defined. Reversing the steps in this proof 
shows that equation (2.11) implies equation (2.8). If I + C is nonsingular, 
the condition is trivially fulfilled because Æ, is the zero transformation in 
that case. From the definition, it is known that if I -+ C is nonsingular, the 
degree is always defined. This completes, the proof of Theorem 2. 1. 


THEOREM 2.2. The mapping degree d[I + 0-+-T,8,y] has the following 
properties : ` 


(i) Ifd[l+C+T,8,y] £0, there exists e S such that (I + C + T)(x) 
== y. , 
(ii) d[I+C+T,X,y] is constant for all y sufficiently close to zero. 
Proof. Property (i) follows directly from the definition of 
d[I+C-+T,8,y] and the corresponding property of the topological degree 
of the mapping in Euclidean space. If J + C is nonsingular, property (ii) 
follows from the definition of d[T + C -- T,8,y]. As remarked before, the 


proof for the case when Z + C is singular is contained in [3, Section 3]. 
This completes the proof of Theorem 2. 2. 


THEOREM 2.3. If T is completely continuous and if d[I + C + T, 8,0] 
exists, then the LS degree of I + C-+-T at 0 and relative to S exists and is 
equal to d[I + 0 +T, 8,0]. 

? Proof. See [8, Section 5]. 


Now we prove the invariance under homotopy of d[I + C -+ T, 8,y]. 
We state first what we mean by a homotopy in this work. 
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Definition 2.2. A homotopy I(x, t) + O (x, t) + T(z, t) is a continuous 
mapping from X X à, where & is the closed unit interval (0,1) into Æ 
satisfying these conditions: . 


(1) I(a,t) =z for each pair (a, t)e£ X à. 


(2) For each fixed ¢, C(a,t) is a linear, self-adjoint, completely 
continuous transformation of X into itself. Also C(x,t) is a con- 
tinuous function of ¢ in the following sense: for arbitrary ted, 
we have lim || Ca — C;, || = 0, where Ct denotes the transformation 

tyto 


of # into Æ obtained by taking t= t, in O(s, t) and C4 is defined 
similarly. 


(3) T(x, t) is a continuous mapping from X X à into £ with the 
property: for each fixed te À, T(x, t) is a mapping of a subset of 
Æ into X with properties P, and P,. Moreover the neighborhood NV 
and the constant B are independent of t. 


THEOREM 2.4. If I(x,t) + C(a,t) + T(x,t) is a homotopy satisfying 
the conditions of Definition 2.2 and if the following additional conditions are 
satisfied : 

(4) The dimension of the null space of I(x, to) + C(a,t ) is the same for 
all te à. 


(5) For each toed and for a sphere s which is independent of T, 
d[I (x, to) + O (x, to) + T(z, to), 8,y] is defined for y such that 
ly ll <n, where n is independent of t. 


Then the mapping degree d[I (x, to) + O (z, to) + T(x, to)] is the same 
for all He À. 


Proof. If I + C is nonsingular, the proof follows from the fact that 
the LS degree of J + C is invariant under homotopy [11, Theorem 2]. So 
we need only consider the case when T + C is singular. From Definition 2.1 
it follows that the mapping degree of I + C -+ T is the same as the mapping 
degree of 


(2. 12) a— #y(«) + ERT[z + H(z, 0)] 

except for a factor +1. For the mapping degree of (2.12) is equal to the 
topological degree at 0 of : 
(2. 13) ERT [z + (a2, 0)] 


and d[I + C +T, 8, y] for y sufficiently close to 0 is equal to the topological 
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degree of (2.13) multiplied by the LS index at 0 of R, which is 1 or —1. 
Now (2.12) may be written: 


(2.14) s— E, (2) + BRT{E (x) + H[B,(2), 01). 


Since E, is finite-dimensional and hence completely continuous, it is clear 
that the LS degree of (2.14) is defined, i.e., (2.14) is a mapping of the 
form. I + F where F is completely continuous. . 

Now let #,* be the projection of X onto the null space of I+ O; (for 
convenience we write the homotopy parameter as a subscript, i.e., we denote 
O(a, t) by O(s) and T(a,t) by T(x) and let Ry be the linear, trans- 
formation such that R (I + Cihz—x—Hit(x). We let Hi[E t(s), y] denote 
the function obtained by applying Hildebrandt-Graves Theorem.) We will 
show that 


(2.15) a — Et (2) + BtR TE (2) + Hi[By*(x), 01} 


and À; are homotopies in the sense of [11, Definition 4]. Then the LS degrees 
are the same for all ¢ such that OS¢S1 [11]. Since for each t, the 
mapping -(2.15) is a layer mapping [11], it LS degree is by definition the 
topological degree of Hy¢R,{E,¢(x) + H[E,t(x),0]}. The proof of Theorem 
2.4 then follows from the relation of the mapping degrees of I + C + T and 
(2.12) described above. 

Hence to complete the proof of Theorem 2. 4, it suffices to prove that 
Et, R, and H, are continuous mappings from Æ X À into Æ and that the 
mapping | 
Et{— s + RTE (0) + Hil Bs"(2), 01} 
takes any bounded set in ¥ X à into a sequentially compact set in Æ. (C£. 
[11, Definition 4].) This last statement is an immediate consequence of the 
fact that any bounded set V = (y,, tv) of & X À each of whose points satisfy 
the equation — yv = C;,(y,) is sequentially compact in ¥ X À. To prove 
this: let to be a limit point of the set {¢,}. -Then there is a subsequence Yp, : 
such that lim Ci(Y,) exists and is some point, say Yo This is because C4 

n> w 


is completely continuous and {y,} is bounded. Then by (2) of Definition 2. 2, 
there exists lim Cip, (Ym) = — lim Yr, = Yo. ` 
Nhe? oo - n> 0 


Now we need to show that Et is a continuous mapping from ¥ X à 
into ¥.° More precisely, we want to show lim | Æ;— £,% | —0. This is a 
A tte j 


_ © It is for the proof of this statement that Hilbert space theory is used here. 
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direct consequence of [9, Satz 5]. By definition, R; = (I + C: -4 Et); 
so R; is a continuous mapping from Æ X & into &. 

Finally, we must show that H, depends continuously on t. H: Et (e), y] 
is the solution of the equation 


(2. 17) BA (2) + BAR,D,[Ey(«) + Be(e)] = BAR (y) 


for Eë (s) in terms of y and F,‘(x) which is obtained by using the implicit 
function theorem of Hildebrandt and Graves [5, Theorem 2]. For fixed to, 
the initial solution of (2.17) is Es (s) = Et (s) = y = 0, and H,[F,'(z), y] 
is the limit of the sequence: 


Hy [Brt (2), y] = Bi Bil t[Ex%(2)] — Er Rily) 
Hy [Bx (2), Y] = Ent RiT n {Est (a) + Hy [Et (2), y]} — ER (y) 


Hy [By (2), y] = Bs BrP {Bi (2) + HE (x), y]} — Be. Bry). 


In [5], it is proved that the sequence H,,™[H,*(x),y] is a Cauchy 
sequence for each fixed pair [H#,"(«), y] and that the convergence is uniform 
in [Æit(x),y]. To prove the desired statement, we show that the convergence 
is uniform in ¢. Since |Z,’ |], | #7 |, and | R; | are bounded in f, and 
since by (8) of Definition 2.2, the bound B of T, is independent of t, the 
same type of argument as is used in [5] can be used to show that the con- 
vergence is uniform in ¢ This completes the proof of Theorem 2. 4. 

Now we describe a method for computing the degree of a given mapping. 
In order to do this, we impose two more conditions on the transformation: 
We assume the transformation T has the following properties: 


(P:) The transformation T is split into a term of order &(= 2) and a term 
of higher order; that is, T(x) = T® (s) + TA) (>) where T® and 
T+ are both continuous and: 


(1) T® is homogeneous of degree k; that is, if m is an arbitrary 
integer, then 
m 
TO (X am) = D a + + dm Tb. > bmt + +, tm], 
4=1 (bi) 
where the summation is over all sets of non-negative integers 
[b 50m] such that S b; —k and Tr, is a continuous 
it 


` 


mapping from Æ X-::X% (m times) into &. 
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(2) The lim | T(z) [/] z [F— 0. 
a0 . 


(Ps) E,RT(2,) 40 for all z, ¢¥€, such that 2,0. 


Lemma 2.1. If I+ is singular and if T has properties Pa, Po, Ps, 
and P4, then the mapping degree of I4+-C+T is equal to the topological 
degree at zero of a mapping of Euclidean n-space E” (real or complex as & 
is real or complex) given by n polynomials in n variables, the polynomials 
homogeneous of degree k in the n variables, where n is the dimension of the 
null space of I + C and k is the “ order” of T described by P. 


Proof. See [3, Section 3]. 


The degree of such a mapping described by homogeneous ‘polynomials 
can be computed. We have: 


THEOREM 2.5. The topological degree at zero of the type of polynomial 
mapping described in Lemma 2. 1 is kr if E” is complex and is = k! (mod 2) 
if E” is real. 


The proof of Theorem 2. 5 will be given in another paper. 


3. An example. In order to justify the definition of mapping degree 
given in Section 2, we must show that it is independent of previous work. 
That is, we must show that our theory is not contained in the Leray-Schauder 
theory. So we must exhibit a mapping I -+ C + T which satisfies our hypo- 
theses but which is not of the form J + F where F is completely continuous. 
Since C is completely continuous, we must give an example of a mapping T 
which has properties P, and P and which is not completely continuous. 

A simple such example is the following: Let & be the Hilbert space of 
square Lebesgue integrable functions æ(f) over the group of real numbers 
mod 1, i.e, ¥—L,(0,1). We define 


© Flee] =f eetä 


i.e. T[e(t)] is the convolution of x with itself. It is a straightforward 
verification to show that this T has properties P, and P}. The transformation 
T is not completely continuous because the bounded set {e?rint} is taken into 
itself and it is clear that {e?™**} contains no convergent subsequence. 

Examples of the transformation C abound. Any linear beat trans- 
formation acting on x(t) e L,(0,1), 


f “K (a, t)2(t) dt, 


4 
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where K (s, t) = K (t, s) and K (s, t) is continuous simultaneously in s and t, 
is self-adjoint and completely continuous. Hence as a simple example of a 
transformation to which our theory may be applied but to which the Leray- 
Schauder theory cannot be applied, we have the transformation 


z(8) +f ti Haldt + f saes — idi 
acting on æ(s) e L,(0,1). 


ANN ARBOR, MICHIGAN. 
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ON APPROXIMATION BY NON-DENSE SETS OF TRANSLATES:* 
| < : By I. I. HIRSCHMAN, JR. 


\ 


We denote by Le (—œ,00 ) the Hilbert space of eae valued fonctions 
f(x) defined for —o < s <ç and such that 


HOMO 


is finite. It has been shown by Laurent Schwartz [4], that if t < t < ts. 
<<- - -is a sequence of real numbers such that 


> ets <0, lim. inf Cau — ae) ein > 0, 
and if Ha) lies in the closure in A (ox co) of subspace c of finite iua 
combinations ofthe functions 

eëtn-s)exp [— etn-a)], (n pe 1, 2, . +), 3 


i. e., if given e> 0 there is an- integer N and constants a1, a, ` *,ax such 
that 


7 N 
| FC) — È ane-Mexp[— etd] Se, 
n=1 
then f(x) can be represented as a series of the form 
f(e) = À byellmMexp[— etra] 
. “n=l ' ` 


for almost all z. .In the present paper we shall establish a general theorem 
of this type. : j 

Let (x) e L,(—, 20 ) and ¢(¢) e La(—œ,%) be Fourier transforms 
of each other. è 


B(x) — (2r) f ciega (Ma), 


(1) 
p(t) = (27) # f eita (x) da (Mz)... 


* Received September 16, 1950. Research supported by the Office of Naval Research, 
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The symbol M, indicates that the integral in question is to be taken as the 


to infinity. Let v(t) be defined for 0S¢<o and such that 


. r 
limit in the mean of order two of the partial integrals f % as T increases 


v(0) >0, v(t) 20, (0OSt<~), 
(2) | 
tv (t) v(t) = 0(1) as toto, f [tv(t) dt =o. 


We define H(t) and $(t) by the equations . 
H(t) = (2/7) S. w(u)’ | 


(3) $() 
t= (2/n) f [uv (wu) ] du. 


It is supposed that {¢,}:° is an increasing sequence of real numbers. 


THEOREM. Let (x), p(t), v(t), H(t), S(t), and {tr}.” be defined 
as above. If 
| $(t)| = exp[—|¢|/v(| t |)] for all t, 
. | &(x)| <exp[— $(x)] for large positive T, 
- lim inf (bu — tn) a(n) > 0, 


ee go Et 


lim inf t,/H(n) > 1, 


and if f(x) lies in the closure of the subspace of L:(— œ, œ) formed by the 
finite linear combinations of the functions {@(t, —zx)};®, then f(x) may be 
represented as a series of the form | f 
% . j 
. f(x) = E baba (ta — 2) 
for almost all x. 7. £ 


Our proof depends upon the construction of a sequence of functions 
{Y:(æ)}° such that 


(4) (2x) 4 f Ta (2) © (im — T) dt = Snn 


(5) -1 Ya l = O (exp S (nta) ), O mop 
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Suppose that we have exhibited a sequence of continuous functions A,(t), 
n==1,2,: - :, defined for —o<t<oo and belonging to L:(—0, œ such 
that if A(u) = (2r)-# fe ea, (4) dé then 


©) | An(m) = Òn m 


(M) MA(u)/$(u) | = O (exp (ute), nou <1. 


We set Y,(t) = Gr) 4 fi oitu an (u) /ġ(u)]du (M2). It is asserted that 


the functions {¥,}1° so defined Ca conditions 9 and Or By Parseval’s 
equality we have 


f “a ()® (tm — 2) de = f Put) Jolu) [g (uÿé-ttnu] du 
-Í (ue tndu — (2) An (tm) = (2r) nm 
Using Parseval’s equality again we ae 


SG) = Lau (u)/6(u)] = O (exp S(t), no. 


We proceed to the construction of the functions {A,(¢)}:°. By assump- 
tion 4 there exists a number r, 0 < r < 1, such that for n sufficiently large 
tn = H (n)/r?. We define y(t), 6*(¢), R(t) and p(t) by the equations: 


oro) 
WE =E, t= (2/x) f [uy(u) du, 


(8) 
R(t) log $*(t), p(t) = y[9* (u)]. 


Let S, be the strip in the z plane, z—2-+ iy, defined by the inequality 
| y] < 7/2 for —o< x <%, and let S, be the curvilinear strip in the w 
plane, w = u + iv, defined by the inequalities | v | < r/p(0) for —c <u < 0, 
|o] <r/p(u) for OSu<o. Let x(w) be the function which maps Sw 
conformally upon S, and is normalized by the conditions x(0) = 0, x’ (0) > 0. 


We set 

d = exp (4rr)/cos (xr/2) 
(9) ; 
| m (u) = exp {— d'exp{rx(u) }}/[4p(0)? + 0°]. 


716 I. I. HIRSCHMAN, JR. 
Let A*(z) be analytic and | 4*(2)| Æ 1 in S} We define 
A(u) = m(u)A*[x(u)] 
(10) 
a(t) = (21) 4 f 4 (u) tan, —o<t<o. 


It has been shown in [2,§ 5] that under these assumptions 
(11) | a(t) | Scexp [—]¢|/r(|#])], —o< t <o, 


where ¢ is a constant depending on v(t) and r, but independent of A*(z). 
Using (2) and (8) it.is easily verified that 


(d/dt) [r/p (t) ] = —(rr/2)* (H [9*6 1/71 9* 6) 1 = 0 (1), 
as t-> +œ. It follows from [3;§2] that 
x(t) ~ R(¢)/r, t>o, 


Tim x(t + p(t) wr) —x(t) = (a/2)u, 


uniformly for | w| S 1—e« e> 0. 

Let £n = x(tn), n= 1,2, >+. By (12) we have za~ R(ta)/r as 
n—co. Now R(t) =log * (t), G* (t) = (rt), tar? 2 H (n) for large n, 
and §(t) is increasing. It follows that x, asymptotically exceeds log n/r. 

. From this we deduce that 3e% <œ; By assumption 4 lim inf n(n) [toa — tn] 
>0 as n=æ. We have p(tn) —r#[G(r#4)]. Since tn = r?H (n) for 
large n and since §(¢) is increasing we have p(tn) = r°™v(n). Thus as # — œ 
lim inf np (tn) [fna — tn] > 0. It follows from (12) that lim inf n[£nm — £a] 
> 0. Using the fact that +, asymptotically exceeds log n/r, we obtain finally 
that lim inf (as: — £n) e” > 0. 

We define 


L*, (2) = IF [e —2m]/[er + een], (mn), n=1,2,:- 


(12) 


Since $ en <œ, we have L*(z) analytic and | L*(2)| S1 in Sa See 
[4, § ER § 10]. We put 

(13) Liu) = m(u)L*n[x(u)] OU. 
We may now define the functions {An}.°. We set 

G4) An (t) = Ln (t) /Ln (ta); n= Í, 2, > 

We must verify properties (6) and (7). Property (6) is evident. To 
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establish (7) we note that the relation lim inf[#,,, — #,]e* > 0 implies that 
` n>a 

| L*,(n)| = exp[— exp (£n —a)] for any a, provided n is sufficiently large. 

See [4, §9 and $ 10]. Taking a= 0 we have L*,[y(tn) ] = exp[— exp an] 

for n sufficiently large. Now x, — R(t,)/r as no, R(t,) = log $* (ta), 

$* (tn) = (rta). Thus log log | L*[x(ta)]|* is asymptotically less than 

r log (rtn) as n—>co. Again m(t,) asymptotically exceeds 


fy"? exp {— d exp [rx (tn) }}; 
so that log log [1/m(t,)] is asymptotically less than log §(r%tn) as n—>00. 
Using the relation log §(rt,) is asymptotically less than +*/? log §(1t,) 
as n—>%, see [2; § 2], we obtain | Ln(tn)| = exp[— O(r4t,)] for n suffi- 
. ciently large. Referring to (11) we see that if A,(u) = (2m) *# Í eitua,,(t)dt, 
then l = 
| An(u) | So exp[— | u [/rv(| u |) JexpL+ 9 (rn) ]. 


Using assumption 1, we obtain (7) with u = 7%. 
We can now complete our proof. Let f(x) be any function in D,(—o, œ). 


We associate with f(x) the formal series S(f) =E b, (f) (ts —2), where 
n=1 


ba (f) — (27) 4 f un(e) (ad. 
By (5) and Schwarz’s inequality we see that for x fixed 
| bn(f)®(tn—2)|/\) F I = O (exp[— 9 (tn — r) + §(utn)]}), no. 


Choose p’, max (4,17) <p’ <1. If n is sufficiently large tn — g = pt, 
and hence — § (fa — 2) + $ (atn) S — $ (wta) + (ntn). By [2; 82] we 
have log Š (utn) is asymptotically less than (u/w'}log © (wtr), from which it 
follows that — Q(wtn) + G(utn) ~— (wtr) as nc. Finally p’t, 2 H(n) 
for n sufficiently large. Combining our estimates we have — § (ta — T) 
+ §(ut,) is asymptotically less than —n as n—>»œ. It follows that there 
exists a function M (s) finite almost everywhere depending only on 2 and 
{tn}i° and v(t), but independent of f(x) such that | S(f)| S M(s)I fl, 
—o<r<%. We now assume that f(s) lies in the closure of the linear 
‘subspace of Ze (—,c) formed by the finite linear combinations of the 
functions {®@(t,—2z)},°. There will then exist a sequence {F,(x)}°:4 of 
functions of the form | 


Nr 
F, (2) = Fb, (ta — T) 
nzi 


$ 
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such that lim | f(z) —#y(æ)| —0. It is no restriction to suppose that 
lim F(z) — f(x) almost everywhere since we can certainly. select a sub- 
sequence with this property, and, if necessary, replace our original sequence 
by the subsequence. We have 


| S(f) — S (F) = | SF — Fe) S (f — Fr M (e) °° 


But (Fr) = Fy; thus 8(f) — lim Fy = f(x) for almost all z. Q.E.D. 
If we set v= 1, the special case of our theorem which results may be 
applied to e”? exp[— e7] to give Schwartz’s theorem with the conditions 


et < oœ, lim inf [tn — tn je™ > 0, 
1 n>o | 


n= 


replaced by the more restrictive conditions 


lim inf ¢,/log n > 1, lim inf [tn —t,]n > 0. 


n= w t=+ © 


WASHINGTON UNIVERSITY. 
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TAUBERIAN THEOREMS FOR SUMMABILITY (R:).* 


By Orro Szász. 


1. Introduction. A series > @ is called summable (#,) to the value 
o 


s if the series | 

(1.1) > sn sin nh, Sn = $ üy 
converges in some interval 0< h< h, and if 

(1.2) i 2/m Ÿ syn sin nh — s as h— 0. 


It is convenient to assume @ = 0. 


The method (R,) is not regular, as the regularity condition > n | sin nt | 
< constant is not satisfied. 

If the series (1.1) converges in 0 <. < ho then spn sin nh — 0, 
0 <h < ho hence, by a well known theorem of G. Cantor, 


(1. 3) Sn/Nn—>0, n>. 
If s,==1, then : n sin nh — (x —h)/2—> 1/2, so that (1.2) holds. 

A related method is summability (R, 1), sometimes called Lebesgue’ 8 
method. If the series È ann sin nhi is convergent i in some interval 0 < k < ho 


and if © an(nh)+ sin nh —> s, h— 0, then (R, 1) X an = s. Several Tauberian 
- theorems can be found in the literature, that is conditions under which 
summability (2, 1) implies convergence and vice versa. We give here similar 
theorems for summability (Rı). Recently Hardy and Rogosinski [1] gave 
necessary and sufficient conditions for a function f(t) in order that its 
Fourier series be summiable (R:). Our conditions are mainly on the terms an 
of a series SQ. ` | 


2. Some lemmas. 
Lemma 1. If the series (1.1) converges in 0 < h < ho, then 


(2.1) Si san sin nh = Ÿ anpa (h), 
e À 1 


* Received August 14, 1950. Presented at the International Congress of Mathe- 
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where 
(2.2) pa(h) = Sort sin vh. 
pen 


Conversely, if n*s,—>0, then the convergence of the right hand side 
implies (2.1). 
Partial summation yields 


m m 
(2.3) È Sp — 1 sin vh = Sapn — Smpmir + D Apr 
n ntl 


and pa(h) =—(rn1)/n + È ro/[v(v + 1)], where 

mh) = 2 sin vh = (sin nh)/2 + cot (h/2)sin?(nh/2), O< h< r. 
It follows that | pa(h)| < n°2 | rna | +Žpo+DI |l. Now |ra(h)] 
< 1/2 + [sin(#/2)]+, hence 
(2.4) | pn(h)| < n3[1 + 2/sin(2/2)], 


and, in view of (1.3), Supra —> 0, for fixed h, as n—>0oo. Thus J, apy con- 
verges, and 


(2.5) > sw"? sin vh = > Qvpr(h) + Snpn(R) 5 


n= 1 yields (2.1). The converse follows similarly from (2.3) and (2. 4). 
We shall call a series X; a, summable (#,) to s if Ò Anpn(h) converges 

for small positive h, and if 2/7 À dnon (h) >s, ki. It follows from 

Lemma 1 that summability (Ë:) and ns, —> 0 imply summability (2). 
Lemma 2. Suppose that 0 < 8S1, 


(2.6) Sla | —@) = O(n), 
and | 
(2.7) sn = Èi ay = O(n) 5 


then 5 v| a| converges, and (see [3], p. 579) 
1 
(2.8) Dv | ay | = O(n). 


Lemma 3. If Sia, is Abel-summable, and if 


(2.9) È (| |—a) = 001), 
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then F, an is summable (C,1) (Cesèro mean of order 1), and 
(2.10) Sn == O(1). 
See [4], Lemmas 1 and 3. 


8. Tauberian conditions for summability (R,). 


Teorem 1. If (2.9) holds, then Abel-summability of Xan implies 
summability (1) to the same value. 


Let È Sv = Sp; by Lemma 3, ns’, tend to a limit s; we may assume 


without os of generality that s==0 (otherwise replace a, by a,—s). 
We write 


(3.1) sr ain =$ +$ — An(h) + Ba(h), say. 


Summation by parts gives 


An(h) = San sin nh + S¥,[ (sin vh) /v—sin(v + 1)h/(v + 1)]. 
But > 

v sin vh — sin (v + 1)h/(v + 1) 
= sin (v + 1)h/v(v + 1) — (2/v)sin (4/2 )cos (2v + 1)h/2, 


hence : 


| (sin vh) /y — sin (v + 1)h/(v+1)| < h/v + h/v = h/v. 


Given a positive e < 1/2, choose no (e) so that | s’n | < en/2 for n > mo; then 
a ef : | 
=v] 8,| << en, for n> me) > no 
pa 


To any h in the. interval 0 < h < 1/n; choose n==1-+(ch)~, so that 


(3.2) n > (h) > m/e > 2m, and n <1+(h) 1 
Now 


| An(h)| e+ ah Sv | sy | <2(1-+ 2n) 
< &(1-+ 2h + 2/6) < 2 + 3e. 


Next, using (2.3) and (2.4) we get convergence of the series (3. 1), and 
from (2.4) and (2. 5) 
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(8.3) Ba(h) < | smn |(m + 1)*[1 + 2/sin(h/2)] 
+ [1+ 2/sin(h/2)] È | a/v. 

From (2.10) and (3.2), sm (n +1) [1 + 2/sin(h/2)] = O(c), and from 

(2.8) for 3=1, 

(8.4) Sr | a, |= O(1/n). 


It follows that $ Sp (sin vh) /v = O (€) for h < ho(e). This proves Theorem 1. 
1 = 


The analogous theorem holds for summability (R, 1) ; see [4,], Theorem 
4, There is also given a Fourier power series, satisfying the assumptions, 
while $ a, diverges. 


Txsorem 2. If (2.9) holds and if $, an converges, then (1.1) con- 
verges uniformly in0 Sha. In particular Sa, is summable (R,). 


We may assume that s,— 0; we shall show that B,(h) is uniformly 
small for large n. We write 


B,(h) = SSL 2 » where À > 1. 


ntl y> 


eon (3.3) and (3. 4), zs sin bas Given «> 0, choose 


no(e) so that |s, | < € for ee define k= k (A) by n+ k= [An], so 
that kS(A—1)n. To any hin 0 < h < r choose A= 1 + (enh). Then 


An An 
[È swvtsinvh|<RYE |s,|<hke2(1—1)n—6, : 
nth n+l 


and Anh = nh + 1/e > 1/e, hence B,(h) — O(e), for n > me). This 
proves Theorem 2. The analogous theorem holds for nn (&. 1); 
see [4], Theorem 5. 

Note that the convergence of > a, is not a necessary condition for the 
uniform convergence of (1.1) in the interval (0,7). This is seen from the 
example in which s» is 1 or 0 according as n is or is not a power of 2. 


4. Summability (R.) of Fourier series. The following theorem is due 


to Hardy and Rogosinski [1, Theorem 3]: 
In order that the Fourier series 


(4.1) - fi) ~ È an cos nt 
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should be summable (#,) to 0 for t= 0, it is necessary and sufficient that 
the Cauchy integral 


I(h) = [ira i À. f(u)eot(u/2)du 


should converge for small and tend to 0 with h. The upper limit may be 
replaced by any positive 8 < 7. Hardy and Rogosinski have constructed a 
class of Fourier series which are nowhere summable (R). It is all the 
more remarkable that a Fourier series is summable (Bi) at each point of 
continuity. : 

For the proof we may assume that ¿= 0 is a point of Rarer and 
that f(0) —0. We write | 


10) = f+ ff S t+ 
say. Now = 


A EET ( f ai f ua) = ( f A eh EDG bat); 


the transformation ' (h + #)/(h a t) = 1 4+ z, t=ha/(2+ 2), yields 


(42) i(k) —o( fete + 2)"log(1 + ad) — (2). 
Next l 


h hå 
widu =o f ttlog(t+ h)/(t—h)dt, 
h } 


t-h 


nå 
AOE, f x tdi 
and the transformation (t+ h)/(4—h)—1-+x, t—h(2-+x)/x, yields 


(4. 3) In(h)} of; nbOtOT R E 
Finally 


I3(h) =0 J, ‘tidi Í arf (u) du 
E oS, [#(¢—h) ]* [fet +b) —fi(t—h) Jat, 
if f(t) =f" f(u)| du. 


7 w-2h : 
Now J retenia [AGE /LE + Qh) (t + h)]dt, 
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so that 
w-2h : 
LG) = 0 (RCE DIS — 06-28) + HT 
+ f "BEHA nya). Furthermore f "fet h)/[t(t — h)] dt 


00" (ED) dt = O(h) — 0(1), and 


ST +E] IEA + Ta 
= f RO (2t—h)/[t(t —h) (t + h) (t — 2h) Jt 
ha-h 


o(a ferme (¢-+h) (12h) at) 


| 


0 (7 (2t — 3h)h/[ (t — 2h) t (t — an)]ät) 


-= o( f a/a — anar) 


== O(h/(hi— 83h) ) —o(1). Thus Z:(h) —0o(1), h—>0. Hence, the esti- 
mates (4.2)-(4. 3) prove the following theorem. 


THEOREM 3. The Fourier series of a function f(t) is summable (R) 
at each point of continuity of f(t). 


5. The Lebesgue constants. Employing well known results, Theorem 3 
also follows if we prove that the set of Lebesgue constants corresponding to 
the transform (R) is bounded. We assume that f(t) is integrable and that 
[f(t)|S1,0StS-a. Let 


Sn = Sn (0) = ÿ ay cos vO == (1/2)a, cos nO + s,* (0). 
Then s,%(0) = 1/7 f " p(t)cos(t/2)sin nt dt, where 
CE) = (1/2) [f(0 + 4) +F(8—#)]. 


Because of periodicity, we may restrict ourselves, as usual to 0 = 0. Now 
> syn sin nh = (1/2) È ant sin nh + E sp*n7* sin nh; 
1 pa 1 
œ h 
here | X; ant sin nh | = IS. f()dt |= h/2S2/2 for 0<h<w. Next, 
1 © 
from [1], $ 8.1, 


5 sr sin nh = 1/4 f "¢(t) cot (t/2) > n sin nt sin nh dt, 
2 0 1 
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where, if O< i< r, 0<h< 7, 
> n* sin nt sin nh == (1/2)log[sin (1/2) (t + h)]/[sin(1/2)|t—2% |] >0. 
It now follows that | Bates sin nh | 
< (1/2) f” cot(é/2)ogtsi (1/2) (ë -+ A) J/[sin(1/2)| #— 2 [Jat 
EA f “cot (t/2)3 Sri sin nt sin nh di 


— (à n sin nh [°° cob(t/2) in nt dt = 3 n> sin nh 


== (r —h)/2 S r, termwise integration’ being legitimaie, as in a ania 
case in [1], p. 178. 
‘ This proves that the Lebesgue constants are uniformly bounded. 


6. Other conditions for summability (R,). 


THEOREM 4. If ` ; ; os 
(6.1) 2 Sn — 8 = 0(1/log n), Jus 
and if for some 8 > 0 

2n 
(6.2) : (| a |—a) = O(n), > gp 


then F an is summable (R,). 


'. Summability (#,1) under the same assumptions was proved in [3], 


p. 578 
We may assume that.s = 0 and ô < 1; we write 


(6.8) : Se *sinvh È + Cn(h) + Dalh) 


say. It follows from Lemma 2 that X v | ap | <œ ; from (6.1) sand. (2. 4) 
for fixed h, Snpnis > 0, and from (2.3) follows the convergence of (6.3). 
We choose n = (1/h), 0 < h < 1/2, then, in mer of (6:1), 


(6.4) CG) = Ur 2 LS p= CUAREIM] =o(1), h— 0. 


We next choose an r such that rè > 1; to any h < 1/4 choose i = Fa <hr. 
Now 


(6. 5) > svt sin vh = 0( 3 1/v. log i: = 0 (log log kn — log log w) 
i — 0(log (log #)/(log n)) E EAIA) 
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=logr-o(1). Finally, employing Lemma 2'and. formulas (2.4), (2.5), 
we have 


(6.6) 5 sy" sin vh = h7O (kp) = h0 (ht®) = O (hrè) = o (1). 
En . 
Combining (6.3)-(6.6) yields Theorem 4. 


7. A (C,r)— (R,) theorem. 


THEOREM 5. If Sa, is summable (0,1 — a) for some positive a < 1 
and if 


(7. 1): n=) la! = O(n**), 


then the series is summable (R;). 


The corresponding theorem holds for summability (R,1); see [5], 
Theorem A. For closely related theorems see [2]. 
The Cesdro sums s,” are defined by 


(7.2) 8,7 = Š yer where yr" = à a J : 

We have yn” — ya-1" == Yr’, 

(7.3) Sn = Sers Sn = Sn, 

(7.4) yn? ~ nt /T(r +1), N—>0, r —1,—2,° ++, 


By asumption, s,1-*/yn'"* —> s, n —c ; we may assume s = 0, so that, in view 
of (7.4) 
(7. 5). ntts,1-4 > 0, no. 


g . 
n 
From (7.3), for r==0 and e= a — 1, we have s, = 2 Yn- Syt; hence, 


from (7.4) and (7.5), Sn = O(n**) =o(n). Thus, by Lemma 1, we need 
only to prove summability (À.) to zero. 


n 
We have an == X, yn-v%"s,"%, hence 
' 1 


(7.6) D, anpa (h) = E pn(h) X ynot srt = D srt D yn- pr (h) 5 
1 1 pat VA aw 


the interchange of summation is justified if the double series is absolutely 
convergent.. Now, from (2.4) and (7.4), 


Sly mlh) = 0 Z ntm —v +1)? | 
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= O(wt) for a <1. Furthermore ; 


Sy | 9] = mion + Z ov/r(v +1) = O(m) + 0 S4/r(v-+1) 
= 0(1) as 0< «< 1; this proves (7.6). l 


Summation by parts gives 
m | m-i 
2 ve "pa(h) = ym pm (h) + DX Yn-v** (on — pra) 
n=v i n=v 
m-1 
== O(m?) + E ynn sin nh, a <.2, hence 
n=y Ê 


X y pn(h) = È ynn sin nh == Aty sin vh. 
nev REV f 
‘Now, from (7.6) 


(7.7) S anpa (h) = Si syair sin vh = Y 
1 pol n 


REX vhod 


= p(h) + ¢2(h), say, where À > 1 is fixed. 
We wish to show that #:(h) —>0 and ¢2(h) >0, as h—0, To this 
end we first estimate A’y sin yh for r > — 1. By definition, 


a 
Av sin vh = S, yny n sin nh, ` r>— l1., 
n=y i 


2 $ 
Now n? sin nh = h/2 f einhedy, hence 
s -1 


C2] 1 1 œ 
Ary? sin vh = (h/2) $ yny" f either = h/2 f S yn tetnhodg, 
y -1 -1 y 


interchange of summation and integration being legitimate. But 


w% a 
> Yn-y T teirhe — > itt eitkh)he 
nv k=0 ` 


= etha (1 — ethe)T, hence 
Afv sin vh = h/2 f eine (1 — otto) rd 
__ Tt follows that k 
(7.8) | Aty* sin vh | <h fi 1— es | rdg (A). 
We now assume 0 < h < 1/2, and write 
(7.9) à [Ah] =n; 
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thus ‘ 
x(k) == = Sy Ad sin vh = sp tAn sin nh + Sse! -ayt gin yh. 

iiaploying (7. 5) and (7.8) we get 

$a (h) = o (mehia) + o( Behe) 
= 0(nh)** + o(nh)*4, and in view of (7.9) | 
(7.10) pa (h) = 0 (A0) + 0(A%*) = o (a28), 
To estimate #:(h), consider again A~*y7) sin vh, and write 

Aty sin vh = 3 Yr- k> sin kh + > Yeo ee sin kh 


k=v+9#1 


= 6,(h) + &(h), say, where 7 = = [h]. Now 
8: (1) = 0 Sky+ 1) = O (74), = O (74), 
and, summing by parts, 
(h) =— yra pm) E S yeh) ” 
k=yiytl | 
=O hoI + OCS (e—a 
= O (q [h (v +n) J=) + Oah + 7)17) 
“== O (q (vh) >) = O(y*h-*). Thus A sin vh = O(v*h*). Now 
PEO À | sy*|v*h), 
furthermore, employing (7.1), 
È [srt |rt = ions + È o/b + 1)] 
= od via) = O (%72), hence 
(7. 11) Pah OR Oe: 


Combining (7.7), (7.10) and (7.11), we get È pa (h) = op + O(a); 
thus, letting h > 0, 
lim n SUP | > anpra (h) | E One) 


Here a is positive, O(1) is independent of À, and À is arbitrarily large, hence 
S, anpn(R) — 0 as h—> 0. This proves Theorem 5. a 
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8. Connection with summability (k,1). The -well known formula 
ee aye f *tsin[n +(1/2)17/[2 sin (2/2) |} de 
yields’ i | 
Sr 1 gin vf +(1/2)n> sin nt ——(t/2) + (1/2) f sin ne cot(2/2) de, 
hence, for 0 < t< r, ; 
pn(t) = 1/2 +(1/2) 2 sin nt —(1/2) f cee cot (z/2) de. 
Furthermore f i q sin nede = f Ma sin ydy = “i 2 — Sor sin ydy, so 
` that ni 
pa(Ë) = S yt sin ydy +a /2)n> sin nt + fe [at —(1/2)cot(x/2) | sin neds 


= Si(nt) + (1/2) n sin nt + fi (y sin y)7 (sin y — _y cos y)sin Qnydy. 


The formula (d/dy) (y+ — cot’ y) = (sing) — j? and a an integration by 
parts yield 


pn(t) = St (nt) + (1/2) sin P }n1(1 — cos nt) 
— (72) J ° Lin yy — yen (1 — cos 2ng) dy. 


We now have 


(8.1) È mp(t) = > ay Si (vt) + (1/2) È vay sin vt 
| F(E (1/2)eot(4/2)) Eva (1 — cos vt) 
—(1/2) [in g) — y) $ 80 (1 — cos 2vy)dy. 


We now suppose.that both (4.1) and its conjugate 


əv 


(8.2) © on . Esin nt~Ft) 


are Fourier series. It then follows from [1], Theorem 7, that Sia, is 
summable (R,) if and only if the Cauchy integral 


F ms 
(8.3) f F(t) /t dt 
30 
exists. We give here a simpler proof, based on formula (8.1). We now have 


5 
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co t œ te 
> va, sin nt = f f(x) dx, > ntan(1 — cos nt) = f f(z)da, 
1 0 i o 


À 
\ 


and, from (8.1), 
È aleo (t)— Bilt) } — 1/2 f Hede + —(1/2)e0t(t/2)) f Fejde 
— 12 [mg —y 9) f Iede dy. 


Here each term on the right tends to 0, as ¿—> 0. Thus the series >) ap, (t) 
1 
and À a,Si(vt) are either both convergent or both divergent. Now from (8.2) 


S a,Si(vt) = f “F(a)/ede, 150, 
1 t 


and the series converges for all ¢>0; hence J, ap,(t) is convergent for 
all ¢>0. Furthermore s,—o0(n), hence by Lemma 1, the series (1.1) is 
convergent. It is now clear that summability (R.) implies (8.3) and 
conversely. We call the series Sia, summable (4,1) to s if the series 
> aSi(nt) converges in some interval 0 < £ < to, and if 2/7 3 anSi(nt) = s, 
as t—0. We have just shown that under the assumptions (4.1) and (8. 2) 
the summability methods (R,) and. ‘(k, 1) are equivalent. 


9. Gibbs phenomenon, In addition to the regularity of the corre- 
sponding Lebesgue constants, the transform (Æ;) presents no Gibbs phe- 


eo 
nomenon. Consider the transform of the series $; n™ sin nt, so that 
1 


© Sn == — (t/2) + (1/2) 27 sin nt + (1/2) f cot (#/2)sin na dx; 


thus the transform is 
2/a S nts, sin nh = — (t/r) 5 n sin nh + 1/r 3 n? sin nt sin nh 
1 i 1 
» É [ze] 
+ 1/x f cot (2/2) (X; n> sin ng sin nh) da. 
0 1 P 


It is easy to see that the transform sums the series to its proper value 
(r —t)/2 for 0 <t<7. We wish to determine 

lim sup 4/r? ¥ n1s,(t)sin nh = À, 

£0,h-0 


which is called the Gibbs ratio of the transform (#,) ; it is clear that A= 1. 


TAUBERIAN THEOREMS FOR SUMMABILITY (R:). + 791 


‘If A1 then we say that the transform presents no Gibbs phenomenon. 
The first term on the right of (9.1) evidently tends to zero.. The second 
term is in absolute value less than 


1/27 Si m? (sin? nt + sin? nh) = 1/2e{t (x —t)/2 + h(a —h)/2}, 


hence tends to zero. Finally the last term is positive and less than (see 
section 5) í 


ie f "cot) 2/2) (S n sin nz sin nh) da = (r —h)/2 < 1/2, 


which proves our assertion. 
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LINEAR DIFFERENTIAL EQUATIONS WITH ALMOST PERIODIC 
OR LAPLACE TRANSFORM COEFFICIENTS.* 


By Catvin R. PUTNAM and AUREL WINTNER. 


1. This paper consists of two parts, dealing with an n-th order linear 
differential equation possessing coefficients all of which either are uniformly 
almost periodic functions or are Laplace transforms. The proof, given in 
part II, of the theorem dealing with Laplace transforms will be somewhat 
abbreviated owing to its similarity with the proof, which will be ee in 
detail in part I, of the theorem in the almost periodic case: 


PART I. 
2. Let 


(1) NON TONER TON Cases 


be n uniformly almost periodic functions of the real variable ¢, having the 
property that the frequencies À, À, : - : occurring in the Fourier expansion, 


(2) : z arja N, J =0, 1, : + ,n— 1, 
.of any of the functions (1) have a positive lower bound ; so- that, without 


loss of generality, 
(3) | Ax = 1, 


if the unit of length on the t-axis is.suitably chosen. (Since the functions 
f(t) are considered on the entire ¢-axis, thé choice of the minus sign in (2) 
is, at present, obviously immaterial ; it is inserted, however, for the sake of 
later convenience.) 


THEOREM I. The homogeneous, linear differential equation 


(4) 3 fr(t) d'/dt® = 0, 
. hee ne 
where —co< { <c and the coefficients (1) are uniformly almost periodic 
on —o<?¢<oo with Fourier expansions (2) satisfying (3) and 
(5) fa(t) =1, 
* Received December 15, 1950. 
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must have a non-trivial (£0) solution z= v(t) which is bounded, as 
t-» +o, and is, to a constant factor, the only bounded solution of (4) ; 


this solution is uniformly almost periodic; 


if c denotes the constant term of the Fourier expansion of z,(¢), then 
c=£0 (so that, since v,(¢) can be multiplied by any constant, c can be 
assigned as an integration constant determining z,(¢), the trivial solution 
a(t) s=0 being determined by c= 0); 


if the constant term of the Fourier expansion of æ, (t) is subtracted from 
Tı (t), then the resulting uniformly almost periodic function, w(t} — c, has 
frequencies all of which are linear combinations, with positive integral 
coefficients, of the frequencies of the coefficient functions (1) (so that, in 
particular, all non-vanishing frequencies of v, (t) must satisfy the inequality 
(3), the latter being assumed of all frequencies of the functions (1)) ; 


` the frequency 0 of x(t), represented by the occurrence of the term 

c=£ 0 in the Fourier expansion of 2,(¢), can, be thought of as being due to 
the presence of the coefficient function (5) (which is uniformly almost 
periodic with 0 as its only frequency) ; 

finally, the general solution of (4) can be described as follows: 

(4) has a systerh of n linearly independent solutions x == #1(t),---+, 2"(t), 
which can be chosen so as to possess the recursive structure 
(6) (t) = m(t), (t) = ta (t) + T(t), + >, a(t) = tar*(t) + ealt), 
that is, i 


k-1 
(6 bis) w(t) = 3 Parr (t), k=1, 2, n, 
h=0 
where æ, (¢) is the uniformly almost periodic function singled out above, and 
the remaining n— 1 functions 2.(t),---,2a(t) have the structure 
k-2 
(7) ti(t) => than, (t), k= 2, 3, “yn, 
=0 ^ 


where the functions zx, are uniformly almost periodic with Fourier expansions 
satisfying, (2) and (3) (and with frequencies all of which are linear com- 
binations, with positive integral coefficients, of the frequencies of the coefficient 
functions (1)). 


Corresponding results hold when (4) is replaced by the inhomogeneous 
differential equation Í 


(8) 3 fa()@a/at — g(t), 
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if g(t) is uniformly almost periodic and satisfies (3), as do the coefficient 
functions (1). It will be clear from the results*of Section 5 below that (8) 
has a particular solution which is almost periodic and has a Fourier expansion 
(2) satisfying (3) with frequencies which are linear combinations, with 
positive integral coefficients, of the frequencies of the coefficient functions (1) 
and of g(t). The general solution of (8) is obtained, of course, by adding 
to this particular solution the general solution of the linear homogeneous 
differential equation (4), as furnished by (6). 

The truth of the assertion of the part of the theorem as to the fre- 
quencies of certain functions being linear combinations, with positive integral 
coefficients, of the frequencies of the coefficient functions, will be clear from 
the proof. | 

All of this parallels the results of [4], where n = 2, in the same way as 
[2] parallels [3]. 

In order to prove Theorem I, it will be convenient to transcribe the 
statement and terminology of this theorem in such a manner that the real 
line —c0 < t<% is replaced by the complex closed half-plane o = 0, where 
s=o-+it. For this purpose (cf. [2], p. 860), a function f(s) will be 
called uniformly almost periodic, in the half-plane o = 0, if f(s) is regular 
and, in the usual sense (cf. [1], p. 141), is uniformly almost periodic in 
the open half-plane o > 0, is continuous on the closed half-plane o = 0, and 
f(t) (=f(s) on the boundary line e = 0) is uniformly almost periodic for 
—a<t<o. If the variable it is replaced by s im each of the series (2), 
it follows from the theorem of [1], pp. 150-151, that each of the new series 


(2) . > ag; Mes 

k 
is the Fourier expansion of a corresponding function 
(7) Po(s), Pi(s),* > +, Faa (8), 


uniformly almost periodic for e 2 0, and such that F, (it) = fa (t), h = 0,1, 
-+,n—1. Define F,(s) by 
(5) F,(s) =i. 


Let (6’), (6 bis), (7) denote the relations which result by replacing 
t by s in (6), (6 bis), (7), respectively. Correspondingly, replace (4) by 


(4) 3 Fa (s) d'x/dsr = 0 
=0 
and (8) by 


(8) 3 PFa (s)d'z/ds* = G(s), 
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where now «= t(s), the functions F,(s) are those defined above, and G(s) 
is obtained by replacing it by s in the function g(t) = G (it). If the state- 
ment of Theorem I is altered so as to correspond to the primed relations just 
introduced, there results, for the complex half-plane o = 0, a theorem, to be 
called Theorem I’, which is similar to Theorem I for the real line—o < t < œ. 
That the assumptions of Theorem I’, where uniform almost periodicity refers 
to the half-plane o = 0, are implied by those of Theorem I, is a consequence 
of the preceding paragraph. Let s = it (that i is, e = 0), so that the equation 
(4) [or (8’)], if multiplied by 7, becomes 


3 af (t)d'a/dt® = 0 [or = ing (t)]. 
=0 7. 


It is clear that the functions 4-#f,({) and g(t)/i* have the same structure 
as the respective functions f,(¢) and g(t). Moreover, if any solution æ of 
(4) is multiplied by a non-vanishing constant, the essential properties of «* 
as regard to its structure and to its being a solution of (4) are unchanged. 

It-is understood that all derivatives dy/ds, considered above or in the 
sequel, are to be interpreted on the boundary line e = 0 in the “ one-sided ” 
sense. Thus, (dy/ds) sos = lim (f(s) —f(S0))/(s— 80), where Sọ = it, is 
fixed and s = o + tt, o È 0. In addition, it is to be noted that, on the half- 
plane o = 0, the linear independence of the solutions 2*(s), considered in 
Theorem I’ (corresponding to (6) for Theorem I), implies their linear inde- 
pendence on o == 0. 

The above remarks, together with an inspection of the statement of 
Theorem I’ when o = 0, make it clear that Theorem J is a corollary of 
Theorem I’, The proof of Theorem I’ will be given in Sections 4, 5 and 6 


3. Two lemmas will first be proved. 


Lemma 1. On the half-plane c= 0, let f(s) be a uniformly almost 
periodic function with a Fourier expansion 


(9) f(s) ~Sayem™, — where jim > v > 0, 
k " 


and let n denote an arbitrary positive integer. Then there exist a constant c 
such that | f(s)| S ce for o = 0, and n + 1 functions f(s) = go(s), g1(s), 

`, Ja(S), each uniformly almost periodic for o = 0 and possessing a Fourier 
expansion of the type (9) (with the same frequencies py as for f(s)), such that 


dgr/ ds = gra (that is, d*g,/ds* — f) foro = 0 and k—1,2,---,n 
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Furthermore, 

(10) | gr | ce" for o = 0, k—=0,1,°°-,n, 
and hence, in particular, 

(11) | | gx | S orter for o = 0, | k= 1,2, e,m 


Tt is easy to see that the function f*(s) defined in [2], p. 862, formula 
line (16), satisfies the equation df*/ds == f(s) (loc. cit., p. 861, formula line 
(14)) for o 20, rather than merely for e > 0. This fact, and the proof 
and successive applications of the Lemma, loc. cit, p. 861, readily imply 

Lemma 1 above. 


~ 


` Lemma 2. On the half-plane o & 0, let ho(s), hi(s),° > >, har(s) denote 
M + 1 uniformly almost periodic functions, each having a Fourier expansion 
of the type (9). Then, by Lemma 1 (cf. (10) for k= 0), there exists a 
constant c such that | hx(s)| S ce" for o = 0 and k=0,1,:--,M. Fur- 
thermore, the differential equation 


M 
(12) d*x/ds” == 3 s*h;,(s), ; o = 0, 
&=0 . 
possesses a solution æ such that 
M 
(13) dix/dst = $ stay, l= 0, 1, -:,n—1;020, 
k=0 


where the functions zy are uniformly almost periodic for o = 0, with Fourier 
expansions satisfying (9) (with frequencies which are contained in the set 
of frequencies of the functions hy), and are such that 


(14) | tea | SS Cuvee", for all k and 1=—0,1,:--,n—1, 
where Cx denotes a constant depending only on M. 


The proof of Lemma 2 depends on a number of partial integrations 
and on Lemma 1. If [y]™ denotes a certain m-th primitive of a function y, 
a partial integration shows that 


(15) | [hr] ® = stg: — [sr g:1®, 


where the present hy and g, are identified with the functions f and g, respec- 
tively, occurring in Lemma 1. Successive partial integrations applied to (15) 
and the use of Lemma 1 show that 


k 
[sthz] @) — x Sn, 
h=d 
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where the functions 4 are uniformly almost periodic for e = 0 and of type 


(9), and satisfy 
| Zan | SS kly ce, os = 0. 


Since k & M, it is readily seen that 


M M 

LÉ] = X san, where | zen | S(M + 1) lycee, 
k=0 h=0 

holds for k#—0,1,:-:,M. (The properties of the functions zy, are 

described below.) It follows that 


M M 
(16) LE S] — 3 serm MEE ees 


where the functions Zum are uniformly almost periodic for o Æ 0, are of type 
(9), and satisfy 


| Zum | = [CH +1) Tce, i m = 1,2, yh. 

Relations (16) and (12) now imply (13) and (14) if @ is defined by 
M. : ; 

x = | Z thr] and cx = [ (M + 1)!]”. This completes the proof of Lemma 2. 

h=0 i 

4. Proof of Theorem I’. The existence of the function s = m! (s), 

corresponding to the 2*(t) of Theorem Î, satisfying the differential equation 
(4) 3, (s)dha/ds* = 0, a 
i h=0 . 


will first be shown. The differential equations, determining the successive 
approximations 71, Y2,* * * to the desired solution a, will be set up for o 2 0 
as follows: 


(17) "Yn, /ds% = 3 Fi(s) dy m/ as, MOSS 
where 

(18) | yo(s) =1. 

For m = 0, (17) becomes, in virtue of (18), 

(19) d*y,/ds" = — F,(s). 


Let c denote a constant such that 
(20) | Fe(s) | S ce, - ¢ 20, k=—0,1,---,n—1; 
cf. Lemma 1. An application of Lemma 1 shows that (19) has a solution Yı 


4 
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which, along with its first n— 1 derivatives, is uniformly almost periodic 
for o 2 0, with a Fourier expansion (2’) satisfying (3), and such that 


(21) | d'y,/ds' | S ces, o21,l=—0,1,---,n—1. 


(The above functions y, and — F,(s) correspond to gn» and f(s) in Lemma 1.) 
Suppose that a function Ym has been determined so that it and its first n —1 
derivatives are uniformly almost periodic for o20 and possess Fourier 
expansions (2’), with exponents A; = m, and are such that 


(22) | diyn/dst| <(nce-*)"/m!, pe died Wi am pei, 
(‘These conditions are clearly satisfied for m—1.) Then, by (20) and (22), 


n-i 
Z P,(S)d'ym/ds* | S (neet) m/m. 
h=0 


Another application of Lemma 1 shows that (17) possesses a solution Ym 
such that it and its first n— 1 derivatives are uniformly almost periodie for 
o = 0 and satisfy i 


`~ |-dYmir/ds* | £(nces)"#1/(m + 1), e Z 0, l= 0,1,- n— 1. 


Thus, (22) is satisfied if m is replaced by m +1. Consequently, by (18), 
(21) and (22) (the last being valid for m = 0, 1,2,: : +), 


- 


(24) S | d'ym/dst | S CA (0), EN Te 
m=1 


where C denotes a constant independent of 7 and s, and A(o)— 0 holds as 
o—>o. It is seen from (24) and (17) that the inequality (24) holds also 
for l =n. 

The preceding results, together with (17) and (18), show that the 
function xt defined by 


(25) zi (s) —1+ 3 Yms) 


is a solution of (4). Since the series of (25) is uniformly convergent for 
o = 0 and since each term is uniformly almost periodic, it follows that zt(s) 
(together with its first n derivatives, cf. (24), (4) and (5’)) is uniformly 
almost periodic for o = 0.* That zt is bounded and +0, with 1 as its non- 


*In [2], p. 864, the matrix function W(s) should be defined (in the terminology 
2 
eo oe 
occurring there) by W (s) = $ Vm (s). Since 3 | V’m(s)| is uniformly convergent, W is 
0 0 


the solution of the differential equation under consideration for which W — F has no 
constant term. 
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- 


vanishing constant term, follows from (25) and (24), for 1==0. The 
remaining properties of æl(s) concerning its non-vanishing exponents are 
clear from the above construction. 


5. Consider now the inhomogeneous equation 
(8”) . X F,(s) d*a/ds’ = g (s), : o=0, 
h=0 
where g(s) is not in general uniformly almost periodic but is defined by 
f : M 
(26) g(s) = F hy, 
> Kk=0 


where the functions ho(s), hı(s),* * :,hm(s) of (26) are supposed to be 
uniformly almost periodic of type (2’) and (3). It will be shown that (8”) 
has a solution sís) such that l 


$ ; 
(27) > d'x/ds! = À s'en, -1—0,1,---,n—1, 


` where the functions zu are uniformly almost periodic for o = 0 and have 
Fourier expansions of type (2) and (3). 
Consider first the equation 


(28) dy,/ds" = g(s), o = 0. 
According to Lernma 2, (28) possesses a solution y, such that 
: M 
(29) dy, /ds' = F S'y, [==0,1,--+,0—1, 
h=o à 


where the functions yx. are uniformly almost periodic for o = 0 and are of 
the type (2’) and (8). Consider the equation 


-1 
(30) dyna / ds" = — 3 P; (8) dyn /d3t, E E 
h ł=0 
where the functions Fz(s) are given by (1’). If m= 1, (30) becomes 
n-i . 
(31) d'y/ds" = — X F,(s)d'y./dst, 
1=0 


where y, is defined by (29) for 1—0. By (29) and the properties of the 
functions (1’), (31) can be written as 


M 
(32) d'y2/ds" — À "gw 
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where the functions g, are uniformly almost periodic for o= 0 and are of 
type (9) for y==2. Hence, by Lemma 1, there exists a constant c satisfying 


(33) | gx | SS ce” for o Z 0. 
It follows from Lemma 2 that (32) possesses a solution y, such that 
d'y:/dst = 3 sym 1=0,1,---,n—I, 
where the functions yəm are uniformly almost periodic for o 2 0 and satisfy 
o | Yom | SS Curce*#/2, o Z 0,1=—0,1,:--,n—1, 
(cf. (14)). Suppose that Ym, where m = 2, has been determined such that 
(34) -  d'yn/ds! = 3 Syms | l= 0,1, -:,n—1, 


where the Ymm are uniformly almost periodic for o = 0 with Fourier expan- 
sions of type (9) for v== m and are such that 


(35) | Ymhl | S(Cunc)™ tem /m À, o Z 1,1 = 0,1, <, n—i. 
Then 

n-i M n-i 
(36) — 2 Pils) d'Ym/ ds? = 3 8" — Z Fi(s) Ymm], 


where, by the properties of the functions (1’) and the functions Yma the 
functions [+ + -] of (36), where h = 0,: + :, M, are uniformly almost periodic 
for o = 0, are of typé (9) for v==m- 1, and satisfy 


n-1 
| 3 Fi(s)Ymn | S (ne) Cure dem l, o=0. 
1=0 


‘An application of Lemma 2 shows that (30) possesses a solution y. such 
that (34) and (85) remain valid if m is replaced by m +1. The preceding 
results, together with (28) and (30), show that the function æ(s) defined by 


(37) | (8) =Z ÿm(s) 


satisfies (8”), where g(s) is defined by (26). It is clear from the properties 
of the function 4;,%2,° * * that x(s) and its first n— 1 derivatives have 
representations of the form (27), where the zw are uniformly almost periodic 
of type (2’) and (3). 


6. Consider finally the equation (4). Its solution æ = g! (s) (corre- 
sponding to the function s(t) of Section 1) has already been determined 
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(Section 4). Suppose that V functions 2 (s), -+,a%(s), where V = 1, 
have been determined such that 2*(s) is a solution of (4’) satisfying 


(38) oo at(s) =al) 

or, in case 224 SN, the equations 

(39) a(s) = s27 (s) + ax (s) 

and 

(40) d'ar/dst = 3 ‘shun ' l= 0,1,---,n—1, 


where the functions wm are uniformly almost periodic for o = 0 and of type 
(2’) and (3). The existence of an £N, in the case N — 1, has been proved 
in Section 4. In line with the assertions represented by (6), define the 
function #N*1(s), in caeen=N+1,by ` 


(41) N (s) = sa (s) + 2wa (8). 


(Actually, if n = 1, so that n = N. + 1 cannot hold, the proof of Theorem. I’ 
is already complete.) As is readily verified, in order : that alee, be a 
solution of (4’), tyi1(s) must satisfy the equation, 


n Ty 

(2) o ÄRE Barail) 

where | | 

g(s) = — 3 1F;(s) da /ds, 
1=1 Care 


Hence, properties (2) and (3) of the functions (1’), together with, the 
properties of the functions ¢*,- - -,a%, as given by (38), (39) and (40), 
imply that the present function g(s),. defined above, may be identified with 
that defined by (26), where M == N —1. The only conceivable trouble might 
arise from the term nd**2'/ds"+ of the last summation.. However, since 
n— 1 = N, it follows from (88)-(40) that this function alone is of type (26) 
as are also the remaining terms (hence the whole) of the summation. Thus, 
as was shown in Section 5, a possesses a solution CRIER where 


(43) d'£x/dst -3 Paule) 4 = 0, 1, Pot yt 1, 
h=0 ` 

and the functions Z}, are uniformly almost periodic. for e = 0 and of type 

(2°) and (3). It follows from (38), (41) and (48) that (38), (39) and (40) 


remain valid if N is replaced by N +1. It is clear that if the functions 
æt(s) are defined by (41) for k—2,8,: >, N (the function z+ being that 
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determined in Section 4), then one obtains n solutions æ1,: - -,æ* of (4’) 
possessing the structures (6°), (7) described in Theorem J’; cf. Section 2. 
That these n functions are independent is clear. In fact, if s is real, it is 
easily verified that «*(s)/s*?—>1 as s—>o. In particular, x1(s) is the only 
bounded solution of (4’). The assertions regarding the exponents of the 
functions 2,(s) of (7) are clear from the proof. | 


PART IL. 


7. Results analogous to those obtained in Part I holds in case the 
functions (1) are absolutely convergent Laplace integrals. In fact, the 
following theorems will be proved: | 


THEOREM II. On the real half line 0 St <, let each of the functions 
(1) be a Laplace integral of the type 


a 


(44) fut) = ff etuda,(u), (S12 tose SE 
1 
where 
(45) [a] = f | daz (u)| <<, k = 0,1,- "n=l, 
1 


and define fa(t) by (5). Then (4) possesses n linearly independent solutions 
s= z (t), : :,aæ"(t) which can be chosen so as to possess the recursive 
structure (6), where x1(t) = z(t) is defined by. 


(48) a(t) 1+ f eag (u), 
1 
the remaining functions a(t) have the structure 


r2 f 
(47) ær(t) nea af etd Bun, (u), k= 2,3, n 
=0 


1 


and the functions Bı, Bx, satisfy the relations 


(48) J lal<eal <o; 


finally, the spectra of the functions-B, and Bx, are contained in the closure 


o 
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of the set of those t-values representable as mti +’ + amim where 
M, Nis” "ln are positive integers and t'> -, im are points belonging to 
the spectra of the functions ao, a1,° * `, ana; cf. 141, p. 448. 


Similar results hold for the homogeneous sduation. (8) if g is of the 
same type as the functions, fx, k = 0, 1,- :,n—1. 

The proof of Theorem II proceeds along the same lines as that of 
Theorem I’, the multiplication of two uniformly almost periodic functions 
in the latter case being now replaced by the convolution of two Laplace 
integrals. The rôle played by the above mentioned multiplication, in being 
xesponsible for the successive increases by one of the lower bound for the 
exponents involved in the successive approximations, is now taken over by 
the “additive rule” for spectra in the case of convolutions; cf. [3], p. 385. 


8. Proof of Theorem TI. The existence of the function s*(t) will first 
be shown. It is easily verified that the function 


co 


(49) nt) = f eant), 


where y,(w) is defined by 
(50) (— wu) "dys (u) = — dao(u), 


satisfies, for 0% <œ, the differential equation 


(51) BYma/dt—=—Sfilt)d'ym/dt!, y(t) =1, 

in which m = 0, so that 

(52) d"y,/dt" = — fo (t), OStco. 
Suppose that y,,(¢), where m Æ 1, has been determined so that 


co 


(53) Yn(t) = f eMdym(u), 


1 


where the spectrum of ym(t) does not extend below m, and where (cf. (45)) 


(54) an f w | dym(u)| <o. 
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That (53) and (54) hold for m—1 follows from (49), (50), and aa 
By (51) and (54), 


n-i n-1 
3 fit) din / di — 3 f etd (ar * am) (U), 
=0 1=0 
1 


where 
dam(u) = (— u) "dym(%), l= 0, 1, : : -,n—I1, 


and the asterisk is the symbol of convolution. If y»..(#) is any function 
satisfying 


n-l 
(— u) "dy mes (u) =—d Za E Aims 
(so that, except for a normalization constant y,,.(1), any function ymn (u) 
is uniquely defined at its continuity points, only ym+ı (u — 0) and ymn (u + 0) 
being relevant; cf. [3], p. 384), it is seen that the function ÿ»(s) defined 


by (53), if m is replaced by m + 1, satisfies (51) for 0 St <œ and, since 
the spectrum of ym (u) does not extend below m + 1, that 


Sna = S w | dyma (U) | E n0B/(m +1), 


where C == max ( [ao], [a], * <, [an1]). (Use is made here of the con- 
volution inequalities [az * dm] S [ar] [äm]; cf. [4], p. 446.) Thus 

(55) ` 5m = O (a™/m!), m= 1,2, >, 
where a denotes some positive constant independent of m (cf. [4], p. 446). 


If Bi(u) is defined by 
(58) Ba(u) = à (2); 


it is clear that the spectrum of B:(#) has the properties described in Section 7, 
and that the function zt(t) defined by (46) is a non-trivial solution of (4) 
(in fact, æt(£) — 1 as é—>o). That 


o } 


6). f u | dBi(u)| <0, 


1 


follows from (55) and (56). Ift> 0, it is seen from (4) and (46) that 


f (—u)e dB, (u) -—3 f etalat par), 
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where Bi = (—u)tdB;, 1=0,1,---,n—1. Hence 
u-1 
(—u) "dB, (u) =— 3 d (ar * Bs!) 


and relations (45) and (57) imply, via (57) and the relation [a * B:!] 
S [a;][61"], the first inequality of (48). 

The remainder of the proof will hinge upon the following lemma, 
corresponding to Lemma 2 of Section 3: 


Lemma 3. On the half-line OS t<, let ho(t), h(t), + +, Aar(t) 
denote M +-1 Laplace integrals of the type 


i) 


h(t) = f et¥don(u), v>0,n—0,1---,M, 


y 
where »—=max([ool, [or],- + *,[ow])<c. Then the differential equation 
-M 
dx /di” = 3 th, (t), 0St<o, 
oo 
possesses, for 0 S t <oo, a solution such that 
M 
a'a/dt! = X tag, 1=0,1,---,n—1, 
ask k=0 ž 


and the functions Tr are such that 
Tr (t) — f edon(u), k= 0, 1, aaa | M and l = 0, 1, A eg n —1, 


a 
and 


Lau] = Cuur”, k—0,1,---,M and 1—0,1,---,n—1 
where Cx denotes a constant depending only on M. 


The proof of Lemma 3 is similar to that of Lemma 2 and can therefore 
be omitted. | 

The remainder of the proof of Theorem II will now be sketched. By 
use of Lemma 3 and a method similar to that used in Section 5, one shows 
that the inhomogeneous differential equation 


n M 
3 fn (t) de/d = 3 the 0<t<o, 
h=0 k=0 
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where the functions p(t) are Laplace integrals of the type (44) and (45), 
has a solution æ(#) such that 


M 
d'x/dtt = 2 ba 1=0,1,---,n—1, 


and the functions 24 are Laplace integrals of the type (44) and (45). The 
application of the above results in that portion of the proomo of Theorem II, 
corresponding to Section 6 for Theorem I’, is clear. 

That Theorem II can be generalized to the complex case by replacing 
the real variable t, 0 St <<, by s = o + it, where o 20 and —œ < t Ko, 
is seen from the remark of [4], p. 447. 
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GENERALIZATION OF A THEOREM OF MANDELBROJT.* 


By JAMES A. JENKINS. 


1. Some years ago S. Mandelbrojt [6] initiated the study of quasi- 
analytic classes of functions integrable over a finite interval. This work was 
continued and extended by Levin and Lifschitz [5] who considered the 
relationship between the admissible integral orders of zeros of such a func- 
tion and the gaps occurring in its Fourier series. Let f(t) be a function 
summable over the interval (— r,r) and have the associated Fourier series 


f(t)~ $a + > (an cos nt + bn sin nt). 


Let y(«) be a continuous, non-negative, non-decreasing function defined for 
OS aZ 2r. Then we say that f(¢) has a left-hand zero of integral order 
Ya) at t=r it 


s= OS (05a £ d). 


Alternatively one could consider right-hand zeros of this type or such zeros 
situated at other points. In terms of a function derived from y(a) and a 
function measuring the density of the indices of non-vanishing terms of the 
Fourier series, Levin and Lifschitz gave a condition implying that f(t) 
vanishes almost everywhere on the interval (—7,7).° I. I. Hirschman and 
the author gave a simple proof of a refinement of this result [2]. 

The question arises whether something of a similar nature can be done 
` for functions defined on the infinite interval (—o, œ) and it seems there 
is a rather natural connection with the general principle of Wiener that a 
function and its Fourier transform cannot both be too small at infinity. We 
may suppose that f(t) and (x) are in L? (—o, œw) and are transforms of 
one another in the sense of Plancherel’s Theorem. G. H. Hardy [1] and 
G. W. Morgan [7] proved results of this type where bounds were given for 
the modulus of each function for |t| and |s| large. Ingham [4] gave a 
related result, assuming that f vanished outside a finite interval and that an 
integral related to œ diverged. 


* Received January 13, 1951. 
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Recently I. I. Hirschman [8] proved a result of this type, giving a 
bound for the modulus of f as ?—>-+co and assuming a certain rate of diver- 
gence of an integral associated with ¢. This result is significant chiefly when 
f tends to zero very rapidly as t->oo and $ tends to zero rather slowly. 
Thus it appears that his result is most closely related to Ingham’s and indeed 
does not include the results of Hardy and Morgan in any form. 

The object of the present paper is to give a generalization of the pre- 
ceding results. First of all the bounds for the modulus are replaced by 
bounds on certain integrals. Secondly the rather special assumptions placed 
on ¢ by Hirschman are removed so that the result obtained includes the 
main part of the results of Hardy and Morgan and a more general result 
than Ingham’s in his special case. Indeed when f vanishes say for ¢ greater 
than a certain value our result reduces to one direction of the fundamental 
result of Paley and Wiener [8], p. 16. The principal method used, as in 
[2] and [8], is the principle of subordination for the logarithm of the modulus 
of an analytic function. 


2. THEOREM 1. Let f(t) and (2) be in L?(—oo, ©) and be trans- 
forms of each other in the sense of Plancherel’s Theorem, 1. e., 


(0) — (2r) | eedt, — f(t) — (Be) f erag (a) ae, 
. where equality is to be understood in the sense of the mean square limit. Let 
(1) U(r) =r f7 (1 -+at) log | 9(2)| de 


tend to —co'asr—>oo. Let there exist a function V (y), non-decreasing for 
y > 0 such that 


(2) Self at Oo) as yee. 
Then if | | 
(3) lim inf (V(r) +U(r))=—0, 


f and ¢ are both almost everywhere zero. 


We observe first that the condition (2) implies that 


P(2) = (21) [ea (=+ iy) 
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represents a function regular for y > 0. It is easily deduced that 
(4) lim | F( + ty) — ¢ (2) l2 = 0, 
y+ | 


where | g(x) ||. denotes the L? norm ( f | g(a) |?da)* of a function g(x) in 
L? (— 0, 0). Moreover, for y > 0 : 


ROLE felt ae f° oF] at 
s (f aiai [TO ans + oaro), 


Hence | F(z)| S Aytar, y < 1 and | F(z)| S Ae, y Z1 for an appro- 
priate constant À. 

Now let us consider a circle, centre the origin, of radius r>1. Let it 
eut off on the line y = «(0 < e < 1) a chord S(e). Above the chord lies an 
arc C(e) of the circle. Together S(e) and C(e) bound a domain D(e) which 
contains the point 2==+ and in which F (z) is bounded. (The bound may 
depend on «.) Hence we can use the principle of majorization : | 


Pr | 
log | FOIS f Kele dog | F(a i0)| de 
+ f Eel io | P(x + iy)| ds 


where K.(x,y) is the kernel giving the value of a harmonic function at the 
point z == 4 in terms of its values on the boundary of D (e). 


In the customary notation, we write 
log | F(x + ie) | — log’ | F(a + ie)! + log | F(a + e)|. 


As e— 0, logt | F(s + ie) | tends in the L? norm to log* | $(2)!, each of these 
clearly belonging to L?(—, œ). Thus the corresponding part of the integral 
over S(e) tends to a finite quantity which has a uniform bound for all r. 
Moreover by the principle of extension of domain, replacing the circular 
segment D(e) by a half plane bounded by y = e, we have 


flee | Pet ie)| Hele, ode 


s f oe | F(a +180 —0 (+ (1— 07) ds. 
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Using the same argument as is used to prove Fatou’s Theorem [9], p. 346, 
we find 


lim sup f log | F@+ id] — o (+ (1 — 0°) de 
. Sa fe) log | g(a) ae. 


On the other hand, for the integral over O (e) we regard the two bounds 
for | F(z)| according as y < 1 or y È 1 and obtain the majorant expression 


Soro! (A+ yT (4) )K.(2, y) ds — f 


(log y) Ke(x, y) ds. 
ce-cu (08 9) Kel, 9) ds 


Since V(y) is increasing we can, in the first integral, replace V(y) by V(r) 
and obtain a still larger result. The new expression then tends, as e— 0, to 
V(r) plus a constant independent of r. The second integral converges to a 
quantity readily seen to be o(r). Thus we have log | F(i)| S V(r) + U(r) 
+ O(1). Hence the condition (3) implies F(i) —0. If we did not have 
F(z) =0 there would be an integer m such that F(z) had a zero of exactly 
order m at z= tî. However the same argument applied to F(z) (¢—i)-™ 
— (z) would imply, since log | z— i| is uniformly bounded below on our 
contours as e—> 0, that (1) = 0. Hence F(z) =0 from which the conclu- 
sion of our theorem follows. 

We observe in addition that for ¢(x) to vanish over an interval or to 
behave otherwise so that the integral in (1) diverges to —oo when taken for 
finite r already implies that f and ¢ are both almost everywhere zero. 


3. In the paper cited, Hirschman applied his result to certain classes 
of quasi-analytic functions. In order to do this it was necessary to restrict 
consideration to those classes which contain the analytic class. We will now 
show that this restriction is susbtantially inessential. 

First we recall a few definitions concerning quasi-analytic functions. 
Let C{M,} dénote the class of functions g(t), defined and infinitely differ- 
entiable for —o< t << co and such that 


| 9™(t)| S AMM, (—o<i<o;n—=0,1,2,-::) 


with A, £ constants which may depend on g(t). The convex regularization 
{M,°} of the sequence {Ma} is given by 


T(r) = Max (r"/Ma), My? = Max (r/T(r)). 
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THEOREM 2. Let g(t) belong to the class C{M,} and satisfy 


fe] gate] dt oro), y >o, 
Viy) 


` with V (y) non-decreasing for y > 0. Let 


W(r, h) = (2/7) fia + 2?) log T (a/h) dx 
satisfy for some h > k 
(5) lim inf (V(r) — W(t, h)) =— o. 
Finally, let lim (Mne) ™” =œ. Then g(t) =0. 


Indeed, let f(t) = g (t) (sint)/t and let d(x) be the transform of f(t) 
in the sense of Parseval’s Theorem. Then Hirschman showed that, under 
the given hypotheses, for every k’ >k, T(| 2 |/k’)¢(«) is in L? (—o, œ). 
Let us denote this function by y(t) and take &’ to have the value h in (5) 
above. ` Now 


J C) 108 | 6(@)| de 

— fb DONS (| bya 
and we easily verify that f © (+2) log | y(a)| de < M, independently 
ofr. Thus 
S E A fa at) log T(| 2 |/h)de + M. 


Clearly f(t) satisfies the condition (2) in Theorem 1 and the assumption 
(5) of the present theorem implies condition (3) of Theorem 1. Hence 
both f(t) and g(t) are identically zero since continuous. 

We observe that in addition to the generalization indicated above we 
have replaced the assumption on the asymptotic behavior of g(t) used by 
Hirschman by an average assumption. 
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THE THEOREM OF RIEMANN-ROCH ON COMPACT ANALYTIC 
| SURFACES.* 


By KUNIHIKO Kopatra. 


The main purpose of the present paper is to prove the theorem of 
Riemann-Roch on compact complex analytic manifolds of complex dimension 
2 with Kählerian metrics by means of the theory of harmonic integrals. 
Suppose such a manifold Mt as given and denote for an arbitrary divisor D 
on Mè the space consisting of all meromorphic functions F on W which are 
multiples of — D by (D). The problem concerning the theorem of Riemann- 
Roch consists in expressing the dimension of the linear space %(D) in terms 
of the “characters” of D such as the topological intersection-number of D 
with itself, the virtual genus of D, etc? In this paper, we shall mainly 
consider the case that D is an arbitrary (reducible or irreducible) curve I. 
In Section 1, we shall first summarize the theory of harmonic currents due 
to G. de Rham è and several results of W. V. D. Hodge + concerning analytic 
manifolds with Kihlerian metrics; then we shall prove a theorem concerning 
the existence of analytic differentials with given singularities. In Section 2, 
we shall prove a theorem due to A. Weil and, by means of that theorem, 
introduce the notion of the characteristic divisor class {5} on T which 
corresponds to the characteristic series of Italian geometers. In Section 3, 
we first introduce the linear space f(T, ò) consisting of meromorphic func- 
tions on T associated with an arbitrarily fixed characteristic divisor be {b} 
and show that the singularities of any meromorphic function Me G(T) can 
be represented by a meromorphic function fef(T, b); secondly, using the 
existence theorem ‘in Section 1, we prove that, for every fe f(T, ò), there 
exists on M at least one additive meromorphic function which is a multiple ` 
of —T and has the singularities represented by f on T; thirdly, calculating 
the period of this additive meromorphic function, we find a necessary and 
sufficient condition for fe f(T, 5) in order that f should represent the singu- 
larities of a meromorphic function Fe %(T) and deduce an expression of 


* Received December 20, 1950. 

1 Kähler [13]. i 

2 Zariski [30], p. 66. 

3 de Rham and Kodaira [20], Part I. 
4 Hodge [12]. 
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the difference dim f(T, d) — dim (I) in terms of the simple differentials of 
the first kind on MM. Our method applied here is a natural generalization 
of that of H. Weyl.® The dimension of f(T, b) is given by the theorem of 
Riemann-Roch on reducible curves which will be proved in Section 4. 
Combining the result of Section 3 with that of Section 4, we shall prove, 
in the following Section 5, a formula expressing dim (T) in terms of the 
topological intersection number of T with itself, the virtual genus of T 
and two non-negative integers corresponding to the index of speciality 
appearing in the theorem of -Riemann-Roch on algebraic curves. This 
formula may be called the-theorem of Riemann-Roch on compact analytic 
surfaces with Kählerian metrics, since it contains the theorem of Riemann- 
Roch for irreducible linear systems on algebraic surfaces.® In the last part 
of this Section, we shall deduce a theorem of Castelnuovo’ concerning the 
superabundance of irreducible linear systems. In the following Section 6, 
we first prove a formula expressing the number of linearly independent double 
differentials on WM which are multiples of — T in terms of the virtual genus 
of T, the number of connected components of T and the number of simple 
Picard integrals of the first kind which are constant on each connected 
components of T, and then we deduce from that formula a theorem of F. 
Enriques ê concerning the deficiency of the series cut out on a generic curve 
of an arbitrary irreducible linear system by its adjoint system and a theorem 
of F. Severi® concerning the superabundance of the adjoint systems of 
irreducible linear systems. Applying our results to algebraic surfaces, we 
shall prove, in the final Section 7, several classical results of Italian geometers, 
e. g. a theorem of G. Castelnuovo +° concerning the deficiency of characteristic 
series. A strict algebraic proof of the theorem of Riemann-Roch for arbitrary 
divisors on algebraic surfaces was given recently by O. Goldman. In the 
last part of this Section, we shall show that the theorem of Riemann-Roch 
for arbitrary divisors on algebraic surfaces can be readily deduced from our 
results in the same manner as in the proof of O. Goldman. 

The author wishes to express his grateful thanks to A. Weil for sugges- 
tions and encouragement given during the period of preparation of this 
paper. In particular, Theorem 2.1 and the substance of its proof, the 


5 Weyl [27], pp. 108-125. 

5 See Zariski [30], pp. 66-69. 

7 Castelnuovo [4]; see also Zariski [30], p. 71. 

8 Enriques [8]; see also Zariski [30],pp. 64-66. 

® Severi [23]; cf. Zariski [30], p. 144. 

10 Castelnuovo [4]; see also Zariski [30], pp. 69-70. 
11 Goldman [9]. 
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substance of the proof of Theorem 3.2 and the notion of canonical cycles 
introduced in Section 5 are due to A. Weil. Again, the first part of Section 3 
and the first part of Section 5 were revised according to suggestions of A. Weil. 
The author’s best thanks are also due to O. Goldman and D. Gorenstein, who 
gave him the opportunity to study their manuscripts before publication at a 
‘very early stage of preparation of this paper. In addition to the method oi 
deduction of the theorem of Riemann-Roch on algebraic surfaces in Section 7, 
the author is indebted to O. Goldman in many details. 


1, Currents on Kählerian manifolds. Let M” be a compact analytic 
manifold of complex dimension n with a positive definite Kahlerian metric 1? 


ds? =? $ Japs (dz*dZF) , 
a,B=1 . 


where z == (21, 27,- - -,2%) denotes the local analytic. coordinates on W”. 
Such a manifold is called a Kählerian Hole Putting 


(1.1) g — ata à inte, . (a= 1,2, >>, n), 


we introduce real coordinates i, a?,: + +, 2°”; then ds? can be written as 


2n 
s? = 2 9n(dalda*), (Gin = Jri). 


Thus M?» is a 2n-dimensional Riemann manifold with a positive definite 
metric ds*. Moreover Dt?*.is orientable. We choose the orientation of Wm 
so that the system of local coordinates introduced in (1.1) is positive with 
respect to this orientation. By a p-form on Qt?" we shall mean an exterior 
differential form: ` 


p = G(x) = (1/p!) È Ex.) dæidat- - - dt 


of rank p with complex coefficients 1.1 defined in a domain D C M», 
æ is said to be of class O”, if each coefficient ;,., is a function of class 0” 
of zt,x%,---,2?" We denote by d® the exterior derivative of & and by 
* the adjoint form of ©; again the exterior product of two forms © and Y 
will be denoted by @-¥. The closure of the subset {x | ®(x)£ 0} will be 
called the carrier of & and be denoted by | |. 

Now we shall introduce the notion of currents.1? Let D C WM?» be an 
arbitrary fixed domain and {®} be the linear space consisting of all (2n — p)- 


12 We insert here a parenthesis to designate that the product of dz* and dz is 
ordinary product.” 
13 de Rham and Kodaira [20], Chap. IT; Schwartz [21]. 
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forms & of class C” with |®| CD. Then, a p-current in D is, by definition, 
a linear functional T[] defined on {©} which is continuous in the following 
sexise: For an arbitrary sequence {æ0), BD©,---, B™,-- -} of forms B™ e {H} 
such that all | B | are contained in one and the same compact subset RC D 
covered by a single system of local coordinates w',2*,---,2°", we have 
T[S™] — O(m —>co) if each partial derivative BO, 1/0x70x1 + + - dar con- 
verges uniformly to zero for m —>œ. We consider every continuous p-form ¥ 
defined in D as a current by identifying Y with the linear functional 


(1.2) ve] f ve; 


similarly, we consider every differentiable (2n — p)-chain T as a p-current 


defined by T[®] -=f &. Thus the notion of currents is a generalization 
T 


of both notions of differential forms and chains. We say that the p-current 
T vanishes at a point p e D and write T = 0 at p if there exists a neighborhood 
Up of p such that T[S] = 0 for all 6 with || CU. By the carrier | T | 
of T will be meant the set consisting of all points pe D such that T does 
not vanish at p. We get from (1.2) the identities 


dU[®] — (—1)?*h[de] and (#¥%)[®] = (—1)?¥[+4]. 


In view of these identities, we define the exterior derivative dT and the 
adjoint *T of an arbitrary p-current T by 

(3) a[@] = (—1)"T [de], (*P) [8] = (—1)T [+9]. 

Then we have ddT — 0 and **T == (—1)?7. In case T isa (2n— p)-chain 
T, dT coincides with the boundary BT of T up to the sign (—1)?*; 
av = (—1)*"8r. We introduce further the operators § and A defined 
respectively as § == — *d*, À — dè + 8d. Again, the exterior product T - Y ofa 
p-current T and a g-form Y of class C” is defined as (T - v)[®] —T[w- 8]. 
For an arbitrary p-current T and p-form & of class C° defined on the whole 
manifold WM”, we define the inner product of T and ® as (T,®) = (#, T) 
== T[*b]. In case T = Ÿ is a p-form of class O”, we have 


(4,0) — f vs f &-+Y; 
m m 


especially (%,&)> 0 if æ does not vanish identically, where & denotes the 
conjugate form (1/p!)>\ @,,..deida*- - -dx'. Again, we define the conjugate 
current 7 of T by the formula: T[] —T[®].. A p-current T is said to be 
regular at a point pe®, if T coincides with a p-form of class O” in some 
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neighborhood Uy of p; otherwise T is called singular at p. By the singular 
set of T will be meant the set of all singular points of T. The.singular set 
of T will be denoted by | T |s Obviously | T |, is a subset of the carrier | T |. 
In case T is defined in the whole manifold §?", the singular set | T |, of T 
is compact and, for an arbitrary open set UD |T |s we can find a p-form & 
of class C” such that | T—%| CU. Now, the inner product (8,7) of 
arbitrary p-currents, S, T in the whole manifold Mt?" can be defined, under 
the assumption that | S |, N | T |s is empty, as follows: Choosing p-forms ® 
and % of class O” so that | T —¥ | N | S— | is empty, we put 
(8; T) = (&, €) + (8, T—%) F (S—®,%). 

‘It can be easily verified that the value of (S,T) does ‘not depend on the 
choice of & and &. We have (48, T) = (8,87), (AS, T) = (8, AT) ; also 
(#8, T) = (—1)?(8, #2). kon 

By a harmonic p-form of the first kind on Yt" we shall mean a p-form e 
of class O” satisfying de — 0 and 8e — 0 everywhere on .Q?",. The number 
of linearly independent harmonic p-forms of the first kind 1* is equal to the 
p-Betti number b? of Mer. Let e,,e,;,: ::,e, (b= b) be linearly inde- 
pendent real harmonic p-forms of the first kind such that (ep ex) = dj. 
By the help of these forms we associate with each p-current T the harmonic 
p-form HT = 2 (T, ex)er, Which will be called the harmonic part of T. 


The operator H is self-adjoint in the sense that (HS,T) = (8, HT) for 
arbitrary 5, T. Again H satisfies *H = H+. 


THEOREM 1.1 (G. de Rham). There exists one (and only one) linear 
operator G mapping any p-current T (defined in the whole of W») into a 
p- -turrenti GT which has the following properties: 


` AGT ='GAT =T —HT, HGT =GHT =0. 


This operator G satisfies Gd = 4G, G8 — ôG; again G is self-adjoint in 
the sense that (GS, T) — (S, GT) for arbitrary 8, T such that | S |s N |T |s 
is empty. The operators Œ and H are real in the sense that GT — GP, 
HT = HT. 

THEOREM 1.2 (G. deRham). Let T be a p-current in a domum 


14 Hodge [12]. See also de Rham and Kodaira 1201, Part L de Rham and Bidal 
[19], de Rham [18], Kodaira [14], Chap. II. 

15 de Rham and Kodaira [20], pp. 63-66. 

1¢ de Rham and Kodaira [20], p. 61. This theorem is a generalization of H. Weyl’s 
fundamental lemma in his method of orthogonal projection in potential theory. See 
Weyl’ [28]; cf. also Kodaira [14], Chap. Til. . 
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DOM. If AT is regular at a point peD, then Tis also regular at p. 
Again, if dT and ST are both regular at p, then T is also regular at p. 


By virtue of this theorem, it follows from the identity AGT = T — HT 

that, if T is regular at p, then GT is also regular at p. Inserting T == AGT 
+ HT into (S, T), we get i 
(1. 4) (S, T) = (4S, GAT) + (88, GT) + (S, HT): 
This formula enables us to generalize the notion of inner product (8, T) 
to the case that | dS |s N | dT |s and | 89 |s N | ST |, are both empty. Let 
T, Z be arbitrary chains of dimensions p, 2n — p, respectively. Then (*T, Z) 
is defined by (1.4) if |ar| N |Z| and |dZ| N |T| are both empty; 
moreover, as was proved by G. de Rham,” (*r,Z) coincides with the 
topological intersection number I(T,Z) of T and Z: 


I(T, Z) = (T, Z). 
Especially if T and Z are both cycles, then 


I(T, Z) = (#0, HZ) = Í. HZ. 


An arbitrary p-current T can be represented as a formal differential form 
T = X (1/r s) E Tone p42% > + detrdzh- + + dzfs, 
T+8=p 
where the coefficients Ta.a.ge.ps, are distributions on the ‘space of local 


coordinates z',- --2* in the sense of L. Schwartz By means of this 
expression we define operators O and A as follows: 1? 


OT = D (1/ris!) (i) Tape. ge, 42 + + datrdzhi. - - dzbe, 
r+s=p : 

AT = X, (1/ris!)E(— 1) 19" Taa,...arBeBes...82,42% > - detrdgPs- - + ze, 
r+8=p-2 


where g** are the quantities defined by > 9%” gay» — 8%. OT is a p-current; 
‘ LA 


AT is a (p— 2)-current (in case p = 0 or p = 1 we have to put AT — 0). 
The operators C and A are commutative with A, G and H. Again we have 


(1. 5) COT = (—1)*T, 
(1. 6) CT[®] = (—1)T [08] 


17 de Rham and Kodaira [20], p. 71. 

18 Schwartz [21]. 

19 These two operators were introduced by W. V. D. Hodge. See Hodge [12], p. 171. 
The definition’of C and A employed here are due to A. Weil. Cf. Weil [24]. 

2° Hodge [12], pp. 165-168, Weil [24], p. 111, Eckmann and Guggenheimer [7]. 
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for an arbitrary p-current T; furthermore we have the important formula ** 
(1. 7) Ad — dA = C0. 


A p-current T of the type T = (1/rlé!) X Toase..pe da - + desrdäfr-- - dt 
is called a pure p-current ?? of type t. Obviously every p-current T can be 


decomposed uniquely into the sum T =Š PT of the pure p-currents PT 
t=0 


of types ¢ (t—0,1,:::,p). As was proved by B. Eckmann and H. 
_ Guggenheïmer,*# the “projection operators” P, thus defined satisfy 


(1. 8) AP; = PA, 

while we get readily 

(1.9) (7,8) = Š (PI, Pa), 
t=0 


where & is an arbitrary p-form of class 0”. As one readily infers from (1. 8) 

and (1.9), the complex normalized orthogonal bases E, H2,-- +, Hy of 

harmonic p-forms of the first kind can ba chosen so that each H; is a pure 
p-form. Consequently we yee 


(1. 10) | . HP, = P,H 
and therefore 
`(1. 11) GP, = P,G. 


A p-form = (1/p!)> Bad - dz% of type 0 is said to be 
holomorphic (or meromorphic) at p, if in some neighborhood of p the 
coefficients Pa, are holomorphic (or meromorphic) functions of zi, + gts 
. if ® is holomorphic (or meromorphic) at every point p of a subset © C W”, 
then we say that & is holomorphic (or meromorphic) on ¥. A meromorphic 
p-form ® is said to be regular at p if @ is holomorphic at p; otherwise ® is 
said to be singular at p. By a p-ple differential in a domain D C Mt?" we 
shall mean a meromorphic p-form & defined in D satisfying dë = 0 in D 
except for the singular points of ®. A p-ple differential is called a holo- 
morphic p-ple differential if it is a holomorphic p-form. Let & be an arbitrary 
holomorphic p-ple differential in D. Then since this æ satisfies Cb — Pe 
and Ad = 0, we get, using (1.7), 


+ 


Eb — iPOD = itO (Ad — dA)® = 0, in ©. 


#1 Weil [24], p. 111, Eckmann and Guggenheimer [7]. 
22 See Hodge [12], pp. 188-192, Eckmann and Guggenheimer [7]. 
#3 Eckmann and Guggenheimer [7]. 
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thus an arbitrary holomorphic differential ® satisfies 86 — 0. A holomorphic 
p-ple differential defined in the whole of WM?” is called a p-ple differential of 
- the first kind. The above result shows that every-p-ple differential of the 
first kind is a harmonic p-form of the first kind. 


THEOREM 1.3. Let T be a pure p-current of type 0 in a domain 
DCM". If T satisfies dT — 0 in D, then T is a holomorphic p-ple difer- 
ential in D. i 


` Proof. Since T satisfies CT = iT and AT == 0, we get 
ÔT == + 8CT = i20 (Ad — dA) T = 0, in D. 
Hence, by virtue of Theorem 1. 2, T is a p-form of class C”; however, since T 
is of type 0, T is represented as T = (1/p!) E -Daa.apd2%: > > de”. Now the 


relation dT = 0 implies that @®g,o,..4,/02—=0 (B =1,2,: >+, n), proving 
that each Sous, is a holomorphic function of 2%, 27,- - -,2", q. e. d. 


The integral F(z) = fie of an arbitrary holomorphic simple differential 
® defined in D is a many valued holomorphic function in D and ® coincides 
with its differential dP: & = dF. The integral fie of an arbitrary simple 
differential ® defined in the whole of Yt is called a simple Picard integral. 
The simple Picard integral f ® is said to be of the first kind if ® is a 
differential of the first kind. In case ® has any singularities, the simple 
Picard integral f ® is called of the second or the third kind T as 


it is locally single valued or it is not.** Let Ai, 4,,- - -, 4, be a base of . 
the space of all simple differentials of the first kind. Then A;, 4a: * :, Ao 
A1 Ån + `, Åq are linearly independent and constitute a base of ihe space 
of all harmonic 1-forms of the first kind. Thus the number g of linearly 
independent simple differentials of the first kind is equal to a half of the 
1-Betti number bt of WM»: g— 40. This number q will be called the 
irregulatity of the manifold Mt?". 


THEOREM 1.4. Let T be a pure (p + 1)-current of type 1 defined in 
the whole of St?" satisfying dT — 0 and HT — 0, p being a positive integer 
<n. Then the p-current © = (dAG + i8G)T is a pure p-current of type 0 
and satisfies d® iT; moreover © is a holomorphic p-ple differential in 


24 See Zariski [30], p. 119, 
26 Hodge [12], pp. 191-192; Weil [24], pp. 111-112. 
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Me —|T |. Let Q be an arbitrary p-current such that T = dQ. Then the 
integral of © over an arbitrary p-cycle Z C W — |T | is given by 


A 


(1. 12) f © =i(#2, Q) + (Imig). 


Proof. Since T is a pure (p + 1)-current of type 1, GT is also a pure 
(p + 1)-current of type 1, as (1.11) shows. Hence we get, using (1.7), 
SGT = i30GT = iC (Ad — dA) GT — — it0dAGT, 
and therefore | | 
: (1.18) ‘ @ = (14+ 7°C)daGT. | 
AGT is a pure (p —1)-current of type 0. Consequently we have 
dAGT = PdAGT + P.dAGT. 


Combined with (1.13), this yields immediately © = 2P,dAGT, proving that 
® is a pure p-current of type 0. On the other hand, we have 


dO = iGd3ST — iGAT = iT —iHT, 


proving that d®@ — iT. This implies that d® — 0 in M—|T |. Hence, by 
virtue of Theorem 1.3, © is a holomorphic differential in M— |T |. The 


integral f © = Z[@] can be evaluated as follows: We have 
Z[O] = iZ[8GdQ] = (— 1) (Z, *8GdQ) = i(d*Z, GdQ), 
while, by (1.4), (*Z, Q) — (d*Z, GdQ) + (*Z, HQ). Hence we obtain 
Ze] = (#7, Q) —i(*Z, HQ) = 1(*Z, 0) + (— 1)? "Q[ HZ], 
proving (1.12). í 
2. Characteristic divisors. Let Wt be a compact Kählerian manifold 
of complex dimension 2. By a curve T on Wt we shall mean a compact analytic 
curve in M, i. e. a compact analytic subvariety of W of complex dimension 1. 


it . 
As is well known, T is decomposed into the sum: T= XT, of a finite number 
poi 


of irreducible curves T,. Each T, is a holomorphic image of the non-singular 


model T, of Ty: Tt, —¢(W,). The direct sum wu} T, will be called 


pol 
the non-singular model of T. We denote points on T by p,qg,:° +, and 
points on Mt by p,q,---. The mapping g>q—¢(q) from KE onto T is 


one-to-one unless q is a singular point of T. For a singular point q, the 


y 4 
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inverse image $*(q) consists of a finite number of points and each point 
gep*(q) correspond one-to-one to an irreducible branch Tg of T passing 
through q. Let r, be a local uniformization variable on K° with the center p 
and z= (z',2°) be a system of local coordinates on % with the origin 
p= (p). Then the mapping g>q—¢(q) which maps the neighborhood 
Up of p onto the branch F, can be written as zt = p (Tp), 2? = dn" (Tp), 
where ¢,', $p? are holomorphic functions of rp defined in Up satisfying 
e (0) = p (0) —0. On the other hand, T is represented at each point 
pe by a minimal local equation Ry (2, 2°) = 0, where Ry(z2*, 2?) is a holo- 
morphic function of z', z? defined in a neighborhood 1, of p. In case 
p == $(p) is a simple point of T, we can choose 21, 2°, 7, so that Ry (21, 2°) = 21 
and that 2? == rp on Ty. In what follows we write, for simplicity’s sake, 
R,(z) for Ré(m (2). Again, in case it is not necessary to specify the center 
of the local uniformization variable rp, we write simply r for rp and ¢*% for 
pp (a = 1,2). 

Now we choose for each ye © a sufficiently small neighborhood U, of p 
so that the closure [$(U,)] of (Up) satisfies the following two conditions: 
i) [6(Up)]— $(p) contains no singular point of T (¢(p) may be a singular 
point of T) and ii) the local equation R,(z', 2?) — 0 of T is useful at every 
point q on [¢(U,)]. Consider two points p,q on W such that Up [) Ug is 
not empty. Then the ratio T(z) == Ryp(z)/Rq(z) is a non-vanishing holo- 
morphic function of z == (21, 2°) defined in some neighborhood of [¢(U,{1U,)]. 
Putting tyg(r) = Tpa( (7), ?(7)), we get, for each ordered pair {p,q} 
with Up [| U4 £ 0, a non-vanishing holomorphic function tpg = tpg(r) defined 
in Up Ua. Itis clear that these functions tpg satisfy the following relations: 


(2. 1) tpatap =], in Up N Uy 
(2. 2) tpatartro = 1, in Up Ua Un 


THEOREM 2.1 (A. Weil). We can find a system {hp|pe T} of mero- 
morphic functions hp defined respectively in Up such that 


(2. 3) hp/hq = tpa in Up qQ UG: 


Proof. It is sufficient to consider one irreducible component, say Wi, 
of E. T, is a compact Riemann surface; hence it can be decomposed into 
the sum of a finite number of 2-simplices so that W, becomes a finite simplicial 
complex À. We denote the vertices (0-simplices) of & by pi, Pot © +, Ph, 
the oriented 1-simplex with the vertices p; px (in order) by Sm and the 
oriented 2-simplex with the vertices pj, px, pı by Sim. The simplical decom- 
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position & of E, determines its dual cell decomposition $* of Wy. The 2-cell 
of ®* which is dual to p; will be denoted by #;. We assume that the simplicial 
decomposition À is cosen so that i) each Æ; is contained in one of Up say Up, 
and ii) each Æ; is covered by the domain of the local uniformization parameter 
7; With the center p; Now, choosing for each FE; a simply connected neighbor- 

-hood U; such that i) #;C U;'C Up, that ii) U; does not intersect with any 
simplex Sim not containing the vertex p; and that iii) each intersection 
U; N Ux is simply connected (if it is not empty), we put 


(2. 4) tin = tp yp in U; N Ug. 
Then we have 

(2. 5) dt; = To in U; N Ur 

(2. 6) . Értriby = LS in U; qQ Ur N Ur 


In order to prove our theorem, it is sufficient to show the existence of a system 
{h;} of meromorphic functions h; defined respectively in U; such that 
hj/hy = tj, in U; 1] Un; indeed, the desired system {hp} can be obtained 
from {h;} by putting hp = tpp,hy, in Up N Uj. 

Now, let us forget the definition (2.4) of tj, and consider an arbitrary 
system {t} of holomorphic functions t; defined respectively in some neigh- 
borhood of [U; N Ur] on W, satisfying the conditions (2.5) and (2.6). 
We shall say, for a moment, that two such systems {tz} and {t’j,} are equi- 
valent if t/t can be represented as ti/t'm = hj/hz, in U; [) Ur, by means 
of a system {h;} of meromorphic functions h; defined respectively in Uj. 
Then, it is sufficient for our purpose to show that {tx} is equivalent to {1}. 
Since U; N Ux is simply connected, the logarithmic function 


Pie = — pri = (1/2ai) log tm + Cjr 
is determined uniquely in U; () Us up to an arbitrary rational integer Cjr. 
Putting 
Cit = pjr + pri F Pih in U; N Ur N Uy 
we get, by virtue of (2.6), rational integers cu. These integers cj. depend 


on.the choice of c; but the sum 


J= © (sgn Spur) Cm 
1<kR<1 


of cm over all simplices Sj. is independent of the choice of cjm, where sgn Sy 
denotes the orientation of the simplex Sp This sum J will be called the 
characteristic index of the system {fx} and be denoted by J {tm}. 
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First, we consider the case that J — 0. In this case, we can choose cj; 
so that Cu —0. In fact, the relation J —0 implies that the 2-cocycle 


© © CxnSyu is the coboundary of a 1-cochain X c’xSx with integral co- 
1<k<1 i <k 


efficients C'i, so that we have cja = Cim + Cr + cy. Hence, replacing pje 
by p'in = pin — Cm We get pim + p'ri + puy — 0. Thus we may assume with- 
out loss of generality that 


(2.7) pie + pri + py = 0, in UN UN Ua 


Now, assuming (2.7), we shall prove that there exists a system {n;} of holo- 
morphic functions n; defined respectively in U; such that xj, = pje — nj + mx 
is constant in U;{| Ur. To do this, we first remark that X, can be con- 
sidered as a Kählerian manifold. For an arbitrary function (7,7) of 
class 0” on T, + being the local uniformization Variables on M, we denote 
(dp/dr) dr by dy and (0/67) dr by dy. Now, by virtue of (2.7), one can 
readily construct functions y,;(7,7) of class ©” defined respectively in U; 
so that ?5 


(2. 8) Wy (7,7) — ult, 7) = pie (7), in U; N Ur. 


Since pyx(r) is holomorphic, we have dy; = dy, in U; N Ur This shows 
that Q = åy; is a well determined 1-form of class C on Æ',; moreover, 
since dQ = (6°y;/dr7dr)drdz, dQ is a pure 2-form of type 1. Putting 
© = (idAG — 84) dQ, we get therefore a pure 1-form ® of class O” of type 0 
satisfying d® == — dQ, as Theorem 1. 4 shows. It follows from d(Q + ©) = 9 
that there exists in each U; a function &;(r,r) of’ clasy C® satisfying 


(2. 9) da; = Q + ©. 


Since Q or © is a pure 1-form of type 1 or 0, respectively, this yields d,a; = Q, 
proving that d, (y; — «;) — 0. Hence n; = y;— a is a holomorphic function 
in U; On the other hand, (2.9) shows that d(a — &x) =0. Hence 
ky = Qj; — a is a constant. Inserting y; = 7; + a; in (2.8), we get therefore 


` pie (7) = mr) — mer) + Kjt 


Putting e; = exp ris, tju = exp rikip, we have therefore tj = 63/6 tjr 
Thus the system {¢;,} is equivalent to the system {t°} consisting of the 
constants tx. 


Since kp + «a + ky = 0, the sum E «xx is a 1-cocycle on 8. This 
I<k 


26 Using the fact that each pjs is extended analytically on a neighborhood of the 
closure of Uj Ur, we can construct successively Ya, Wos» . . ,#,,...s0 that Yr = Yy + pry 
in Un U; for lsjsk—l. Cf. Weil [24], p. 113. 
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cocycle determines a character x of the 1-Betti group of ® over the ring of 
integers defined as follows: 


x(y) = exp 2mi( E yirksn) 
1<% 
for an arbitrary integral 1-cycle y= X, yS. Now, let f be a multiplicative 
i<k 


meromorphic function on I`, belonging to the character x(y). Then, denoting 
by f; an arbitrary branch of f in U; and putting 


fi/fe = exp Vide, (Ary = — Ain)» 
we get x(y) == exp 2ni( Z ymn). Hence À vir(Kie — Age) = 0 mod 1) for 
arbitrary 1-cycles y = $ yS; This shows that, considered as a 1-cocycle 
with complex odias modulus 1, 2 (jn — Ajx) Six is cohomologous to 


zero. Consequently there exists a system {x;} of constants x; such that 
ki == Aju + kj— xy (mod1). Putting hj = fi: exp rik; we get therefore 
ti, = hj/hx, in U; 1) Ur, proving that the system {t°,,} is equivalent to {1}. 
Hence the system {tx} is also equivalent to {1}. 

Now, we consider the general case that J 40. Let {fx} be the system 
defined as dyfr) == tin (7)7j//rx™*, Where r; is the local uniformization 
variable with the center p; and my is arbitrary rational integers. Then we get 


(2. 10) T(t jn} = J {ti} + A Mij, 
In fact, by the transformation tj, —> ir pie is transformed to 
- pie (7) = p(T) + (1/2at) {mj loge T; — mx log; rx} > 
where log, r; denotes a branch of log r; in U;{) Uy. Hence we get 
Tit jx} = f {tj} + (1/2art) > m; 2 sen Sja: {logy T; — logi ri}, 


yielding immediately (2. 10). By a suitable choice of the integers mj, we get 
therefore a system {t’j,} with J {tj} = 0 which is equivalent to {t}. Thus 
our problem is reduced to the special case that J == 0, q. e. d. 

The system {hp} introduced in the above Theorem 2.1 is not determined 
uniquely. Firstly, it depends on the choice of the system of minimal local 
equations {Rp = 0}. Let {Rp = 0} be another system of minimal local 
equations. Then 


My (#, 2) = f (2, 2) /By (2, z?) 


is a non-vanishing holomorphic function in a neighborhood Uy of, p, and the 
meromorphic functions h’, defined by 
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(2. 11) h'p (rt) = Meim ($*(7), #°(r)) ` ho(r) 


constitute a system {h’,} satisfying (2.3) with respect to {Rp}. Thus, the 
system {hy} can be considered as a “ quantity” which is represented by the 
“ coordinates” hp with respect to the given “ reference frame” {Ry} and the 
“ coordinates” h’, corresponding to any other reference frame {R’y} is linked to 
hp by the transformation (2.11) associated with the transition {Ry}—>{R’y}." 
Secondly, multiplying each hp by an arbitrary fixed meromorphic function f 
on T, we get another system {h’p|h’p = fho} satisfying (2.3) with respect to 
the same frame {Rp}. Conversely, for arbitrary two systems {hp} and {Wp} 
satisfying (2.3) with respect the same frame {Rp}, we have h’p/Rp = h’g/ha, 
in U, N Uy proving that f —h’,/h» is a well determined meromorphic func- 
tion on I. Thus, for fired {Ry}, the system {hp} satisfying (2.8) is unique 
up to the multiplication by an arbitrary meromorphic function f on T. 
For an arbitrary meromorphic function 


f (tp) = Tg” (do + Arto + azr? + °° +), (Go >£ 0) 


defined in Up, we denote by V,(f) the exponent m appearing in the above 
expansion of f: Vp(f) =m. The functional V, thus defined is called the 
valuation with the center p. In case f is a meromorphic function defined on 
the whole of I, the divisor (f) of f can be written as 


(f) — 2 Pr) P 


Corresponding to this, we define the divisor ò of an arbitrary system {hy} 
, satisfying (2.3) as 


d= 2 Vp (hp) ` P. 
P 


As (2.11) shows, b is independent of the choice of the reference frame {Rp}. 
By a characteristic divisor of T we shall mean the divisor b of the system 
{hp} introduced in Theorem 2.1. Let d’ be the divisor of {Wp} = {fhp}; 
then we have D — ò = (f). Thus, the divisor class {0} of d on W is deter- 
mined uniquely by T and does not depend on the choice of the systems {hp} 
and {Ry}. The divisor class {b} will be called the characteristic divisor 
class ”® of T. $ 


The condition (2.3) can be written as 
(2. 12) Rp(r)/ha(r) = (Bo(2)/Ba(2) Jaxon 


27 See Weyl [29], pp. 13-23. 
28 The characteristic divisor class corresponds to the characteristic series of Italian 
geometers. See Remark 2 at the end of this Section. 
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Denoting 0R,/02 by 8R,, we have therefore 
(2.18) Rp (r))/hy (7) = daRa(b(r))/halr); in Up Uae , 


THEOREM 2.2. The degree of the characteristic divisor } of T is equal 
to the topological intersection number I(T,T) of the cycle T with itself: 
deg ò =I (T, T). ` 

Proof. Let Up be a sufficiently small spherical neighborhood of a point 
peT such that the local equation Fy (27, 2?) = 0 is useful in the whole of Uy; 
-again, let T C Up be a 2-chain of class C? whose boundary BT does not meet 


with IT. Then, as one readily infers, the intersection number J(T,T) is 
given by 


(2.14) I(T,T) = (1/2ni) J doe Bo (2 2). 
Now, let 


À Mu A 
D = > Mrpr— D Mmrpe = D Vo(hp)p 
kel k=\+1 ? 


be the characteristic divisor determined by a system {h,} satisfying (2.3), 
where mx are positive integers. We choose {hp} so that no Pr = D(px) 
(4 =1,2,--+,A,°+-+,A+ 4) is a singular point of I. Again, we denote 
by {Pran Paria’ * o Pray} the set of all singular points of I. We choose 
for each px (k—1,2,: : -,A + u +) two sufficiently small neighborhoods 
Ur, Wr such that pre Wr C Uy and that W, is sufficiently small compared 
with U,. Again, for each px (4&—=1,2,:--+,A), we choose & > 0 so that 
the neighborhood 


Ur = {r| | ho (e)| < ex} 


of py satisfies Up D [p (Uy) ] (remember that hp,(r) vanishes at pp}. Now, 
consider the covariant vector field v{q) = (v"(q),v?(q)), qeT, defined as 
follows : i 


v*(q) — g (a) plea (4) ` Tim (9) /e, 

for qe p(Ux) (k—1,2,: A) 
ve(q) =0, for q—= Pe (k= tatl Atat), 
(a) =Z g(a): deR,(q)/he(q), otherwise, 


(2.15) 


where g—#1(q). v(q) is a continuous vector field, as one readily infers 
by means of (2.13) (remember that U4 is defined so that fn, = er? on 
the boundary of U). We choose 8 > 0 sufficiently small and construct a 
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continuously differentiable vector field u(p) defined on the whole of Mt so 
that Nq[w(q) —v(q)] < 8, for all qer, where Nafu] denotes the norm 
À gage(q)uru® of the vector u. v(q) does not vanish except for q= Py 
(k=1,2,---,A+ 4+). Hence, for sufficiently small § > 0, u(q) does 
not vanish for qe T — W, — W2: + -— Whi». Now, consider the differential 
equation dz*(p)/dt == u%(p), (20), 2*(p) being the local coordinates of 
the variable point pe M, and, for each qeT, denote by qs the solution of this 
equation satisfying the initial condition: qo =q. ‘Then, for fixed t, the 
mapping q — ù is a continuous mapping and the image I; of the cycle T by 
this mapping q—>q: is homotopic to T. Hence we have I(T, T) =I (T, r). 
For sufficiently small t > 0, T; does not intersect with T outside of W, U W, 
U- -+ U Was Hence, in order to find the value of I(T, T+), it is sufficient 
to compute the intersection number J,(T,T;) of Tr and Iy in each Uy, 
b=1,2,---,Atpty For kSA+ 4, T consists in Ug of only one 
branch r® (= T), while, for k > À + m T consists in Uy, of a finite number 
of branches T®, r®,- : + corresponding to points py, pal), : + <, e p (pr). 
Obviously we have Tr; = ST; in U, and therefore 
r 


LOT) => LT, rO). 
Fr 


Let G;, be the (spherical) boundary of Us. Then the intersection Z; == ©, 1,0) 
of ©; with ©, is a 1-cycle bounding the closure [Uy -T,] of the intersection 
WT. Hence, using (2.14), we get 


LT, Tu) = (1/2i) f, dlog R(2), 
where R(z) = Ry,(z). Let q: eZ: be an arbitrary point on Zs Then we have 
“28 (qe) = 27 (0) +t- ue (a) + 0(8); (a= ET) 
and therefore 
Ra) =+ E B (0) u (a) + 0(t) = tX daB (0) - v*(q) + t 0(t), 


where R(q:) = R (z(q:)) and x is a constant not depending on q. Inserting 
(2.15) for v*(q), we get 


7 t-N(q)hp(q) /ex® + «t8 + o (t); Sks), 
LE &N(a)/h9(g) + «t8 + o(t), (k >A), 
where N (q) = E g" (q)@aR(q)dgh(q), q= p> (q) and p= pr or p” 


according as k& A+ pa or k>A+ p Obviously N (q) = const. > 0 uni- 
formly for qye Z; Choosing ¿> 0 and 8 > sufficiently small, we get therefore 
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(1/2ni) f dlog B(a) = (1/2ri) f dlog ha(g) = (1/2ri) f dlog o(a) 
m (1SkS)), 
= Vp(hp) =2—m (A<bSA+4z4), 
0 A+te<kSataty). 
` Consequently we obtain 


À A+B 
ITT) => SILT) = 5 mr — Tm, 
k r | k=1 ktl 


proving that I(T, T) — deg b, q. e. d. / 

Remark 1. In terms of the theory of fibre spaces,”® the relations between 
the system {hp}, the characteristic divisor ò and the characteristic index J 
can be expressed as follows: Consider the system {U, X €|qe T} of the direct 
products U X-€ of U, and the projective line € and identify p X £ in 
U, X © with p X G in U, X © if t/t = te (p). Then we get from {U, X ©} 
a compact analytic manifold F consisting of all points P= p X & which is 
obviously a fibre bundle over the base space W. We have the natural mapping 
wiP=pXby>p=—7(P) of F onto E which is called the projection. 
Obviously # is determined uniquely by the system {Ry}. Now, let F’ be the 
fibre bundle determined by another system {Rp}. Then the mapping 


P=pXQoP=px lo La = ba [R'a/ Rale=t tp) 


is a biregular mapping of F onto F’ satisfying r(P’) ==a(P). Thus F 
and #’ have the same analytic structure relative to W. The analytic structure 
of the fibre bundle F relative. to T is therefore determined uniquely by the 
imbedding ¢ of E into M. A cross-section ® of F is, by definition, a curve C 
on # such that m induces on C a biregular transformation of C onto E. 
The subsets Co = {p X0|peW} and Ce = {p X«|peW} are obviously 
cross-sections of #. Now it can be easily verfied that St ‘any system {hq} satis- 
fying (2.3) corresponds one-to-one to the cross-section O = {p X hq(p)|pe T} 
which differs from Co or Cy. By means of this cross-section O, the charac- 
teristic divisor ù= X, Vo(ha) `q is represented as D —m(C C5 — 0: Oo), 
q 


where C- Co, CCo denote the intersection products. The divisor class {5} 
2 Cf, Weil [25], Cartan [3]. For the general theory of fibre spaces, see Chern [5]. 


30 Weil [25]. 
# Weil [25]. 
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of D is an invariant of the analytic structure of the fibre bundle F relative 
to T and, conversely, the analytic structure of F relative to T is determined 
uniquely by {d}.%? From the topological view point, the characteristic index 
J is the only invariant of the fibre bundle F. It follows from our construction 
of the system {hp} that this invariant J is represented as J = deg à. 
Remark 2. In case there exists on Nt a meromorphic function F which 
has each component of T as a polar curve of multiplicity 1 (this is the case 
if Mt is an algebraic surface), the system {hp} is obtained simply by putting 
hy(r) = RpF(pp(r)), so that various things concerning {hp} become some- 
what simpler. For example, the characteristic divisor can be defined as the 
intersection product d = D-T of T and D = (F) +T, where (F) denotes the 
divisor of F; again, since I(T, Tr) —7(D,T), the relation deg ò —J(T,T) 
follows immediately from d—D:T. The relation d — D-T indicates that 
D is a member of the characteristic series * on T if à is a positive divisor. 
The system {hp} is in a certain sense only a substitute for such a function F. 


3. An existence theorem. By a divisor on WM we shall mean a 2-cycle 
D= X% mT, with integral coefficients m, consisting of a finite number of 
irreducible curves Ty. Each T, associated with m, =4 0 is called a component 
of D. The set of all divisors on Mt constitutes an additive group. Every 
meromorphic function F on Wè which is not identically zero determines its 
divisor D in the well known manner (if such a function ever exists). The 
divisor of F will be denoted by (F). We shall say that the divisor D’ is 
linearly equivalent to D and write D’ = D, if there exists on WM a mero- 
morphic function F such that D’—D=(F). Obviously the linear equi- 
valence thus defined is an equivalence relation and therefore the set of all 
divisors on Mt can be decomposed into mutually disjoint equivalence classes. 
Each equivalence class will be called a divisor class; the divisor class con- 
taining D will be denoted by {D}. We shall say that D = X, m,T, is positive 
and write D > 0, if all coefficients m, are = 0 and D540. A meromorphic 
function F on Mt will be called a multiple of D if (7) —D=0 or F is 
identically zero. The set of all meromorphic functions which are multiples 
of — D will be denoted by 6D): 


&(D) = {P| (F) + D2 0}. 
S(D) is a linear space over the field of all complex numbers. By the 


dimension of the divisor class {D} we shall mean the dimension of the linear 


32 Weil [25]. 
33 Cf. Zatiski [30], p. 26. 
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space §(D). This definition is legitimate, since the dimension of (D) is 
determined uniquely by the divisor class {D} of D. The dimension of {D} 
will be denoted by dim {D}, i.e. we put dim {D} = dim#(D). Clearly an 


B 
arbitrary curve T= $ Ir, mentioned in Section 2 can be considered as a 
pel, 


divisor. Our main purpose is to estimate the dimension of the divisor class 
{T} of an arbitrary curve T. | 

Let T, Ry, pr, hp, etc. have the same meaning as in Section 2. First 
we shall show that the meromorphic function 1/Ry can be considered as a 
0-current defined in Up, where Up is a sufficiently small neighborhood of p. 
For this purpose, we take an arbitrary 4-form ® of class C° with | æ | C Uy 
and consider the integral f(1/R,) -&. In case p is a simple point of T, the 
integral { (1/Rp) -® converges absolutely; then we put 


Gi a (1/Bp) [8] = f (1/Rp) ` &. 


In case p is a singular point of T, we define the “ principal value” (1/Ry) [8] 
of the (divergent) integral f(1/Ry) -® as follows: Choosing the system of 
local coordinates (w, 2) with the origin p (we write w, z instead of 21,2) so 
that Ry(w,0) does not vanish identically, we put 


(3.1) (1/Ry)(@] =m fi (1/8) 2. 


The existence of the limit in the right hand side of (3.1) is proved as 
follows: ¢7(p) consists of a finite number of points P1, p2,° - *, pı corre- 
sponding to the irreducible branches T4, Le, * - +, T: of T passing through p. 
Corresponding to this, Ry(w, 2) is decomposed into a product 


(3.2) Bp(w, 2) = M(w, z)Ri(w, 2)Ro(w, 2) < + + Rw, 2), (M(0, 0) 4 0) 


of the “unit” M and the irreducible distinguished polynomials ** R, (w, 2), 
-++,8i(w,z) in w representing respectively the irreducible branches 
Tao’ t, Ii; each R,(w,2) is written therefore as 


E,(w, 2) = we + Ba (z)wmst aaa Bam, (2), 
where B,,(z) are holomorphic functions of z satisfying B,,(0) —0. For our 


present purpose we may assume that M (w, z) = 1, since the integral in the 
right hand side of (3.1) can be rewritten as 


ICE y= Me, 
lļ>e s 


31 See Behnke and Thullen [1], p. 57, Bochner and Martin [2], Chap. IX. 
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Under these assumptions, we can find such a parametric representation of 
each T, that 


w == Pe (Ts) = T"! (Aso + digits +` = 3) (as £ 0, k= 1), 
2 = r, 
so that Ry(w, z) is decomposed as 
Ms~1 
(8.3) Ry(w, 2) =I IT [w — Be (trs) ], (és = exp (?ri/ms)). 
& 
This yields immediately ` 
(8.4) 1/Bp(w, 2) = SS po (ire) [w — Be (ttr) J5, 
where A 
ps (Ts) = 1/0, (Ps (Ts), ra), (0,Ry = ORy/dw). 
Now, putting 
(3.5) (0,2) = f Darase (V + w, 2) wdwdin 
and es = "s, we get, using (3.4), 
J A/Rp) -e 
lz| >e 


= >> A ps (Ears) Y (Be (ETs), Ts") | Ts [Pme-2msdrsdrs 


8 k Its] > 
=F fi Pele) W(BaCre)s 7) | ro [mem ddr, 

s Ts| D> Es j 
since 
S Erros (w, rate) [w — Be (re) ]tdwdw = SEn (w + Bs (Ts), 75") wtdwdw. 
As the integral in (3.5) converges absolutely, #(v, z) is a function of class 
C™ of v, T, z, Z Consequently y (Ps(Ts), rs”) is a function of class C” of Tas 
7, and therefore the limit 


lim Ps (rs) y (Bs (rs) ? Ta”) | Ts | ams? 7 dts 
€ 


e0 Is > 


does exist; indeed this limit represents the Cauchy principal value of the 
(possibly ‘divergent) integral 


f ps (Bs, 7") | Ts |?ms-2d7.dr5. 
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Thus we infer the existence of the limit in the right-hand side of (3.1); 
moreover it follows from the above result that the limit is given by 


(3.6)  (1/p) [$] = Z lim ie pal (Bey rs) | re [22m Pdridts. 
s €>4+0  |rs[ >€ 


By using (3.5) and (3.6), it can be easily verified that the linear functional 
(1/Ry)[®] defined by (3.1) satisfies the continuity condition for currents. 
Indeed, it follows from (3.5) that 


| 0ny/0vt00 02%02 | S c max | 0D...,../0w 00260 |, 


c being a constant which is independent of &. Consequently, if {6} is a 

sequence of 4-forms of class O° with’ | 30 | C Up such that each partial 

derivative 0"°6,,+29+/dw"dw'dz'9z) converges uniformly to zero for m->0, 

we get, by (3.6), lim (1/Ry)[®™] —0. Hence, identifying 1/2, with the 
MO 


linear functional (1/Ry)[®], we can consider 1/Ry as a 0-current defined in Up. 
As will be proved below, the 0-current 1/Ry thus. defined is independent of 
the choice of the system of local coordinates (w,z) appearing in the definition 
(8.1). 

Putting Qp = (1/4ri) (1 + 1C)d(1/Ry), we introduce the 1-current Oy 
in Uy. Since d(1/R,) is holomorphic in U, —T, we have | QO, | CT. Again 
Dy satisfies COy = — iQp, showing that Qp is a pure 1-current of type 1. 
Let N, be an arbitrary holomorphic function in Uy. Then the meromorphic 
function V,/Ry is considered as a 0-current, since it can be interpreted as a 
product of the 0-current 1/Ry and the 0-form Ny. We have 


d(Ny/Ry) = (1/Ry) AN, + Ny: d(1/By), 
while the holomorphic 1-form dNy satisfies (1 -+ iC)dNy = 0. Hence we get 
(3.7) fe (14 10) d(Ny/By) = 421 Dy > Ny. 
Similarly, for an arbitrary holomorphic double differential By — By.,dz*dz? 
in Up, the double differential B,/Ry is considered as a 2-current in Up. We 
have d(By/Ry) = d (1/Ep) + By, while, since B,/Ry is a pure 2-current of 
type 0, d(B,/Ry) is a pure 3-current of type 1. Hence we get 
+ 2d(By/Ry) = (1 —10)d(By/R5) = (1 —1C) {d(1/Ry) - By} 

— {(1 + iC)d(1/Rp)} : By = 4xiDy * Bp, 

proving that 


(3. 8) ' d(B,/Ep) = Qari Dy A By. 
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Our next task is to find an explicit expression of the 1-current ©}. 
Since R,(ppt(r), pr°(r)) vanishes identically, we have 


Rp (pp) ` do + 0:Rp(bp) ` dp = 0, 
where ĝa == 0/02" (a — 1,2) and p= ($r, op”). Consequently, putting 


Op = Ohp"/0: Rp (hp) = — 09 /02Rp( Dr); 


we can define a differential op defined in a neighborhood U, C E of p. In 
case p—(p) is a simple point of T, op is a holomorphic differential. 


THEOREM 3.1. For an arbitrary 3-form © of class C” with | ¥ | C Up, 
we have 
(3. 9) O[Y]= > lim È Taage (br) ondey®, 
pp e107 Irol >e B 


where > denotes the sum extended over all points pe ¢*(p). 
d(n)=p 


The proof of this theorem will be given below. Using (3.8), we get 
from (3.9) immediately the following 


COROLLARY. Let By = B,.(z)dz'dz* be a holomorphic double differential 
in Uy. Then, for an arbitrary 1-form X of class O” with | X | C Up, we have 


(3.10)  d(By/Ry)[X] — ni 3 lim Bi($»)09° Z, 
dp)=p e->+0 [72] > € 


where the symbol X in the integral sign stands for the differential 
= {Xp (po) dbp? + Zp (br) dhf} 
on Tp induced by X. 


It is to be noted here that the expressions (3.9), (3.10) are independent 
of the choice of local uniformization parameters rp, since the limits of the 
integrals in the right-hand sides of (3.9), (3.10) represent the Cauchy 
principal values of the integrals. For an arbitrary meromorphic differential 


é, defined in Up, we denote by Res,[£] the residue (1/2z7) $ é of é at p, 
P 


where $ denotes the integral extended over a sufficiently small circle 
P? 
| 7 | = with the center p. Then we have 


THEOREM 3.2. For an arbitrary holomorphic double diferential 
By = Bı (2) dede, we have 


(3. 11) > Resp[Biz(¢p) op] = 0. 
p= 
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In order to prove the above two Theorems, we first verify the formula 
(3.9) for an arbitrary simple point p of I. Put, for simplicity’s sake, 
R = Ry. Then at least one of the first partial derivatives of R, say ôP, 
does not vanish at p. Using (1.3) and (1.6), we get 


trip [Y] = (1 + iC) d(1/R) [+] 
——(1/R) [4 (1 — iC) ¥] =— f (1/R)d(1 —i0)¥, 
while, since d(1/R) : (1—iC)Y vanishes identically in Up — T, we have 
(1/R) -d(1— iC) = d{(1/R)(1— 1) }, in Wy —T. 
Consequently we get 
4riDy [Y] = —lim Sid (1—iC)¥} — lim [ur (1— iC) 
lim S p (IR/B) (an (AR /UB) ane) (1/08) dat? 


= f (Yie — E/B Vine} (1/0,R) ddr. 


Inserting Z° = )"(7,) in this expression, we obtain 
DE — f, E Paas (be) onde? 


thus (3.9) is proved for the simple point p of T, ‘so that (3.10) is also 
proved for the simple point p. 

To prove the formula (3.11), it is sufficient to consider the case that p 
is a singular point of T. Let x= x(z) be a function of class C® with 
| x| C Up such that x(2) == 1 in a sufficiently small neighborhood Bp CU, 
of p. Then we have | 44 | CU, —hp, while T has no singular point in 
Yp— p. Hence, using the formula (3.10) proved already for any simple 
point, we get 


(By/Ry) [ax] — F Bri f Bia($o)ordx te). 


Now, Biz(¢p)op is a holomorphic differential on U,-—# and y(¢p) —1 in 
the small neighborhood Up (1) ¢p7(Bp) of p. Hence we get 


J Betér)ond te) =— f° d(Bral4n)one($o)) 


= $ E T A 
P? 
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and consequently 7 | \ 
ri È Pii [Biz (¢p) on] = —(Bp/Rp) [ddx] = 0, 
p}= 


proving (3.11). 
Now, using (3.11), we shall prove (8.9) for an arbitrary singular 
point p of T. For this purpose, we first prove the following 


Lemma 3.1, Let {&|pe¢*(p)} be a system of the differentials é 
defined respectively on the irreducible branches Tp, ped *(p), such that 


= Res,[B (n°, bn”) Ep] = 0 
d(p)=p 


for every holomorphic function B(#, 2) defined in Up, p being a singular 
point of T. Then, for an arbitrary function y (2,2) of class O° defined in 
Up, we have 


lim Y (dp, bp”) Ép = 0. 


x 
PJP e0 A ralz 


Proof. Let n be a positive integer such that Tp”Ép is holomorphie for 
each peg*(p). The function y(z4, 2?) can be represented in Up as 


(2, 2) = P (7,2, 2, #) + O(|2 |), 


where P (z7, 2%, 2, 2°) is a polynomial in 21,2, Zt, Z? of degree <n-—1 and 
|2 |= (|2|?+ | 2?|?)% Hence we have 


lm f y-&=lim [P(e dut, dy due) é 
6-40  Irpl=e e>+0 7 [rpl=e $ 
while it is clear that 


lim dr — 0, for m=1,2,---, k= 0, +1, +2, 


E->+0 a |rpl=e 


Putting P(z*, 2°) = P (21, 2?, 0, 0), we get therefore 


X imf y= imf Pig) h 
P(p)=p e->+0 e/ |rp|=e O(p)=p e0 Y |Tp]=E 
= À Rai Resp[P ($7, p°) #9] = 0, 
ġ(p)=p 
q. e. d. : 
Now, supposing that Ry(w,z) is represented as (3. 3), we put 


gs ad $p = Ps (rs); ps = dp,” = TS, Fg = Op, = Ps (Ts) msr” dre, 
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where pa(rs) = 1/0,Ry(¢s). Then, putting R= Ry, we get 


Ari [ET = —(1/R)[d(1—i0)w] = — lim f a/R) (io) wy ` 


——lim lim d{ (1/B) (1 —iC) ¥} 


e940 6-940 «/ |e] > 6, |B] >5 
= — lim lim { (1/R)(1 — i0) + (1/R)(1 — iC)¥}, 
E940 8-940 lzl=e, |R] >ô lz > & |R]=3 
while, as was already proved, we have 


lim (1/B) (110) Y = dai X S S vap (be) oadde?, 


6-940 Y |z| >e, [R[=8 Ts| >€: B 


where es = e/™, Hence putting y (e) = f (1/2) (1 —10)¥, 
. lel=e 


Oy[W] = (1/4ri) lim (e) + Z lim 2 Vrope (bs)osdPP. 


e-»+0 Y |rsl>e 


Consequently, it is sufficient for our purposes to show that lim m(e) = 0. 
E->+0 


Since dzdz = 0 on the cylindrical hypersurface | z | = e, we have 


n(e) -Í | (L/R)RYaue (w, 2) dzdwdw. 
z|=€ 
Putting y(v, 2) = [Ras (w + v,2)wtdwdw, we get, in the same way as 
in the proof of (3.6), n(e) = S35 LBs), rs") ps (Lars Jro" idre 
8 k T3|=€s 


=> (Pers), 73) os, showing that 


8 |rs|=€e 
lim y(e) == lim Y (pa, ps°)os. 
€-9+0 8 6-340 ef [rs]=€ 
y(v, 2) is obviously a function of class C°. Hence, by virtue of Lemma 8.1, 
we infer from (8.11) that lim y(e)=0. Thus the formula (3.9) is 
€->+0 


completely proved. 

Now, we shall show that the O-current 1/Ry is determined uniquely in 
the sense that it is indepedent of the choice of the local coordinates w, z 
appearing in the definition (3.1). This is obvious if p is a simple point of T. 
In case p is a singular point, 1/R, is therefore determined uniquely in 
Up—p, showing that Oy is also determined uniquely in Up—p. Let 
x=x(z) be an arbitrary function of class C® with |x| C Up— p, then 
‘we have, by (3. 9), 

W= Xf x (Go) Pas (o) ood. 


o(p)=p 
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Combined with the uniqueness of Qy in Up — p, this shows that, in Up — p, 
the 2-form $, Yise(hr)ondpyP is independent of the choice of the local 
8 


coordinates w, z, while (3.9) proves that OQp[¥] is determined uniquely by 
the behaviors of D Visge (dp) opddp? in Ur — p, pedt(p). Hence we infer 
B / 


that the 1-current Oy is determined uniquely and is independent of the choice 
of local coordinates w,z. The 0-current 1/Ry is connected with Op by the 
relation (1 -+ iC)d(1/Ry) = 4miQy. In order to deduce the uniqueness of 
1/R, from the uniqueness of Oy, it is sufficient therefore to show that there 
exists in Up only one 0-current T satisfying the conditions 


(1 + 10) AT = 4riQy, T—1/Ryp—0, in UT. 


Let T, T” be any two 0-currents satisfying the above two conditions. Then 
the difference S = T — T” vanishes in Uy — T and satisfies CdS — idg ; thus 
dS is a pure 1-current of type 0, while it is obvious that ddS — 0. Hence, 
by Theorem 1.3, dS must be a holomorphic differential in Wy. Consequently 
dS vanishes in the whole of Up and therefore S must be a constant. Hence 
S must vanish in the whole of Up, proving that T == T’, q. e. d. 

We introduce here the notion of the residues of double differentials due 
to H. Poincaré. Let W == W,,(z) dz1d2? be a double differential defined in 
a domain D C Mt such that, for every point pe D, EyW is holomorphic at p. 
Then, denoting by RyW1ie(¢p(7p)) the holomorphic function of rp obtained 
from the holomorphic function RW: of zt, z? by setting 2* = $p" (rp) 
(x = 1,2), we infer from (3.10) that, for each pe ®, 


(3. 12) AW[X] = Rri Sf RpWis(dbp(7p) )opX, 
(p)=b 


Z being an arbitrary 2-form of class O” with | X | C Up, where the value of 
the integral in the righ-hand side is to be interpreted as the Cauchy principal 
value, in case it does not converge absolutely.% (3.12) shows that the 
differential R,Wi:(pr)on defined in Up is independent of the choice of Ry 
and the local coordinates z*, 2°, Up being the neighborhood of p introduced 
in Section 2. Hence we have ' 


(3. 13) RoWis(hr)09 = RyW12 (Qa) 00; in UN Us 


proving that = R,W12(¢p)op is a well defined differential on © N $-1(9) 
85 Poincaré [17]. 


86 (3. 12) is essentially the same as a formula due to Poincaré; see Poincaré [17], 
p. 350. 
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determined uniquely by W. This differential é is called the residue of the 
double differential W. We denote the residue é of W by R(W), i.e. we put 


(3. 14) R(W) = RyWia($p) op. 


As (3.12) shows, the residue == {t(W) is characterized by the equation 


(8.15) dW[X] = 2ri f Ez, 


where X is a “variable” 2-form of class C® with |X|C D. The above 
Theorem 3.2 says that the residue é of any double differential defined in Uy 
satisfies $, Res,[é] = 0. 

d@)=p 


The differential op depends on the choice of R, and the local coordinates 
2,2? in the neighborhood Uy of p= (p). Denoting the local coordinates 
in Upp) by Zp, Zp”, we get, from (3.13), 

(3. 16) oq = [8 (2, 29°) /3 (2p, 29°) Jeno (7) tna, in Up N Ug 


where tpa = [Rp(2)/Ra(2)]z-(7). Combined with (2.3), this yields imme- 
diately 


(3.17) haoa = [0 (2q*, 24”) /0(4p'; 29°) Jez (7) pop, in Up N Ue 


For an arbitrary meromorphic differential £ — fdr, defined in a neighbor- 
hood Up of p, we put Vp (é) = Vp (f). By the conductor c of T will be meant 
the divisor c defined as 


c = À Cpp, Cp = — Vp (op). 
? 


It is to be noted here that V, (sp) is independent of the choice of RB, and 
2*, 27, whereas op depends on them (see (3.16)). Now we shall prove that 


Cp==0, if p= ¢(p) ts a simple point, 
Co >O, if p=¢d(p) is a singular point. 


To do this, we denote the system of local coordinates with the origin p by 
(w,z). In case p = p(p) is a simple point, we may assume that Ry(w, 2) = w 
and that z =—= rp on I. Hence we get op = drp, proving that cp —0. In case 
p= (p) is a singular point, ¢*(p) consists of a finite number of points 


l 
Pı = P, P`’, pı Let Ry(w,z) = [I R,(w,z) be the decomposition of 
8=1 
R,y(w, 2) into a product of the irreducible distinguished polynomials R,(w, 2) 
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in w representing respectively the irreducible branches T, of T corresponding 
to ps (see (3.2)). Then, introducing the parametric representation 


er = 744 (Go + Ga ++ +), (do % 0, k, Z 1), 


Z = 7m 


of the branch D, == Ip, we have dop? = my47r1"""dr,, while, since 


, , t 
0.2% (Bas 71) ) — DB (Bs, 72) “TT Be ($a 71), 
8=. 
Vn (0:Ry (Pı, 71) ) is greater than m, — 1 unless = 1 and k, 1, Hence 
Cp = Vp (Ey (Bi, 71) ) — mi +1>0 


_if p—¢(p) is a singular point, q.e.d. The above result shows that the 
carrier | c | of the conductor c coincides with the inverse image p> (©) of the 
set © consisting of all singular points of T. | 

Now, let us consider the space (T). Let F be an arbitrary function 
in S(T). Then #,F is a holomorphic function in a neighborhood Uy of 
p= p(p) and therefore f(r) = Rp (¢p(r))/hp(7) is a meromorphic func- 
tion of r in Up, where RpF(ẹp(7)) denotes the holomorphic function of r 
obtained from the holomorphic function R,F of 2t, 2? by putting 2% = hy" (7) 
(a = 1,2). Moreover, since by (2.12), RpF(pp)/Raf (pa) = hp/hg, in 
Up N Ua, we have R,F (D) /hp = Raf (¢q)/hq, in Up (Ua This shows that 
f = Rof (¢p)/hp is a well defined meromorphic function on X. We denote: 
this function f by Gi(F), i.e. we put Gi(F) —R,;F(#)/h The linear 
operator ©, thus defined depends on the choice of the system {hp} (the sub- 
script h in ©, indicates this fact). Since fh, = R,F (pp) is holomorphic in 
Up, the function f == &,(F) is a multiple of — b, i.e. 


(a) (f) +d20. 

Again, at each singular point p of T, f satisfies - 

(8)* È  Resp[ Biz (pp) fhpop] = 0 
d(p)=P 


for an arbitrary holomorphic double differential By.dztdz? defined in some 
(not fixed) neighborhood of p; indeed, we get, by Theorem 3. 2, 


> Res,[Bifhpos] = > Resp[ Bik, Fo,] = 0, 
g) É@)=p 


since R,F is holomorphic. The above condition (8)* is obviously equivalent 
to the following condition 


(8) > Res,[ (ho) # (pr?) Fhp0p] = 0, (k, l = 0, 1,2, > +). 
o@)=p > 
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We denote by f(T, 5) the linear space consisting of all meromorphic functions 
f on E satisfying the above conditions (a) and (8). Then the above results 
show that Ff—@(F) is a linear transformation mapping (I) into 
f(T, 5); moreover, F is determined uniquely up to an additive constant by 
f—Gi(F). Indeed, if f= ©, (F) = RpF/hp vanishes identically, then the 
holomorphic function #,F must be divisible by Fp and therefore F is holo- 
morphic everywhere on W; hence F must be a constant. 

Now, suppose an arbitrary meromorphic function fef(l,b} as given. 
Then, does there exist a meromorphic function F e X(T) such that G,(F) = f ? 
In order to solve this question, it is convenient to introduce the notion of 
additive meromorphic functions. A many valued meromorphic function F(z) 
on Nt will be called additive, if, by the analytic continuation along an arbitrary 
closed continuous curve y on Mt, F(z) is changed into F(z) + ey, where cy 
is a constant depending on y. An arbitrary additive meromorphic function 


is represented as the integral f dF of the simple differential dF; thus an 


additive meromorphic function is a simple Picard integral of the first or the 
second kind according as it is everywhere holomorphic or it is not. Let 
AT) be the linear space consisting of all additive meromorphic functions F 
on W which are multiples of — T in the sense that, for every point p on W, 
R,F is holomorphic in some neighborhood of p. Then it can be shown in 
the same way as above that, for each Fe U(T), f—=Gi(F) = EpF/hp is a 
(single valued) meromorphic function belonging to f(T,d). Furthermore it 
follows from (3.7%) and (3.9) that f = ©,(F) is related with F by the 
relation 


(3.18) (L440) aL] = tri JE use (dr) horn? 


where W is an arbitrary 3-form of class C® and the value of the integral in 
.the right-hand side is to be considered as the Cauchy principal value if it 
does not converge absolutely. Now, we shall prove that, for every fe f(T, b), 
there exists at least one additwe meromorphic function Fe X(T) such that 
©,(/) =f. For this purpose, we introduce, in view of (3.18), the 1-current 
Q; defined as 


(3. 19) OL] —— JS Pae (8r) far, 


where Y is a “variable ” 3-form of class C” and the value of the integral in 
the right-hand side is to be considered as the Cauchy principal value in case 


842 KUNTHIKO KODAIRA. 


ry 


it does not converge absolutely. It is to be noted here that we have, by 
virtue of (3.17), 


> Wioge (pp) fhpopd ey? = 2 Wrop+ (ba) fhasadh, in Up N Uy 
so that X, Liege (bp) fhpopdd,® is a well defined 2-form on ©. 
s | À 


It is obvious that the carrier | Qr | of the 1-current Q; is T. Again 
Q; is a pure 1-current of type 1, as (3.19) shows. Now we shall prove that 
dQ; satisfies : 


(3. 20) CdQ, = dQ). 


To do this, let ® be an arbitrary 2-form of class ©”. Then we have 


dE = QLI] —— fi E (Osbape — aise + Ines) frond 
Considering ®12(¢))fhpop as a 1-form on T, we get 


d(G12(¢p) fhypop) = — > Op+® sof hpopdhy? 
and consequently 
f Sobada == — J d(Brafhgop) =I E lim ( Gif, 
r 8 r D d(p)=p e>+0 |Tpl=e 


where the sum Y is to be extended over all singular points of T; while, as 
Lemma 3.1 shows, the condition (8)* implies that 


lim Dfhp0p = 0. 
OGD €-3+0 J |rpl=e 


Hence we obtain 


AQ, 8] = — f, E(Pape — DD) ford, 


proving that dQ;[C®] = dQ,[®]. Combined with (1.6), this yields imme- 
diately (3.20). Thus dQ; is a pure 2-current of type 1. 

Now, we put 4 — (dAG + 18G)dQ;. Then, by virtue of Theorem 1. 4, 
6; is a holomorphic simple differential in Yt—T and the integral of #; over 
an arbitrary 1-cycle y Œ 9t—T is given by 


(3.21) J. 6; = 1Q;( Hy]. 


Putting P;(2) = 2r fe we get therefore an additive holomorphic function 
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F; in M—7r. Now we shall show that, for every peT, RpFp is holomorphic 
in Uy. First, assume that p is a simple point of T and put p—#*(p). 
Then we can choose the system of local coordinates (w,z) with the origin p 
so that R,(w,2) =w and that z==-r, on I. The holomorphic function 
f(r)ho(r) defined on T fò) Up can be extended to a holomorphic function 
N(w,z) defined in Uy, e. g. we get such N(w,z) by putting simply N (w, z) 
= f(z)hp(2). Using (3.7) and (8.9), we infer immediately that the 0- 
current N/Ry in Up satisfies 

(3. 22) (1 + 1C)d(N/B,) = — 4riQy. 

Now, consider the difference 

(3. 23) T = 21; — $ (1 — iC) d(N/R,). 

This difference T is a pure 1-current of type 0 in Uy and, since, by Theorem 
1. 4, 6; satisfies d6; = idQ,, it follows from (3.22) that T satisfies dT = 0. 
Hence, by Theorem 1. 3, T is a holomorphic differential in Up. The integral 

(w, 2) 


L(w, x) = T 


is therefore a holomorphic function in Up. On the other hand, we have 
4(1—iC)d(N/Ry) = d(N/R,), in Up —T. 

Hence we get, from (3. 23), 
(3.24) F; = N/R, + L + const. in Up —T. 
This shows that R,f; is a holomorphic function in Up. Moreover (3.24) 
yields immediately pF (0, 2) = N (0, z) = f (z)hp (z2), proving that 
(8. 25) | BoF ($p) /hp =f, in Up. l 

Now, consider the case that p is a singular point of T. Then it follows 
from the above result that RpF; is holomorphic in Up — p. Hence, by a 
theorem of Hartogs,’ Ry; must be holomorphic in the whole of Up. Thus 
F; is a function belonging to A(T). Furthermore it follows from (3.25) 
that F; satisfies &, (F7) = f. Obviously every Fe A(T) satisfying &, (F) =f 
can be represented by means of the base {A:, 4,,- + *, Aq} of simple differ- 
entials of the first kind as 


F(a) =Fy(2) + f° Èst const, 


since F — F; is holomorphic everywhere in W. Thus we obtain the following 


37 Hartogs [11]. 
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THEOREM 3.3. The linear mapping F>f—S,(F) maps X(T) onto 
f(T, 0). Every Fe X(T) can be written by means of f=, (F) as 


(3. 26) F(z) — f * (26; + È EEE E ae 


Where mo; Nis 72° * * , na are constants. Conversely, for arbitrary given yo, mu 
Na’ ‘sa the function F defined by (3.26) belongs to A(T) and satisfies 
&,(F) =f. 

It is to be noted here that the additive meromorphic function F defined 
by (3.26) satisfies as a 0-current the relation 
(3.27) dF = 200; + E rAr — rig. 


Indeed, putting T = dF — 970; — X, nrAr + RriQr, we infer readily that dT 
vanishes in the whole of W and that T vanishes in W — T, while, since, by 
(3.18), (£ -+ i0)dF = — 4riQ;, we get (1+iC)T —0, showing that T 
is a pure 1-current of type 0. Hence, by virtue of Theorem 1. 3, T is a holo- 
morphic differential and therefore T must vanish in the whole of W. 

Let {Yu ya" * *, y2q} be a base of 1-cycles on M with integral coefficients 
and {43,- * *, Aq} be a base of simple differentials of the first kind such that 
(Ay, Ay) = dw Again we put 


oy = yi[ Ar] = f A). 
y3 
(wj) is called the period matrix of the simple differentials of the first kind. 


Since HA, = 4A», we have oy = (4,,*Hy;). Obviously A, can be repre- 
sented as 


2q 
(3.28) Ay = 2 ayt Hyp 
et 
where the coefficients ay are related with wp; by the formulae 


(3. 29) > Ajon = 0, 2 &j@yj = Sry. 
j 


Using (3.21), we infer that the period w;(F) = f dF of the additive mero- 
morphic function F defined by (3.26) is given oe 
(3. 30) 0j(F) = mig [Ey] + È mov 
Putting 
a (F) =È cm(F), a» (F) — & yo), 


we introduce the à- and the A*- components a(F), ax.(F) of the “ period 
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vector ” w;(F) of F. By means of the “ fundamental form” Q = > gag» dd, 
#A, can be represented as % +A — 40: Ay. Hence we have, by (3.28), 


2q 
2 aylly; = 10: A. 
Using this formula, (3.29) and the identity Q/[2: An] = 0, we get from 
(3. 30) 
(3.31) ax (F) == — 2rQ,[Q- Ay], axe (F) = 


THEOREM 3.4 (EXISTENCE THEOREM). Let f be an arbitrary function 
in f(T, 5). Then, there exists on M a function Fe R(T) such that ©, (F) =f 
if and only if f satisfies 


(3. 32) Q;[Q- A1] = 0, for X= 1,2,---,4, 
and, in case f satisfies (3.32), F is given by 
(3. 33) Phe) = 2m f 6; -+ const. | 


Proof. Obviously FeA(r) belongs to (T) if and only if a(#) 
= ae (F) = 0 (A=1,2,---,q). Hence, if F belongs to (T), then, by 
(3.31), f==©G,(F) must satisfy (3.32). Conversely, if f satisfies (3.32), 
then, putting m = 0 in (3.26), we get Fe G(T) satisfying ©, (F) =f, q. e. d. 

Since Fef(T) is determined by f=—@;(#) uniquely up to an 
additive constant, dim (T) — 1 is equal to the number of linearly inde- 
pendent functions f in f(T, ò) satisfying (3.32). Denote by j the number 
of linearly independent simple differentials A of the first kind satisfying 
Q;{Q2- A] =0, for all fef(r, d). Then (3.32) imposes g—j linearly 
independent conditions on f. Hence we get 


(3.34) dim{T} — dim f(T,s)—q+j+1. 


The non-negative integer dim f(T, ))— dim{T} + 1 will be called the charac- 
teristic deficiency ® of T and be denoted by chd(T): 


chd(T) = dim f(T, b)— dim{T} + 1. 
Then, it follows immediately from (3.34) that 
(3. 35) chd(T) =g — Í; 
38 Hodge [12], p. 175. 
3 Goldman [8], §6. The characteristic deficiency is nothing other than tke 


deficiency of the characteristic series of Italian geometers. Cf. Zariski [30], p. 26, 
pp. 89-71. 
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thus we see that the characteristic deficiency of an arbitrary curve is always 
not greater than q. 

A finite number of simple Picard integrals of the second kind are said 
to be independent if no non-trival linear combination of these integrals 
reduces to a single valued meromorphic function. By virtue of Theorem 8. 3, 
we have dim Y(T) = dim f(T, ò) + g + 1, while the number of independent 
simple Picard integrals of the second kind which are multiples of —T is 
obviously equal to dim X(T) — dim (Tr). Hence we obtain 


THEOREM 3.5. The number of independent simple Picard integrals of 
the second kind which are multiples of —T is equal to q + chd(T). 

It follows from this theorem that, if M contains a curve with the 
characteristic deficiency q, Mt possesses exactly 2q independent simple Picard 
integrals of the second kind. 


4. The theorem of Riemann-Roch on reducible curves. By virtue of 

the formula (3.34), our problem is reduced to the estimation of dim f(T, 5). 

Let = be an irreducible curve without singular point. For an arbitrary differ- 

ential on X, we denote by (£) the divisor of é defined as (£) = © V,(é) - p. 
? 


Now, for an arbitrary divisor m on 3, we denote by f(m) the space of all 
meromorphic functions on & satisfying (f) + m = 0 and put f*(m) = f(m) 
+ f(0) (f(0) is the space consisting of all constants). In case m = 0, f*(m) 
coincides with f(m). Again, we denote by &(m) the space of all differentials 
é on & satisfying (£) + m= 0 and put B*(m) = E(m) + 2(0). (0) is 
the space of all differentials of the first kind and therefore dim (0) is equal 
to the genus r of 3. 

Let a = $, m,p, b = £ nag be two positive divisors on $ such that the 
carriers | a | and | b | have no point in common. Now, for arbitrary £e = (b) 
and fef(a), we define the product (éf) as 


(EP) = J Reselfé] ; hence (#f) =— X Res,[fE] 


As one readily-infers, (éf) vanishes for all £e %(5)if and only if fe f*(a — b). 
Again, if £e #*(b—a), then (éf) vanishes for all fef(a). Thus, in the 
product (éf), é and f can be considered as the elements of the factor spaces 
= = =(b)/H*(5—a) and f= f(a)/f*(a—b), respectively. Now we shall 
show that £ belongs to B*(b—«a) if (éf) vanishes for all fe f(a) so that = 
and f are dual to each other with respect to the product (éf). To prove this, 
it is sufficient to verify that one ==dimf. By virtue of the theorem of 
Riemann-Roch, we have 
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dim f(a) = deg a —r + i(a) +1, 
dim f* (a — b) = deg a — deg b — r + i(a— b) +2, 
where r is the genus of 3 and i(a), i(a— b) are the indices of specialties of 
of a, a—b, respectively. Hence we get 
dim f = deg b — 1 + i(a) — i (a — b). 
On the other hand, since í 
i(a) = dim E(— a) = dim [Z (b —a) N 2(0)], i(a— 5b) = dim # (b — a), 
we have i | 
dim E*(b— a) = i(a— b) + r—i(a), 
whence we get, using dim =(b) = deg b — 1 + r, 
dim = = deg b— 1 + i(a) —i(a— b). 
Hence we obtain dim = dimf, q. e. d. 


bh $ 
Now we turn to the reducible curve T = ST, on W. For an arbitrary 
. pal 


divisor m on the non-singular model X of T, we denote by f(m) the 
space of all meromorphic functions f on © satisfying (f) +m=20, by 
=(m) the space of all differentials é on W satisfying (£) + m= 0 and put 
f* (m) = f(m) +f(0), B*(m) =8(m) + 2(0). We choose the charac- 
teristic divisor 5 of T so that |ò] and |c| have no point in common and 
decompose à as follows: 


=bt—d, z0, 20 and | d*| 1 | d-| is empty. 
Again, we put a = bd‘, b = d" + c and introduce the product 
(éf) = & Res,[fé] 
qelb| 


of arbitrary £e E(b) and fef(a). The non-singular model W is the direct 
sum: I = Ÿ N°, of irreducible components E,. Corresponding to this, a, b, 


é, f can be posa into the direct sums: a = Ya, b= Db, É— DS, 
f= $ fr of a,, br, &, fy defined on BH, so that we ae | . i 

f (f) = = (fr) é, © A(b), fre F(a), 
where (é,f») = & Resalfér]. Hence, applying the & duality’ theorem ” 


proved above to each pair of divisors @,,.b,, we see immediately that the 
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factor spaces Æ(d -+c)/H*(c—b) and f(d*)/f*(’—c) are dual to each 
other with respect to the product (éf). 


It is convenient for our present purpose to introduce the following 
notations: Let m = > mpp be a divisor on T and {&|pe ©} be a system of 
differentials é defined respectively in a neighborhood Up of peX, where & 
is a finite set of points. Again, let é be a differential on I. Then, we shall 
say that é is congruent to >, é modulo m and write 

pe 


(4.1) | £= 2 f (m), 
S pe 
if é satisfies ; 
Vn(E— ép) = Mp, for pes; Vo (€) = Mp; for peR. 


The formal sum > & in the right-hand side of (4.1) stands simply for the 
system ox the vector {p}. Again, a finite number of formal sums >! é, 


? 
(v= 1,2,: + +) will be called independent modulo m, if no non-trivial linear 
combination >) a, X &)™ satisfies 

? 


=u” (m). 
P? 
For each singular point p of T, we introduce the formal sums 
op) => ($p*)* (d°) "op, (k, I= 0, 1, 2,° -) 
d(p)=p 


and denote by lp the number of op“ which are independent modulo 0, where 
0 denotes the divisor zero: 0 = $; 0- p. If one considers 
? 


(Bp) > Resp[ (pp)” (pr) Tipon] = 0 (k, 1 = 0,1,2, + +) 
p-p 


` as the conditions for the system {fhp|pe¢*(p)}, then ly represents the 
number of linearly independent conditions involved in (84). For any simple 
point p, we put lp = 0. 

Now, let E(T,—b) be the space consisting of all differentials é on WF 
which are congruent modulo 5 to some linear combinations of the formaal 


sums $; (¢p*)*($p°) hop i. e. 
o@)=) 
ET, — à) = {€[€ =D E apm D (pr) (bn) hoon (5)}, 
pP kt (=D 
where apx (k,1—0,1,2,: ++) are arbitrary constants and $, is the sum 
p 
extended over all singular points of T. Then we have 


THEOREM 4.1. The dimension of {(T,5) is given by the formula 
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(4.2) Gin (EDs dee b= Sa ey ee 
p=: 


` i 
where p is the number of irreducible components of T == Si Ty, wp is the genus 
pal 

of T, and i = dim E(T, — 5). 

Proof. Assume first that | à | and | c | have no point in common and that 
each component ò`, of b- is positive. Then, for every $, (p5')% (hr?) Apap, 

o(p)=p 

there exists at least one differential é on I satisfying 


E= D (pr) (do) hoop (— D). 
S(r)=b 
Hence, denoting by Z the space consisting of all differentials £ satisfying 
ES D apm À (pr) (hr) hesp (— D), 
P kl o(p)=p 


ap being arbitrary constants, we infer readily that the space f*(T, ò) 
= f(T, b) + f(0) is the subspace of f (b+) consisting of all f e f (ò+) satisfying 
(éf) = 0, for all ée Z; thus f* (T, 5) is characterized as the space which is or- , 
thogonal to & in the dualism between f(d*)/f*(d — c) and H(d- + c)/Æ*(c — dD) 
with respect to the product (éf). Obviously = contains Æ(0) but does not 
necessarily contain #(c—5). The space which is orthogonal to f*(T, d) is 
therefore # + Æ(c— D). Hence we get 


(4.3) dim f*(T, 5) — dim f*(d — c) = dim (i + c) — dimf[# + E(c —5)]. 
Obviously we have 
dim f* (T, 5) — dim f(T, b) + y, 

dim f*(b—c) = dim f(d—c) + m, 

dim Z (57 + c) = deg c + dim 2 (b7) 
and, since = n B(c—b) = 2(T,— b), 

dim [= + E(c— b)]— dim Z + dim 2 (e — d) — i, 
while, applying the theorem of Riemann-Roch to each W,, we get 
dim f(6—c) = deg d — deg c — Sia, + a + dim B(c—}d). 


Inserting these formulae in (4.3) and using dim # — dim E (b) = È lp, we 
obtain | ? 
dim f(T, d) = degd— E r, + p— Dh, +7. 
p 


Thus (4.2) is proved in the case that d is subject to the conditions: ÿ-, > 0, 
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|ò] N |c] is empty. Now, consider an arbitrary characteristic divisor 5’ 
not satisfying the above conditions. § is determined by a system {kp} 
which is obtained from {hp} by the transformation hp — h’p = g ' hyp, g being 
a meromorphic function on F. Then, as one readily infers, f(T, 5’) or 
E(T,— b) is obtained respectively from f(T, 5) or Z(T,— D) by the trans- 
formation fof’ =g"-f or é—> E =g- é, so that we have 

dim f(T, 5’) = dim f(T, b), dim 2 (T, — D) = dim 2 (T, — ô). 


Hence (4.2) is valid also for 0’, q. e. d. 
5. The theorem of Riemann-Roch on compact analytic surfaces. 
Let D = $, m,T, be the representation of an arbitrary divisor D on Qt in 


terms of the irreducible components T, of D. Then, at each point be W, 
D can be represented by the meromorphic function 


Ry (D; 2, z?) = I {ER (24, 2?) jar, 
y 
where each R,p(2, 2°) = 0 is the minimal local equation of T, at p. Put 
hp(D3 tp) = Rop (D; pr (Tp), $° (70) ). 


‘Then Vp(hp(D)) gives the intersection number of D and the branch T% 
at p==¢(p). Putting DE = V,(h(D)):p, we introduce the inter- 
P 


section divisor D-T of D and T on T. Obviously we have 
(5.1) I(D, T) = deg (D-T). 


Now, inserting (4.2) in (3.34) and using I(T, T) = deg, we get 
immediately 


dim MIT) — mHE haij 


Putting ap == Su +1-+43 cp we obtain therefore 
v=1 ? 
(5.2) dim {r} = I(T, 1) —mr— g +42 o— Zh Hitje. 
p 


The quantity rr is called the virtual genus *° of T. Now we shall show that 
the virtual genus mp of T is determined uniquely by the homology class of I. 
For this purpose, we first introduce the notion of the canonical cycles.*? Let 


40 Of. Zariski [30], p. 30. 
“ This fact was suggested by A. Weil in his letter to the author. 
“Weil [25]. 
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{à} be a finite covering of M by the “ spherical” domains Ua each of which 

is covered by a single system of local coordinates (z,', 2,7) such that each 
intersection Ua N U, is simply connected (if it is not empty). Then, putting 
dz,'dz,? = Mudde, in M N U, we get a system {My} of the non- 
vanishing holomorphic functions Jf), defined respectively in Ua NU, satisfying 


M Mn = 1, in Wh N U; Ml Mn = 1, in Ty N u, NU. 


This system {Mu} determines a fibre bundle F over Mt in the following 
manner: Consider the system {U X €} of the direct products 1, X € of UW . 
and the projective line © and identify two points p X fe, X E and 
pxX Gel, XE if pel NU, and 4/f.—My,(p). Then we get from 
{U X €} a compact analytic manifold ¥ consisting of all points p X & 
which is obviously a fibre bundle over the base space Mt; the fibre of F is © 
and the transformation group in the fibre Œ is the multiplicative group of 
complex numbers. Furthermore it can be easily verified that the analytic 
structure of F relative to W is determined uniquely by M. For an arbitrary 
point P =p X £ of F, we denote by r(P) the projection p of P on the base 
space M. The subsets M, — {p X O|pe M} and M, — {p Xo |pe M} of 
# are compact analytic sub-manifolds of complex dimension 2. Now, each 
dlog M, is a holomorphic simple differential in U, N) U, and we have 


dlog My, + dlog M —0, in WAMU, 
dlog My, + dlog Muy + dlog Mn —0, in Un N Us NU. 


Hence we can find a system {#1} of the 1-forms Y, of class C® defined 
respectively in U, such that +3 


Pa — Y, = (1/87i)d log My, in WM U. 


Putting X = dW, we get a well defined 2-form X of class C” on Mt, since 
dY = dY, in AU. Considering My,(p) = My, (x(P)) as a function 
of P=pxXf—pxX& defined in r*(U,{] UL), we have the identity 
My = 4/8, Consequently we get dlog My, = d log & — d log é, and there- 
fore ` 

Pa —(1/2mri) d log fa = Yp —(1/2ri)d log čin in (Ua N UW), 


where Ta, Y, are to be considered as 1-forms defined on 71(1là1), r '(l,), 
respectively. This result shows that &—%,—(1/2ri)dlogé, is a well 
defined 1-current on F. Now, we have d-dlog {= 2ri(Mo— Me), in 


45 Weil [24], p. 113. 
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a*(Uy). In fact, for an arbitrary 4-form & of class C® with | & | C*(M), 
we get, putting = and n = 1/4, 


d- dlog {[#] = dog tae] — È (at/t) ae 


=- f d{ (d/t) < 5} = — lim d (d/t) S) 


e0 Melfi <1/e 


=im{ f (0 -8— f (4/0) 


— 2rif js = [2 = 2ni (Mo — Ma) [2], 
proving the above formula. Hence we obtain 
(5. 8) X = dv + My, — Mas 


where X is to be considered as a 2-form on ¥. The formula (5.3) shows 
that the cohomology class of the 2-form X on W is uniquely determined by 
the analytic structure of M. Moreover it can be shown that the cohomology 
class of X is the second basic characteristic class ** of the manifold M. By a 
canonical cycle on W we shall mean a 2-cycle Ý such that I(E, Z) = Z[X] for 
all 2-cycles Z on Mt. 

Now we shall prove the formula 


(5.4) rr — 2? = I (T, r) +I(HT). 


For this purpose, we choose for each'point pe T a sufficiently small neighbor- 
hood U, of p so that $(U,) is contained in one of the domains W, which 
will be denoted by Ur: (Up) C Urg. Then, putting 


Mpa (r) =Mrpaa ((r)), in Up N Uy, 


we get a system {mp4} of the holomorphic functions {mp } satisfying the 
conditions 

MpgMqp = 1, in Ur Ua; MogigrMrp = 1, in Us N U N Us 
Hence, by the same method as in the proof of Theorem 2.1, we can show 
.that there exists a system {kp} of meromorphic functions kp defined respec- 
tively in U, satisfying kp/ka = Mpp in Up {| Uy. Now, we associate with 
each point + in Up C W the point P(r) = $(r) X kp(r) in Urp) X €. Then, 
since | 

kp(r)/ka(r) = Mpq(r) = Myra ($(7)), in Up N Ue 


44 See Chern [6], Theorem 8. 
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we have $(r) X kp(r) = pr) X ka(r), for re U, (Ua This shows that 
Tr P(r) = (+) X kr) is a well defined mapping which maps F onto a 
compact analytic curve P(T) in F. Obviously we have «(P(r)) = ¢(r) . 
and therefore r(P(K')) =f. Hence we get, using (5.3), 

TIX] = P(E) [X] = (EX, P(T) ) = (Mo —* Ma P(K)), 
yielding I(%, 1) = T[X] = I (Wo — Mo, P(K)). It can easily be verified 
that 
(5. 5) LD — Man, P(T) ) =2 Vo (kp), 


where Vi, denotes the valuation with the center p. In fact, a point P(p) 

on P(T) meets with W if and only if kp (p) = 0 (we write p instead of 7). 

The intersection number Z(WMə, P(K')) is therefore equal to the sum: 
DS I(Mo, P(U»)) extended over all p such that kp (p) = 0, while we have 
a : 


I(Mo P(Up)) = (1/2ri) $ d log kp(rp) = Vp (kp). 
Similarly, P(p) meets with We if and only if 1/k,(p) = 0 and, if 1/kp(p) = 0, 


we have ' 


I(Ma, P(Up)) = (1/2at) $ d log (1/kp(ro)) == — Volk). € 


# 


Hence we get (5.5). Consequently we obtain 
(5.6) : IŒ, T) = D Vp (ky). 
? 


ti 


The differential o, depends on the choice of the local coordinates z', 2? in 
Usp). Using zap)", Zap)? as the local coordinates in Us), we have by (3.17) 


Keqhgog = halo Jeter hp op = MegMpghpop = kphpop in Up N Ue 


This proves that = kphpop is a well defined differential on W. The divisor 
(£) of € is represented as 


(£) = > Va(iep)p +d—c, 
while we have 
deg (é) — (2r —2) == 2( Dr — p). 
Hence we get 
Zarr — 2 = deg (£) + deg c — deg d + = Vo(kp). 


Combined with (5. 6), this yields immediately (5.4). The formula (5.4) 
shows clearly that wp is determined uniquely by the homology class of T. 


/ 9 
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By a canonical divisor on W we shall mean the divisor K of an arbitrary 
double differential W == W:2(21, 2?)dz1dz?_ (defined in the whole of Mt) deter- 
mined by means of the relation: W,.(2*, 22) — Ry(K; 21,2"). Obviously any 
two canonical divisors K, K’ are linearly equivalent to each other and there- , 
fore the divisor class {K} of a canonical divisor K is determined uniquely 
by M, if at least one double differential W = 0 ever exists on W. Incidentally, 
the divisor of a double differential W will be denoted by (W). Now, assuming 
the existence of a double differential W 54 0, we shail show that any canonical 
divisor K == (W) is a canonical cycle. Let {Uy}, 25, Mn, ete. have the same 
meaning as above. Then, putting W == R\(K; 2,1, a°) derde, in Uy, we 
have My, = R\(K)/R,(K) in h N U, and therefore 


Ty — Y, = (1/2ni) [dlog Ry\(K) —dlog R,(K)], in 0 N U. 


This shows that ® — Y) — (1/2i)d log R\(K) is a well defined 1-form of 
class C” in M— |K |. Now, let Z = > cT; be an arbitrary 2-cycle on M 
represented as a linear combination of a finite number of differentiable sim- 
plices T; such that each T; is covered by a gingle neighborhood Urg) and 
that each | dT; | does not meet with | K |. Then we have 


ZX] = È GTX] = ET] = —D AT [Mw] 
= — DedT;[8] — (1/2at) X cdT;[d log By (K)], 


while X c;dT;— dZ = 0 and, as (2.14) shows, (1/27i)dTj[d log Ry (K)] 
= — I(T, K). Hence we get Z[X] = I (K, Z), proving that K is a canonical 
cycle on M. 

It follows from (5.4) that, by means of the canonical divisor K, the 
virtual genus ay of T is represented as 


(5. 7) ap — 2 =I (T, E) + I (K,T). 
Now we shall prove the identity 4 
(5. 8) lb = + > Cp- 
O(p)=p 
For that purpose, we first deduce from Theorem 3. 2 the. inequality 
5.9 S43 cp 
( ) p P p 


Let p be a fixed singular point of T. We denote by u a vector (or a system) 
{up| p € ¢*(p)} consisting of polynomials up = u(t») in rp of degree S cp — 1 


#5 An arithmetic proof of this identity based on local considerations was given 
recently by D. Gorenstein. See Gorenstein [10]. 


THE THEOREM OF RIEMANN-ROCH. - 855 


and by ly the linear space consisting of all such vectors u == {up}. Obviously 
we have 
dim Ty = > Cp. 
$p 


Let (21,22) be a system of local coordinates with the origin p. Then every 
monomial (2:)“(2?)! induces a holomorphic function (¢p+)*(¢,”)’ on each 
branch T,,pe¢7(p). Denoting by up,“ the polynomial obtained from 
(p')* (dp?) by reducing it modulo r,®, we define the vectors u®) = {up}, 
(k, l= 0,1,2,: ©). Let Qy be the subspace of fy generated by these induced 
vectors u@), k, l = 0,1,2,---. Then we have dim 2, = lp, since 


op") — $, u,%0o, + holomorphic part. 
o@)=p 


Now we introduce the bilinear form b (u,v) of u, v ely defined as follows: 
b (u, v) = y Resp[ Up po]. 


Clearly (u,v) is symmetric and non singul while we have, by virtue of 
Theorem 3. 2, 


bu, DD) — I; Resp[ (oy!) (gt) op] —0, 
d(p)=p 
proving that b(u, v) —0 for all u, ve. Hence we get 
= dim & = 4 dim l =} È cp, 
| v= 
proving (5.9). 
By a suitable choice of the system of local coordinates (w,z) with the 


origin p (we write here w, z instead of 21, 2°), we may assume that Ry (m, z) 
is a distinguished polynomial : 


Ry(w, 2) = w™ + By (z) wm -+ + ++ Bm(2) 


and that the parametric representation of each branch Tp peg¢™(p), is 
given by 


w= Bp (rp) = Aro + aporo Hity A pM 
Each coefficient B,(z) in Ry(w,v) is a holomorphic function: 
B, (2) = bnz + br +... 
Replacing these B,(2) by the polynomials 
BY, (2) = bnz + br? + + + Dye, 


we construct the polynomial 
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R*(w, 2) = w™ + B*,(z)w™? +--+ BY (2). 


Then, as one readily infers, we can find for each peg “*(p) and for an 
arbitrary given integer M > 0 a power series P*,(r,) such that 


RÉ (BD (ro), 70) = 0, Vars) — Bo(r»)) Z M, 


if N is sufficiently large compared with M. Suppose M to be chosen sufficiently 
large. Then the functions = 


P*? (éptzv/me), k = 0,1,- © +, Mmp-— 1, Pp e p” (p) 


are all different to each other, where ép == exp (2ri/mp), and we have 


R*(w,2) =I T Co — 8*6]. 
p =0 = 


Hence, for each pe ™>(p), the expression w = B*p (rp), Z = rp"? represents 
an irreducible branch T*, and the curve T* defined by the equation R*(w, z) 
= 0 consists in 11, of the irreducible branches Ip, pe¢*(p). Denote by 
Ips c*, the integers corresponding to ly, Cp associated with TÉL, c*» is 
the order of the pole rp == 0 of the differential 


= [mpr aR" (Po (tp), Tr) | Arp 
and l“, is the number of formal sums D ($8*p)*rp’™op, (k, 1 = 0, 1, 2, --) 


o(p)=) 


which are independent modulo 0. Hence, if M and N are chosen sufficiently 
large, we have c*, = Cy, I“y = lp. Supposing (w,2) as the inhomogeneous 
coordinates on the projective plane, we can consider T* as a plane algebraic 
curve defined by the algebraic equation R*(w,z) —0. In order to prove 
(5.8), it is sufficient therefore to show | 


(5. 8)* f Ft > cd, 
with respect to this plane algebraic curve T*. Now we apply the formula 
(5.2) to T*. Then we get 
dim {©} = J(TÉ, TE) — ar. + > EPR — Ty] Hi +2, 

since, in this case, q = f = 0. On the other hand, denoting by n the’ degree 
of l'*, we have : i 

dim {(1*} =$ (n+ 3n +2), m =4(n?—3n +2), I(T*,T*) = n. 
Hence we get > [4 $ c*,—71*,] +i=0. - Combined with the inequality 
42 0 and (5. 9); this yields immediately (5.8)*, q. e. d. 


t 
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The space Æ(T,— 5) was defined as the set of all differentials é on 1 
satisfying 


(5. 10) ESD Lau D (Pr) (bp?) hoop (D). 
p kl ġ(p)=p 
Clearly this condition implies 


(y) (é)—d4+¢20. 


Now, let é be an arbitrary differential satisfying (y). Then, for each singular 

point p of T, the formal sum 1m LE can be written as 

(5. 11) © hpi = S pao -+ holomorphie part, ` ac 

i ġ(p)=p 

where u = {up} e lp. Obviously this é satisfies (5.10) if and only if u = {up} 

belongs to 2, for each singular point p'of r. The identity (5. 8) shows that 
` dim 2, = 4 dim ly; consequently, an-arbitrary element we ly belongs to &p if 

and only if u satifies b (u, v) = 0 for all ve &p, while, for u — {up} appearing 

in (5.11), we have Š 


- 


b (u, v) = X, Resp[vphp é]. 
es d(p)=p 
Hence é satisfies (5.10) if and only if 
Z Resp[up™ hré] = 0, (k,1—0,1,2,: +) 
=p i 


for each singular point p of I. Thus we see that the space (TT, — 5) con- 
sists of all differentials é on © satisfying 


Y . ()—db+e20 
and À y 
(3) Sn Se Cho") (ht) Ny *€] = 0, (k, l = 0, 1,2,- *) 


for each singular point p of T. 
Now, using the identity (5.8), we get from AM 2) immediately the 
following 


THEOREM 5.1 (THE THEOREM or RIEMANN-ROCH). The dimension of 
the divisor class {T} of a (reducible or irreducible) curve T is given by 


(5. 12) dim {1} =I (T, 1) —m—qtitj+2, 
where, q is the irregularity of M, mr is the virtual genus of T, à is the 
dimension of the linear space Z(T,— D) and j is the number of linearly 


independent simple diferéntials À of the first kind on M satisfying 
Q [2 A] = 0 for all fe f(T, b). 
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The number g of linearly independent double differentials of the first 
kind on M is called the geometric genus of M. For an arbitrary divisor D 
on M, we denote by (D) the linear space consisting of all double differ- 
entials W such that (W) + DÆ0. Then we have 


THEOREM 5.2 (RIEMANN-ROCH’S INEQUALITY). We have 
(5.13) dim {T} + dim B(—T) ZI (T, T) —m—q+9 +2. 


Proof. For every double differential B — By.(z)dz*dz? of the first kind, 
é — By2($p)hpop is a well defined differential on I, as one readily infers by 
'(3.1%) ; furthermore, this differential satisfies clearly the above conditions 
(y) and (8). Thus B—£— B,2(¢p)hpop is a linear mapping which’ maps 
the space (0) of all double differentials of the first kind into the space 
E(T,— 6). Obviously é= B,2(ġp)hpop vanishes identically on W if and 
only if Be W(—T). Consequently we get 


i= dim E(T, — b) =g—dim M(— 1). 
Combined with (5.12), this yields immediately the inequality .(5. 13), q. e. d. 


In what follows we assume that there exists on. Nt at least one double 
‘differential Wo not vanishing identically and put K = (Wo). Then, for an 
arbitrary fixed divisor D, every double differential W e (D) corresponds 
one-to-one to a meromorphic function F £ §(K + D) by means of the relation: 
W == FW,; consequently we have 


(5. 14) dim B (D) = dim {K + D}. 

Dang this identity, we get from Theorem 5.2 immediately the following 
THEOREM. 5.3 (RremMANN-Roow’s INEQUALITY). We have 

(5. 18) dim {T} + dim {K — T} Z I(T, T )— ar + g—q +2. 


Now, we introduce the notion of the deficiency of an arbitrary divisor D 
on the (reducible or irreducible) curve T. Assume first that D and T have 
no component in common and denote by f(T, D) the space consisting of all 
meromorphic functions f on T satisfying 


(a)» f=0(—D-T) 
and . 
(8) BST (Br) (bs) Fly (D) op] == 0, (k, l= 0,1,2, > `) 


for each singular point p of T. Then every meromorphic function F e § (D) 
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induces on I the meromorphic function f(r) =F (¢,(7)) belonging to 
f(T, D) and the induced function f(r). vanishes identically. if and only if P 
_ belongs to §(D—T). ‘Hence we have 


| dim f(t, D) = = dim {D} — dim {D —T}. 
i Now we define the deficiency 46 def (07) of the divisor D on the curve T as 
def(D/T) = dim f(T, D) — [dim {D} — dim {D —T}}. 


As -one “readily infers, if D’ is linearly equivalent to D, then def(D’/T) 
= def (D/T). In case D and T have some components in common, we define 
def (D/T) as def(D/T) —‘def(D’/T) by means of a divisor D’ =D having 
` no component in common with T, assuming the existence of such a divisor D’ 
(this is the case if Mt is an algebraic surface). It is to be noted here that 
def(T/T) coincides with the characteristic deficiency chd(T) of T, whenever 
def(T/T) can be defined. In fact, if there exists a divisor D = T such that D 
and.T have no component in common, then we have a meroniorphic function 
F with the divisor (F) == D —T, and, putting 


(5.16) R,(D) = B,F, 


g we get a meromorphic function R,(D) representing D in Uy: It follows from ` ` 
` (5.16) that the functions hy(D) = Rọ (D; $p) satisfy 


hp(D)/ha(D) = Rg /Roiq, in Up N Ug 
proving that {k,(D)} can be used as a system {hp} defining the characteristic 


divisor ò. Thus we see that D-I is the characteristic divisor 5 so that E 


f (T, D) coincides with f(T; b). Hence we get 
def (D/T) = dim f(T, b)— dim {T} + 1, 


` proving that def (T/T) = chd (T). 
The difference 


sup {T} ='dim {T} + dim {K — 1T} —I (T, 1) +-+q—g—2 


is called the superabundance of the divisor class {T}. From our deduction 
of Riemann-Roch’s inequality it follows immediately that 


sup {T} = t — [g — dim {K —T}] + g — cha (T). 


Now, assuming the existence of a canonical divisor K such that K and T have 


46 Of, Goldman [9], § 6. In the terminology of Italian geometers, def(D/T) is the 
deficiency of the linear series on T cut out by the complete linear system ID}. 
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no component in common, we shall show that i— [g — dim {K —r}] is 
equal to def(K/T). Let W = Wiede*dz? be the double differential with 
(W) =K and consider the one-to-one corréspondence f —> £ = fW: (pp) hpop 
between meromorphic functions ‘f and differentials é on W.' Since the divisor 
(Wio(Dr) poo) of Wishgop is K-T+5—e, £ satisfies (£) —b4+c20 if 
and only if (f) + K-20. Again, since W12(¢p) = hp(K), £ satisfies the 
condition 
Di Resp[ (¢p*)* (pp) Ap *é] = 0 
db 
if and only if f satisfies 
> Res, [ (pr )* (407) "fhp(K) op] — 0. 
o@)=p 


Thus é-belongs to Z(T,— b) if and only if fef(F,K). Hence we have 
1 == dim É(T, — D) = dim f(T, K), while, as (5.14) shows, g = dim (0) 
= dim {K}. We get therefore 


i— [g — dim {K —T}] = dim f(T, K)— [aim {K} —dim {K —T}], 


proving that 1— [g — dim {K —T}] is equal to def(K/T). Thus we obtain 
the following ; 


Turorem 5.4 (G. Castelnuovo *). The superabundance of the divisor 
class of an arbitrary curve T is represented as ' 


(5.17) sup {T} = def (K/T) + q — chd (T). 


6. Double differentials. In this Section we shall determine the dimen- 
sion of the linear space W(T) consisting of all double differentials on Mt 
which are multiples of —T in the sense that (W) +r = 0. As was shown 
in Section 3, the residue é= RW) — RpWı2($p)op of an arbitrary double 
differential W e (T) is a well defined differential on E. This differential 
é= R(W) satisfies obviously 


(y)o | (é) +c20; 
again, as one readily infers by Theorem 3.2, é= R(W) satisfies 
(8) SSL (ga) (o?) fé] —0, (k, b= 0,1, 2, + +) 


for each singular p of I. We denote by Æ(T) the space consisting of all 
differentials £ on T satisfying (y) and (5), The mapping W > ¿é= #(W) 


‘7 This theorem was proved by G. Castelnuovo in the case that % is an algebraic 
surface. Cf. Castelnuovo [4]; see also Zariski [30], p. 71. 
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is a linear transformation which maps I(T) into H(T). Clearly £—R(W) 
. vanishes identically if and only if W is a differential of the first kind. 

Now, suppose an arbitrary differential é © R(T) as given. Then, does 
there exist a double differential We W(T) such that R(W) —£? In order 
to solve this question, we associate with £ the 3-current Tg defined as 


(6.1) Bex] f es 


where X is a “variable” 1-form of class C” and the value of the integral 
in the right-hand side is to be interpreted as the Cauchy principal value, 
in case it does not converge absolutely (see (3.15)). Te is obviously a pure 
8-current of type 1. Again we have 


(6. 2) dT; = 0. 


In fact, for an arbitrary function Y(z) of.class C?, we have 


ATN] = TELE] = J E delt) —— G AECE), 


while Yÿ(#,)é is a 1-form of class 0° in ET — |c]. Hence we get 


TT] X lim f v()é 
p d(p)=p e>+0 Y |Tp]=E 


where > denotes the sum extended over all singular points p of Tr; while, 
mane oe 3.1, we get from (8), the identity 
s ‘lim Y(bo)É = 0. 
=D +0 J |rrl=e 


Hence, we obtain dTe[Y] = 0, proving (6.2). Now, if there exists W e W(T') 
such that R(W) = £, then as (3.15) shows, we have 


(6.3) AW = SriT 
and therefore 
(6.4) HTe— 0. 


Now, assuming conversely that Te satisfies (6.4), we shall prove the 
existence of We Q(T) with R(W) =¢. For this purpose, we introduce the 
2-current 6¢ defined as 6g—= (dAG + i8@)Tsz. By virtue of Theorem 1. 4, 
ög is a holomorphic 2-form in M—T. In order to show that @g’is mero- 
morphic on T, we first consider an arbitrary simple point p of I. Choose 
the system of local coordinates ,(w,z) in a neighborhood Uy of p so that 
Ry = w and that z = 7, on T and put = & (rp) drp in Up, where p = $7 (p). 
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By virtue of (y)o, é& (Tp) is a holomorphic function in Up. Hence, putting 
Wy (w, z) = (dw/w) - &,(z)dz, we get a double differential Wp(w, z) defined 
in Uy. Considering Wy as a 2-current in Up, we get by (3.10), dWy — rif g, 
in Uy, since, in this case, op — drp. On the other hand, 6¢ is a pure 2-current 
of type 0 and satisfies 

(6. 5) doze = iT, 


as Theorem 1.4 shows. Hence we get d(2a6e:— Wy) = 0, in Uy. By virtue 
of Theorem 1.3, we infer therefore that By — 2708 — Wy is a holomorphic 
2-form in Uy. Consequently 276g is a meromorphic 2-form in Up; moreover, 
since op = dr) = dz and 2rhyOg = é (2) dwdz + RyBy, we get 


(6. 6) 2a Ephez (bp) op = É, (p = $> (p)). 


Now, assume p to be a singular point of T. Then it follows from the above 
result that Rpðg is holomorphic in Up — p. Hence, by virtue of a theorem 
of Hartogs,** Fpðg must be holomorphic in the whole of Up. Thus Fpôg is 
holomorphic in Up for every pe Mt, proving that øg is a double differential 
belonging to W(T). Moreover it follows. from (6.6) that 2y satisfies 
N (270g) =£ Thus the existence of WeW(T) satisfying R(W) —é is 
proved. 

For an arbitrary simple differential A == > Aa (z) dz% of the first kind, 
we put 


Ar = 2 Aal pp) dr. 


Ar is the differential induced on E by A. It is clear that HT: vanishes if 
and only if Te[®] —0 for all harmonic 1-form & of the first kind, while 
every harmonie 1-form ® of the first kind can be written as 6 = A’ + À 
by means of two simple differentials A’, A of the first kind. Hence HT: 
vanishes if and only if 


TA] = fi #40 


for all simple differentials À of the first kind. Thus we obtain the following 


THEOREM 6.1. The linear mapping W>éE—R(W) maps the space 
W(T) onto the subspace of E(T) consisting of all differentials £e B(T) 
satisfying : 


(6.7) JE 0 


48 Hartogs [11]. 
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; for all simple differentials A of the first kind on M. Every W e ®(T) can 
be represented by means of £= R(W) as 


(6.8) W == 2n6¢ + B, 


where B is a double differential of the first kind. Conversely, for every 
Ee R(T) satisfying (6.7), the double differential W given by (6.8) belongs 
to B(T) and satisfies R(W) = é. - 


Denote by & the number of linearly independent simple differentials 4 
of the first kind such that Ay vanishes identically. Then the number of 
linearly independent induced differentials Ar on T is equal to g—%. Moreover 
each Ar is a differential of the first kind and therefore is contained in E(T). 
Hence the number of linearly independent differentials £e Z (T) satisfying 


(6.7) is equal to dim=(T)—q+4k. By virtue of Theorem 6.1, we infer 
therefore that the dimension of the space %(T) is given by 


(6.9) 7 dim W(T) = g + dim F(T) — g + k. 


The dimension of E(T) is closely connected with the virtual genus rp of T. 
Consider an arbitrary system {ép|pe]c|} of differentials é defined respec- 
tively at pe|c' and denote by X é the formal sum of é introduced in 


; ? ; 
Section 4 By virtue of (5.8), the number of $, é satisfying (y) and (8)o 
T 3 


which are independent modulo 0 is given by 4 È cp, while, for arbitrary > ép, 
` P ? 


there exists a differential £ on T — Š T, satisfying £= $ é (0) if and 
p=1 p £ 


only if 


it] 
(6. 10) > Res,[é,] = 0, (v=1, 8," : se) 
? 


(v) 
where X, denotes the sum extended over all pe|c|{] Wy. On the other 
? 
hand, for arbitrarily preassigned values pp, p€ |c |, satisfying X pp = 0 for 
o@)=p 


each singular point p of T, we can choose > ép satisfying (y) and (5), 80 
x ? 


that Res,[£,] == pp for each pe|c|. Decompose T into the sum T = > rs) 


g=1 


as) f 
of connected components T® == © T, where »(0) = 0 and p(m) = p. 
v=u(s-1)+1 


Then it fofllows from the above results that one can choose X, ép satisfying . 
B 


\ 
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(y)o and (8), so that each À Res,[é,] (u(s—1) <v < a(s), s=1,2, 
-,m) takes an RE Spin value, while (y) and (6) imply 


$ Res, Léo] =— > $ Res, [é]. 


(8-1) <v <el) p 


Hence the number of linearly independent conditions involved in (6.10) is 
p— m, while the number of linearly independent differentials satisfying 


é= 0 (0) is Sir Conseqùently we get 
vel 
” a 
dim Z (T) =È +$ E ppt m= opm — I. 


Inserting this into (6.9), we obtain the following 
THEORgM 6.2. The dimension of the space W(T) is given by 
(6.11) dim B(T) =g +m + m—1— g++ k, 


where mr is the virtual genus of T, m is the number of connected component 
of T and k is the number of linearly independent simple differentials A of 
the first kind such that Ar vanishes identically on W. 


It is obvious that Ar vanishes identically if and only if the simple Picard 


pz 
integral f A is constant on each connected component of T. Hence k is 


equal to the number of linearly independent simple Picard integrals of the 
first kind which are constant on each connected component of T. The difference, 
dd(T) = g + dim E(t) — dim (T) is called the differential deficiency * 
of T. The formula (6.9) shows that 


(6.12) dd(T) = q — k; 

! 
thus dd(T') is always\not greater than q. Let A be an arbitrary curve which 
is homologous to T. Then Ag is identically zero if and only if Ar is identically 
zero, A being an arbitrary simple differential of the first kind. In fact, 
denoting by t = u + iv the local uniformization variable on W, we have 


| A: am fi Aj: Ap m= — 2i J | Ar/dr |*dudv, 


# Goldman [9], $6. In the terminology of Italian geometers, dd(T) is the 
deficiency of the linear series on I’ cut out by the adjoint system of the complete 
linear system | T|. See the formula (6.17) below. 
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proving that A vanishes identically if and only if J, A-A is zero, while, 
since d[A- 4] = 0, we have 


fa fad | ` 
A T 


Hence A, is zero if and only if Ay is zero. This shows that the number k 


_ of indepenedent simple differentials A of the first kind satisfying Ar = 0 is 


i 


determined uniquely by ‘the homology class of T so that the differential 
deficiency dd(T} of T is uniquely determined by the homology class of T. 
Now, it follows from (6.11) that 


m= dim B(T) — m — g +q + 1—k, 


proving that the number m of the connected component of T is determined 
uniquely by the divisor class {T} of T.” 


THEOREM 6.3. IfT is connected and dim {T} Z 2, then the differential 
deficiency dd (T) of T is equal to the irregularity q of W: dd(T) = q. 

Proof. By virtue of (6.12), it is sufficient to show that any simple 
Picard integral f A of the first kind is not a constant on T unless A 


vanishes identically. By hypothesis, ‘there cies on Mt at least one 
non-constant meromorphic function ‘P such that (F)+T=20. Putting 
(F— t) =1I;—T, t being a complex parameter, we get a linear pencil 
{T;}. T is a curve (i.e. a positive divisor without multiple component) 
unless ¢ takes one of a finite number of special values t, ¢2,- - >, ts; more- 


, $ z 
over, by the above result, T; is connected for tÆ t, Now, if f A is 
z : 
constant on T, then f À is constant on each Ti, t£ t,, since Tg is homologous 


to T. Let a(t) be the value of fa on Ty, t£ tr. ‘Then a(t) is an additive 


holomorphic function of ¢ for tÆ t, (v = 1,2, » -,s) (a(t) is holomorphic 
also for fc). In the neighborhood of t», we have therefore 


\ +0 
a(t) =clog(t—t,) +E ¢n(t—t,)™. 

m= © 
On the other hand, since a(#) = ie A, zeT, it is clear that the limit 


` so Especially if T is linearly equivalent to an irreducible curve, then F is connected, 
Cf. Zariski [30], p. 36. 
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lim a(ee# + tp) exists and is independent of #. Hence, in the above expan- 
ck of a(t), c and Cm, m <0, must be zero. Thus a(t) is everywhere - 
holomorphic and therefore a(t) must be a constant. This shows that fa 
reduces to a constant, proving that A vanishes identically on Mt, q. e. d. 


Combined with (6.12), the above Theorem 6.3 yields immediately a 
theorem of F. Enriques ** to the effect that the differential deficiency dd (T) 
of an arbitrary irreducible curve T on an algebraic surface W is never greater 
than the irregularity q of M and there exists on Wt an irreducible curve T 
for which da (T) = q.. 

In what follows we assume that there exists on M at least one canonical 
divisor K. Then, using (5.14), we get from Theorem 6.2 the following 


THEOREM 6.4. The dimension of the adjoint class {K + T} of {T} is 
given by 
(6. 13) dim {K +T} =g + rr + m —1—q +k. 

This Theorem 6. 4 yields immediately Riemann-Roch’s inequality for the 
adjoint class {I} = {K +T} of {T}. Defining the virtual genus n” of I” by 
Ra — 2 = I(T, r) +I (K,T), 

we get readily from (6.13) the formula 
dim {1} = I(T, 1’) — +g —g +2 +m—1 +k, 
which yields immediately Riemann-Roch’s inequality 
dim {1} S I(r, 2) — r +g — qH 2. 
Furthermore we get the following 


' TwxoreM 6.5. The superabundance of the adjoint class {K +r} of 
the divisor class {T} of an arbitrary curve T is given by 


(6. 14) sup {K + T} =m — 1 +k, 
where m is the number of conected components of T and k is the number of 
linearly independent simple Picard integrals f A of the first kind which 


are constant on each connected component of T. 


51 Eririques [8]; Goldman [9], § 6. Cf. also Zariski [30], p. 66. 
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Combining (6.14) with (6.12), we get immediately 


(6. 15) sup {K +T} =m—1+q—dd(P). 
Especially if T is a connected curve, we have 
(6. 16) sup {K + T} =q — dd (T). 


Hence we get from Theorem 6.3 the following 


THEOREM 6.6. If T is connected and dim {T} 22, then the super- 
abundance of the adjoint class {K +T} of T is zero: sup {K + T} =0. 


It is to be noted here that 
(6.17) da(T) = def(K + T/T) 


` 


whenever def (K + T/T) can be defined. In fact, if there exist a canonical 
divisor K = (W) and a divisor D e {T} such that K and D have no component 
in common with T, then it can be easily verified.in the same manner as in 
the proof of Theorem 5. 4 that the mapping f — é == fWie(¢p)hp(D)op maps 
f(r, K+ D) onto X(T) one-to-one so that dim (TP) = dim f(t, K + D). 
Hence we get 


dd(T) — dim (GK + D) — dim {K + D} + dim {K}, 


proving (6.17). 

In case Mt is an algebraic surface, the above Theorem 6. 6 is reduced to 
a special case of a theorem of F. Severi ** to the effect that, if an irreducible 
curve T on W is a member of a continuous system which is not an irrational 
pencil, then the superabundance of the adjoint system {K + T} of {T} is zero. 
This theorem of Severi can be readily deduced from Theorem 6.5. Indeed, 
as was proved by Severi,®* if T satisfies the hypothesis of the theorem, then ` 
there exists on % no non-trivial simple Picard integral of the first kind 
which reduces to a constant on F; hence, by Theorem 6.5, sup {K + T} = 0. 


7. Algebraic surfaces. In this Section W is assumed to be an algebraic 
surface without singularities in the projective space Œ of complex dimension 
N. We denote the projective coordinates in ŒN° by ĉo n: © +, éx. Then the 
Kählerian metric ds? = 2 $; gap» (dz®d2f) on W is given by 


x ; 
Jape == 02/0208, Z — (1/2x)log { 2 &/£ |*}, 


53 Severi [23]. See also Zariski [30], p. 144. : 
55 Severi [22]; Zariski [30], p. 144. 
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where ¿= lolo +44+:°-:-+1véy is an arbitrary fixed linear form of 
Los ĉi + +, ny (it can be readily verified that gage are independent of the 
choice of £). The hyperplane section of Yt cut out by the hyperplane £0 
will be denoted by Æ. We choose the linear form £ so that W and Tr have 
only simple interséction points. Now, let us consider the quantity Q,[Q- A] 
appearing in the condition (3.82). Putting 


K == D>) ka: dz, ka — 02/8029, 
we get Q =— — idx and therefore 


iQ- A = d(x A) = X ô (k42 — koA1)/020 - ddr due. 
a 


Hence, considering («,4:—x2A1)fhpop as a 1-form on W, we have i 


oo 4] = f 38 (sda — aAa) 07: frond" 
ae f = df (x42 — rod flo) 


The 1-form (x142 — x241) fhpop is of class 0° on X except for the points p 
on |c| and on | E:T |, while, since, by our assumption, # and T have only 
simple intersection points, | c | and | E -T | have no common point. We have 
therefore | i 

iQ[2 4] = (Z+ Z) lim (ele — di) flao 

pelc| pelET| e>+0 4 |rp]=e 

while, using Lemma 3.1, one can readily deduce from the condition (8) 
for f the identity 


> lim (kid = Kk2A1) flhipop = 0 à 
d(p)=p e>+0 of [rpl=e 


for each singular point p of I. Hence we get 
(7.1) 10/0 -A41— È lim (x142 — K241) fhp0 pe 
pelE T|e->+0 e7 |Tp]=€ 


Consider an arbitrary point pe | -T |. Assuming that p = (p) is not on 
the hyperplane & == 0, we put o =1 in Up. Then the inhomogeneous 
coordinates {;,f,°° >, éw of the point z= (21,4?) in Uy are holomorphic 
functions of zt, z? and therefore 


k = — (1/27) d log € + continuous form, in Up. 


Choosing the local coordinates 21, z? so that Rp == 21, ¿= 27 in Uy (this is 
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possible since p is assumed to be a simple intersection point of F and T), 
we get therefore 

lim f (s14 — oA) fligep — i4 (9) ib (B), 

€->+0 Tp|=€ 
where fhp(p) denotes the value of the holomorphic function fh, at p. À, can 
be interpreted as the coefficient of the differential A» = A,d# induced on 
E by A and represented as 


Ai(p) = Resy[An/Ry] = (1/271) $ By Ap, 


‘ where $ denotes the integral extended over the small circle on Æ with the 
p 


4 


center p. Thus we get 


lim (k142— kez) fhpop = ifhp (p)Resp[An/Rp]. 


€>+0 [Tp]=€ 
Combined with (7.1), this yields the important formula 
(v.2) Gime = {ho (P) Resp [Az/Fp], 


where the expression fhp(p)Res¢ip)[An/Rp] is independent of the choice of 
the local equation Rp =Q. 

Now, assume that T is an irreducible curve without singular points and 
consider an arbitrary divisor D not containing T as one of its components. 
In this case we can consider that Æ'— 7, so that f(T, D) is simply the 
space consisting of all meromorphic functions f on I which are multiples 
of — D:T. The deficiency ** of D on T is given therefore by + 


def (D/L) — dimy {D - T} — dini {D} + dim {D —T}, 


where dimr {D : T} denotes the dimension of the divisor class {D-T} on the 
curve T. Now, assuming that T— D is linearly equivalent to a (reducible 
or irreducible) curve A which does not contain T as one of its components 
and is connected in Mt—T, we shall determine def(D/T). Let F, be a 
meromorphic function on Mt such that (Fo) = D + A—T. We choose the 
meromorphic functions Ry(D;z), Ry(A; z) expressing ~espectively the divisors 
D, A in Uy so that F, = Ry(D)Ry(A)/Ry. Then, as was shown in Section 
5, one gets a system {hy} defining the characteristic divisor 5 by putting 
hy = By (D ; dy) By (A; $y) (since T =T, it is not necessary to distinguish 
p from p=—¢(p)). Denote by M an arbitrary meromorphic function in 


54 Goldman [9], § 6. 
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S(D + A). Then the mapping M — F = MF, maps F(D + A) onto FT) 
one-to-one. Again, by virtue of Theorem 3.4, every Fe%(I) corresponds 
one-to-one up to an additive constant to fe f(T, d) satisfying Q;[Q-A,] — 0 
(A=1,2,:-+,q) by means of the relation f= RpF/hp, while, since 
hy/Ry = Ry (D)Ry(A)/Ry = Fo, the relation f = RyF’/hy is equivalent to f(rp) 
= M(¢p(7p)). Hence, every meromorphic function Me (D+ A) corre- 
sponds one-to-one up to an additive term cF-1 (c being an arbitrary constant) 
to a meromorphic function fef(T,d) satisfying Q,[Q: 4a] =0 (A=1, 2, 

-,q) by means of the relation f = M (¢p). Obviously 5=D-T+A-T 
and therefore f(T, b) —f(T, D +4). Now, if Me %(D), then f — M (dy) 
belongs clearly to the subspace f(T, D) of f(T, D + A); moreover any M e $(D) 
is determined uniquely by f = M (dp), since F1 does not belong to (D). 
Conversely, tf f = M(¢y) belongs to f(T, D), then we can find Mie (D) 
such that M, (pp) =f. To prove this, we shall first show that, if f = Ry F/hy 
belongs to f(T, D), then the function Fa induced on A by F is holomorphic 
everywhere on A. Clearly Fa is holomorphic on A except for the points on 
| A-r]. Now, let p be a point on | A-T|. Then since I is a curve without 
singular points, we can choose the local coordinates z+, z? in Up so that Ry = 21 
and that 2? = tp on T. Put 


N (2,22) —2F = MR,(D)R(A). 


Then, since f e f(T, D) implies that M (0, 2?) Ry(D; 0,22) = f(z") Ry(D; 0, 2°) . 
is holomorphic in 2°, we have. 


N(0, 2?) =0(By(A; 0, 27)). 
This shows that 
N (27, 27) = 0 (21, By (A; 24, 2°) ). 


Now, let A® be any irreducible branch of A passing through p and 2¢ = #%(ra) 
(a= 1,2) be a parametric representation of A®. Then we get from the 
above result 


N (y (ra), #(ra)) = 0(4*(7a)), 


proving that Fa = F'(y (ra)) = N (4 (7a))/" (ra) is a holomorphic function 
of the local uniformization variable ra on A®. Thus Fa is holomorphic 
everywhere on A and therefore Fa must be constant on each irreducible com- 
ponent of A, while, since by hypothesis A is connected in M—T, any two 
irreducible components of A have at least one common point in M—T. Hence 
Fa reduces to a constant on A:Fa—c. Now, putting F, =F — c, we get 
a meromorphic function F; satisfying (F,) = A — F and RypF:ı/hy =f. The 


THE THEOREM OF RIEMANN-ROCH, 871 


corresponding meromorphic function M, = F,/Fe belongs clearly to §(D) 
and satisfies M,{¢y) =f. Thus the mapping M — f == M(dy) gives the one- 
to-one correspondence between meromorphic functions M eÿ(D) and mero- 
morphic functions fef(T,D) satisfying Q;)[2: A1] =0 (A =1,2, 3q). 
Let jp be the number of linearly independent simple differentials A of 
the first kind satisfying Q;[Q - 4] — 0 for all fe f(T, D). Then the number 
of linearly independent conditions imposed on fe f(T, D) by Q;[Q: A1] = 0 
(A=1,2,---+,9) is q— jp and therefore, by virtue of the above results, 


def(D/T) = dim f(T, D) — dim (D) = q — Jp. 
Combined with (7.2), this proves the following 


THEOREM 7.1. Assume T to be an irreducible curve without singular 
point. Let D be an arbitrary divisor not containing T as its component such 
that T— D is linearly equivalent to a curve A which does not contain T as its 
component and is connected in Dt —T, 'and let jp be the number of linearly 
independent simple differentials A of the first kind satisfying 

ri (p)Resp[An/Ry] 0, for all fef(T, D), 


where E is an arbitrary hyperplane section of Mt cutting out on T only simple 
intersection points. Then we have 


(7.3) def(D/T) = q — jp, 
From this theorem it follows immediately the following 


THEOREM 7.2. Let T be an irreducible curve without singular points 


and D be an arbitrary divisor not containing T as its component. If. 


T—D—E is linearly equivalent to a curve A not containing T as its com- 
ponent, then we have def(D/T) = 0. 


Proof. We choose # so that # cuts out on T only simple intersection ` 


points which do not lie on | D | nor on | A| and that A+ F is connected 
in M—T. Since T is linearly equivalent to D + A + E, we may assume that 


(7.4) ly = Ry (D; pp) By(A5 by) Ro(E; oy). 

Now, for each pe | E:T |, every fe f(T, D) is holomorphic at p, while (7.4) 
shows that hy(p) — 0. Hence we have, for arbitrary A, 

> fho (p) Resp [An/Ry] = 0, for all fe f(T, D). 


pel£-T 


Consequently jp = q and therefore, by (7.8), def(D/T) is zero. 


t 
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For an arbitrary given divisor D, the divisor -class {D + nE} contains 
an irreducible curve without singularities if the positive integer n is chosen 
sufficiently large. Using this fact, we can deduce from Theorem 7. 2 imme- 
diately the following X 


` Taeorem 7.3 (O. Goldman %). Let L, D be two arbitrary given divisors 
and Tn be an irreducible curve without singularities belonging to the divisor 
class {L + nE}, E being the hyperplane section. Then, if n is sufficiently 

` large, we have def(D/Tn) = 0. 


The superabundance of an arbitrary divisor class {D} is, by definition, 
sup {D} = dim {D} + dim {K — D} —I (D, D) + rp — g + 1—3, 


where zp is the virtual genus of D defined by 2rp —2 == I (D, D) + I (K, D). 
The theorem of Riemann-Roch on! algebraic surfaces asserts that sup {D} 
is always non-negative. The divisor class {D} is called regular if sup {D} 
and dim {K — D} are both zero. | 

Let D is an arbitrary divisor. Then, if n is sufficiently large, 
{D + nE — K} is a divisor class of an irreducible curve A and therefore 
{D + nE} = {K + A}; moreover, it is obvious that dim {A} = 2 for suffi- 
ciently large n. Hence, by Theorem 6. 6, we get the following 


THEOREM 7.4 (G. Castelnuovo 57). For an arbitrary given divisor D, 
the divisor class {D + nE} is regular if n is sufficiently large. 


Choose n so large that {D + n#} is regular and contains a curve I. 
Then, using (5.17), we get immediately chd{T} = q. Combined with (8. 35), 
this proves a theorem of G. Castelnuovo ** to the effect that the characteristic 
deficiency of a curve is always not greater than the irregularity q of the 
surface and there exists a curve having the characteristic deficiency q. Again, 
combined with Theorem 3.4, the above result yields the following 


THEOREM 7.5.5 Let T, be a curve in the divisor class {D + nE}, D 
being an arbitrary ficed divisor. Then, if n is sufficiently large, there exists 
on Mt exactly 2q independent simple Picard integrals of the second kind 
which are multiples of —Tn. 


56 See Goldman [9], $ 5. 

ss Goldman [9], § 6. 3 

57 Castelnuovo [4]; Goldman [9], § 7. 

58 Castelnuovo [4]; see also Zariski [30], pp. 69-70. 
59 Cf. Zariski [30], pp. 122-128. 
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As was shown by O. Goldman,® the theorem of Riemann-Roch on alge- 
braic surfaces can be readily deduced from Theorem 7.3 and Theorem 1. 4. 
We shall reproduce here his deduction briefly. Let D be a given divisor and 
T be an irreducible curve without singularities belonging to the divisor class 
{nH}, n being a sufficiently large positive integer. Then we have, by Theorem 
7.3, def (K — D/T) — 0 and therefore 


dim {K — D} = dimy {K -r— D-T}, 


_ where dimy {K -T — D-T} denotes the dimension of the intersection divisor 
K-T—D-T on the curve T. Again, since T-T+K:T is a canonical 
divisor on T, ve have, by the theorem of Riemann-Roch on the curve, 


dimy {D: Tr +T: r} = I(T, D +T) —m + dimr {K-T—D-T} +1, 
while, it is obvious that 

dimr {D-T +T: T} = dim {D + r} — dim {D}. 
Consequently we get 

dim {D} + dim {K — D} = dim {D + T} — I(T, D +T) Lrr—1. 
On the other hand, Theorem 7. 4 shows that 

dim {D + T} =I(D +T, D +T) —wmr+9—¢+2. 
Hence we get | ‘i 

dim {D} + dim {£ — D} =1(D,D +1) —ma+ m +g9— g+ 1, 
yielding immeditely 

dim {D} + dim {K — D} = I (D, D) — ro + 9— q+ 2, 
q. e. d. | | 


Remark. The arithmetic genus of an algebraic surface Mt is, by definition, 
the constant pa appearing in the “ postulation formula ” 


dim {nE} = con? + en + Pa + 1, (for large n), 


where E denotes a hyperplane section of Wè and co, €, are the constants not 
depending on n. On the other hand, it follows from Theorem 7.4 that, for 
_ sufficiently large n, dim {nE} is given by 


dim {E} = 4I (E, E)n? — 4I (K, E)n +g —q + 1. 


eo Goldman [9], §7. > -< 
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Comparing this with the postulation formula, we infer immediately that the 
difference g — pq between the geometric genus g and the arithmetic genus Pa 
of an algebraic surface Mt is equal to the number q of linearly independent 
simple differentials of the first kind attached to Me. 


THE JOHNS HOPKINS UNIVERSITY. 
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‘GAUSSIAN CURVATURE AND LOCAL EMBEDDING.* 


By Pame HARTMAN ** and AUREL WINTNER 


1. The embedding theorems. As recently shown in [2], [3], [4], 
the usual assumptions of differentiability in some standard theorems of differ- 
ential geometry can be lightened considerably if considerations involving the 
Gauss formula (and its variants) for the surface curvature K are replaced 
by others involving the “ curvatura integra,” f f Kdo; cf. [8], pp. 43-44, [6], 
p. 185 and § 2 below. The present paper develops these ideas farther, with 
applications to the embedding problem. 

A function of one or several variables will be called of class C”(A), 
where n = 0, 1, >- and 0 <A < 1, on a domain if the function is of class 
C” on that domain (that is, if it possesses there continuous n-th partial 
derivatives) and if all the n-th derivatives satisfy a uniform Hélder condition 
of order X (with respect to all of the variables, and on every compact subset 
of the domain). Let (ga) == (gix(u,v)), where i, k = 1,2, be a symmetric 
positive-definite matrix defined on some (w,v)-domain. The line element 
(1) ds? = gi,duidu®, where (ut, u?) = (u,v), 
will be said to be of class O” or of class C”(A) if each coefficient function in 
(1) belongs to the class O” or ("(A), respectively. For n Æ 1, the (gx) or 
(1) will be said to possess a local embedding of class O7 or C"(X) at a given 
point (uo, Vo), if, in a vicinity of (u,v), there exist three functions 


s== gu, v), y= y(u, v), z =z(w, v) of class O” or O*(A), respectively, 
satisfying 
(2) dz? +. dy? + dz? = gyduidu# ; 


that is, if there exists, in the 3-dimensional Euclidean space, a 2-dimensional 
surface, of class O” or O”(A), on which (1) is the squared element of. arc- 
length. | 

Several extensions of the theorem of [2], p. 563, will be proved. . In the 
elliptic case, the result will be as follows: i 


(I) LetO0<n<A<l. Ina neighborhood of (u,v) = (0,0), let (1) 


* Received December 16, 1950. 
** John Simon Guggenheim Memorial Foundation Fellow, on leave of absence from 
The Johns Hopkins University. 
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-be a positive-definite line element of class C1(A) which possesses a positive 
curvature K = K (u,v) of class C°(A). Then (1) has a local embedding of 
class C? (uw). : 


| The analogue of (I), in which C°(A), CT(A), C?(u) are replaced by 
Cri (A), 07 (A), C” (p), respectively, where n = 2, was proved in [2]. The 
definition of the curvature K of (1), when (1) is of class C1, will be given 
in § 2 below, following the ideas mentioned at the beginning of §1. Whether 
or not the C?(x) in the assertion of (I) can be improved to C?(A) will 
remain undecided. Also, it will be left open whether or not the Holder 
conditions can be dropped in both the assumption and assertion of (I). It 
will, however, be proved that they can be omitted in the hyperbolic analogue 
of (I): i 


(II) In a neighborhood of (u,v) == (0,0), let (1) be a positive- 
definite line element, of class C*, which possesses a continwous negative 
curvature K = K (u,v). Then (1) has a local embedding of class O°. 


Since the surface (x, y,2) of class C? supplied by (II) has a continuous 
Gaussian curvature which is identical with K, the assumption in (II) that 
(1) possess a continuous curvature is necessary. In this regard, cf. the 
remarks in [2], p. 554 or the footnote in [4], p. 144. 

Corresponding to (II), the Holder conditions can be omitted in the 
hyperbolic case of the theorem of [2], p. 563, as follows: 


(III) Let n=l. Ina neighborhood of (u,v) = (0,0), let (1) be a 
positive-definite line element, of class C”, which posseses a negative cur-; 
vature of class C". Then (1) has a local embedding of class C™, 


It remains undecided whether the assertion of (III) does or does not 
temain true if the curvature, instead of being negative, is positive. 


2. The generalized definition of curvature. Let (1) be a positive- 
definite line element on a simply connected (u,v)-domain R. If (1) is of 
class C?, the curvature K = K (u,v) of (1) can be defined by the standard 
formula | 


(3) i K = (Bu — 4+) /9, 
where g = deti (gip) > 0 and 
(4) À = $97 [ (912/911) Jiru + Jiro — Grau]; i 


> 


(5) B = 497[ (912/911) rio — Joou + Gr2v] 3 


878 ‘PHILIP HARTMAN AND AUREL WINTNER. 


cf., e. g, [1], p. 216. If J is a Jordan curve in R and is piecewise of class 
C1, and if T is the interior of J, then (3) and Green’s theorem imply that 


(6) $(T) = f Adu + Bao, 
J 
where the set-function $(T) is the “ curvatura integra,” 


(7) o(T) = ff Kao, (do = g du dv). 
7 


In what follows, by “an admissible Jordan domain T” will be meant 
a domain T of the type admitted in (6) and (7). The formula (6) will be 
used as a basis for the following definition: 


Definition. If (1) is a positive-definite line element of class C* (not 
necessarily C?) on a simply-connected domain R, the “curvatura integra,” 
p(T), of (gx) or (1) is defined for admissible Jordan domains T by (6), 
where A, B are given by (4), (5). If, in addition, the set-function (T) 
is absolutely continuous, that is, if #(T) has a representation of the form 
(7) in terms of a function K = K(u,v) which is independent of T and 
which is summable (i. e., class Z,) over every compact subset of R, then (gix) 
or (1) will be said to possess the curvature K = K (u,v). 

In this definition, the function K (u, v), if it exists, is only determined 
almost everywhere (that is, up to a 2-dimensional zero set in R). But even 
such a determination of a curvature can be useful; cf., e.g., the proof of 
Theorem III in [4] (where the assumptions impl”, however, that K exists 
and is bounded almost everywhere on compact subsets of R). 

The following standard conventions concerning K will be made below: 
If there exists a continuous function K == K (u,v) satisfying (6) and (7), 
then the curvature (1) will be considered to be defined everywhere (instead 
of almost everywhere) as the unique continuous K; in which case (1) will 
be said to possess a curvature of class O°. Corresponding remarks apply to a 
curvature of class O” or C"(X). 

Similar extensions of the classical definition of the curvatura integra or 
of the curvature have been given by replacing the classical formula (3) by 
the formula of Gauss-Bonnet ([8], pp. 43-44; also [6], p. 135) or by the 
Frobenius formula for K ([2], p. 562; [31], p. 759). These interpretations 
are equivalent. ag seen from the case T==-["™==1 of theorem (i) below 
(they are clearly equivalent for “smooth” line elements). 

It may be mentioned that the equivalence of the two definitions of the 
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curvatura integra, those based on (3) and, the formula of Gauss-Bonnet, 
respectively, leads to a simple geometrical interpretation of the set-function 
p(T), even for line elements (1) which are just of class O1. In fact, ¢(T) 
is just the oriented variation of the direction of a vector transported parallel 
to itself (Levi-Civita) along the boundary, J, of T. In order to see this, it is 
sufficient to write the formula of Gauss-Bonnet in the form 


where Xa is the sum of the oriented exterior angles a (measured in the metric 
(1)) at the vertices of J, the sum XA8 is extended over the sub-arcs of J, all 
of which are supposed to be of class C1, and A0 denotes the oriented variation 
of a continuous determination of 6 along one of the sub-arcs, finally —6 is 
the oriented angle from the tangent vector of the sub-arc to a vector trans- 
ported by parallelism along the sub-arc; cf. the proof of the Gauss-Bonnet 
formula in [6], p. 184, and, for the above Ci-formulation, a remark in 
[5], § 15. : 

In applications of the set-function ¢(7), the following fact will be 
needed : 


(i) Let the function T =T (u, v) and the positive-definite line element 
(1) be of class C* on a simply-connected domain R. For m==1,2,---, let 
the functions I™ = T(u,v) and the positive-definite line elements - 


(1) ds? = g",duidut (ut == u, u? = v) 


be of class C? on R and have the property that, as m >œ, the functions T”, 
ga and their first order partial derivatives tend to the functions T, gi and 
thew first order partial derivatives, respectively, uniformly on every compact 
subset of R. Let T be an admissible Jordan domain in R. Then 


(8) lim f f r™Kmdom 


exists and has the value 
(9) f (Adu + Bdv) + f f (AT, — BY,) dudo. 
J T 


If, in addition, (1) has a curvature K, then the limit in (8) has the value 


(10) f TKdo. A 


T 
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As a consequence of (8), (9) for the case r= T” == 1, the relation 
(11) lim dM(T) = (2) 


holds for every admissible Jordan domain T in R. 

If f(u), f"(u) are positive functions of class C?, say for —1<u< 1, 
such that, as m —>œ, both f” —> f and f"u—> fu hold uniformly in u, while 
fun — fuu does not hold, then it is seen, by considering the cases ds? — du? 
+ (f(w))?dv and ds? = du? + (f"(u))?dv? of (1) and (1™), respectively, 
that K” —>K need not hold (even if K is continuous). Thus a “ direct” 
verification of the equality of the integral (10) and the limit (8) is not 
possible. 


Proof of (i). It is clear from (6), (7) and Green’s theorem that the 
integral in (8) is equal to the expression (9™), if (9™) belongs to T” and 
(1™) as (9) does to T and (1). Thus it is clear that the limit (8) exists 
and has the value (9). , 

If K = K (u,v) is continuous, instead of being merely summable, the , 
equality of the expressions (9) and (10) is an immediate consequence of the 
lemma in [3], p. 761, since (6) and (7) hold for arbitrary admissible Jordan 
domains T. However, it is easy to see that the proof of that lemma in [3] 
can be modified so as to apply to the case of a summable K. Thus, (i) is 
proved. 


(ii) Let (1) be a positive-definite line element of class C? on a simply- 
connected domain R, and let (1) possess a curvature K = K (u,v). Let a 
function z = z(u, v) of class C? on R be such that the line element defined by 


(12) yiıdutdu* = guduidur —( dz)? 
is positwe-defimte on R. Then (12) possesses a curvature k= x(u, v) 
satisfying 
(18) Kyt = — g (rs — t) + Lir + Las + Lst + Q + Kot. 
Here y and p, q, 7, S$, t denote detè (yaw) > 0 and the partial derivatives 
Zus Zv; Suny Zur) vv Of 2, respectively; Dı, Lo, Ls are linear forms in p, q, while 
Q is a quadratic form in p, q, and these forms have coeficients which are 
quadratic forms in`the giu and their first order partial derivatives. 

Proof of (ii). If (1) is of class C? and if the partial differentiations, 
occurring in (3), are carried out, it is seen that the formula (3) for K can 
be put into the form 


Kg“ = 49? [2912u» — Driv — Goom] -+ biga + bagio + Dao, 
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where ,b;, Oz, bs are quadratic forms in the first order partial derivatives of 
the 9x3 cf. the standard Frobenius formula for K, [2], p. 553. If, in 
addition, z(u, v) is of class C°, then (12) is of class O? and possesses, there- 
fore, a curvature K. The function xy* can be calculated by replacing giu Jin 
922 in the last formula line by yur = 911 — P’, yao = 912 — P, Y22 = J22 — QÔ, 
respectively. The result of this calculation turns out to be (13); cf. [1], 
p. 254, where this calculation is carried out in the main. The expression on 
the right-hand side of (13) is identical with 4 times the expression on the 
left-hand side of equation (4) in [1], p. 254, except that those terms of the 
latter equation which do not contain p, q, r, s, t have been grouped together 
as Kg* in (13) above. 

It remains to consider the case in which (1) and z(u,v) are of class 
C1, C2, respectively. Let (1™) be the m-th element of a sequence of positive- 
definite line elements. satisfying the conditions of (i). Let 2” = 2™ (u, v), 
where m==1,2,:- +, be a sequence of functions of class C° on R, and ` 
suppose 2” and its first ‘and second order partial derivatives tend, as m—00, 
to z and its corresponding derivatives, respectively, uniformly on every com- 
pact subset of R. Let y";,(u,») be defined by 


(14™) yinduiduk = 9™,,duiduk —(dz)?. 


Corresponding to any compact subset of R, the line element (14™) is positive- 
definite for sufficiently large m. On those subdomains of R on which (14") 
is positive-definite, let x” be the curvature of (14"), and let do” = y"dudv, 
where y” == det! (yz) > 0. ; 

Let T be an admissible Jordan domain in À. Then the formula for x”, 
deduced at the beginning of this proof, and the case T = g*y-8, T” = (g™)*(y™)3 


of (i) imply that lim f f K”do™, as m-—>oo, exists and has the value 
P ; 


Sf {— 9? (rs — E) + Lir + Les + Lit + Q}yfdudv + Sf Kg*y*dudv. 
T 


T ‘ 


Hence, the last expression is the “curvatura integra” of (12); cf. (11). 
Consequently, the above Definition of curvature shows that (12) has a 
curvature and that (13) holds. This completes the proof of (ii). 


3. The case K=0. If a positive-definite line element (1) is of class 
C? and has a curvature K==0 on a simply-connected domain R, then a 


i 
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standard result of differential geometry states that there exist functions 
gz == &(u,v), y = y (u,v) of class C? on R such that 


(15) gudu'duk — (de)? + (dy)? 


cf., e. g., [1], pp. 221-222. In [8], p. 767, this fact was extended to the case 
in which C? is replaced by C1 in both the assumption and assertion. However, 
as shown by the following theorem, much more can be proved under the 
mere C?-assumption : 


(iii) If a positive-definite line element (1) of class Ot possesses a curva- 
ture K==0 on a simply-connected domain R, then there exist functions 
t= (u,v), y—y(u,v) of class C? on R satisfying (15). Furthermore, 
such functions x, y can be obtained by quadratures. 


The proof will follow that given in [1], pp. 221-222, for the case in 
which (1) is of class C?. It will show that if (1) if of class 0”, where n = 1, 
then x and y can be chosen of class (#1, 


` Proof of (iii). It is seen from (7) that if K ==0, the line integral in 
(6) is 0 for all Jordan curves J in R which are piecewise of class CT. Hence, 
there exist functions 6 = 8 (u, v) of class C* in R satisfying 


(16) Où = À and 0, =B. 


Such a @ can be obtained by quadratures and is determined by (16) to an 
additive constant. 
It follows from (16) and the definitions, (4) and (5), of A and B, that 


(9113 cos 8)» = (91291172 cos 0 + 9911-3 sin 9) 
and 


(guè sin 8)» = (9iegir sin 6 — 991174 cos 0). 


Hence there exist on RÆ functions c=a(u,v), y=y(u,v) of class 0? 
satisfying 


Ly = 9112 COS 8, Ly = J129i1* COS 6 + GG sin 8 , 
and 
Yu = gu? sin 6, Yo = 912911? Sin 6 — JJa? cos 9, 


and these functions can be obtained by quadratures. The relation (15), to be 
proved, is an immediate consequence of the last two formula lines. This 
proves (iii). 

In the proofs of (I) and (II), theorem (iii) will allow the avoidance of 
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the conformal normal form for (12), used in [2], pp. 555, 561, 562. This 
will permit the omission of the Holder condition in (IT). 


4. Proof of (I). Following a device of Weingarten ([7], pp. 3-4; cf. 
[1], pp. 253-254), let a function z == z(u,v) be sought which is of class C? 
in a vicinity of (u, v) — (0,0) and makes (12) a positive-definite line element 
with curvature K ==0. In view of (ii), this leads to a Monge-Ampère partial 
differential equation, obtained by equating to 0 the right-hand side of (18). 

The smoothness assumptions of (I) show that in this equation the 
coefficients, which are known functions of (u,v), are of class C°(A).° The 
assumption K > 0 means that the Monge-Ampére partial differential equation 
is of elliptic type; cf. the assumptions of the Theorems, p. 554 and the 
lemmas on pp. 556-557 of [2]. Hence, Lemma 2 in [2], p. 557, supplies 
the existence of solutions z == z(u,v) of class C?(«) in a sufficiently small 
neighborhood of (u,v) = (0,0). The remarks on pp. 560-561 in [2] show 
that solutions ¢ can be so chosen that (12) becomes positive-definite in a 
vicinity of (0,0). 

If z= z(u,v) denotes such a solution, then (iii) states that there exist 
functions z == g (u, v), y = y(uw, v) of class O? in a vicinity of (0,0) satisfying 
yanduiduk — (dx)? + (dy)?. Actually, the proof of (iii) shows that x, y can 
be chosen of class C?(u), since the yix are of class Ct(u). In view of (12), 
the functions x, y, z form a solution of the system of partial differential 
equations (2). This completes the proof of (I). 


5. Proof of (II) and (III). It is clear from the preceding proof that, 
in order to prove (II), it is sufficient to verify, under the conditions of (II), 
the following fact: The Monge-Ampére equation obtained by equating to 0 
the right-hand side of (13), has, in a vicinity of (u,v) = (0,0), solutions 
z = z(x,y) of class O? which make (12) positive-definite. The smoothness 
assumptions of (II) mean that the known coefficient functions of (u,v) in 
this Monge-Ampére equation are continuous near (u,v) == (0,0), while the 
hypothesis K < 0 implies that this equation is of hyperbolic type. 

The existence statement supplied by Lemma 2 in [2] is not directly 
applicable. However, it is easy to see that, in the hyperbolic case, the proof 
of Lemma 2 (and that of Lemma 1, on which Lemma 2 depends) remains 
valid if the Holder conditions occurring there are ignored. In fact, in the 
proofs on pp. 556-560 in [2], it is only necessary to interpret the symbol | f |, 
as the maximum of |f| on the circle u? + v? S r° and, as before, || w || as 
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greatest of the six numbers |w |p, | Wu |gs | Wola, | Wee |u | Wuv lus | Woo la 
This proves (IT). 

The remark following Lemma 2 in [2] remains valid if the Holder 
conditions there are ignored. This means that if the coefficient functions in 
the hyperbolic Monge-Ampére equation are of class 0” (as under the assump- 
tions of (III)), then the solutions z= z(u,v) furnished by the above 
existence proof are of class C™**. In addition, the remark following the 
statement of (iii), above, shows that the corresponding functions + = e (u, v) 
and y —y(u,v) are of class C"#, This proves (III). 


Paris, FRANCE AND THE JOHNS HOPKINS UNIVERSITY. 
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ON AN OSCILLATION CRITERION OF LIAPOUNOFF.* 


By Puiu HARTMAN ** and AUREL WINTNER 


1. In the differential equation 
(1) | d'+g(z—0, 


let g(t) be a real-valued, continuous function on a closed interval, say on 
[0,7]. Consider only the real-valued, non-trivial (540) solutions æ(t) of 
(1). If no such solution has more than one zero on [0, T], let (1) be called 
disconjugate on [0,7]. A general approach to disconjugate equations (1) 
was considered in [3]; it easily leads to various criteria of explicit nature, 
in particuar to the following criterion, which goes back to Liapounoff (cf. 


[1]) : H 
T 
(2) | Tf olas, 


then (1) is disconjugate on [0,7]. It is also known ([2%]; cf. also [1]) 
that the 4 in (2) cannot be improved to any 4 + e > 4 (if q(t) is unspecified). 
But it will turn out below that (2) can greatly be improved in. another 
direction. | 

First, if the factor T in (2) is written beneath the integral sign and is 
then diminshed to ¢, where 0 tT, it is natural to ask whether there 
exists a positive absolute constant having the property that (1) must be 
disconjugate on [0, T] whenever the value of 


(3) flap ae 


does not exceed that absolute constant. It turns out that such an absolute 
constant exists, and that its best value is 1. In other words, (1) must or 
need not be disconjugate on [0,7] according as the value of (3) does not 
or does exceed 1. 


* Received December 4, 1950. 
** John Simon Guggenheim Memorial Foandation Fellow, on leave of absence from 
The Johns Hopkins University. 
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It will also follow that if (3) is replaced by 


i T 
(4) f lao a, 


then there does not exist for any T >0 and for any a >1 a positive 
C=C (a, T) having the property that (1) must be disconjugate on [0, T] 
whenever the value of (4) is less than C (a, T). 


2. Clearly, neither is the sufficiency of 


(5) | ÉTOILES 


contained in that of (2), nor is the converse true. But the sufficiency of 
both (2) and (5) is contained in part (i), and the final nature of the 
respective absolute constants, 4 and 1, in part (ii), of the following theorem: 


Let r == r(t) be a positive, continuous function on the open interval (0, T). 


(i) Whenever q(t) is a continuous function on the closed interval [0, T] 
satisfying 
T-0 
(6) frOlwlasrebr.cMAC—}, 
Octet 


+0 


the equation (1) must be disconjugate on [0, T], but 


(ii) the assertion of (i) becomes false for every r(t) (and for every T) 
if the bound on the right of (6) is increased by e, where e > 0 ts arbitrary. 


Clearly, (2) and (5) result by choosing r(t) — 1 and r(t) == t, respec- 
tively. More generally, let r(t) — 7%, where a 0. Then the integral on 
the left of (6) becomes (4), while the bound on the right of (6) has the 
value 0, 1 or J'-*(2—a)?“/(1 —a)** according asa > 1, a == 1 07 a <1, 
In the more symmetric case, where r(t) = t% is replaced by r(t) = 1*(T — t)4, 
0=tST, the bound on the right of (6) has the value 0 or 4471 
according a > 1 or a%l. Thus the assertion made after (4), according to 
which there cannot exist a C = C (a, T) > 0 if a > 1, is obvious. 


8. Let (6*) denote the inequality which results if | q(t)| in (6) is 
replaced by the (non-negative, continuous) function g*(t) == max(0, g(#)). 
Then (6) implies (6+), but not conversely. The assertion of (i) remains, 
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however, true if its assumption (6) is relaxed-to (6*). But this refinement 
-© of (i) is contained in (i) itself. In order to see this, it is sufficient to apply 
(i), as it stands, to the differential equation x” + q*(¢t)x—=0. Then if (6*) 
holds, this differential equation is disconjugate on [0,7]. Hence (1) is also, 
since g(t) <Sq‘(¢). In fact, if (11), (12) denote the differential equations 
(1) which belong to coefficient functions g = q1, q = qz satisfying q(t) Sq.(t), 
then it is clear from Sturm’s comparison theorem that (1,) must be discon- 
jugate on [0, T] if (12) is. á 

This Sturmian argument also shows that it is sufficient to prove 2 (i) for 
non-negative q(t) =| q(t)|. In addition, it can be’ assumed that T =1 
(as seen if tin (1) and (6) is replaced by #/T). Butif T — 1 and q(t) £0, 
then (6) reduces to 


(8) f raw sy, 
where 7 
(9) y= Bld. {r(9/4(1—t)) 
O<tcl 
and, by assumption, 
(10) g(t) 20 on [0,1] and r(t) > 0 on (0,1). 


Thus it is sufficient to prove (i)-(ii) for (1) under the normalizations (8)-(10). 

The proof of (i) will lead to a generalization of an inequality of Beurling 
(cf. [1]), while (ii) will be proved by an adaptation of a method of Borg [1]. 
In principle, both (i) and (ii) must be dedüucible.from the general criterion 
used in [3]. 


4. Proof of (i). If y — 0, then (8) and (10) imply g(t) =0, and so 
(1) is disconjugate. Thus, it remains to consider the case y, > 0. It is ` 
clear from (8), ie and (10) that 


1-0 


(11) Fecoawatz fia=ooa 


+0 


. Hence, since yr > 0, it is sufficient to prove (i) for the case 7(t) = p(t), 
where p(t) = Łt(1— t). In fact, (9) shows that y, — 1. Accordingly, (i) 
will be proved if it is shown that if q(t) 2 0, then 


(12) f #(1—t)q(t)dt > 1 
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must hold whenever (1) possesses some solution x(¢) =£0 which has at least ` 
two zeros on [0,1]. 

Suppose that there exists such a solution z(t), and let t =a and t =b, 
where 


(13) i 0<a<b<1, 


be two zeros of it. Since its zeros cannot cluster on [0,1], and since æ(t) 
can be replaced by —-x(t), it can be supposed that s(t) is positive on the 
open interval (a,b). Then, by (1), 


t 
b-0 


b 
(14) J iaDia ft He" OL 


a+0 


On the other hand, since q(t) Æ 0, it is seen from (1) that the graph of 
w= 2(t) is a convex arch over (a,b). Since æ(a) —0 and æ(b) —0 
(hence, z(t) ==0 being excluded, z’(a) £0 and +’(b) 40), this convexity 
implies that 


(15) t/x(t) 2 1/x'(a) > 0 and (1—t)/a(t) = —1/x (db) > 0, 

if ¢ is on the interval (a,b). Finally, if ¢ is any point of this interval, 
then it is seen from (13) that 1— t > 1—c or t> c according as ¢ is on 
(a,c) or on (c,b). It follows therefore from (15) that the integral on the 
right of (14) is greater than (not equal to) 


(16) —a— o) f a!" (t) dt/a’(a) tof 2” (t) dt /a’(B). 


c 


Hence, this lower estimate holds for the integral on the left of (14). 

This lower estimate is valid for every choice of ¢ on (a,b). Let c now 
be so chosen that x’(c) =Q (such a choice is possible, since z(a) = 0 and 
æ(b) —0). Then (16) reduces to 


—(1—e) (0—2"(a))/a’(a) + e(z (b) —0)/z"(b), 


or simply to (1—c) +c—1. Hence, the lower estimate, mentioned after 
(16), becomes 
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(17) fran. 


Since g(t) = 0, it is seen from (13) that (17) implies (12). 


This completes the proof of (i). 


5. Proof of (ii). Assume the normalizations (8)-(10). Let s and e 
be arbitrary numbers satisfying 0<e<s<1—e, and let z(t), where 
0 tS 1, be any function having the following properties: s(t) has a con- 
tinuous, non-positive second derivative on [0,1], is positive on (0,1), finally 


a(t) = t on [0,s—e] and a(t) = (1—12)(s — 6) /(1 — s — 6) on [s +6, 1]. 


In terms of this z(t) = e(t; s, e), define a continuous g(t) = q(t; s, €) 
by (1), by placing qg=——x”/x. Then q(t) is non-negative on [0,1] and 
vanishes identically on both sub-intervals [0,s—e], [se 1] of [0,1]. 
Since, by the last formula line, the solution a(t) of (1) has two zeros on 
[0,1] (but does not vanish identically), the assertion of (ii) will be proved 
if it is shown that the value of the integral on, the left of (8) can bé made 
less than any number which exceeds the value (9), if s and'e are suitably 
chosen. : 

The last formula line and (1) show that the integral on the left of (8) 
is identical with 

, are 
(18) J —r(a’se(tdt. 


8-€ 


But the value of (18) is less than 1/(s—e) times the value of the integral 
of —r(t)x” (t) over the interval [s—e, s + e], since z(t). = s— e on this 
interval. Hence, if m = m(s,«) denotes the maximum of r(t) on [s—e, 
s + €], then the value of (18) is less than m/(s—e) times 
8+€ 
f — g” (t)dt = 2'(s —e)— r (s + e). 
8-€ 


But the last difference is identical with 1 + (s—e)/(1—s—e), as seen 
from the definition of s(t). Consequently, the value of (18) is less than that 
of the ratio 


(19) m(1— 2e)/{(s—e) (1—s—e)}, where m == m (s, €). 
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Since r(t) is continuous at t =s, it is clear from the definition of m 
that the ratio (19) can be brought arbitrarily close to r(s)/{s(1—s)} by 
choosing « small enough. Since s is an arbitrary point on (0,1), it follows 
that, if e and s are suitably chosen, the value of (19) will come arbitrarily 
close to the constant (9). Consequently, the value of (18) can be made 
less than any number that is greater than the constant (9). This proves (ii). 


Paris, FRANCE AND THE JOHNS HOPKINS UNIVERSITY. 
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BOOLEAN ALGEBRAS WITH OPERATORS.* 
‘PART I. 


By BJARNI Jénsson and ALFRED TARSKI. 


Introduction. 


In the last few years various new kinds of algebraic systems have been 
defined and studied which can be referred to collectively as Boolean algebras 
with operators. These new algebraic systems have been obtained by enriching 
Boolean. algebras by means of some new operations which are assumed to be 
additive, i.e., distributive under ordinary Boolean addition. As examples 
closure algebras, projective algebras, and relation algebras 1 may be mentioned. 
Like most other. algebraic systems which have been studied in modern algebra, 
all these systems have arisen as results of generalizations of specific models 
studied in various parts of mathematics. Whenever a new kind of algebraic 
system originates in this way, the problem presents itself whether the abstract 
characterization is adequate in the sense that every system under discussion 
is isomorphic to one of the original models; this is the so-called representation 
problem for the given class of algebraic systems. As is well known, this 
problem has been completely solved for Boolean algebras without operators 
by showing that every Boolean algebra is isomorphic to an algebra formed by 
a field of sets under the set-theoretical operations of addition (formation of 
unions) and multiplication (formation of intersections).? It is also well 
known that this representation theorem is a simple consequence of (and 
trivially equivalent to) the so-called extension theorem by which every 
Boolean algebra can be extended to a complete and atomistic Boolean algebra. 
The ‘aim of this work is to extend these results to arbitrary Boolean algebras 
with operators. We first establish the extension theorem by showing that every 


* Received March 13, 1950. 

1 Axiomatic studies of closure algebras, projective algebras, and relation algebras 
were first undertaken in McKinsey-Tarski [1], Everett-Ulam [1], and Tarski [2], 
respectively. The operator lattices discussed in Duffin-Pate [1] constitute still another 
example of Boolean algebras with operators. The general notion of a Boolean algebra 
with operators was first introduced and the main result of the present work were briefly 
stated in Jénsson-Tarski [1] (the abstract of a paper read at a meeting of the American 
Mathematical Society in November 1947). The numbers in brackets refer to the 
bibliography which follows the introduction. 

2 Cf. Stone [2], Theorem 67. 
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algebra of this kind can be extended to a complete and atomistic Boolean algebra 
where, moreover, all the operations are completely additive, i. e., distributive 
under addition of infinitely many elements. We also show that every equation 
involving Boolean addition and multiplication and the operators, which is 
identically satisfied in the original algebra, is also identically satisfied in the 
extended algebra. Hence, if the original algebra belongs to a class of algebras 
characterized by means of postulates all of which are algebraic identities 
(as, e. g., in the case of closure algebras), then the extended algebra belongs 
to the same class. This extension theorem implies a general representation 
theorem for Boolean algebras with operators; roughly speaking every such 
algebra is isomorphic to an algebra formed by a field of sets with the usual 
set-theoretical operations, and with operators defined as images under certain 
relations between elements of the universal set (the largest set) of this field 
of sets, the notion of the image under a relation being a generalization of the 
notion of the image under a function. We can also express this by saying 
that every Boolean algebra with operators is isomorphic to a subalgebra of the 
complex algebra of an algebraic system formed by a set and certain relations 
between its elements. When applying these general results to special Boolean 
algebras with operators, e. g., to those mentioned at the beginning of this 
introduction, we do not always obtain the natural representation theorem 
suggested by the origin of these algebras. In some cases a natural repre- 
sentation theorem can be obtained by combining our results with some argu- 
ments known from the literature. 

After deriving at the beginning of Section 1 certain rather elementary 
theorems concerning additive functions, we define the notion of conjugate 
functions and investigate its basic properties. In the last part of this section 
we introduce the notion of a perfect extension of a Boolean algebra and 
restate the extension theorem for Bolean algebras without operators in terms 
of this concept. 

In Section 2 the extension theorem for Boolean algebras with operators 
is proved. This result is used in Section 3 to obtain the representation 
theorem for Boolean algebras with operators. In the last part of this section 
both theorems are applied to closure algebras and to cylindric algebras (which 
present a generalization of the projective algebras mentioned above). 

In Section 4 the extension theorem is applied to relation algebras. From 
this we obtain a new kind of representation theorem for relation algebras 
which is not a special case of our general representation theorem and which 
in certain rather special cases proves to supply a natural representation for 
these algebras. 
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In the fifth and last section we study the complex algebras of Brandt 


groupoids and groups. Here we also introduce the notion of a generalized 
Brandt groupoid and show that a relation algebra has a natural representation 
if, and only if, it is isomorphic to a subalgebra of the complex algebra of a 
generalized Brandt groupoid. 
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` Notations. 


Throughout this work the letters 7, m, n, p, q, and r will denote non- 
negative integers. By a sequence we shall, unless otherwise specified, mean 
a finite sequence. If æ is an m-termed sequence, then for j < m we under- 
stand a; to be the (j + 1)-st term of x. If x is an m-termed sequence and 
y is an n-termed sequence, then ^y denotes the (m + n)-termed sequence z 
such that z; = a; for j < m and zj = Yjm for mSj<m-+n. No distinc- 
tion is made between an element a and the one-termed sequence x such that 
Z =a. Thus, given two elements a and b, we write alternatively a%b or 
<a, b> for the two-termed sequence, or ordered couple, x such that To =a 
and z, =b. If X is an m-termed sequence of sets, then Xo X X, X -ct KXn-a 
denotes the set of all m-termed sequences x such that s;e X; (x; is in Xj) 
for j < m; in case X; = A for every j < m, we agree that 4A” = X, X X, 
KK Ema: 

A family À of sets is called a set-field if the union XUY and the 
difference X — F of any two sets X and Y in À are themselves members 
of A and if there exists a largest set in A, i. e., a set U £ A such that XY CU 
whenever Xe A. This set U can be defined as the union of all sets in A: 

U= U X; 
XeA 
it is called the universal set of A. From this definition it follows that the 
intersection XMY of any two members of A is itself a member of A and 
that the empty set A belongs to A. 

As is well known, m-ary relations can be thought of as sets of m-termed 
sequences. We can therefore apply to them the usual set-theoretical operations. 
In the case of binary relations we shall need two other operations, namely 
relative multiplication and conversion. The relative product of two binary 
relations À and S, denoted by R|S, is the set of all ordered couples <z, y> 
such that <x,25e R and <z,y>eS for some element z, while R=, the con- 
verse of R, is the set of all ordered couples <s, y> such that <y, eye R. A 
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function of rank m (or a function in m variables) may be thought of as a 
special kind of (m + 1)-ary relation. Thus an (m + 1)-ary relation R is a 
function if, and only if, for each m-termed sequence v there exists at most 
one element a such that cae R. 

If f is a function and A is a subset of the domain of f, then f/A will 
denote the function f with its domain restricted to À, i. e., f/A is the function 
g with domain A such that g(x) — f(x) whenever ze A. Given three sets 
A, B, and'C, a function f on B” to C, and an m-termed sequence g of func- 
tions on A” to B, we shall understand by f[g] or flgo, 91° * *, {m1} the 
function h on A” to C such that 


h(x) =f (go(2), 91(€),° * *, 9ma(£)) whenever ce A” 


Under the same conditions, f<9> or f<Go, 91,° ` `, Gma> Will denote the func- 
tion k on A” to C such that 


k (Ong Ska Agm-1)) = f (90 (2), gı (a), DR Jm- (2) ) 
whenever g, a. - +, a") e An, 


We shall refer to f[g] and f<g> as the composition and the superposition, 
respectively, of f and g. The notion of superposition could clearly be extended 
to functions go, 91, © of different ranks, but this generalization is not 
important for our purposes. A function f of rank m will be called an 
identity function if, for some j < m, we have f(x) = x; whenever + is an 
m-termed sequence belonging to the domain of f. : 

By an algebra we shall mean a finite, infinite, or transfinite sequence 


A= <A, fo fr’ + 18" > 


where À is a non-empty set and each fe is a function of some finite rank mẹ 
with domain Ag and counterdomain a subset of A. In this context the 
term ‘ operation ’ is sometimes used instead of the term ‘function’; fo, futt, 
fe: > + are referred as fundamental operations of A. By a subalgebra of A 
we understand a sequence 


B — <B, fo/B, f,/B™, - i =, fe/Bs, - Pes 


where B is a non-empty subset of A such that fe(x) sB whenever x Su 
Sometimes we shall, however, speak of the subalgebra ' 


<B, fos fis sefe: -> 


of A, meaning actually the algebra B described above. Frequently we con- 
sider an algebra as a sequence where the first term is a non-empty set A 
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while the remaining terms are functions or certain distinguished elements 
of A. This is justified since we could replace each such element a by a 
function f of rank 0 such that f(A) — a. Thus we shall consider a Boolean 
algebra as a system 


X — <A, +) 0, =) 1> 


“where 0, 1e À, and + and - are binary operations subject to certain familiar 
conditions. 

We shall employ such familiar notions from general algebra as those of 
isomorphism (M = %), homomorphism, cardinal—or direct—product of two 
algebras (2 X %), or of arbitrarily many algebras, cardinal—or direct—power, 
simple algebra, and indecomposable—or directly indecomposable—algebra. 
Also the less familiar notions of a similarity class of algebras, an algebraic 
function over a similarity class, and an equationally definable class of algebras 
will play some part in our discussion.? Two algebras 


A = <A, fo, fo’ : “TE : > with E<G 
and 


B = <B, Jo 95°" "98" "> with é< g 


(where & and 8 are any finite or transfinite ordinals) are called similar if 
a= 6, and fe and gs are functions of the same rank for every é< «œ. The 
class consisting of all algebras which are similar to a certain given algebra 
is referred to as a similarity class. Given a similarity class K, a function f 
is called algebraic over K if roughly speaking, f correlates with every algebra 
Y% in K a function fa on A” to A (m being some natural number) which is 
obtained by iterated composition from the fundamental operations of YW. 
If, e g, K is the similarity class to which the Boolean algebras belong, 
and if, for every algebra 2 = <4, +, 0, -,15 in K, for is a function on A? 
to A such that 


fec(asy,2) = (e+-y)-2 for any 29,204, 


then f is an algebraic function over K. A subclass L of K is called equa- 
tionally definable if it can be characterized by means of a finite or infinite 
system of axioms all of which have the form of equations between algebraic 
functions over K. Speaking more precisely, L is equationally definable if 
there is a set S of couples <f, gy of algebraic functions over K such that an 
algebra N in K belongs to L if, and only if, for = gy for every couple <f, gò £ 8. 


3 For these notions see McKinsey-Tarski [1] where further bibliographic references 
(in particular to papers of G. Birkhoff) can also be found. 
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Thus, for instance, Boolean algebras as they are conceived here do not con- 
stitute an equationally definable class; if, however, we agree to treat Boolean 
algebras as systems | 

X= <A, +, 0, 1, 


with an additional unary operation — (the operation of complementation), then 
the class of Boolean algebras becomes equationally definable—though, of 
course, within a different similarity class. 

In connection with the representation theorem we shall consider systems 


A= <A, Ro Ru", Ret > ù 


where A is a non-empty set and each Re is a subrelation of At for some 
finite mz. Such systems will be called algebras in the wider sense. 

When referring to Boolean algebras, the symbols +, +, D), IL S, =, 0, 1 
. will have their usual meaning; the complement of an element æ will be 
denoted by x”, and the difference of two elements æ and y, i. e., £ y`, by £ — Y. 
Even when several Boolean algebras are being considered at one time these 
symbols will be used for all of them, it being clear from the context which 
algebra is referred to each time. However, in the case of two Boolean algebras 
where one is a subalgebra of the other, the symbols $, and II will always 
refer to the larger algebra. When applied to sequences of elements of a 
Boolean algebra, the symbols +, +, —, ~, X, IL, S, and = should be inter- 
preted in the sense of the cardinal power of the given algebra. Thus, e. g., 
if z and y are two such m-termed sequences, then x =y will mean that 
s; Z y; for every j < m. Similarly, if f and g are functions on an arbitrary 
set I to a Boolean algebra, then fg will mean that f(t) = g(i) for 
every tel. 


Section 1. 
Additive Functions and Conjugate Functions. 


Throughout the first part of this section we consider a fixed Boolean 
algebra 


N = <A, +0,5 1> 
and let At denote the set consisting of 0 and all the atoms of Y. 


DEFINITION 1.1. A function f on A™ to A is called 


(1) normal if, given any j < m and a sequence se A" such that x; = 0, we 
always have f(x) =0; 
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(ii) monotonic if, given two sequences x, y e À" such that x = y, we always 
have f(t) = f(y); 

(iii) additive if, given any j < m and two sequences v, ye A" such that 
Ep = Yp Whenever j Æp <m, we always have 


fe +y) = f(x) + f(y); 


(iv) completely additive if, given any j< m, a non-empty set I, and 

sequences tÒ e A" with iel such that 230 =t, whenever it el and 

jvp<m, and such that Sc exists, then DS f(a) also exists and 
iel iel 


we have 


f( Za) = Zia). 


Obviously, every additive function is monotonic, and every completely 
additive function is additive. 


THEOREM 1.2. The operations of addition and multiplication in X are 
completely additive functions, the latter being also normal. Furthermore, 
if f is an identity function on À" to À, or if ae A and f is the function on 
A™ to A defined by the formula 


f(z) =a for any ce A", 
then f is completely additive. 
Proof. Obvious. 


. THEOREM 1.3. If f is an additive (or completely additive) function on 
A” to A and if g is the function on A™* to A defined by the formula 


g(a °y) = f(x) for any ze A" and ys A”, 
then g is additive (or completely additive). 
Proof. Obvious. 


THEOREM 1.4. If f is an additive (or completely additive) function 
on A™" to A and if ae A” and g is the function on A" to A defined by the 
formula 

g(z) = f(a) for any re A”, 


then g is additive (or completely additive). 
Proof. Obvious. 


THEOREM 1.5. A function f on A to A is additive (or completely 
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additive) if, and only if, there exist a normal and additive (or completely 
additive) function g on A to A and an element ae À such that 


f(s) = g(æ) +a for any ze À. 

Similarly, a function f on A? to A is additive (or completely additive) if, 
and only if, there exist a normal and additive (or completely additive) 
function g on A? to A, two normal and additive (or completely additive) 
function h and k on A to A, and an element ae A such that 

f(e) =g (£) + h(a) + &(21) +a for any re A? 

Proof. Assume that f is an additive function on A to A. We let: 

a==f(0), and g(x) — f(x) —a for every we À. 

By 1.1, g is normal and additive, and we have 


(1) f(t) = g(x) + a for every SSA: ' 


(Similarly, if f is completely additive, then g is also completely additive.) 
Conversely, if ae À, g is a normal and additive (or completely additive) 
function on A to A, and (1) holds, then f is additive (or completely additive) 
by 1.1. 

To prove the second part of the theorem we proceed in an analogous 
manner; we let 


a==f(0, 0), 
h(x) = f(x, 0) — a and k(x) = f(0,x) —a for every ze À, 
gx) = f(x) — (h(a) + k(x:1) + a) for every ve A? 


Similar theorems can of course be obtained for functions of higher rank. 
From this we see that it would not be a serious loss of generality if we 
restricted our discussion to normal functions, as in fact we will do in 
Section 3. 


THEOREM 1.6 (GENERAL DISTRIBUTIVE Law). Let f be a function on A" 
to A. Then the following conditions are equivalent: 
(i) The function f is additive. 
(ii) If Ko, K1,:--+,;Kma are finite, non-empty subsets of A and if 
L= K, xX Ky x iaa X Km then 


f(Zz) = Zf(x). 
weL asb 


900 $ BJARNI JÓNSSON AND ALFRED TARSKI. 


Similarly, the following conditions are equivalent: 
(Y) The function f is completely additive. 
GY) If Ko, Kitt, Kma are non-empty subsets of A, if L=K 
X`- XEma and if Xx exists, then S f(x) also exists and we I 
æeL gel 
f(Zz) = È f(s). 
æeL vel 
„Proof. By induction using 1.1 and 1. 4. 


THEOREM 1.7. Suppose A is atomistic and f is a function on À 
Then f is completely additive if, and only if, 


f(z) 2,1 (4) for any ce Am, 


Proof. The necessity of this condition follows from 1.6. Assur 
the condition is satisfied. Consider a number j < n, a non-empty set 
sequences 2 s A™ with ie such that 


Lp = vp") whenever i, Ÿ ef and jp <m, 


and such that }2® exists. Let 
tel 


Lı = E [we At and u S 2] for any ie I, and K = U Le. 
u ie 


Observe that 
we if, and only if, }2® Swe Ain, 
tel 


Therefore . 
f( 22%) =E f(u) =E 2 f(u) = Zf(x®). 
iel “ek gel welt tel 


Hence f is completely additive by 1.1(iv). 
THEOREM 1.8. Suppose À is atomistic. For any completely i 
functions f and g on A™ to A we then have: 
G) fg if, and only if, f(x) S g(x) for any ce A". 
(ii) f—9g if, and only if, f(x)=g(x) for any ze AM. 
Proof. By 1.7. 


THEOREM 1.9. Let f be an additive (or completely additive) f 
on A™ to A and let Joo Ju’ ` *» m1 be additive (or completely ac 
functions on A” to A. Then f<go 15°‘; Jma> is an additive (c 
pletely additive) function on A™ to A. 


Proof. Assume that f, gos 91,° ` `, Jm1 ate additive and let 
(1) h = fo, Ji °° Jma) 


Suppose j < mn, and consider two sequences v, ye A"* such that 


(2) Tp = Yp Whenever j Æ p < mn. 

Then there exist sequences 2, g0,- - + gD, 4, yO,---,ulmDe An 
such that. 

(3) g = ZDON. Ag) and y= uuy. -Oyn 


Let q be the greatest integer such that q < j/n. Then, by (2) and (3), 
(4) 2) = u) whenever q £r < m, 
(5) ZD = U® whenever j — a ÆSs<N. 
Hence, by 1. 1 (iii), 
(6) Gr(2 + uM) = g,(2") + 9,(w) whenever r < m. 
Let the sequences v, we A” be defined by the formulas 
(7) v, = 9-(2) and w= g (u) whenever r < m. 
Then, by (1) and (3), 

| h(2) = f(v) and h(y) = f(w). 
Therefore, by (4), (7), and 1. 1(iii), | 

h(a) + hy) =f(o+u). 
But by (1), (3), (6), (7), and 1. 1(iii) we have 
h(s +y) =f(v+ w). 


Consequently, | 

(8) h(s + y) = h(a) + (y). 

Since (2) implies (8), we see by 1.1(iii) that k is additive. (In the case 
of complete additivity the proof is similar.) ` 


It is not in general true that, under the hypothesis of the preceding 


theorem, the function f[go, 91: *. * *, Gms] is additive (or completely additive). 
In fact, it is precisely for this reason that we introduced the notion of the 
superposition of functions. We have, however, the following 


12 
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THEOREM 1.10. Let © be the smallest family of functions which satisfies 
the following conditions: 
(i) If, for some m, f is an additive function on A™ to A, then fe®. 
(ii) If, for some m and n, fe® is a function on A" to A and go, 91, 
`° gma are functions on A” to A, then f[ go; 91° © ©, Jma] €. 


For a function f on A” to A to belong to the family ® it is necessary 
and sufficient that there exist, for some m, an additive function f on A™ 
to A and m identity functions ho, hi, + * , hms on A” to A such that 


f = F [ho hi,** `, hma]. 


Proof. Consider the family &’ consisting of all functions f such that, 
for some m and n, f is of the form 


f = F [ho hts “s hmal, 


where f is an additive function on A™ to A and ho, ha," © >, hma are identity 
functions on A” to A. If we replace @ by ®”, then (i) is clearly satisfied, 
and we shall show that (ii) is also satisfied, whence 6 G #. 

In fact, consider a function fe on A™ to A and m functions 
Jo Ju’ * ‘> Jma EF on A” to A. We then have, for some p, 


(1) f =f’ [ho hy: *, hpa], 


where f’ is an additive function on A? to A and ho, hi,- + +, hp- are identity 
functions on A™ to A. Let 


(2) ki = h[go 915" * *> Gms] for every j < p. 
Then each k; is a gg for some q < m. Hence, for some r, 
(3) Tey = Hilo, LO, + + aO] for j <p 


where the k’; are additive functions on A” to A while IO; ULO, + -,1. are 
identity functions on A” to A. The assumption that we have the same 
number r for all values of j is justified by 1.3. Let 


(4) g Fe Po k'a, DE. Ng kpa) 


Then, by 1.9, g’ is an additive function on A?" to A. By (1) and (2) 
we have 


Figo 91° * * > Gms] = f’[ho; hy, + +, pa]. 


Hence, if we let 
l= LOO. JE), 
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then, by (3) and (4), 


flo, Jo sts Im] = g [ho hs tta lona]. 


Thus f[ go 91° © * ; Jma] EP. We conclude that ® Cæ. The inclusion in 
the opposite direction follows from 1.2. Hence & — 9’, and the proof is 
complete. 


We are now about to introduce and study the notion of conjugate 
functions. The simple definition of conjugate functions proves to be very 
rich in consequences. At the first glance the new notion may apepar to be 
rather special; ‘it is not involved in the formulations and proofs of the main 
theorems of this paper. However, our general discussion will lead to con- 
jugate functions in quite a natural manner (compare Theorem 3.6 below) ; 
we shall also apply this notion in the discussion of cylindrie algebras and 
relation algebras. 


DEFINITION 1.11. Let f and g be functions on À to A. We say that 
g is a conjugate of f if, for any x, ye À, we have 
f(c) -y =0 if, and only if, g(y) t= 0. 
If, in particular, a function f is a conjugate of itself, then we call f self- 


conjugate. 


THEOREM 1.12. If f and g are functions on A to A and g is a conjugate 
of f, then f is a conjugate of g. 


Proof. Obvious. 


In view of this theorem we shall usually say “f and g are conjugate ” 
instead of “ g is a conjugate of f.” 


THrorem 1.13. A function f on A to A has at most one conjugate 
function g, and this function (if it exists) is determined by the formula 


gly) = IT «x for any ye A. 
` T(z) -y=0 


Proof. Let g be a conjugate of f. By 1.11 we have, for any elements 
z, y EÁ, 
f(z) ‘y=90, if, and only if, oS aT 


* This notion was first discussed in Tarski [3] (though no special term to denote 
it was introduced there). Recently the same notion was studied (under another name) 
in Büchi [1], pp. 157 ff. 
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Thus, given an element y e A, the largest element x e À for which f(t): y —0 
is [g(y)] Consequently 


[a(y)1 = E « for yed. 
f(z) "yo . 
Taking complement on both sides we obtain the desired formula for g(y). 


THEOREM 1.14. A function f on A to A has a conjugate if, and only 
‘if, the following conditions ara satisfied: 
(i) f is normal, 
(ii) f is completely additive, 
(iii) à x exists for every element ye À. 
aysy 
Proof. Suppose that f has a conjugate g. Since g(1)°0 == 0, we have 
f(0)-1—0 by 1.11. Therefore f(0) = 0, and f is normal by 1.1(i). 
Let I be an arbitrary non-empty set and let the elements z; e A with ie J be 
such that 2% exists. Let 


(1) y= Et 
tel 
Consider any element ze A such that . 
(2) f(æ) < z for every ie Z. 
For each eZ we then have f(x;) ‘7 = 0 and hence, by 1.11, 
g(r)'&—0 for any tel. 
By (1) this implies that g(z-)-y = 0, and therefore, by 1.11, that 
(3) f(y) <z. 


It is easy to check that every step in the derivation of (3) from (2) is 
reversible and, hence, that the two formulas are equivalent for any ze À. 
Consequently | 


(4) iy) EF). 


Since (1) always implies (4), f is completely additive by 1.1(iv). An 
elementary transformation of the formula in 1.13 gives ; 


[an] = E z for any yeA. 
Fay 


Therefore the right-hand member of this equation-exists for every y € À. 
We have shown that if f has a conjugate, then conditions (i)-(iii) all 
hold. Conversely, assume now that (i)-(iii) are satisfied, Then the formula 
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(5) g) =[ & sy for any ye A 
For f 
defines a function g on A to A. We can write (5) in the form 


g(y) = II r for any ye A, 
fle) = 
and it follows that 


(6) f(s): y = 0 implies that g(y)-x— 0 for any z, y 4. 
By (5) we have 
lgu) = £ x for any yeA. 
eS 


Hence by (i), (ii), and 1. 1(i) (iv) 
(7) FDT) = A e) Sy for any yeA. 


If now x,ye À are such that g(y)°æ—0, then z=[g(y)}}. Applying 
first (ii) and then (7) we obtain f(x) Sf({g(y)]-) and f(x) Sy. 
Consequently, ý 
(8) g(y)' æ = 0 implies that f(x) y =Q for any z, ye À. 


From (6) and (8) we conclude by 1.11 that f and g are conjugate. The 
proof is complete. 


The function f defined. by the formula 
f(s) =a-a 


is of course selfconjugate. Hence Theorem 1. 14 implies as a particular case 
the familiar distributive law for binary multiplication under general addition ` 


(for + under $). 


THEOREM 1.15. If f and g are functions on À to A, then the following 

conditions are equivalent: 
(i) f and g are conjugate. 

(i) f(e@—g(y)) Sf@)—y and g(y—f@)) = gly)— x for any a, yeA. 
(ili) f and g are normal, and we have f(x): ETS g(y)) and g(y)* x 
S 9(y*f(#)) for any x, ye A. 

Proof. Suppose f and g are conjugate, and let z,yeA. Then 
f(@—g(y)) Sf(z) by 11(iv) and 1.14, while by 1.11 we have 
f(e@—gly))"y=0. Hence 


(1) _ f(@—g9()) Sf@)—4. 
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Analogously we have 
(2) g(y—f(x)) = 9(y)—x. 
Assume, conversely, that (1) and (2) hold for any elements z,yeA. If 
f(s): y = 0, then y = y — f(s) and we have, by (2), 
g(y) = g(y—f(x)) Sgu) tEn, 

so that g(y)°:æ—0. Similarly, by (1), g(y)°æ— 0 implies that f(x) y = 0. 
Hence f and g are conjugate functions. Thus (i) and (ii) are equivalent. 

Suppose f and g are conjugate functions. Then f and g are normal 
by 1.14. By 1.1(iv) and 1. 14 we also have, for any elements x, ye A, 

f(a) = fe — 9(0)) + f(e-9(y)). 


Since (i) implies (ii), we infer that 


f(z) = (f(@)—y) + f(@-9(y)). 
Consequently 
f(z)-yS (Fa)— y) y + Ega) y S Fega). 
Similarly, 
g(y) s = g(y'f(x)). 


Conversely, assume that (iii) holds. If x,ye À are such that f(s)'y = 0, 
then 


g(y) "tS g(y"f(x)) =g (0) =0 
Similarly, g(y)°æ—0 implies that f(z): y = 0. Hence f and g are con- 
jugate by 1. 11 and the proof is complete. 


The next three theorems are of a rather special nature, but they will 
have added significance in connection with Theorems 8.5 and 8.7. 


Trrorem 1.16. If f is a function on À to À, then the following con- 
ditions are equivalent: 
(i) f is selfconjugate. 
(ii) f is additive, and f([f(x)]-)-«—0 for any we À. 
(ili) f is normal, and f(z)-ySf(«x-fly)) for any z,yeA. 
Proof. If (ii) is satisfied, then by 1. 1 (iii). 


f(0) SAED: 1 =9. 


Hence f(0) = 0, and f is normal by 1.1(i). Furthermore, if 2, ye A, then 
1. 1 (iii) gives with the aid of (ii) 
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Fa) y =f (2: f(y)) y + fe Faby 
Sff) HEET) y= fe 1). 
Thus, (ii) implies (iii). That (iii) implies (i) and that (i) implies (ii) 
are immediate consequences of 1.14 and 1. 15. 


Tasorem 1.17. If f is a function on A to A, then the following 
conditions are equivalent: f 


(i) f ts additive, and f(f(x)) =s: f(1) for any ze À. 
(i) f(e)-y—f(@-fly)) for any aye A. 
Proof. Suppose (i) holds. Then, by 1. 1(iii), 
f(0) = f(f(0)) — 0. 
Hence f is normal by 1.1(i). We shall next show that 
(1) æ-y—0 implies that F(a): f(y) =0 for any z, ye À. 
In fact, if æ +y = 0, then by (i) and 1. 1(iii) 
FC) f(y) SEEE) FF) =y fC) =0, 
and consequently 
Fl) f(y) = fe) F) FO) = FEE) Fa) = (0) = 9. 
Thus (1) holds. For any elements x,ye À we have, by (i) and 1. 1 (iï), 
Fæ) y =f (2) y FA) =f(#) fF) 
=f (e) f(c-f(y)) +F): f(T). 
Hence, by (1) and 1. 1 (ii), 
f(z): y =f (x: f(y)) for any z, yed, 
and (ii) is satisfied. Conversely, if (ii) holds, then 
f(0) =f (0: F(0})) = f (0) 0 = 0, 


so that f is normal by 1. 1 (i). Hence the first part of (i) follows from 1. 16. 
The second part of (i) is but a special case of (ii). 


THEOREM 1.18. If f is a function on A to A, then the following con- 
ditions are equivalent: 
(i) f ts additive and f(f(x)) = x for any we À. 
(ii) f(1) =1 and f(e)-y—f(w-f(y)) for any ved. 
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Proof. Suppose (i) holds. Then f(f(1)) — 1 and hence, by 1. 1(iii), 
f(1) 1. Therefore, by 1.17, (ii) is satisfied. The converse is an imme- 
diate consequence of 1.17. 


The representation theorem and the extension theorem for Boolean 
algebras were mentioned in the introduction, but for our later purposes the 
form in which they were given there is not strong enough. As regards the 
representation theorem, the stronger form which we have in mind is usually 
stated as follows: 

Every Boolean algebra is isomorphic to a set-field consisting of all open 
and closed sets in a totally-disconnected compact space.’ 


Before stating the corresponding form of the extension theorem, we shall 
introduce the notions of a regular subalgebra and a perfect extension. The 
results contained in the last part of this section are substantially known, 
and the proofs will therefore be omitted. 


Derinition 1.19. Let 
A = <A, +,0,-,15 and B—<B,+,0,-,15 
be two Boolean algebras. We say that 8 is a regular subalgebra of X and 
that X is a perfect extension of B if the following conditions are satisfied: 


(i) X is complete and atomistic, and $ is a subalgebra of X. 
(ii) If I is an arbitrary set, and if the elements x; e B with te I are such that 


Èn =l, 
iel 
then there exists a finite subset J of I such that 
> Ti == 1. 
ied 


(iii) -If u and v are distinct atoms of Ñ, then there exists an element be B 
such that 
usb and v°b—0. 


DEFINITION 1.20. Let 
A= <A, +, 0, -,1> 
be g complete atomistic Boolean algebra, and let 


B= <B, +,9,°,1> 


5 Cf. Stone [1], Theorem 1. See the same work, Theorem 4, in connection with our 
Theorem 1,23. : 
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be a regular subalgebra of A. An element x e A is said to be 
i) open if z= 5 
(i) open if ws! 


(ii) closed if c= II y. 
ossyeB 


THEOREM 1.21. Let 
A= <4, +, 0, D 
be a complete and atomistic Boolean algebra, and let 
B = <B, +, 0, “ja 
be a regular subalgebra of À. We then have: 
(i) For any ze À, x is open if, and only if, a is closed. 
(ii) For any ze À, x is open and closed if, and only if, ze B. 


(iii) If we A is closed, I is an arbitrary set, the elements ye A with tel 
are open, and 


os > Yis 
tel 
then there exists a finite subset J of I such that 
LSE y 


ted 
(iv) If ze À is open, I is an arbitrary set, the elements ye A with tel 
are closed, and 


s= JI y, 
tel 
then there exists a finite subset J of I such that 
tZ Il Yie 
ted 
(v) If u is an atom of À, then u is closed. - 
(vi) If u is an atom of B, then u is an atom of A. 
The extension theorem for Boolean algebras can now be stated as follows: 


THEOREM 1.22. For any Boolean algebra B there exists a complete and 
atomistic Boolean algebra A which is a perfect extension of B. 


That the perfect extension Y is essentially determined by the Boolean 
algebra B is shown in the next two theorems. . 


THEOREM 1.28. Let 
A= <A, +, 0, +, 1> and wW = <A; +, 0, -,D > 
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be two complete and atomistic Boolean algebras, and let 
B—<B,+,0,:,15 and B = <B’, +, 0, +, 1> 


be regular subalgebras of A and W respectively. If a function $ maps B 
isomorphically onto B’, then there exists a unique function y which maps À 
isomorphically onto W in swch a way that y/B = ¢. 


THEOREM 1.24. If 
? B = <B, +, 0, 1> 


is a Boolean algebra, and if X and W are two perfect extensions of B, then 
there exists a unique function y which maps X isomorphically onto W in such 
a way that p(x) — x for every xe B. 


In the following we shall use various definitions and theorems from this 
section without always explicitly referring to them. 


Section 2. 


The Extension Theorem. 


Throughout the first part of this section we shall consider a fixed 
Boolean algebra 
A = <A, +, 0,°, 1> 


which is complete and atomistic, and a regular subalgebra 
B = <B, +,0,+,1> 


of M. The set consisting of 0 and all the atoms of Y will be denoted by At, 
the set of all closed elements by C. Although we associate with every function 
f on B" to B a function ft on A” to A (see Definition 2.1), we shall be 
mostly concerned with those functions f which are additive or obtainable 
from additive functions by means of composition. In this case f* is an 
extension of f. It is shown that if f is additive, then ft is completely 
additive. We shall also prove that if an equation involving additive func- 
tions on B" to B is identically satisfied, then the corresponding equation 
involving their extensions will also hold identically. In the last part of the 
section these results are applied to Boolean algebras with operators. 
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DEFINITION 2.1. For any function f on B" to B, f* is the function on 
A” to A defined by the formula 


fc) = È I O for any ze Am. 


wzyeC™ ySee 
THEOREM 2.2. If f is a function on B” to B, then 
f(y) = I f(z) for any ye. 
wSzeBm 
Proof. By 2.1. 


THEOREM 2.3. If f is an additive (or, more generally, a monotonic) 
function on B" to B, then 


F/En =f. 
Proof. By 2.2 with the aid of 1. 21 (ii). 


THEOREM 2.4. If f is an additive function on B" to B, then ft is a 
completely additive function on A™ to A. 


Proof. Let g be the function on A” to A such that 
(1) g(x)= > ft(u) for any ve A”. 
w2zueAt™ 


By 1.7, g is completely additive. In order to prove that f* — g, we shall 
first show that 


(2) f(y) S g(y) for any ye O™. 

Consider a fixed sequence ye C™ and an atom v of Y such that 
(3) v:g(y) = 0. 
We shall show that there exists a sequence z such that 
(4) y <zeB" and v- f(z) =0. 
Let 
(5) K = Bly = we At]. 

u. 


For any sequence we K we then have, by (1) and (3), v: f+ (u) =0. 
Hence, by 2.2, we can correlate with each ue K a sequence w’ such that 


(6) u Sw eB” and v'f(w) = 0 whenever ue K. 


We shall correlate with each sequence ue K elements ġ;p(u) €B with j < m 
and p =m such that the following conditions are satisfied: 


(7) Y; = oj p(u) whenever j < pm and ue K. 
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(8) uj = $j p(u) whenever pS j <m and uc K. 
(9) v-f(dop(), $1 9(4),° ` `, m1 o(u4)) = 0 whenever p= m and we K. 
The elements ¢;,(u) will be defined recursively. We let 
$j 0(u) =w; for any j < m and ue K. 


_ Assume that p < m, that p;,(u) has been defined for any j < m and ueK, 
and that (7), (8), and (9) are satisfied for this fixed value of p. Consider 
a fixed sequence ue K and the class L of all sequences w € K such that wj = uy 
whenever j < m and j=£<p. For each atom a = y, we have a sequence we L 
such that wp =a and hence a S #,(w). Consequently, 


Y = 2, Pr p(w). 


Since Yp is closed and dp »(w) £B, there do by 1.21(ii),(iïi), a finite 
subset M of L such that 


Yo = D ppw). 
weM 
Let ` 
Pp pi (U) = 2 Ppp (wW), 


bj pu (u) = IL #5 9(0) whenever j < m and jp. 


It is easy to see that (7), (8), and (9) are satisfied with p replaced by p + 1. 
We now take any sequence we K, define the m-termed sequence ze B” by 
the formula i 

Zi = $j m(u) for j < m, 


and use (7) and (9) to check that (4) is satisfied.. Hence, by 2.2, 
v-f*(y) =0. Since this is true whenever ye OC”, v is an atom of Y, and 
(3) is satisfied, we conclude that (2) holds. 

By (1), (2), 2.1, and 2.2 we have, for any v eA”, 


Fa) 2 FOS = gy) S9(e). 
e=yec™ azyecm 
Thus f* = g. The opposite inequality follows immediately from (1) and 2.1. 
Hence ft = g, and the proof is complete. 


THEOREM 2.5. If f is an additive function on B" to B and g is a 
completely additive function on A™ to A such that g/B™ Sf, then gS ft. 


Proof. For any ue At™ we have, by 2.2 and the hypothesis, 
Fu) = IL fy = IL gy) = g(u). 
s uxye Bm usye Bm 


Hence thé conclusion follows by 1. 8(i), 2.4, and the hypothesis. - 
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It may be interesting to notice that, in general, if f is an additive 
function on B™ to B, then there exist, besides f*, other completely additive 
functions g on A” to A which satisfy the condition g/B™—=f. To give a 
simple example, let f be the function on B to B such that 


f(0) — 0, and f(x). = 1 whenever 0 ave B. 
It follows immediately from 2.1 that 
PO) — 0, and f*(x) — 1 whenever 0 ze À. 
Observe that, if B is infinite, then At is not a subset of B. For, assume that 


AtCB. Since - . 
| D u=], 


ueAt 
there exists, by 1.19(ii), a finite subset K of At such that 
Sut. 
uek 


But this clearly implies that K contains all the atoms of W. Hence At is 
finite, which in turn implies that A and B are finite. Assuming that B is 
infinite, we can’ therefore choose an atom u of Y such that ug B. Let the 
function g on A to À be defined by the formulas 


g(0) =0 =g (u), and g(x) = 1 whenever ve A and w£ 0, u. 


Obviously, g is completely additive, and we have g/B =f while g ft. 

If f is an additive function on B™ to B, and if g is a completely additive 
function on A™ to A such that g/B™—f, then gSf* by 2.5. We may 
express this by saying that f* is the largest possible extension of f which is 
completely additive. However, if we drop the condition that the extension 
is completely additive and consider instead all additive extensions of f, then 
ft no longer has this property. In fact, the largest es extension of f 
which is additive is the function g such that è 


g{z) — IT f(y) for any ze A”, 
aSyeBm 


and it is easy to show by examples that we do not in general have g = f*. 
As a matter of fact, if B is infinite, and if f is an identity function on B™ 
to B, then fts4g. For, as we will prove in the next theorem, f* is then 
` the corresponding identity function on A™ to A. Hence f*= g implies that 
every element of A is closed and, therefore, by 1.21(i), (ii), that 4 = B. 
But we have already shown that this is true only when B is finite. 
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THEOREM 2.6. If f and g are the functions on B? to B defined by 
the formulas | 


f(t) = %0 +a, and g(r) —%0 * z, for any ze B?, 
then 
fc) = To + 2, and g(x) = To ` 2, for any we A’, 


Furthermore, if j < m and be B, and if h and k are the functions on B™ 
to B defined by the formulas | 


h(x) =b and k(x) =z; for any x e Br, 
then 
h*(z) =b and k(t) = z; for any te A. 


Proof. For any ue At? we have, by 2.2, 


(1) Pu) = IT (+n). 
ussy e Be 

Therefore 

(2) + tly + tty < f(u). 


Consider any atom a of X with a-u—O=a'u,. By 1.19(iii) there exists 
a sequence y € B? such that u = y and a-y,=—0=—a-y:. It follows by (1) 
that a-ft(w) —0 for every such atom a. Consequently ft(w) S uw + uw. 
Together with (2) this gives 
PU) = wo + Ur. 
Since this formula holds whenever ue Ad’, we conclude by 1. 8(ii) and 2.4 
that 
f(z) = to + 2, for any ve A’. 


To show that 
gt (£) = To * +, for any ve A’, 


we proceed in an analogous manner. 
By 1.20(ii), 1.21(v) and 2.2 we have &(u) =u; for any ue At”. 
Hence, by 1. 8(ii) and 2. 4, 


kt (a) = z; for any ce A”. 
By 2.1 we have 

h*(v) =b for any ze 47, 
The proof is complete. 


THEOREM 2.7. If f is a function on B" to B and g is the function 
on Br to B such that 
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g(a y) = f(x) for any ce B” and ye B, 
then 
gt (£y) = ft (x) for any ce A" and ye A” 
Proof. By 2.1. 


TrHEorEM 2.8. Let f be an additive function on B™ to B, and let 
JoJo's m1 be additive functions on Bn to B. Then 


(Go 919° °°» Gma>)* = fKG* Gio * > G maD 
Proof. Let 
(1) h = F<9o, Jo © ‘> Gm-a>> k = f*<g*o, Poe sJ ma 


Then h* and & are completely additive functions on A™» to A by 1.9 and 2. 4. 
In order to prove that h* == k, it is therefore sufficient to show that 


(2) h*(y) =k(y) for any ye Cr, 


For each sequence ye C™" let y’ be the m-termed sequence defined by the 
formula 


(3) Yi Qi (Yin Yima > Yjnma) for any j <m. 
If ye Cr, then y’eC™ by (3) and 2.2. Hence, by (1) and 2.2, 
(4) ht(y)— IT f(z) and k(y) — IT f(t) for any ye Cm, 
y=zeBmn ySsteBm 
By (8), 2.3, and the additivity of go, 9:,: * * ; Jm1 We have 
y <= e B” whenever ye C™, ze Br, and y < 2. 
Consequently, by (4) and the additivity of f, 
(5) k(y) = h*(y) for any ye Cr. 


To prove the inequality in the opposite direction, it is clearly sufficient to 
show that if 
(6) ye Cm and y Ste Br, 


then there exists a sequence z such that 
(7) y Sze Bm and 7 Si. 
Assume that (6) holds and let 


UP = Yi Yi mat? °° Yi nina for any 7 <m. 
Then 4 
I gv) =y; Si; for any j <m. 


Dave Br 
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Since {;e B by (6), and g;(v) e B for ve B”, it follows by 1. 21(ii) (iv) that 
there exists, for each j < m, a finite set K; of sequences v with ui) < v e B» 
such that 

IL giv) St; for any j <m. 

wens 


Let z be the mn-termed sequence defined by the formula 
Zinsp = IT Vp for any j< mand p<n. 


vek; 


It is easy to check that (7) is satisfied. Thus (6) always implies (7), and 
we conclude that the inclusion in (5) can be replaced by an equality. The 
proof is complete. 


THEOREM 2.9. Let f be a monotonic function on B™ to B, and let 
Jo I° © `> Ima be identity functions on B” to B. Then 


(f[ 90, Jo’: > Jma])* = f*[g* J'e" Imal 
Proof. Let 
(1) h = fo 915 * * > Im] 


For each v eA”, let x’ be the m-termed sequence such that 

(2) g'i = g(s) for any j< m. 

We shall prove the following two statements which will be needed later: 
(3) If sed” and à = 28 C", then x = y and y =z for some y e0”. 
(4) If ee A” and x Ste B", then r&s and s’ St for some se Br., 


For each p= n, let kp be the function on B” to B such that 


(5) kp(£) =p for any xe Br, 

and let E 

(6) K= EU <m and g; = kp]. 

The sequences y and s are defined by the formulas 

(7) = > z and g= H, t; for any p < n. 
jeKp 


From the finiteness of the sets K; if follows that AER and te B”. If 
jeKp then, by (2), (5), and (6), i 


T'i = gx) = kp (1) = Tp. 
Consequently, by our assumptions regarding z and t, 


2 <= tp St; whenever p < n and je Ky. 
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Therefore, by (7), 
(8) Yp € Lp € Sp for any p< n. 
If j < m, then je Kp for some p <n. Hence, by (2), (5), (6), and (7), 


Yi = Yp = 2; and Sj = Sp € ty. 


We therefore have 
y = and sf St. 


Together with (8) this shows that the conclusions of (3) and (4) are 
satisfied. 
Consider now a fixed sequence ze A”. By (1), (2), and 2.1 we have 


(9) k(a)= ZE IL f(s’), 


wzyeC™ ySseBr 


(10) Pe) = = M F). 


alZaeC™ gSteBm 


For any sequence y with aye, we have, by (2), 2.1, and 2.2, 
ve =y e0”. Furthermore, if y <teB", then there exists, by (4), a 
sequence se B* such that ySs,,s’ S t, and hence f(s’) <f(t). We thus 
have 


Tf) < JIO 


ySse Be 


Since this is true whenever z= ye C*, we conclude, by (9) and (10), that 
(11) h*(2) = ft(2’). 


For any sequence z with += 2e C" there exists, by (3), a sequence ye C* 
such that « = y, y’ = z, and hence 


f= TL fe). 


eSteBm 
Furthermore, since y S se B” always implies that y’<s’e B™, we have 


Tf) = I fw). 


y Ste Bm 


For each sequence z with z’ = ze 0™ there exists, therefore, a sequence y 
such that «= y e O” and 


eteBm 


IL SG) = I fe). 


13 
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Consequently, by (9) and (10), 
(12) fe) Sk (a). 


Since (11) and (12) hold for any xe A”, the conclusion of the theorem 
follows from (1) and (2). . 


THEOREM 2.10. Let ® be the smallest family of functions which 
satisfies the following conditions: 


(i) If, for some m, f is an additive function on B™ to B, then feo. 


(ii) If, for some m and n, fe® is a function on B" to B while 
Jos fn ° ` Jma EP are functions on B” to B, then f[go, 91° * *>Gmaile®. 


‘Given any function f e® on B™ to B and m functions go, 91° * * ; GJmae® 
on B” to B, we then have 


(Los 9o °° > Gm-al)* = F Lgo gt * + tm]. 


Proof. By 1.10 there exist, for some p, an additive function f on Br 
to B, and identity functions ho, A1, * © *, Mp1 on B” to B such that 


(1) f = F [ho hse > hp]. 

Let 

(2) k; = hilgo, Jus* ` `, Jma] for any j < p. 

Then each k; is one of the functions go, 91° ``, 9m- Whence kje®. We 


can therefore represent k; in the form 
(3) kj = [bD LO, + +, Iga] 


where k’; is an additive function on B4 to B, and 10), LO, - - , Ig. are 
identity functions on B” to B. The assumption that we have the same 
number q for all values of 7 is justified by 1.3. By (1) and (2) we have 


(4) Fos fo: * ‘s Ima] = F [ko ka "s kya]. 
Let ; 
(5) gla Plk ky, kpa and T= ONION... oe, 


Then, by (3) and (4), 


FEgo 95° * s Jma] = g' [lo bye * imp}. 


‘ 
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Consequently, by 2. 9, 
(6) (Fo Que» +s deal) = o Bay s Pap. 
By (1) and 2.9 we have 


: ft = f* [h*o, hes, ae h*p1| 
while, by 2. 6, 


y= h*i[9*0 9° ©; J'ma] for any j < p. 

Consequently i 
(7) Fil go Gt tas Gma] = fhe, ktat + +, kpa. 
From (3) and 2.9 it follows that 
(8) het; = Wh, LO, + + lga] for any j <p 
while, by (5) and 2.8, 

g = PCR 0, ka , kp). 
Hence, by (5), (7), and (8), 
(9) FC 9*os ga si, Gma] paar, JTE las ARE Up]. 
The conclusion follows from (6) and (9). 


It follows from the preceding theorem that if an equation involving 
additive functions fo, f15° © * > fm1 on B” to B holds for every sequence x e B”, 
then the corresponding equation with the functions fo, ft:,- * * , fm holds 
for every sequence te A”. It would be natural to ask at this point what 
other properties are preserved by the extension. We have not made a detailed 
study of this question, and shall only make a few remarks here. 

We first notice that a similar result can be obtained for certain impli- 
cations between two equations, as well as between an inequality and an 
equation. In fact, we have 


THEOREM 2. 11. Let & be as in Theorem 2.10, and let f,g,he be 
functions on B™ to B. 


G) If ; 
f(z) = 0 implies that giz) —h(x) for every xe Br, 
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, 


then 

f(x) = 0 implies that g*(x) = h* (x) for every ce Am. 
(ii) If 

f(x) 0 implies that g(x) = h(x) for every x e Br, 
then 


f(x) 0 implies that g(x) = h* (x) for every x e A”, 
Proof. Let k be the function on B to B such that 
k(0) = 0, and k(x) = 1 whenever 047e B. 
By the hypothesis of (i) we then have 
(1) (F(#)) + 9(@) = B(F(@)) +h(2) for every we Bm, 
Consequently, the function k being additive, we get by 2.6 and 2. 10 
(2) HF (e)) +g (2) = (F (2)) +M (2) for every we A”. 
By 2.1 and the definition of w we have 
k*(0) —0, and k*(x) == 1 whenever 0 eA. 
Hence, by (2), we obtain the conclusion of (i): 
f (z) = 0 implies that g*(x) = h* (x) for every g eA”, 
The proof of (ii) is analogous; we change + to + in (1) and (2). 


As a corollary of the preceding theorem we obtain 


THEOREM 2.12. Let f and g be functions on B to B. If f and g are 


conjugate, then ft and g* are conjugate. 


Proof. By 1.11, 1.14, and 2.11. 


` Theorem 2.11 can be generalized by considering implications in ‘which 
the hypothesis is, not an equation of the form f(z) —0 or an inequality of 
the form f(x) s4 0, but a conjunction or disjunction of formulas of both these 
types. To obtain this generalization, we argue as in the proof of 2.11 and, 
by applying the function k defined there, we show that every implication 
of the kind considered can be equivalently replaced by a single equation or a 


conjunction of equations. For instance, the implication 


if folz) ==0 and f,(x) 0, then g(r) =h(x) 
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proves to be equivalent to the equation 


k(fo(w)) + E(A(e)) - ge) = b(fo(@)) + k(fi(#)) h(a). 


On the other hand, we can give an example of a simple formula which 
is identically satisfied by an additive function f in a certain Boolean algebra 
B = <B, +, 0, :,15, but which is not satisfied by any additive function g 
(whether an extension of f or not) in Y—<A,+,0,-,15; W is assumed 
to be, not necessarily a perfect extension of B, but an arbitrary complete 
Boolean algebra of which $ is a subalgebra. In fact, let U be the set of all 
positive integers, and let B be the family consisting of all finite subsets of 7 
and of their complements (with respect to U). Suppose that + and - are 
set-addition and set-multiplication, 0 is the empty set, and 1 is the set VU. 
For every « in B, let f(s) be the set consisting of the integer 2 and of all 
integers n + 2 where n is in æ. As is easily seen, f is an additive function 
on B to B satisfying the condition: 


f(x) x for every ve B. 


This condition implicitly involves, in addition to f, another additive function, 
namely the identity function on B to B, but it implies the following con- 
dition which involves only f: 


f(f()) Af (x) for every xe B. 


On the other hand there is no additive function g in Y which satisfies the 
corresponding condition 


g(g(v)) ~#g(z) for every ce À. 


For, g being any additive (or, more generally, monotonic) function on A to 
A, we obtain an element ce A for which g(c) — c and hence g(g(c)) = g(c) 
by putting 
c= D> z? 
A z&y(x) 

One might ask whether Theorem 2. 10 could be generalized by replacing 
® ‘by some larger family of functions; in particular, it would be natural to 
consider the family of all monotonic functions. However, it can be shown 
that there exist monotonic functions f and g in one variable such that 


(Fg) fig]. In fact let 


e Of. Tarski [1]. 
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D= <D, +, 0, -,15 and C= <E, +,0,-,19 


be Boolean algebras such that D is infinite and complete, and © is a perfect 
extension of ©. Let U be the set of all the atoms of €, let B be the set of 
all functions on U to D, and let 6 and I be the functions on U to D such that 


@(u) = 0 and I(u) =1 for any we TU. 
Suppose 
A = <A, +, 9, D 


is a perfect extension of the Boolean algebra 
8 = <B, +, 0, :, I>. 


We now take a fixed element weU and define the functions f and g on B 
to B by the formulas 


f(«) = © whenever ae B and a(w) 1, 
f(a) =I wheneverae B and a(w) = 1, 

g(a) (w) — 2 a(u), and g(æ)(v) == 0 whenever ce B and wveU. 
Here $y refers to the sum in the Boolean algebra ©. Clearly g is additive 
and f is monotonic. It will be shown that (f[g])*>+f*[g*]. 

For each ue Ọ let 


Ku— Hise B and wu B(u)], Tu= MBE B and u S B(w)], 


ku = TI £, à= IT £. 
BeLu 


BekKu 
Furthermore, for each ue U, let y, be the function on U to D such that 
ya(u) =1, and y(v) = 0 whenever u4 ve U. 
Finally, let 
= > Ky, and q = 5 Yu 
ueU ueU 
It is easy to see that 


‘ g (ku) = Ay for any we U 
and hence 


g (E) = yw 
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Since y,eB and y».(w) = 1, it follows that 


F(E) =1L 
Letting 
h = fL9]; 


we are going to show that h*(¢) = ©. In fact, for any closed element {= é 
we have £< » and, therefore, 


for some finite subset M of U. -Thus 
Ê<é: = Yu = > Ky 
ueM ueM 


Since D was assumed to be infinite, there exists an element ae D such that 
a1 and u < a for every us M. If 8 is the function on U to D such that 


d(u) =a for any we U, 
then 
h*(£) Sh(8) =. 


Thus h*(£) = @ whenever £ < é and £ is closed. Consequently h*(£) = ©. 


The results of this section can be generalized in another direction, 
namely by considering functions on one Boolean algebra into another Boolean 
algebra. Given two complete and atomistic Boolean algebras 


W—=<A,+,0,°,1> and W=<A’,+,0,-+, 1, 
and regular subalgebras — 
B= <B,+,0,°,1> and XY = <B’ +, 0, +, 1> 


of A and W respectively, we can associate with any function f on B” to B’ 
a function ft on A to A’ defined by the formula in Definition 2.1. The 
changes which have to be made in the formulation of Theorems 2. 2-2.7 and 
2.9 are quite obvious, and the proofs require no new ideas. The generaliza- 
tion of Theorem 2.8 involves six Boolean algebras, three complete and 
atomistic Boolean algebras M, W, and W” and regular subalgebras B, B’, 
and 8” of X, W and A”, respectively. The generalization of Theorem 
2.10 is perhaps less obvious. Instead of ‘the class ® of functions described 
there we consider, for any Boolean algebras 8—<B,+,0,-,15 and 
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Y = <B’, +, 0, -, 1> and for any non-negative integer m, the class &,(8, B) 
consisting of all functions f on B” to B which are of the form f = g[ ho, his 

*+,haal| where n is a non-negative integer, ho, hi,°- -,h, are identity 
functions on B” to B, and g is an additive function on B™ to B’. We then 
have: 


Let X, W, and W” be perfect extensions of the Boolean algebras B, W 
and B”, respectively. If Jo, 91° * `, Gur Pm(B, BV) and fe h,(B’, B”), 
then fl go. 91° * °, Jna] E Pm(B, B”) and 


(Fos 91° +, 9mal)*=f*l gto e ° Jma]. 


Observe that Theorems 1.23 and 1.24, as well as Theorems 2.16 and 2.17 
that follow, are easy consequences of this result. 

The generalization of Theorem 2.11 now offers no difficulty; the fune- 
tions f, g, and h involved are assumed to belong to ®,,(%, 8’). In order to 
generalize Theorem 2.12 we must first extend the notion of conjugate func- 
tions. A function g on B’ to B will be called a conjugate of the function f 
on B to B if, for every ce B and y e B’, the formulas 


f(a) +y=0 and g(y)-e=0 


are equivalent. Theorem 2.12 can then be extended to conjugate functions 
in this new sense. 

It is interesting to notice that in the proofs of some’ of the theorems of 
this section—as well as in the proofs of their generalizations just indicated— 
the use of condition (iii) of Definition 1.19 can be avoided. This leads to 
the following results: 


Consider two complete and atomistic Boolean algebras 


X = <A,+,0,-,1> and W= <A’, +, 0,5 15 
and let 
8 = <B, +, 0, :, 1> and Y = <B, +; 0, > 1> 


be subalgebras of Y and W respectively. We then have: 


(i) If f is an additive function on B™ to B, then there exists an additive 
function g on A” to A such that g/B” =f. 

(ii) I£ X and 8 satisfy condition (ii) of Definition 1.19, and if f is dn 
additive function on B” to B, then there exists a completely additive func- 
tion g on A” to B such that g/B” =f. 
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To prove (ii) we define g as in the proof of Theorem 2.4. Then g is 
clearly a completely additive function with g/B™<f. In order to show 
that f = g/B", we repeat with certain obvious changes the argument used 
in establishing formula (2) in the proof of Theorem 2. 4. 

Part (i) follows easily from (ii). In fact, there exists a complete and 
atomistic Boolean algebra W, = <A,,-+,0,-,1> which is a perfect extension 
of W. Then condition (ii) of Definition 1.19 holds if we understand $; to 
denote summation over M,, and it, follows from (ii) that there exists a 
‘completely additive function k on 4,” to A’ such that h/B™ =f. Conse- 
quently the function g — h/A™ is additive and we have g/B™ =f. 

One might ask what properties of the function f beside its additivity 
are preserved by the extension considered in (i) and in (ii). We have not 
studied this problem in detail, and shall only remark that if in (ii) we 
assume that X is a perfect extension of 8 and that f maps B homomorphically 
into W, then it can be shown that g maps % homomorphically into W. 
However, we omit the proof of this statement, since.a much more general 
theorem of the same type is known from the literature.” 

To conclude this section, we define formally the notion of a Boolean 
algebra with operators and we extend the notion of a perfect’ extension to 
this kind of algebras (Definitions 2.13 and 2.14). Using these new notions, 
we shall be able to summarize the main results so far achieved in a concise 
and convenient manner (Theorems 2.15 and 2.18). 


DEFINITION 2.13. By a Boolean algebra with operators we shall mean 
an algebra 


A = <A, os Lions 16° * > 
such that <A, +, 0, ',1> is a Boolean algebra and the functions fg are 
additive. 

Suppose À is a Boolean algebra with operators. By an atom of X we 
mean an atom of the Boolean algebra <A, +,0,-,15. We say that Y is 
atomistic if the Boolean algebra <A,-+,0,°,1> is atomistic. We call A 
complete if the Boolean algebra <A, +, 0, -,15 is complete and if each of 


the operations fe is completely additwe. Finally, we say that X is normal 
if each of the operations fe is normal. 


DEFINITION 2.14. Let 


Y= <A, +, 0, “L, fo fis È sfa’ > 


7 Cf. Sikorski [1], p. 332. Related problems are discussed in Sikorski [2]. 
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and 
B = <B, 0, +, "SA, Go; Jot t "98" * > 


be two Boolean algebras with operators. We say that Ÿ is a perfect esten- 
sion of B and that B is a regular subalgebra of U if the following conditions 
are satisfied: 

(i) N is complete and atomistic and 8 is a subalgebra of Y. 

(ii) <B,+,0,-,15 is a regular subalgebra of <A, +, 0, +, 1>. 


(i) For each of the functions fe we have 


fele) = IL ge(y) whenever xe At, 
assy eB, ` 


where me is the rank of fe and At has its usual meaning. 
If XN is a perfect extension of B, we clearly have fe == ge. 


THEOREM 2.15 (EXTENSION THEOREM). For any Boolean algebra 
with operators B there exists a complete and atomistic Boolean algebra with 
operators U which is a perfect extension of B. 


Proof. Let 
B = <B, +,0, +51, go 9° * tagat > 
be a Boolean algebra with operators. By 1.22 the Boolean algebra 
<B, +,0,-,15 is a regular subalgebra of a complete and atomistic Boolean 


algebra <A, +, 0, = 1>. If we put fe— g'e for each é, then, by 2.3, B is a 
subalgebra of the algebra 


X = <4, +, 0, ~ L, fo fi’ f -fet > 


Moreover, by 2.4 and 2.13, W is a complete and atomistic Boolean algebra 
with operators. Finally, 2. 14(iii) is satisfied by 2.2. Hence Y is a perfect 
extension of #. 


Just as in the case of ordinary Boolean algebras, the perfect extension A 
is essentially determined by the Boolean algebra with operators B. This is 
shown in the next two theorems. 


THEOREM 2.16. Let ` 


A = <A, +, 0, sb folo z > fe: 7 > 
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and 
W = <A’, +, 9, “L fo fa i er te -> 


be two complete and atomistic Boolean algebras with operators, and let 


8 = <B, +, 0, “l, Jo Jo’ "98" 7» 
and \ 


V = <A’, +, 0, +, 1, g'o VETE i "395° a> 


be regular subalgebras of X and W, respectively. If a function @ maps B 
isomorphically onto B, then there exists a unique function y which maps À 
isomorphically onto W in such a way that y/B = d. 


Proof. By 1.23 there exists a unique function y such that 
(1) y/B—$ and <4, +,0, *, De <A’, +, 0, +, 1. 
Let At be the set consisting of 0 and all the atoms of A. By (1) we have 
(2) v(z) = DS IL ¢(y) for any zeA. 


aZucAt u<yeB 


Consider any operation fe. If the rank of fe is m, then, by 2.14, 
f(x) = X IT gely) for any g eA”. 


ozugsAt™ u<yeB" 


Therefore, by (1) and (2), 


W(fe(@)) = 2, Il. 9’e($ (Yo), $C)": 4(me)) 


aZueAIM uSye 


for any ze A”, and we easily conclude by (1) and 2.14 that 


Y (felt) ) = Fely (20), (ai), © 5 (%ma)) for any ce Am. 


Consequently, 
A = W. 
Y 
THEOREM 2.17. If 


B = <B, +, 0, +, L Jo $y ‘98° * > 


is @ Boolean aigebra with operators, and if X and W are two perfect esten- 
sions of B, then there exists a unique function y mapping X isomorphically 
_ onto W in such a way that y(x) =~ for every we B. 


Proof. By 2.16. - 
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THEOREM 2.18. Let 
A = <A, +, 0, ol fos fas S TE tr 


and 
B = <B, +, 0, "51, 909° * taght > 


be Boolean algebras with operators such that A is a perfect extension of B. 
If L is any equationally definable class of algebras such that B belongs to L, 
then À also belongs to L. 


Proof. By 2.2, 2.4, and 2.14 we have fe — g*e for each é By 2.6, 
the same relation holds between the corresponding Boolean operations in A 
and 8; since B is a subalgebra of 2, this also applies to 0 and 1 (if they 
are treated as operations with rank 0). If now k is an algebraic function 
over the similarity class to which % and B belong, then hy can be obtained 
by means of a definite process of iterated composition from the fundamental 
operations of Y, and hg can be obtained by means of the same process from 
the corresponding operations of B. Hence, by 2. 10. 


hy = h'g. 


Similarly, if & is another algebraic function over the same similiarity class, 
we have 


Consequently, hy = kø implies hy = ky; i.e., every equation between alge- 
braic functions which holds (identically) in ® holds in W as well. (For 
notions involved in this theorem and in its proof see Introduction.) 


Section 3. 


The Representation Theorem; Application to Closure Algebras 
and Cylindric Algebras. 


A set-field B whose universal set is U will be called regular if the 
Boolean algebra <B, U, A, N, U> is a regular subalgebra of the Boolean 
algebra <A, U, A, N, U>, where A is the family of all subsets of U. The 
representation theorem for Boolean algebras can then be stated as follows: 


THEOREM 3.1. Given any Boolean algebra 
B= <B,+,0,°,1), 
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there exists a regular set-field B’ such that B is isomorphic to the Boolean 
algebra 
W = <B’, U, A, N, Ud, 


where U is the universal set of B’. 


As a consequence of this theorem, the study of Boolean algebras reduces 
to the study of regular set-fields. We shall therefore proceed to investigate 
additive functions over regular set-fields. This will lead us to a repre- 
sentation theorem for Boolean algebras with operators (Theorem 3.10). In 
the second part of-this section we apply the extension theorem and the 
representation theorem to closure algebras and cylindric algebras. 

Throughout the first part of this section we fix a regular set-field B, 
let U be the universal set of B, and let A be the family of all subsets of U. 
In accordance with our previous convention, At will denote the set consisting 
of the zero element and all the atoms of the Boolean algebra <A, N, A, U, UX, 
i.e., At consists of the empty set A and all sets of the form {x} with we U. 

We begin by establishing a one-to-one correspondence between all normal 
and completely additive functions on A” to A and all (m-+-1)-ary relations 
RC UMA, 


DEFINITION 3.2. If RCU™*, then the function R* on A" to A is 
defined by the formula 


R*(X) = E [ry £ R for some ze X, X X, X` X Zma] for any Xe A”, 
r | 


In this definition the last terms of the sequences belonging to R play a 
special role. This may be somewhat unnatural in case R is not a function 
and we would of course correlate with Æ m other functions on A” to A besides 
R*. However, these functions will not be needed in the present work. 


Tarorem 3.3. If RCU™1, then R* is a normal and completely 
additive function on A™ to A. 


Conversely, if F is a normal and completely additive function on A" 
to A, then there exists a unique relation R CU™#+ such that = R*, This 
relation is defined by the formula 


R— E [se U0” and ye F({ao}, {ti},° + `> (tms})]° 
274 
8 Theorem 3.3 (restricted to functions of rank 1) is stated without proof in 


Tarski [3]. The same applies to Theorem 3.6 and to that part of Theorem 3.5 which 
concerns the equivalence of (à) and (iù). 
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Proof. The first part follows from 1.6(i’) (ii’) and 8.2. To prove the 
second part, suppose F is a normal and completely additive function on A” 
to A, and let R be defined as above. Since R* is a normal and completely 
additive function on A” to A by the first part of the theorem, we see by 
1. 8(ii) that F = R* is equivalent to the formula 


(1) | F(X) = R*(X) whenever X e At”, 


+ 


If X; = A for some j < m, then this follows from the normality of F and R*. 
If X;5£ A for every j < m, then there exists a sequence œe U” such that 


X; = {z;} for every j < m. 
For any element y£ U we then have 


ye F(X) if and only if soye R. 
By 3.2 we have . 
eye R if and only if ye R*(X), 


and we conclude that (1) holds in this case also. The uniqueness of X is 
an immediate consequence of 3. 2. 


THEOREM 3.4. If F is a normal and additive function on B" to B, 
then there exists a relation R C U"# such that F = R*/B™, 


Proof. By 2.3, 2.4, and the hypothesis, F* is a normal and completely 
additive function with F—F+/B™. Hence, by 8.8, there exists a relation 
© RCU™ such that F*— R* and, consequently, F = R*/Br. 

It follows from 3.3 and 8. 4 that given a normal and completely additive 
function F on A” to A, or a normal and additive function F on B” to B, 
we can express any property that F may possess as a property of the corre- 
sponding relation R. In the next three theorems we provide some examples 
of how this can be done. In order to state these theorems, we shall need 
certain familiar notions from the calculus of binary relations. The domain 
of a binary relation Æ is the set consisting of all elements z such that 
<a, yy eR for some element y; the field of R is the union of the domain of 
R and the domain of R*. A binary relation R is said to be reflexive if 
<x, «> £ R whenever v is in the field of R, symmetric if RC R, and transi- 
tive if R|RCR. If R is both symmetric and transitive (and hence also. 
reflexive), then we call it an equivalence relation. 


THEOREM 3.5. Let F be a function on A to À. Assume that F is 
normal and completely additive and satisfies one or more of the following 
conditions: 
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(ii) X CF(X) for any Xe À, 

(i) F(F(X)) Z F(Z) for any ze A, 

(is) F is selfconjugate, | 

(is) F(XNY)=F(X)NF(T) for any X,Y eA, 

(is) F(F(X)) =XNF(V) for any XeA, 

(is) F(F(X)) =X for any Xe A. 

Then there exists a relation R C U? with F = R* which satisfies the corre- 
sponding condition, or conditions, in the following list: 


(ii) R is reflexive and the domain of R is U, 

(liz) R is transitive, 

(iis) R ts symmetric, 

(ii) R> is a function, 

(iis) R is symmetric and is a function, 

(iis) ER is symmetric and is a function whose domain is U. 


Conversely, if there is a relation R C U? with F = R* which satisfies one 
- or more of the conditions (ii,)-(iis), then F is normal and completely additive 
and satisfies the corresponding conditions (i1)-(is). 


Proof. By 8.3, F is normal and completely additive if and only if 
F = R* for some R C U*. Assuming that F — R* we shall prove that the 
conditions (is) and (iis) are equivalent (assuming that the equivalence of 
(is) and (iis) has already been established) ; the corresponding proofs for 
the remaining conditions will be omitted. 


Assume. that (is) holds. For any element ve U we then have 
(1)  F(F({x})) = {x} if ce F(U), and F(F({x})) =A if ef F(U). 


Consider two elements xs, ye U with <æ&,y>eR. Then, by 3.2, yel({x}) 
whence, by the additivity of F, yeF(U). By (1) we therefore have 
F(F({y})) = {y} and, F being normal, this implies that F(y) A. Conse- 
quently, by the additivity of F, F(F({v})) A. By (1) this implies that 
F(F{x})) = {x} and hence F({y}) = {x}. We therefore see by 3.2 that 
<y,t>eh. Thus R is symmetric. To show that R is a function, consider 
two elements x, ys U such that <y,z>eR. Since R is symmetric, we have 
<e,y>eRh; as we have already ‘shown, this leads to the conclusion 
F({y}) = {x}. Together with 3.2 this shows that for each element ye U 
there is at most one element te U such that <y, sye R. Hence R is a 
function and (iis) holds. : 


932 BJARNI JONSSON AND ALFRED TARSKI. 


If (iis) is satisfied, and if 2,yeU are such that ye F(F({x})), then, 
by 3.2, there exists an element ze U such that <x,23eR and <z,y>eR. 
Since R is symmetric and is a function, this implies that <z,2>eR and, 
hence, v = y. Thus (Ff ({x})) C {x} for any we U, and, consequently, by 
1.8(1), F(F(X)) CX for any Xe A. Therefore, by the additivity of F, 


XNF(U) =F(F(X)) U [XA F(F(X)-)]. 
Since (is) is satisfied, it follows that (i;) holds. 


Tuuorem 3.6. Two functions F and G on A to A are conjugate if, 
and only if, there exists a relation R C U? such that 


F—R* and @ = (R*)*. 


Proof. If F and G are conjugate, then F and G are normal and com- 
pletely additive by 1.14. It follows by 3.3 that there exist relations 
k,& CU? such that F = R* and G—S*, Consider two elements z, ye U 
with <t, y> e R. Then, by 3. 2, y e F({x}) or, equivalently, F({xz})N {y} 54 A. 
By 1.11 this gives G({y})N {x} AA, so that x e G({y}) and, consequently, 
<y,c>e8. We thus have RC S. Similarly SC R, and we conclude 
that S = R=. 


Assume that F = R* and G = (R*)*. Consider two sets ¥, Y CU 
with F(X)NY—A. For any elements xe X and ye F we then have 
<£, yy éR and, hence, <y,2>#R*. It follows that G(Y)N X =A. Simi- 
larly, if X,Y CU are such that G(Y)N X =A, then F(X)N Y =A. 
‘Hence F and G are conjugate by 1.11. 


me 


THEOREM 3.7. Theorem 3.5 remains valid if we replace there ‘A’ by 
“BY ‘completely additive’ by ‘additive’? and ‘R*? by ‘R*/B? Similarly 
Theorem 3.6 remains valid if we replace there ‘A’ by ‘BY ‘R*? by ‘R*/BY 
and ‘(R1)*? by ‘(R-)*/B? 


Proof. Suppose F is a normal and additive function on B to B. If F 
satisfies one or more of the conditions 3.5 (i1)-(is) with ‘A’ replaced by ‘B; 
then, by 2. 18, the same condition will be satisfied if we replace ‘P?’ by ‘ F+? 
but leave ‘A’ unchanged. Since, by 2.3 and 2.4, F* is normal and com- 
pletely additive, there exists, by 3.5, a relation À C U? which satisfies the 
corresponding conditions 3. 5(ii,)-(iis) and for which R* = F* and, hence, 
| R*/B =F. 

If, conversely, there exists a relation À C U? such that F == R*/B, then 
: F is normal and additive by 3.3. If, in addition, À satisfies one or more of 
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the conditions 3. 5(ii:)-(iis), then, by 3.3 and 3.5, the corresponding con- 
ditions 3. 5(i,)-(is) will be valid if we replace there ‘F?’ by ‘R*? Conse- 
quently the same conditions will hold if we leave F unchanged but replace 
‘A’ by ‘B? The proof of the second part of the theorem is similar. 


DEFINITION 3.8. By the complex algebra of an algebra in the wider 
sense 
u = <U, Ro; Ru re 7 » 


we mean the algebra 
= <A, U, A, N, U, R*o B¥,+ + +, Rž > 
where A is the family of all subsets of U. 


THEOREM 3.9. The complex algebra of any algebra in the wider sense 
is a normal, complete, and atomistic Boolean algebra with operators. 


Conversely, every normal, complete, and atomistic Boolean algebra with 
operators is isomorphic to the complex algebra of some algebra in the wider 
sense. 


Proof. The first part follows from 2.13, 3.3, and 3.8. Suppose 


Y= <A, +, 0, SL fos fay” È fe > 


is a normal, complete, and atomistic Boolean algebra with operators. Let 
the rank of fe be mg. Then XW is isomorphic to an algebra 


W = <A, U, A, N, U, Fo, Fa: S ‘Pg: “> 


where U is some set, A is the family of all subsets of U, and Fe is a normal 
and completely additive function on A”: to A. By 8.33 there exist relations 
Ro Rot > +, B+ + + such that Re C Uy and Fe— R*s Hence, by 8.8, 
+, W is the complex algebra of the algebra in the wider sense 


u= <U, Ro, Rot *, Re, +. 


THEOREM 3.10 (REPRESENTATION THEOREM). Livery normal Boolean 
algebra with operators is isomorphic to a regular subalgebra of the complex 
algebra of some algebra in the wider sense. 


Proof. If B is a normal Boolean algebra with operators, then there 
exists, by 2.15, a complete and atomistic Boolean algebra with operators Y 


14 
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which is a perfect extension of B. By 2.18 and 2.14, À is also normal, and 
the conclusion follows by 3. 9. 


We now turn to the applications of our results to closure algebras and 
cylindric algebras. 


DEFINITION 3.11. An algebra 
x= <4, +, 0, *, 1, C> 


(where + and + are operations on A? to À, C is an operation on A to A, 
and 0 and 1 are elements of A) is called a closure algebra if it satisfies the 
following conditions: 


(i) <A4,+,0,-,D ia Boolean algebra. 
(ii) C is an additive function on À to À. 
(iii) C(C(x)) =C (x) for any ve A. 
(iv) æc+C(x) =C(«) for any ze À. 
(v) C(0) —0. 


Since each of the conditions (iii)-(v) has the form of an equation, we 
can apply Theorem 2.15 to closure algebras. This gives 


THEOREM 3.12. For any closure algebra B there exists a complete and 
atomistic closure algebra X which is a perfect extension of B. 


Proof. By 2.15, 2.18, and 3.11. 


Before applying Theorem 3.10 to closure algebras, we ask when the 
complex algebra of a given algebra in the wider sense is a closure algebra. 
The answer to this question is given in the following 


THEOREM 8.13. Suppose U is an arbitrary set, A is the family of all 
subsets of U, and RCU*, Then the algebra 


X = <A, U, A, N, U, R* 
is a closure algebra if, and only if, R is reflexive and transitive, and the 


domain of R is U? 


° This theorem is essentially known from the literature; compare Birkhoff [1], 
Theorem 1. 


BOOLEAN ALGEBRAS WITH OPERATORS. 935 


Proof. Since, by 3.8, R* is normal and completely additive, we see by 
3.11 that X is a closure algebra if, and only if, 


X C R*(X) and R*(R*(X)) C R*(X) for any XeA. 
Hence the conclusion follows from 3.3 and 8. 5. 


THEOREM 3.14. An algebra 
V= <B, +, 0, -,1, 0> 
is a closure algebra if, and only if, B is isomorphic to an algebraic system 
W = <B, U, A, N, U, R*> 


where B is a regular set-field whose universal set is U, and R is a reflexive 
and transitive relation whose domain is U and which satisfies the condition: 
R*(X) eB for every X €B (i. e., R*/B is an operation on B to B). 


_ Proof. Assume that 8 is a closure algebra. By 3. 12, there is a complete 
and atomistic closure algebra 2 which is a perfect extension of 8. By 8.8, 
-8.9, 8.11, and 8.13, À is isomorphic to an algebra 


W = <A, U, A, N, U, RSS 


where U is a certain set, A is the family of all subsets of U, and R is a 
reflexive and transitive relation whose domain is U. By 2.14, 8 is a regular 
subalgebra of 2, and hence it is isomorphic to a regular subalgebra 


W = <B, U, A, N, U, R*> 


of W. Since, by 3.11, B is a Boolean algebra supplemented by a unary 
operation, B is a regular set-field, and R*/B is an operation on B to B. 

If, conversely, B is isomorphic to an algebra %’ with the properties 
listed in the theorem, then, by 3.13, 8 is isomorphic to a subalgebra of a 
closure algebra and hence, by 3.11, it is itself a closure algebra. 


The theorem just proved clearly remains valid if we omit in it the 
term ‘regular.’ An analogous remark applies to Theorem 3.18 below. 

By a representation theorem for closure algebras which is known from 
the literature, every closure algebra % is isomorphic to an algebra 


W = <B, U, A, N, U, O> 
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where U is a topological space with the closure operation C, and B is a set- 
field whose universal set is Ọ and which satisfies the condition: C(X) e% 
for every X eB; in addition, in this topological space we have C(X) =X 
for every set X CU consisting of just one point. On the other hand, 
Theorem 3. 14 implies that every closure algebra 8 is isomorphic to an algebra 
%’ as described above, in which, however, we do not necessarily have C(X) = X 
for every one-point set X C U, but in which instead the closure operation C 
is complete additive. The new representation theorem appears to have 
interesting implications for every topological space whose closure operation 
is not completely additive; for it shows that the closure algebra of all subsets 
of such a space can be isomorphically embedded in a topological space with 
a completely additive closure operation. ` 


DEFINITION 3.15. An algebra 
TX == <A, +; 0, *,1, Co, C> 


(where + and + are operations on A? to À, Co and O, are operations on A 
to A, and 0 and 1 are elements of A) is called a cylindric algebra if the 
following conditions are satisfied: 

(i) <4,+,0,:,15 is a Boolean algebra. 


(ii) Co and O, are selfconjugate functions (i. e., for any elements a, y e À, 
if Calz): y—0, then Coly): x —0, and if Ci(x): y—0, then 
Ci(y):& 0). 


(iii) Co(Co(r)) = Cox) and C,(Ci(x)) = C(x) for any ze A. 
(iv) C(Ci(c)) =1 for any element ve À with e404 


THEOREM 3.16. For any cylindric algebra B there exists a complete 
and atomistic cylindric algebra X which is a perfect extension of %B. 


Proof. Suppose that 
B= <B, +, 0, E 1, Cos 0> 
is a cylindric algebra. By 1. 14, 2. 13, and 3.15, B is a Boolean algebra with 
10 Cf. McKinsey-Tarski [1], Theorem 2. 6. 


#4 A slightly different, though equivalent, definition of these algebras is given in 
Chin-Tarski [2] (where, however, the term “cylindric algebra” is not used). 
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operators. Hence, by 2.15, there exists a complete and atomistic Boolean 
algebra with operators 


Y == <A, +, 0, ‘5 1, fo, fad 


which is a perfect extension of B. Thus Y satisfies 3.15(i). By 2.2, 2.4, 
2.13, and 2.14 we have fo == C*, and fı = C*,; hence, by 2.10 and 2.12, Y 
satisfies 3.15(ii) (iii). Finally, by arguing as in the proof of 2. 11(ii), we 
show that À satisfies 3.15(iv). Consequently, X is a cylindric algebra. 


THEOREM 3.17%. Suppose U is an arbitrary set, A is the family of all 
subsets of U, Ro C U?, and R, CU?. Then the algebra 


N = <A, U, A, N, U, R*, R> 
is a cylindric algebra if, and only if, the following conditions are satisfied: 
(i) Eo and R, are equivalence relations. 
(ii) Ro | Ry, = U?. 


Proof. If N is a cylindric algebra, then Ry and R, are equivalence 
relations by 3.8, 3.5, and 3.15(ii) (iii). By 3.2 and 3.15(iv) we have 
R,|Ro = U? and, hence, Ro| Ry = (RilRo) = U?. Thus (i) and (ii) hold. 


If (i) and (ii) are satisfied, then we see by 3.2 that 3.15(iv) holds 
(with the obvious substitutions) while conditions (ii) and (iii) of 3.15 
follow from 3.3 and 3.5 and the fact that R, and R, are transitive. f 


THEOREM 3.18. An algebra í 
B = <B, +, 0, :, 1, Co, Crd 
is a cylindric algebra if, and only tf, B is isomorphic to an algebraic system 
W = <B, U, A, N, U, B*o R> 
satisfying the following conditions: 


(i) B is a regular set-field; U is the universal set of B; R*)(X) eB and 
R*,(X) eB whenever X eB. 
(ii) Eo and R, are equivalence relations. 
(iii) Ry | R, = U?. 
Proof. Analogous to that of 8. 14, with 3.11, 3.12, and 3.13 replaced 
by 3.15, 3.16, and 8. 17, respectively. 
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An important modification of Theorem 3.18 is known (which, however, 
requires an essentially new method of arguing).’? It can be shown that, after 
omitting the term “regular” in condition (i), the following condition can 
be added : 

(iv) Ro N R; is the identity function on U to U. 


The result thus obtained admits an interesting geometric interpretation. For, 
as is easily seen, it implies that the set U and the relations Ry and R, can 
be chosen in 8. 18 in such a way that: (i) U is a set of the form U = X X Y, 
and hencé can be regarded as an abstract two-dimensional analytic space with 
the axes X and Y; (ii) R, is the relation which holds between any two 
couples <z, y> and <x’, y> in U if, and only if, y =y, and hence R*, 
coincides with the so-called operation of cylindrification parallel to the axis 
X ; similarly, (iii) R, holds between <a, y>, <2’, y’> e U if, and only if, t = 7, 
and hence R*, coincides with cylindrification parallel to Y. In this geometric 
form, the modified Theorem 3.18 motivates the choice of the name given 
cylindric algebras, and it becomes the natural representation theorem for this 
class of algebraic systems. 

It can readily be shown that every cylindric algebra Wf satisfies the 
condition | 
(iv’) Co(Cx()) — C:(Co(z)) for every te A. 


If we replace (iv) by (iv’) in 3.15, we obtain the definition of a more 
comprehensive class of algebras, which .can be referred to as generalized 
cylindric algebras. Cylindric algebras as originally defined prove to coincide 
with those generalized cylindric algebras which are simple (in the general 
algebraic sense). Theorems 3.16-3.18 extend to generalized cylindric alge- 
bras; obviously, formulas 3.17(ii) and 3.18(iii) have to be replaced by 
Ro | Ri = R; | Ro. Theorem 3.18 can again be improved so as to admit a 
geometric interpretation. In this interpretation the set U is assumed to 
coincide, not necessarily with the whole two-dimensional space X X Y, but 
with a subset of X X Y (subjected to some additional conditions), while 
Ro and R, preserve their old meaning. 

On the other hand, projective algebras (mentioned in the introduction) 
can be regarded as specialized cylindric algebras. In fact, a projective algebra 
can be characterized as an algebraic system 


A= <A, +, 0, +, 1, Co, Ci, OY 


12 In fact, the method used in Everett-Ulam [1], Section 4, pp. 85-88, can be. 
applied here. | 
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satisfying the conditions: 
(i) <A,+,0,-,1, Co C5 is a cylindric algebra, 
(ii) ® is an atom in A, 
(iii) æ&=— C)(x)-Ci(~) whenever ze A and c= (,(@) or c= C;(®). 
In terms of Co Ci, and © two further operations on A to A can be defined: 
Po(x) = Co (x) Ci(@) and P, (x) = 01 (x): Co(®) for every we A. 


Conversely, Co, Cı, and © can be re-defined in terms of P, and Pı; hence, 
projective algebras can also be characterized as Boolean algebras supple- 
mented by these two new operations. Again Theorems 3.16-3.18 extend, 
with obvious changes, to projective algebras; and the extended Theorem 3. 18 
can be improved so as to admit a geometric interpretation (and thus to yield 
the natural representation theorem for these algebras). In this interpretation 
U, Ro, and R, have the same. meaning as in the case of cylindric algebras. © is 
represented as the set consisting of a single couple <a, yo> for some meX 
and y£ Y; this couple can be regarded as the origin of the coordinate system 
in the space U = X X Y. Finally, P, and P, are represented as the operations 
of projection parallel to the axes X and Y.¥ 


Brown UNIVERSITY, PROVIDENCE, RHODE ISLAND, 
UNIVERSITY OF CALIFORNIA, BERKELEY, CALIFORNIA. 


43 Our definition of projective algebras is essentially equivalent to the one given in 
Everett-Ulam [11 where, however, P, and P, (instead of Co Cı and 8) are treated as 
fundamental operations. A definition of projective algebras in terms of Co, C4, and © 
can be found in Chin-Tarski [2]; however, Mr. F. B. Thompson has pointed out to us 
that in this definition the postulates involving © are too weak and should be modified 
in the way indicated in the text. The improved Theorem 3.18 in its geometric form, 
when extended to projective algebras, essentially coincides with the representation 
theorem which has been established in Everett-Ulam [1] for complete atomistie pro- 
jective algebras and generalized in McKinsey [1] to all projective algebras. 


ORTHOGONAL AND UNITARY GROUPS OVER THE RATIONAL 
FIELD.* 


By Jzan DIEUDONNÉ. 


1. Let # be an n-dimensional space over the field Q of rational numbers; 
let f be a non-degenerate symmetric bilinear form defined in Æ, and 
g(x) =f(x,2) the corresponding quadratic form. In a recent paper [2],* 
I have proved that for n = 7, the commutator subgroup PO,(Q,f) of the 
projective orthogonal group PO,(Q,f) is always simple, even when the 
index v of f is 0. By a modification of the argument used in the proof of 
that theorem, I shall now show that the result is still true for n—6. Using 
the well-known isomorphism between orthogonal groups on 6 variables and 
unitary groups on 4 variables, this enables me to prove that if K, is any 
quadratic extension of Q, F, an n-dimensional space over Ky, fı a non- 
degenerate hermitian form over #,, the commutator subgroup of the projective 
unitary group PU*,(K,, f,) is simple for n = 5, even when the index of f, is 0. 


2. The proof given in [2] uses essentially a theorem of Meyer to the 
effect that a non-degenerate quadratic form in at least 4 variables over the 
rational field can take any rational value if it is indefinite, any positive (resp. 
negative) rational value if it is positive definite (resp. negative definite). In 
applying that theorem, I have to use repeatedly the assumption n = 6; how- 
ever, the assumption n = 7 is used essentially only twice, in steps 8° and 4° 
of the proof. I proceed to show that, by a modification of the argument, 
these steps too can be carried out for n — 6. . I keep the notation of [2]. 
G being a normal subgroup of Q,(@, f) not contained in the center, step 1° 
of the proof shows that there exists in G a plane rotation u distinct from 
the identity. If u? is the identity, u is an (n — 2, 2)-involution in Q,, and 
therefore [2, n° 10] a special involution ; in that case, step 3°.is proved. If 
u is not an involution, let P be its plane, a and b two orthogonal vectors in P, 
and let u(a) == Aa + pb; let a = g (a), B = g (b) (which are positive rational 
numbers). If # is the space over the real field R obtained from # by 
extension of the field of scalars, u is extended to a plane rotation in W’, of an 


* Received May 14, 1951. 
1 Numbers in brackets refer to the bibliography at the end of the paper. 
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angle 0 such that cos 8 = À, sin 0 = »(8/a)3; replacing if necessary u by a 
power wu” of u, it can always be supposed that 7/2 < 4 < ~r [2 n° 3]. 
Consider the vector ¢==4(a-- w(a)) —4((1+A)a+ pb); it is easily 
verified that u = s's, where s is the symmetry with respect to the hyperplane 
orthogonal to a, and s’ the symmetry with respect to the hyperplane orthogonal 
toc. We are going to show that there exists a vector x such that g(x) = g (c), 
f(a s) =f(a,c) and such that x and c are orthogonal, that is, f(z, c) = 0. 
To that purpose, let y be a vector in the hyperplane orthogonal to a, and 
write «=—4((1+A)a-+ py); this already insures that f(a,c) —f(a,x). 
The relation f(z,c) —0 then becomes «(1+ À)? + p*f(b,y) —0; write 
y = pb + 2, where ze P* (orthogonal to both a and b); this yields 


p=— (a/B) (1 + AY / = — (1 + cos 6)?/sin® 6 = — cotg* 6/2 


Finally, the relation g(x) ==g(c) is equivalent to g(y) —g(b), which 
in turn gives g(z) = (1—p")g(b). Now, as 7/4 < 0/2 < 7/2, one has 
| cotg 0/2 | <1, and therefore p?< 1; as P* is at least 4-dimensional, 
Meyer’s theorem shows that a vector z satisfying the preceding relation can 
be found in P*, 

It follows from Witt’s theorem that there exists an orthogonal trans- 
formation v e O, such that v(a) = a and v(c) = z; the argument in [2, n° 5] 
(which only uses the assumption n = 6) proves then that there exists a trans- 
formation we ©, leaving invariant a and s, and such that v, — wv is in the 
commutator subgroup Qn. The transformation u, = wo,u-v,+ belongs there- 
fore to G; but vun, = ss”, where s” = v,s'v,™ is the symmetry with respect 
to the hyperplane orthogonal to x. Therefore u, = s’sss” = s's” is a special 
involution in G (since z and c are orthogonal), and this proves point 3°. 


8. We now prove point 4°, which states that G contains every special 
involution. To achieve this, we notice that, in the preceding construction, 
we had g(c) ~4((1-+2)*« + #8) —4a(1 +a) —4f(aa+u(a)). AN 
we have to do is therefore to find a plane rotation u in G and a vector z in 
its plane such that f(z,u(z)) <0 and that 4f(z,z2-+ u(z)) is equal to a 
given positive rational number yo multiplied by a square. We start from a 
special involution w in G, of plane R; let b be a vector in R, and consider 
all vectors ze E of the form z = a + b, where ae R*; we write a = f (a, a), 
B= f(b, b). For any such vector z, there exists in R* (which is at least 
4-dimensional) a vector y such that f(y, y) —f(z,2), by Meyer’s theorem. 
Let s,s’ be the symmetries with respect to the hyperplane orthogonal to z 
and y; they are conjugate in On by Witt’s theorem, hence v = s's is in Qr- 
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It follows that u == wv wv is in G; but as w(y) =y, wutwi—s"s, 
where s” is the symmetry with respect to the hyperplane orthogonal to 
w(z) =a—b; therefore u = s”s is a plane rotation in G, z is in its plane, 
and u(z) =— s” (z) = —z + 2f(z, w(z))w(z)/g(z). This formula shows 
that the conditions we have to satisfy are (æa — 8)?”/ (a + B) = yé, where 
ée Q, and a + 8 > Z(a— gp). Now it is easily verified that the first require- 
ment is satisfied by taking == t —28/ (yt), a+ B = yt, a — B = yoËt, 
where ¢ is any positive rational number; the condition æ > 0 reduces to 
t > B/y, and the condition & + 8 > 2#a— £) to t < 2(23)/(2!— 1) - B/yo. 
These conditions are therefore compatible, and with a value of ¢ which satisfies 
them, the rotation u will satisfy our requirements, provided there is a vector 
ae R* such that f(a, a) =a; but since « > 0 and R* is at least 4-dimen- 
sional, the existence of æ is proved by Meyer’s theorem. 

We have thus proved the existence in G of a special involution conjugate 
(within O,) of any special involution. The end of the proof [2, end of n° 5 
and n° 6] only makes use of the relation n = 6, and we see therefore that 
for any form f of index 0 in E, the group PQ4(Q,f) is simple. 

Of course, the remarks made in [2, n° 7] still apply here, and PQs (K, f) 
is simple for any subfield K of R in which Meyers theorem is valid. For 
the field Q, the theorem is known to be false for n — 3 and n = 4 [1, p.88]; 
the only case which remains open in that case is n ==; an entirely new 
approach seems to be needed for that case, since the assumption n = 6 is 
essential to all but the first two steps of our proof. 


4. We now turn to the unitary groups U,( Ki, f1) over quadratic number 
fields K,. For an hermitian non-degenerate form fı in an n-dimensional 
space Æ, over the field K,, there is a basis (e) of E, such that 


isisn 


fi (2, 2) = Ý arlun where the a, are rational numbers; if K, = Q(o), 
k=1 

where w= p is rational, and r= ér + om, & and ny rational, one has 

fi(4, 2) = X ar (é? — pm”). This, together with Meyer’s theorem, shows at 
k=1 : 


once that if n = 8, and either p > 0 or the a, have not all the same sign, then 
the form f, has an index = 1; I have shown that in such a case, the projective 
unitary group PU*,(K;, fı) is simple [1, p. 70]. The only remaining case is 
therefore that in which K, is an imaginary quadratic field and the form f, 
is positive definite. 

We shall always suppose, in what follows, that n == 4 and the index y of 
fi is 0. We begin by proving some preliminary lemmas. 
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Lemma 1.° The commutator subgroup Yn of U,(K;, f1) is identical with 
the commutator subgroup Y', of Ut»( Ky, f.). 


One has obviously Y*, C Ya, and the only thing to prove is that every 
element in Y, belongs to Y*,. Let us call quasi-symmetries the transformations 
in U, which leave invariant all elements of a hyperplane in Fy; if (e), a 
is an orthogonal basis of F, such that the e of index Æ n— 1 form a basis 
of a hyperplane H, en being orthogonal to H, any transformation w leaving ` 
invariant every element of H and belonging to Un, is such that w(e;) == e; for 
1£i£<n—1 and w(e) = Se, with 85-1, and conversely. It follows 
immediately that every transformation in U, can be written sv where v e U*, 
and s is a quasi-symmetry of fixed hyperplane H ; we are going to see that it 
is enough to prove that every commutator svs-*v? of a quasi-symmetry of 
hyperplane H and a transformation v € U*, belongs to Y*» Indeed, let I be 
the subgroup of Yn generated by Y*, and these commutators; T is a normal 
subgroup in Un, for one has, for a quasi-symmetry sọ of hyperplane H, 


So(s0s 401) 89°? == (SoS) V (SoS) IVT + VSV iS 


and for any vo € U*, 
vo(sus ty) vot = SUSTU - sus? 


with u = sv sve Utp. In the quotient group U,/T, the classes of quasi- 
symmetries (of hyperplane H) commute therefore with all classes of ele- 
ments of U*, but these latter commute among themselves, and so do the 
quasi-symmetries of hyperplane H; therefore, as U,/T is generated by all 
these classes, it is an abelian group, and T contains Y,, which proves that it 
is identical to Yn. We thus have only to prove that sus+v1e Y*,, or in other 
words, if s, and sz are two conjugate quasi-symmetries in U,, that sis71e Y*,. . 
Suppose s, (resp. s2) is a quasi-symmetry of hyperplane H, (resp. Ha); by ` 
assumption, there is a vector a, orthogonal to H, and a vector @ orthogonal 
to H, such that f(a, 41) = fı (a2, @2), and s,(@:) = aai, S:(a2) == ade, with 
aq = 1. The intersection H,9 H, is at least 2-dimensional over K,, hence 
at least 4-dimnsional over Q; by Meyer’s theorem, there exists in H, N H, a 
vector c such that fi(c, c) = fy (a, a1) = fi (A2, a2). Let So be the quasi- 
symmetry of hyperplane H, orthogonal to c, and such that s,(c) — «c; one 
can write $1827 == 818080 S3" = 8180(8280) +. By Witt’s theorem, there is a 
transformation weU, such that wa) =a, w(c) —c; if w has a deter- 
minant $541, multiplying w by a quasi-symmetry of determinants 51, whose 
hyperplane contains a, and c, gives a transformation ve U*, such that 
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v(a) = G2, v(c) = c; therefore one has S28o = V (S180) U7; as $189 belongs to 
U*,, this ends the proof of Lemma 1. 


5. Lemma 2. Let P and P’ be two planes in E, such that the restric- 
tions of f, to P and P’ are equivalent. Then, if n= 5, there is a trans- 
formation v in the commutator subgroup Yn such that v(P) = 


This is of course a reinforcement of Witt’s theorem, which merely asserts 
the existence of v in U, having the required property. Let a,b be an 
orthogonal basis of P, and a’, b’ an orthogonal basis of P’ such that f,(a’, a’) 
=fi(a,a) and f,(b’, b) = f(b, b). Let us prove first there is a wie Yn 
such that w,(a) — a. Indeed, the subspace M orthogonal to a and a’ is at 
least 2-dimensional over K,, hence at least 4-dimensional over Q; by Meyer’s 
theorem there is a vector ceM such that fi(c,c) = fi (a, a) —fi(a, a). 
As a and c are orthogonal, there is a symmetry s such that s(a) = c, namely 
the symmetry with respect to the hyperplane orthogonal to d—c—4; 
similarly, the symmetry s’ with respect to the hyperplane orthogonal to 
d’ —¢—da’ is such that s’(c) =a’. Now, as f(d, d) =f, (d’, d’), it follows 
from Witt’s theorem that s and s’ are conjugate in Un; therefore w, = s's 
= s's e Yn, and one has wi(a) =a’. 

We can now suppose that a =g’, and show the existence of a trans- 
formation w£ Y, such that w:(a) =a and w,(b) =b. If H is the hyper- 
plane orthogonal to a, H is at least 4-dimensional over Kı, and contains b 
and b’; the preceding argument may then be ae in H instead of E, 
and this proves the lemma. 


6. Lemma 8. Forn = 2 (and v = 0), the group U+, (K. f1) is generated 
by plane rotations.” 


This is a simple consequence of Witt’s theorem. Let us apply induction 
on n, the result being trivial for n = 2. Let u be any transformation in U*,, 
æ any vector s4 0; if u(x) = x, the hyperplane H orthogonal to x is invariant 


2 The statement made (without proof) in [1, p. 66] to the effect that every trans- 
formation in U*,(K:,f.) is a product of at most n symmetries, is not correct. For 
instance, if n = 2, and a is an element in K such that a? = — 1, aŭ = 1, it is easy to 
verify that the transformation æ > as cannot be the product of 2 symmetries. I do not 
even know if in general (when » = 0) the group U*, is generated by symmetries. This 
of course is equivalent to the following question: when œ and y are two vectors such 
that filæ,æ) =f,(y,y), does there exist a product of symmetries sending æ into y? 
Certainly one symmetry alone cannot do it, for the two vectors æ + y and s —y are 
not orthogonal in general (in contrast to what happens for the orthogonal groups in 
similar circumstances) . 
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by u, hence the restriction of u to H is a product of plane rotations by the 
inductive hypothesis, and so is w itself. If u(x) 42, let P be a plane con- 
taining x and u(x); as fı (z, <) = fı (u(x), u(x)), there is a transformation 
ve U,, leaving invariant every element of P*, and such that v(x) = u(x); 
if v has a determinant $5<1, let y be a vector in P orthogonal to x, and 
consider the quasi-symmetry s of hyperplane orthogonal to y and such that 
s(y) == 8 ty; w = vs is then a plane rotation of plane P, such that w(x) = u(x). 
Applying the inductive hypothesis to ww gives the result. 


Lemma 4. For n= 5, the commutator subgroup Ya( Kı, f1) is generated 
by products of the type vw, where v, and v, are conjugate plane rotations, 
whose planes are both in a 4-dimensional subspace of E, such that the 
restriction of f, to that subspace has a square discriminant. 


It is easy to show that Y, is generated by products ww"! where u, and 
uz are arbitrary conjugate plane rotations. Indeed, in any commutator 
uwuw-' of elements of U*,, u is a product of a certain number p of plane 
rotations (Lemma 3); the result being obvious for p==1, one has only to 
argue inductively on p (see [1], p. 23); if u= st, where s is a plane 
rotation and ¢ a product of p — 1 plane rotations, one has 


uwur w = s(twt-twt) s+ swsw 
which proves our assertion. 


Let now u, and u, be conjugate plane rotations, and let M be a 5- 
dimensional subspace of E, containing the planes Pi, Po of wu, and w Let 
us remark that, given any positive rational numbers a, 8, and any 3-dimen- 
sional subspace N of £,, one can always find in N two orthogonal vectors a, b 
such that f, (a, a) = «, f1(b, b) = B, by two successive applications of Meyer’s 
theorem. ‘Therefore, we can first find in P*,9M a plane Q, such that the 
restriction of fı to N, = Pı + Q, has a square discriminant, and similarly we 
can find a plane Q: C P*,N M such that the restriction of fı to Na = P -+ Qe 
has a square discriminant. Now, as N, and N3 are both in M and are 4-dimen- 
sional, their intersection N is at least 3-dimensional; therefore, there exists a 
plane P C N such that the restriction of f, to P, is equivalent to its restric- 
tions to P, and P>. There is therefore, by Witt’s theorem, a plane rotation us 
having P, as its plane, and conjugate to both u, and wu, in Un; as wurt 
== (aus?) (Uzu), our lemma is proved. | 


7. Lemma 5. When n= 4 and f, has a square discriminant, the group 
PY,(K,, f1) is simple, and Y, is generated by the squares of -plane rotations. 
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We can always multiply f, by a positive rational number «, and choose 
a basis in Æ, such that gı — af, is given by the expression 


gı (z, z) = AA + sols + asatsts + Gant slay 


where &, Q» & are positive rational numbers. The well-known isomorphism 
between orthogonal groups in 6 variables and unitary groups in 4 variables 
([4, p. 24] and [8, n° 33]) is such that g, corresponds to the positive definite 
symmetric bilinear form g(x, y) in 6 variables over Q defined by 


g (z, s) == M? — plié? + loé? — ploa? +- agés? — plage” 


in the following way; there exists an homomorphism of U*,(K:,g:) onto a 
subgroup T of O*:(@,g) such that O*,/T is abelian (which means that 
Qe C T), the kernel © of that homomorphism consisting of the identity and 
the transformation z —> — z. The subgroup A of U*, (Kı, g1) generated by the 
squares of the elements of U*, (or the group A/@ if @CA) is therefore 
isomorphic to the group generated by the squares of the elements of T, hence 
to the commutator subgroup Qe(Q, g), since that group contains the squares 
of the elements of O*, [1, pp. 23-24] and is simple over its center (n° 8). 
Therefore A is also simple over its center, and as it contains Y, (since U*,/A 
is abelian), Y4 is simple over its center and identical to A. Moreover, Y4 
contains the squares of all plane rotations, hence is generated by them because 
of the simplicity of PY4. 


8. We can now proceed to the proof of our main 


THEOREM. For any positive definite hermitian form fı in n = 5 variables 
over an imaginary quadratic extension K, of the rational field, the factor 
group PY„ (Ka, f1) of Yn(K1, f1) by its center YaN Za is simple. 


We first remark that the square of every plane rotation belongs to Yn. 
Indeed, let P be the plane of a rotation v; by Meyer’s theorem, there is a 
4-dimensional subspace L containing P and such that the restriction fo of fı 
to L has a square discriminant. But the subgroup of U*,(K;,f:) leaving 
every element of L* invariant is isomorphic to (and can be identified with) 
the group U+, (Ka, fo) ; hence Lemma 5 shows that the square of v belongs to 
commutator subgroup of U*,(K;, fo), and a fortiori to Yn. 

Let now G be a normal subgroup in Ym, not contained in the center. 
Our first step consists in showing that if ue G is not in the center, there 
exists a plane P C E, such that u(P) 4 P and M = P + u(P) is 3-dimen- 
sional. Owing to the initial remark, this can be done by exactly the same 
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argument as in [2,n° 2], which we therefore suppress here (the only differ- 
ence consisting in replacing the bilinear form ie y) by 4 (1x, y) + fily, &)) 
in the calculation). 

As the space M* is at least 2-dimensional, there exists, by Meyer’s 
_ theorem, a vector ce M* such that the restriction f+ of f, to the 4-dimensional 
subspace F generated by M and c has a square discriminant. Let v, be a 
plane rotation of plane P, such that v = v,? is not the identity; v belongs to Y, 
and to the commutator subgroup of U+, (Ka, f2). It follows that u, = v*uou 
belongs to G, is not in the center, and leaves invariant every element of M*; 
moreover, as uvu™ is the square of a plane rotation of plane u(P) CF, it 
belongs also to the commutator subgroup of U*,(K,, fs), and so does u. 
Lemma 5 then proves that G contains every element in that commutator sub- 
group, and in particular @ contains every square of a plane rotation whose 
_plane is contained in F. But if w is the square of any plane rotation of 
plane Q, there exists a transformation se Y, such that sws has its plane 
contained in F': for Meyer’s theorem proves the existence in F of a plane Q’ 
` such that the restriction of fı to Q is equivalent to the restriction of fi to Q, 
and then Lemma 2 provides a transformation se Y, such that s(Q) = Q. 
Therefore, G contains the square of every plane rotation. 

Now let ż and ¢, be two conjugate plane rotations whose planes are 
contained in a 4-dimensional subspace WV of E, such that the restriction fs of f 
to N has a square discriminant ; Lemma 5 shows that the commutator subgroup 
of U*,(Ki, fs) is simple over its center. Moreover, if w is the square of a 
plane rotation whose plane is in N, w belongs to the commutator subgroup 
of U+, (K, fs). But we. have seen that w belongs to G, hence it follows from 
Lemma 5 that G contains the commutator subgroup of U*,(K,, fs), and in 
particular it contains ¢,¢,-1 (for the restrictions of ¢, and ¢, to N are conjugate 
within the group U,(K,, fs) by Witt’s theorem, the restrictions of fa to their 
planes being equivalent). Lemma 4 proves finally that G is identical to Yn, 
and this completes the proof of the theorem. 

As a corollary, it follows ‘from that proof that Y, is generated me the 
squares of the rotations in U*, 

The theorem (and its pinot) are of course valid for any subfield of R in 
which Meyer’s theorem is true. 


9. When a hermitian form f, has an index y= 1, it is known [1, p. 70] 
that, for any field K, and any dimension n= 2 (with the exceptions n = 2, 
K, =F, or K, = Fo, and n = 3, K,—F,), the commutator subgroup Y*y 
of U*, is identical with U*,. That this is not always the case when the index 
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v==0 can be seen on the following example: consider, over the quadratic 
field K, = Q (23), the hermitian form in 2 variables fı (2,2) = AA + Biata. 
The unitary group U*,(K,, f1) is then isomorphic to a subgroup T of the ortho- 
gonal group O*,(Q, f) relative to the form f(z, 7) = &? + 2& + 5(&?+-2é,7), 
the isomorphism being defined in the well-known fashion which, to every 


unitary matrix 
—B à 


in U*,(K1, fa) (with où + 588 — 1) associates the orthogonal matrix of the 
corresponding linear substitution on the é, related to ¢, and & by & = é + w% 
and é: = é + w&, with o? = — 2. Now, to the transformation 2—>— 2, 
which is in U*,(K;, f1), is thus associated the symmetry æ —— z in T; but 
I have proved [2, n° 11], that that transformation does not belong to the 
commutator subgroup 04(Q,f), and a fortiori it cannot belong to the com- 
mutator subgroup of T; hence U*,(K;,f,) is in that case distinct from its 
commutator subgroup. It would be interesting to know if, for n = 5, y —0 
and K, an imaginary quadratic extension of Q, the commutator subgroup 
Yn of U*; (Ki, fa) is or is not identical to U*,. I have not been able to find 
an answer to this question. 
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ON GEODESIC COORDINATES.* 


By Pui HARTMAN.** 


1. The problem. Let S: XY = X (u,v) be a surface of class C”. That 
is, let X = (x,y,z) be a vector in 3-space, and X — X (u,v) a function 
of class O” in a vicinity of (u,v) — (0,0) such that the vector product 
(Xm Xv) is not zero (the subscripts u, v denote partial differentiation). Let 
the squared element of arc-length on S be 


(1) ds? == gip (U, v) dutdu, ~ (w, u?) = (u, v}, 
where, without loss of generality, it can be supposed that 
(2) ga (0,0) = 1,  ÿr2(0,0) = 0, gan (0, 0) = 1. 


The heton Gii Jiz Joe, whieh are the scalar products Xy°Xy, Xu’ Xo, 
Xo’ Xv, respectively, are of class C’. 

It has recently been shown [1] that it is possible to introduce geodesic 
polar coordinates (r,¢) of class C” at the point (0,0). By this is meant 
that there exist functions u = u(r, ¢), v= v(r,¢) of class O on a set 
0<rSconst., —00 < p <0, with the properties that, for a fixed ¢, the arc 
u—u(r, $), v = v(t, $) is the unique geodesic satisfying the initial conditions 


(3)  w(0,p) = 0, v(0,p) — 0 and u,(0, p) = cos ¢, v,(0, p) — sind; 


r is the arc-length on this geodesic; the Jacobian 6(u,v)/0(r,p) does not 
vanish for r=# 0; finally, the transformation (u,v)—>(r cos ¢, r sin ) is one- 
to-one. It was also shown that the functions u,(r, ¢), v,.(r, b) are of class C”. 
It was left an open question whether or not the transformation (u, v)—>(r, $) 
is of class O” (that is, whether or not the partial derivatives woo, veg exist 
and are continuous; although it was pointed out that, for a fixed r, the arc 
= u(r, $), v = v(r, $) is of class O” in terms of its arc-length parameter). 
The object of this paper is to give an example showing that the answer 
to the question can be in the negative. The example S, to be given below, 
is curious for additional reasons. First, the coefficient functions gy in (1) 
. are of class C”; cf. (4) and (5) below. Of course, § cannot be of class 0’” 
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(by the remark preceding the statement of Theorem 2 in [1], p. 724), nor 
can the Gaussian curvature of 9 be of class O” (by § 6 in [1] and the Lemma, 
§ 12, [4]). 

Another curious property of S is that, at the point (u,v) = (0,0), 
there exists one choice of geodesic parallel coordinates which is not of class 
C”, while all other choices are of class O”. 

_ The example S turns out to be a surface of revolution and is only a 
slight modification of the one given in [1], p. 724, to show that if the 
functions gi, in the Riemannian metric (1) aré of class C’ (but (1) does not 
belong to a surface of class O”, nor does (1) possess a bounded Gaussian 
curvature; cf. Theorem (III) in [8], p. 133), then the geodesics need not 
be uniquely determined by initial conditions; cf. also the example in [2], 
p. 554 and the Remark in [3], p. 138. 


2. The example. Let h(v) > 0 be defined for small | v| by 


(4) h(v) =1 + |v], where 2<A <3; 
so that” 
(5) h(0) = 1 and h,(0) = 0. 


It is clear that h(v) is of class C” and, in fact, its second derivative satisfies 
a uniform Holder condition of order A—2 near v—0. Consider the case 


(6) ds? = h (v) (du? + dv?) 


of (1). That (6) is the first fundamental form on a surface § of class O” 
follows from the Remark [3], p. 138. In fact, such an 9 is given by 
S: X = (f(v)cos u, f(v)sin u, g(v)), where ` 


f(v) =ht(v) and g(v) -=Í (h — hy?/4h?)4dt 


(the reality of f and g for small | v | follows from (5)). 
The differential equations of the geodesics, belonging to (6), are 


(7) (h(v)w)’=0,- (h(v) v’)’ — ghyo(v) (w? + v) = 0, 


where the prime denotes differentiation with respect to a variable which does 
not occur explicitly and which can be assumed to be the arc-length. In this 
case, one has the two first integrals 


(8) h(v)u = const., h(v) (uw? + vo) = 1, 
by (6). ` 
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8. Geodesic polar coordinates. In the case of the intial conditions (3), 
the first part of (5) shows that if 6340 is fixed, the equations (8) become 
(9) h(v)du/cos ¢ = dr, (sgn ¢)h(v) (h(v)— cos? 6) 4 du = dr; 
and that if ¢ = 0, the equations (8) have the solution 
~~” (10) u=u(r,0) =f, v= v(r, 0) =0. 


In order to avoid absolute value signs in what follows, it will be assumed 
that ¢= 0, r2=0, hence v= 0. The definition (4) of k and the second 
part of (9) give 
| v’ ` 3 
(11) f (+8) (# + sin? 6) 3 dt =r, where v =.v(r, ¢). 

; 
It is clear from (10) that (r, $) = o(1), as o> 0, uniformly in r, say for 
0<rsSconst. Thus (11) implies that there exists a number 0 = 8 (r, $), 
where 0 < 6 < 1, satisfying v(1 + 0(1)) (0v + sin? p) =r. This relation 
can be written as v?(1 + 0(1) —6r?v\?) = r° sin? p. Hence, uniformly in r, 
(12) v=r(1+0(1))sing, as p— 0. 
If one introduces t/sin ¢ as a new integration variable, (11) becomes 
v/sing 
f (1+ ® sind 6) (1+ sind? p)? dt =r. 
š 0 
By (12), the second factor of the integrand can be written as 
1— HA (1 + 0(1))sin* $; 
hence, 
v/sin $ 
(1 — 48 (1 + o(1))sin\? 6) di =r. 


Thus v/sin p — (A + 1)v™*(1 + o(1))/sin? ġ =r or, by (12), 
v =rsin o + 4$(A+1)7* (1 4+ 0(1))sin ¢. 
Since À — 1 < 2 and sind = ¢ + O(#), 
o(r, $) =rsing +E HAITA 4 0(1)), as 60, . 


uniformly in r. The last formula line shows that vọ(r, 0) =r, but since 
À— 1 < 2, the partial derivative vge(r,0) fails to exist for r > 0. In other 
words, the transformation (u,v)—>(r,¢) is not of class 0”. 
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4. Geodesic parallel coordinates. Let be fixed and choose as the base 
geodesic Ky: u = u(r) —u(r, p), v —v(r) =v (r, $), where Kg is definea 
by (9) or (10) according as 0 < D < r or p—0. Let o denote arc-length 
along the geodesic u = U (e,t), v = V(o,7) which, for o = 0, is orthogonal 
to Kọ at the point r =r. Thus o,7 are geodesic parallel coordinates. 

It can be supposed that U,V satisfy the respective initial conditions 
U (0, r) = u(t), V (0,7) =v(r) and Uo(0,7) = — v (7), Vo(0, 7) = w (r). 
Then (8) becomes the system of differential equations 


dU /do ——h(o(r))2,(7)/h(P), AV /do = (h(V)—h?(v(r))0,2(1))4/h(V). 


Since V(0, 0) = v(0) = 0 and v,(0) = sin ¢, it follows that, at (o, r) = (0, 0), 
the square-root occurring on the right-hand side of the last differential equation 
is cos ¢, which is not 0 if $ s4 fr. Thus, if ¢ =Æ $r, the functions of U, V, + 
on the right-hand sides of the differential equations are of class O” for small 
IU], | Y|, |r|, since v,(r) is of class O” by (9) or (10). Consequently, 
Y (o,r), V(o,r) are of class O” for small |o|, |r]. In other words, the 
transformation (u, v)— (e,r) to geodesic parallel coordinates is of class C” 
when the base geodesic is Ky, where $ 34 dr. 
On the other hand, it will be shown that if the geodesic K4z, 


v 
(13) u= 0, v—v(r), where f hi(t)dt =r, 
k 0 x : 


is chosen as the base geodesic, the resulting transformation (u,v)—>(o,7) to 
geodesic parallel coordinates is not of class C”’. 

Let u = U (F, r), v = V(o,r) be the geodesic orthogonal to (18) at the 
point r= 7, when the arc-length parameter ø is 0. As noted in [1], the 
methods there imply that the functions U(o,r), V(o,r) are of class C’ on 
some set | æ | & const., | 7 |< Const. The assertion to be proved is that they 
are not of class 0”. 

In what follows, the letter v denotes v (r), the function in (13) at r= +r; 
the letter V, the function V(o,r). In order to avoid absolute value signs, 
it will be supposed that o = 0, T Z 0, hence v = 0, V Z0. All square roots 
will be non-negative. : 

The functions U, V satisfy the respective initial condition U(0,r) = 0, 
V(0,7) = v(r) and Uo(0,r) = h4(v), A 7) =0. Thus; if r0 is 
fixed, (8) becomes 


(14) h(V)dU = iè (v)do, h(V) (h(V)—h(v))3 dV = do; 
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while if r= 0, (8) has the solution 


(15) U(o,0) =o, V(o,0) =0. 
Consequently, (4) and an integration of the second relation in (14) give 
y 
- (16) | f (LH) (A — A) dt 0, 

A 

I£ (®— vò)? is introduced as a new integration variable, then (16). becomes 
i | . 

(17) f (14 t +) (#2 + AA dt = bre, 
where i i : | 
(18) L = (Vi — a). 


The second relation in (15) implies that 
(19) V(o,7) = T(V;(0,0) + 0(1)), as r— 0, 
uniformly in o, where 0 S0 S const. ; in particular, if e = 0, then by (13) 
and (4), 
(20) u(r) =7(1+ 0(1)), where V,(0,0) =1. ` 


As ¢ varies from 0 to L, the expression t? + w\ in (17) varies from 
v= V*(0,7) to V*(o,7). Thus there exists a 6;—6,(0,7), satisfying 
0 < 8, < 1 and 

L(1 + 0(1)) PA (Go, 7) = ho. 


By (19), the last relation is equivalent to 
L = ào (VA (610, 0) + 0(1)). 


. The definition (18) of L and the mean-value theorem of differential 
calculus give L? = A(V —o)m*" for some number m satisfying v < m < F. 
In view of (19), this m is of the form 7r(V-(6.0,0) + 6(1)), where 

2 = O2(0,7) satisfies 0 < 8 < 1. Consequently, by the last formula line, 
‘Y (o,r) is identical with 


u(r) + (A/4) 0? AV (6,0, 0) V (B20, 0) (1+o(1)). 


If this is divided by r, and r— 0, it is seen that V,(0,0)==1. This is a 
consequences of (20) and the fact that À — 1 > 1, while V;(c,0) keeps away 
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from 0 for all sufficiently small | «|. Thus the representation of V(o,r) by 
the last formula line simplifies to 


V(o,7) = v(t) + (4/4) (1 + 0(1)). 
Since A— 1 < 2 and v(r) =r + O(7’), it follows that 
V(o,7) =r + (A/4)o*P (1 4 0(1)), as 10, 


This equation and the inequality À — 1 < 2 make is clear that V,, fails to 
exist at any point (o,0) where e0. This completes the proof. 


PARIS, FRANCE. 
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ON LINEAR SECOND ORDER DIFFERENTIAL EQUATIONS 
WITH SMALL COEFFICIENTS.* 


By Parr HARTMAN.** 


Let f(t) be a (real-valued) continuous function for large t-values, say 
for TSt<o. The differential equation 


(1) a + fe 0 


is said to be oscillatory or non-oscillatory according as one (hence every) 
solution «== g(t) s£0 of (1) has or does not have an infinity of zeros on 
Tst<o. Since 


(2) a” + ox/t? = 0 


is oscillatory or as on lSi<o according as c > + or cS} 
(Kneser), the condition 


X 0 
(3) F(t) En f f(s)ds = f f(s)ds is convergent 


is compatible with (1) being either oscillatory or non-oscillatory. 
The following result was proved in [2], §6: 


(*) If (1) is non-oscillatory and (3) holds, then, for any solution 
z= x(t) s£0 of (1), the logarithmic derivative ?—+’/x (which exists for 
large t-values) satisfies the Riccati differential equation 


(4) V+P+f—0 
and the relations 


co 


(5) f Pdt <0 
and . 
(6) I(t) = F(t) + L(t), 
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where F(t) is given by (8), and L(t) by 


Gy. L(t) =Í P (s}ds. 
t 
With the aid of (*), it was shown in [2], § 7, that if (3) holds and 
œ t 
(8) f e—a fF (s)ds)at <o, 
T T | 


where A == 2, then (1) is oscillatory. It was pointed out that, in view of 
the cases c > + of (2), it is not possible to replace A — 2 by any number A 
exceeding 4, and the question was raised as to whether or not A — 2 can be 
replaced by A= 4, It will be shown in (I) below that the answer to this 
question is in the affirmative. + 

The criterion (8) for an oscillatory equation (1) is complementary to 
the following criterion of [2], § 2, for a non-oscillatory equation (1) (or 
even for the non-existence of any solution v == s(t) £0 with two zeros on 
TSi<ow): 2 
(9) —isStF(t) S4 for (ZT, (T>0), 


where (3) is assumed. If, in the proof given in [2], § 3, for the non-oscillatory 
character of (1) in the case (9), the function y = F (t) + 1/ (4t) is replaced 
by y = F(t) + y?/t, where y is a fixed number in the range 4 S y <1, it is 
seen that (9) can be replaced by 


(10) —y—/Y S tP (t) Sy— r for (ET. 


The criteria (10), belonging to different values of y, are all distinct. But 
in a certain sense, the case y = $ of (9) is “special” First, the 4 on the 
right-hand side of (9) is the maximum value of y — y? for 4 Sy S1 and 
cannot be replaced by a larger number. in view of the examples (2). On the 
other hand, as will be shown in (III) below, (9) implies that no solution 
of (1) satisfies 


(11) 0< f aat <o, 
T 


and, in this connection, the — #2 on the left-hand side of (9) cannot be 
replaced by a smaller number, in view of the examples (2). This state- 
ment has applications in the study of self-adjoint boundary problems on 


y 
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© La(T,æ) associated with (1). (It will be seen that the proof of (III) 


below can be modified to show that (10) implies that no solution of G 
satisfies 


Gibis) o< f ana ce, 
T 


and, in this connection, the number —y— y} on the left-hand side of (10) 
cannot be replaced by a smaller number; cf. the Remark following the proof 
of (III)). 

With the aid of (*), it was shown in [2], §8, that if (3) holds and 
(1) is non-oscillatory, then 


(12) f exp(B f F(s)ds)dt =o, 
T Pi, 


where B = 2, implies that no solution of (1) satisfies (11). It was pointed 
out that, in view of the cases c < — # of (1), it is not possible to replace B 
by a number less than 4, and question was raised as to whether or not 
B =? can be replaced by B = $; cf. also p. 370 of [2]. It will be shown 
in (IIL) below that the answer ff this question is in the affirmative. (In 
particular, this implies the remark of the preceding paragraph concerning 


(11).) 


(I) Let f(t), where TSt<o, be a continuous function satisfying 
(3). Then (8), where A = 4, implies that (1) is a Se This assertion 
is false if A>4. 


It may be remarked that if (8) holds for some A, where 0 < A < 4, 
t 
then it holds for A—=4. In order to see this, let G(t) — exp(— f F(s)ds). 
T 


Then (8) means that the A-th power, G4 (t), is of class L, (T,œ). Tt follows 
from the definition of, G that G’/G=-—F-=o0(1), as t—. Hence, 
(G4)’ == AG41@’ = AGA(G’/G) is AGAo(1); so that (G4)’ is of class 
L:(T,æ). Consequently lim G4(t), as t—>œ, exists and is 0; that is, 
G(t) ==0(1). Finally, G+ = G4G*4 = G@40(1) is of class D,(T,0), which 
proves the remark. 


Proof of (I). Suppose that the positive assertion in (I) is false. Then 
any solution 2 == z(t) £0 of (1) has only a finite number of zeros. It can 
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be supposed that T is chosen so large that a given solution s= e(t) does 
not vanish for ¢= T (and that T > 1); the change of the lower limits of 
integration on the left-hand side of (8) clearly does not affect (8). It can 
also be supposed that «(f) > 0 for t= T (for otherwise x can be replaced 
by —a). Thus, if l = 7'/z, then (4), (5) and (6) follow from (*). 

The relations (4) and (6) imply that L(t) satisfies the differential 
equation 
(13) L'+F+L2FL+I—=0; 


and so, 
t 
(14) K 4 APL <0, that is, (L(t) exp (4 f F(s)ds)) <0 
T 


fort=T. Since L(t) = 0, by (7), it follows that 


t 


(15) 0< L(t) SL(L) exp (—4f F(s)ds) for t= T. 
T 


It follows from the assumptions of (I) that f L(t)dt <<. The definition 
(7) of L(t) shows that this is equivalent to 


(16) f rod Pio: 
T 
Since Z(t) is the logarithmic derivative of s(t), 


(17) log (a(t) /e(T)) = f 1(s) ds. 
T 


If 1(s) is written as the product of s#/(s) and s-#, Schwarz’s inequality shows 
that 


(18) S oaas (ds S stds). 
T T T 


Thus, by (16) and (17), log (æ(t)/x(T)) = C (log t)? for t= T(> 1) if 
C? denotes the value of the integral in (16). Hence x(é) & æ(T) exp C(log 4}, 
which implies 

faoa = æ?(7) f exp (— 20 (log #)#) dt =o. 

T T 
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Since.æ = x(t) 340 is an arbitrary (non-trivial) solution of (1), this leads 
_to a contradiction. For, EEE to [1], p. 703, every non-oscillatory 


uation (1) has a solution «= g(t) 5£0 satisfying f a(t) dt < œ. This 


proves the positive assertion in (I). 

Since the negative assertion follows from the examples (2), the proof 
of (I) is complete. 

The inequality (14), deduced from (13), has a dual, namely, 


(19) I 4+ 2(F? + L*) 20. 


It will be shown that this inequality and the main theorem of [2], § 1, lead : 
to the following criterion that (1) be non-oscillatory: 


(II) Let f(t), where TSt <o, be a continuous function satisfying 
(3). If the differential equation 


(20) E of! 4. AF = 0 
is non-oscillatory, then (1) is. 


It may be remarked that (II) is not a consequence of the Sturm com. 
parison theorem. For example, if f(t) = c/{?, as in (2), then 4/7? = 4c?/??. 
Thus (20) is non-oscillatory if and only if | c| <4, but f(t) = am if and 
only if either cS 0 or c24 


Proof of (II). It can be supposed that T is chosen so large that (20) 
has a solution z = z(t) > 0 for TSt<o. If h= 2/2 is the logarithmic 
derivative of z, then A satisfies the Riccati differential equation h’ + h? +. 4F? 
=0; cf. (4). Let g=$h. Then g +2(g° + F°) =0; cf. (19). 


Define y = y(t) for t Z T by placing y — F(t) + g(t). Then y(t) has 
a continuous derivative and satisfies the differential inequality y + y? + f 
=—(F—g)?0. According to [2], § 1, the existence of such a function 
y= y(t) implies that a solution æ—x(t) =£0 cannot vanish twice for 
T<st<o. This proves (II). 


(TIT) Let f(t), where TSt <o, be a continuous function satisfying 
(3) and, in addition, let (1) be non-oscillatory. Then, if (12) holds for 
B = $, no solution z= s(t) of (1) satisfies (11). This assertion becomes 
false if B — $ is replaced by any B < $. 


I£ (12) holds for some B > $, then it holds for B—#. This can be | 
verified as in the remark following the statement of (I). 
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‘Proof of (III). Suppose that the first assertion in (III) is false. 
Then (1) possesses a solution æ =— s(t) s£0 which has only a finite number 
of zeros and satisfies (11). It can be supposed that the origin on the t-axis 
has been so chosen that s(t) 540 for 0S t<o, and that x(t) has been 
normalized by 


(21) æ(0) =1, so that x(t) > 0 for OS t <a. 
If = 2/7, a quadrature of (6) gives 


(22) le(s) = f P(s)as-+-f L(s)ds. 


` 


t 


t CT 
But f L(s)ds = f sP(s)ds +t f P(s)ds, by (7); hence 
o Ô t 


t t 
(23) froëz + sI?(s)ds for t= 1. 


By (17) and the case T = 1 of (18), 
t 


(24) f sl?(s)ds = (log ma(t))*/log t, where m = 1/a(1) > 0. 


1 


Hence, by (22) and (23), 


(25) f F(s) ds = ext) — (log ma(t))*/logé for t> 1. 


Since, by assumption, © = x(t) is of class L.(0,0) and since (5) holds, 
the product (x+//x)x—2" is of class Z:1(0,0). Hence limæ(t), as £—00, 
exists and is 0. In particular, log ma (t) < 0 for large £ Consequently, (24) 
implies that, for large t, 


log ma(t) = — (log t)4( f sl?(s) ds)4, 


and so 


w 


© > me f (td = | exp {— 2 (log t)?( f st%(s) a5) 8}. 


The integrand of the last (convergent) integral is monotone decreasing and 
therefore is 0(1/t), as ¿—>œ (Abel). Thus, as t—>œ%, 
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é 
— À (log t)?( f sl?(s) ds)’ + log £ —> —00 ; 
1 
t 
in particular f sl?(s)ds = log t for sufficiently large t. Hence, by (22) 
and (23), 
zg 

(26) f P(s)ds < log x(t) — 4log t for large t. 

0 


Let #(> 1) be chosen so large that the inequalities (25), (26) hold 
for t È to Let the half-line t St < œ be divided into two mutually exclu- 
sive sets, À and S, by the requirements that 


(27) me(t) St if t isin R 
and 
(28) ma(t) > #4 if t is in 8. 


In the first case, when (27) holds, log ma(t) S—4logt(<0), which - 
implies that (log ma (t) )?/log t =—4log ma(t). Thus, by (25), 


t x 
JF) S tog x(t) + 4log ma(t) =$ loga (t) +4log m 


if tis in R. Consequently, an integration over the set R gives 


t 
(29) Jf wg f Foisis mt f edt <o. 
R 0 R 
On the other hand, (26) gives 
t 
f exp(# f F(s)ds)dt £ f a (t)tèdt, 
S 0 8 
while the inequality of Holder shows that 
Cf sta = cf wt (04) f tat), 
8 S S 


Finally, (28) implies that œ> m? f rdt = f tdi. Hence, by the last 
8 8 
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two formula lines, 
. A t 
(30) f exp($ f F(s)ds)dt <o. 
8 o 


Since R + 8 = [to co), the assumption, that (12) holds when B = 4, is 
contradicted by (29) and (30). This completes the proof of the first 
assertion in (III). | 

Since the second assertion is a consequence of the examples (2), the 
| proof of (III) is complete. 


Eemark. The theorem (III) remains true if the number # and the 
formula (11), in the statement of (III), are replaced by the number (y -H y?)4, 
where $y 1, and the formula (11 bis), respectively. 


In view of the examples (2), it is sufficient to consider the first assertion 
of the modified theorem (III). The derivation of (25) remains valid. A 
slight modification of the derivation of (26) leads to 


t 
(26 bis) f F(s)ds Slog a(t) — y logt for large t. 

0 ; . 5 
If t>, in (27) and (28), is replaced by #7, the modified version of (III) 
follows from (25) and (26 bis), as (III) does from (25) and (26). 
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ERRATA. 


P. Hartman, “The number of L?-solutions of g” == q (t)s = 0,” this 
7 Journal, vol. 78, pp. 635-645. 


Page 637, in the last integral of formula (10), read dQ-2(s) instead of 
dQ?(s). 


I. I. Hirschman, Jr., “ On the distribution of the zeros of functions 
belonging to certain quasi-analytic classes,” this Journal, vol. 72, pp. 396-406. 


On page 403, line 3 from bottom, the upper integration limit should read 
§*(t), instead of u. 


-On page 404, line 1, omit the factor 7/2. 


| Aurel Wintner, “On the Holder restrictions in the theory of partial 
differential equations,” this Journal, vol. 72, pp. 731-738. 


Page 733, formula (2), read Au + { instead of u + {. 
Page 733, line 3 from bottom, read (b) instead of (4). 
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